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Modern treatments of energy loss in plasmas through elastic scattering of energetic ions require

complete knowledge of charged-particle elastir cross scctions.
plicit separation of nuclear and tonlomh effects

culation of charged-particle eclastic cross sections from R-matrix paramcters,

in these

R-matrix theury pruvides an ex-

cross sections, and gives reasonalde
extrapolations to small angles and low energies, where data may be scarce. We uutline

the cal-

amd give examples

far d-T, d-a, and t-a scatlering, olitained frem comprehensive analyses of rractions in the Slle,
G1i, and 7Li compound systems. Expansion coafficients for an exact polynomial representation for

the difference of the scattering and Rintherfurd cross

tering. Integral quantities involving o

calculated from the present

sulistantially in some cases near resonances with a rerent Livermore evaluation,

[Charged-partirle elastic cross sections calculated from R-matrix theory., d-T, d-
tering at energies helow 5 MeV. Polynomial representation and integrals for uNll

it roduytion

Charged-partarle elastic (CPE) scattering is an am-
partant  energy-luss mechanism in ioanized plasmas.
Traditionally, the slowing-down trecatment has taken
mto accamt puly the effects of Rutherford (or "pure
tonlomi™) scattering, in which the energy loss comes
from simmiirg over large mmbers ol small-angle deflec
tions.  This approximation is valid in mast rases at
low energies, where the Conlomh amplitnde dominates
the nnelear amplitndes.  llowever, at higher rnergics,
where energy  loswes are more snbstantial, nuclear
amplitndes  affect  the large-angie cross  sections
signitircantly, and enter even at small sngles throngh
intinference witl, the tContomb  amplitnde. It s
important , thereiore, to lmve a method for describing
all  thy compements of CI'E crass sertions,  which
provides  reasonable extrupalations to regimns  nat
arcessille ta measnrements (nscally small amgles anl
law energies).

R-matrix theorv! is highly snitahle for sneh a de-
seription, since, ak haf heen peinted ent at previons
Ciugi Section r:u-vlinuu2 4, it allows a parametiic
treatment  of  short-ranged (melear) elferts, winle
worammting exaclly fpr lpng-rianged cffects, sneh oas
they Comlumb gl angnlar momettum larriers. Thns, the
relationshp between the Conlomb and nnrlear pnrts o
the cruss seetion as n fmmetian of encrgy and anglre
ik constramed ly o thrary that embadies the fnmla-
meatal prapertics of melear Interactiyomm anl ensnres
the correct Thmting hehavioe at gmall nngles aad low
energtes,  where the Ipng-ranged elfectn domimate.

In thre follawing wectlon, we ontlinr the calenlation
af EI'l rruss sertions fram R-matrix pnrameters, then
show fur o few mportant cases how these calenlotedl
crass sevtionk behave  an fnmrtions of  enctgy anld
aigle aml hnw they compare with experimental data, In
Sttim 11, we develop an exact  palynamial rep-
resentation far the ahfference of the 'K atd Kuther-
fond cruss wertimms (g, ), ad illnstrate the he-
havior of this crosn nection asl wome af ite expan-
Kimm corffictenta,  Applivatfar invalving integrals
uf arr ditrmseell in Sectfen 1V, where reanlts
1-.n.---r utt the provent R-matrla crogn acctiona are
comparml with coothery revent evaloation.  The {fual
Kvetian wmmmmarfzes lThe important pointn of the joe-
vimms dikensaimm aml gives cane Insinme,

K-matrix Rescrtptiom af C'E Seattering

Elemenls of the It matrix are gaven hy preject fome of
esentainlly the tireen':w funettan aperatoar far the
mternal amtltimian of A wystem af trteracttug o -
ticlea wn the twe-lody channel smefnce ot the system?
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where for p = cos(0.,), the "pure Coulomh," or
Rutherford scattering cross section is

= (=N _ 2
UR(‘J) = (k(l'll)] 1 (5)

the "pure nuclear" cross section is

ou() = 1(2s +1)(2s.+1)K217 15 3 (-1)8 7F
N 1 2 :
Ls's
, %-n'n \ 2(8},8,0,,8'L)  2(2,3,2,0,5L)
17251725 1%2
3 J.%
Re (1 v “ ) 1 ) (6)
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s ll,sﬂl B 22522

aml the Calomb-umelear interference cross sectinn is

e e B e iNANSCT)
M T s T TR (T ltele
RN :
LR, g P (7)

tm Eys. (5)-(71, k is the renter-of-mass wave numher
aat 1 the Cenlomle parameter for a distingnishalile
parr ol _interacting particlen, s, and s, are their
spies, 2 is a medificd Pacah 'm-hiri(-nl ns defined
- Ref o 5, and l'"(ll) is the n nrder Legemlre poly-
nemiat .,

