
Discrete Fluids

THE HILBERT CONTRACTION

it is constructive. It explicitly displays a
recursive closed tower of constraint rela-
tions on the moments off that come di-
rectly from the Boltzmann equation. The
proof also shows that such a contracted
description is unique—a very powerful
result.

It must be pointed out that Hilbert’s
construction is on the time-evolved solu-
tion to the Boltzmann transport equation,
not on the equation itself, which still re-
quires a complete specification of f. It
amounts to a hard mathematical statement
on an effective field-theory description
for times much greater than elementary
collision times, but with space gradients
still smooth enough to entertain a serious
gradient perturbation expansion. As such,
it says nothing about the turbulent regime,
for example, where all these assumptions
fail.

In standard physics texts one can read
all kinds of plausibility arguments as to
why this contraction process should ex-
ist, but they lack force, for, by arguing
tightly, one can make the conclusion go
the other way. This is why the Hilbert
contraction is important. It is really a
powerful and mathematically unexpected
result about a highly nonlinear integro-
differential equation of very special form.
Beyond Hilbert’s theorem and within the
Boltzmann transport picture, we can say
nothing more about the contraction of de-
scriptions.

The construction of towers of moment
constraints, coupled to a perturbation ex-
pansion that Hilbert developed for his
proof of contraction, was used in a some-
what different form by Chapman and En-
skog. Their main purpose was to devise
a perturbation expansion with side con-
straints in such a way as to pick off the
values of the coupling constants-which
are called transport coefficients in stan-
dard terminology-for increasingly more
sophisticated forms of macrodynamical
equations.

One makes the usual kinetic assump-
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THE HILBERT CONTRACTION (continued)

which turns out to be explicitly a spatial
gradient expansion:

which is of the form
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Boltzmann equation. The zero-order re-
lation gives the Euler equations and the
second-order relation gives the Navier-
Stokes equations. However, Hilbert’s
method is an asymptotic functional ex-
pansion, so that the higher order terms
take one away from ordinary fluids rather
than closer to them. Nevertheless, solv-
ing explicitly for the terms in the func-
tional expansion provides a way of eval-
uating transport coefficients such as vis-
cosity. (See the "Hilbert Contraction” for
more discussion.)

Summary of the Kinetic Theory Pic-
ture. Our review of the kinetic theory
description of fluids introduced a num-
ber of important concepts: the idea of
local thermal equilibrium; the character-
ization of an equilibrium state by a few
macroscopic observable; the Boltzmann
transport equation for systems of many
identical objects (with ordinary statistics)
in Collision; and the fact that a solution
to the Boltzmann transport equation is
an ensemble of equilibrium states. In
“The Hilbert Contraction” we introduced
the linear approximation to the Boltz-
mann equation with which one can de-
rive the Navier-Stokes equations for sys-
tems not too far (in an appropriate sense)
from equilibrium in terms of these same
macroscopic observable (density, pres-
sure. temperature, etc.). We then outlined
a method for calculating the coupling
constants in the Navier-Stokes system—
that is, the strengths of the nonlinear
terms-as a function of any particular mi-
crodynamics.

This review was intended to give a fla-
vor for the chain of reasoning involved.
We will use this chain again in the to
tally discrete lattice world. However, just
as important as understanding the kinetic
theory viewpoint is keeping in mind its
limitations. In particular, notice that per-
turbation theory was the main tool used
for going from the exact Boltzrnann trans-
port equation to the Navier-Stokes equa-
tions. We did not discover more pow-
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