Fiel& and Spins in
Fields in HigherDimensions.We deseribehere how to cos%stmct
a
field in higher dimensions and how such a &$$ is rektmi to i%ldri b
the 4-dimensional world in which we live. Higher dimensiensd 6c$th
unify an infinite number of 4-dimensional fieids. A typical and
simple example of this can be seen from a scalar field (a spin-O field)
in five dimensions. A scaiar field has ostly one component, so it can
be written as q(x.y), where x is the 4dinmnsiotml space-time
coordinate and y is the coordinate fbr the fifth dimension. We wili
assume that the fifth dimension is a little circle with radius R, where
R is independent of x. (After this example, we examine the generalizations to more than five dimensions and to fields carrying
nonzero spin in the higher dimensions.)
Functions on a circie can be expanded in a Fourier series; thus, the
5-dimensional scalar field can be written in the form
.
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Note the foi!owing very impomsnt point: for n = O, Eq. 3 is the
er&atiorr for a massiess 4-dimensional scalar field, whereas for n # O.
Eq. 3 is the wave equation for a particie with mass InI/R. The
massiess particle, or “zero mode,” should correspond to a field
observable in our world. The fields with nonzero mass are called
“pyrgons,” since they are on a “tower” of particles, one for each n. If
k?is near the Planck length (10-33 centimeter), then the pyrgons have
masses on the order of the Planck mass. However, it is also possible
that R can be much larger, say as large as 10-16 centimeter, without
conflicting with experience.
The 4dimensional form of the Lagrangian depends on an infinite
number of fields and is very complicated to analyze. For many
purposes it is heipful to truncate the theory, keeping a specially
chosen set of fields. For example, 5-dimensional Einstein gravity is
simplified by omitting ail the pyrgons. This can be achieved by
requiring that the fields do not depend on y, a procedure called
“dimensioaai reduction.” The dimensionally reduced theory should

in the limit that interactions cats
be ignored. The 5-dimensional Kiein-Gordon equation for a massless
5-dimensional particle is
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where n is an integer, and ~n(x) are 4-dimensional fields. The Fourier
series satisfies the requirement that the field is single-valued in tlse
extra dimension, since Eq. 1 has the same vaiue at the identical poissts
y and y + 2xR, Usually the wave equation of q(x,y) is a 5%rs@t(that is, the Klein-Gordon
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describe the low-energy limit of the theory,
The gravitational field can be generalized to higher (X) dimensional manifolds, where the extra dimensions at eaeh +dimetwkttal
space-lime point form a little ball of finite volume. The mathematics
requires a generalization of Fourier series to “harmonic” expansions
on these spaces. Each field (or field component if it has spin) unifies
an infinite set of pyrgons, and the series may also contain some zero
modes. The terms in the series correspond to ftelds of increasing 4dimensional mass. just as in the 54itmensiot# example. The kinetic
energy in the extra dimensions of each term in the senks then
corresponds to a mass in our space-time. The higher dimensional
field quite generally describes mathematically an infinite number of
4dimensional fields.

plicated in five dimensions, where there are three directions orthogod w the direction of the particle. Then the helicity symmetry
ties
SO(9 (ktstmd
of SO(2)), and the spin multiples in five
dimensions group together sets of 4-dimensional helicity. For example, the graviton in five dimensions has five components. The SO(2)
of fdur dimectsions is contained in this SO(3) symmetry. and the 4dimcmaiod felicities of the 5-dimensional graviton are 2, 1,0. –1,
and -2.
@ite generally, the light-cone symmetry that leaves the direction
of motion of a massless particle unchanged in D dimensions is
SO(D – 2), and the D-dimensional helicity corresponds to the multiples (or repreaentations)
of SO(D – 2). For example, the graviton
has D(D – 3)/2 independent degrees of freedom in D dimensions;
thus the graviton in eleven dimensions belongs to a 44-compcment
representation of SO(9). The SO(2) of the 4-dimensional he licity is
inside the SO(9), so the forty-four components of the graviton in
eleven dimensions carry labels of 4-dimensional helicity as follows:
one component @f helicity 2, seven of helicity 1, twenty-eight of
helicity O, aeven of helicity -1 and one of helicity -2. (The components of the gravi?on in eleven dimensions then correspond to the
graviton, aeven massless vector bosons, and twenty-eight scalars in
four dimensiorts.)
The analysis for massive particles in D dimensions proceeds in
exactly the same way, except the helicity symmetry is the one that

Spin in Higher Dimensions. The definition of spin in D dimensions
depends on the D-dimensional Lorentz symmetry; 4-dimensional
Lorentz symmetry is naturally embedded in the D-dimensional
symmetry. Consequently a D-dimensional fieid of a ~ific
spin
unifies 4-dimensional fields with different spins.
Conceptually the description of D-dimettsiotd spits is simiktr to
that of spin in four dimensions. A massless particle of spin J in four
dimensions has felicities +J and –J corresponding to the projections
of spin along the direction of motion. These two felicities are singlet
muhiplets of the Idirnensional rotations that leave unchanged the
direction of a particle traveling at the speed of light. The group of 1dimensional rotations is the phase symmetry SO(2), and this tnctimd
for identifying the physical degrees of fi-eedom is called the “lighlcone classification.” However, the situation is a tittie more com-
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