Elastic sKeattering cross sertions calenlated from
relatians (A1-(7) are shown in Fige. 1-) for the cise
ut =T, l=17, aml t-ao Keattering. Thesr arve the
primary  cross Rections that arrr regnirved when coaa-
sidering the showing down af  fast ions an oo of-T
jetasma. The R-patrix parameters need in tlase cal-
cnlatioms came fram comprehensive stmlies of  reac-
tiaas an the *e, %L, aml 7Li systems, nmae of wineh
heve been deserileal an Refs. & aml t. the term “eom-
turchensive” ampties that maay mensnrements for ot her
rentinas aml ahservables were im Indiad in the na-
ilvaes  wlang with slantic scatterning cross seoljom
ata, leta fog ather deartions inf Inenee the elastae
T=mati1x clements thrangh the vetot iom hetween Hooml
T natedd glove an coomeecran wath Eg, t0t.
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Fig. 2. Calculated and measured cross-sertion ratius
ta Rutherford scattering for d-«.  The data at 1.07
McV are those of Galonsky®; those at 104 MeV are
from Senhense®; Lhiose at 5.0t MeV are from thisent?,
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tu Rutherford seatteving lor t-w.  The dat+ at .11
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The wiattering rrowe secttina e Figs. 1-10me Jrlet-
tid A ratton ta the Rotherfwad crons nectyen, e
that the eftect of the mclear amphitades can osealy
deviat tomn from mnty, Tthe  mnet ot
stgm cant devinttons fram e Cenlode weat ey
woenre at tetily tow emagrer o oaelt thee aear-
ttonn, It enpeectally faa =1 (tag. t1. Tlaw an Jhae
matnly tu the poelences af pnaacpant e 1 the
reavttinn: a aelatively lnoml 3700 pesonape an -1
at F, - 4"!: kel (1t keV ta the TGlntae pcartimet,a
IINI'II'IIV t remmam e tn o et B t.n/ MeV, amd
1eletfvety narnnaw I/'.'" ll-rlnlllnll'.ll'llll t-ae at t 1. HY
MeV, ta all thiee vanen, the calinlatieas mhcate
bt ant tal devtat tonn fram pare Voedonde et bertng
at energien below the Towent  eneopy wlhi e meanne -
mentw have Leen mmle,

lie  neen an



Fig. 1 shows predictifons for d-T at B0 aml 200 keV,
then comparisons with the data of Strattan® at .96
Mr\' (the lowest energy mcasurcments) and 2.46 MeVl,
ant with those of lvanovich? at 5.18 MeV. The agree-
aeat of the calrulation with the data is fair at the
lower two energies ani good at the nupper encrgy. The
3/2 resananre gives atrong contritwtions from the
interference cross sections in the calrulations for
d-T, cansiug the interference minimum that diminishes
and moves t.. smaller angles as the energy increasea.
The imterference is :o strong at B0 hkeV, however,
that the scattering croses mection falls below the
Ratherford cruass mection at all angles greater than
e .

Fig. ¢ slows predictions far d-a at 500 keV and com-
parisuns with the data of Calonsky® at t.07 MeV, of
Senbuane® at .94 MeV, and of Ohlsen'® at 5.00 Mev.
There is goad agreement between the c1lrutations
aml the measnrements in this energy range, The D-
weve redonanee at 1.07 MeV causes more strincture in
the angnlar dastrilution aml a deeper interference
m.aimam Jt this energv then at nearby encrgies.

Fig. t shuws predictions for t-a at 1 MeV and com-
pavesuns with meannrements of Ivapovich? at 3.13 anl
fottas NeV.  The agreement hetween the calirnlation and
too deta i paar at 1, td MeV and gooil at 5.04 MeV.
fu thin case, the energv of the resonance 18 rela-
Cevely hagh, we that deviations from pnre Conlomh
seatterimg are less dramatic at law energies than
for the ather tvo rem tions,

Exact D'alynami.el Representation tor UNI

Frene Eqs. (%t=(7), 1t can be ween that the anm of the
n lear anl anterference cross sectians,

1pt a.(p) +n

N l(]l) .

"N

can b expuavled an Legendre palynamials, cceonhng o

fmx
R gt (l-n) “07 e
t - - o )
VAL 1oy Rl RO APpanl €
S'mx
+
b '.‘: ! P ENVID B (&)
r-n !
with
Jr] . Sl A
. e l(.',-.llll(.ln.lll)k ] h}- ('I'IIIHNI',:;F' (1)
aml
KR oo e
. b e Dk’ by ens
' [T
\ |}“r.‘. , }'.(l"l_lll'_.'l,l:lu'V) 7'”]"!“'."]'.'_'"”
SRS AR
kert ! 5
elt L, [ | I (10)
Wr U P LA
: l,l. 1 3 l'l, r.'

The =omn am Eapis t) =010 mre Timited by neglect tug
pratlal waves for mmelear wrattering above mx.  An
van be seewe frome g, (9) sand (1), the voeffi lentn
a, .«a» yanplex (e me the t'w), the b, are 1e0al, und
the twe wetw are net tmlepemlent . Therefore, tt In
nut puknilile ta it expertmentat deta dfaiectly fn
teamn af A, amld I, coefthiiente tieated an tudepen-
dent parametea.. An Inteimediate atep, smh an an
R-matiia o phase-whttt analvean, ti necennary o
citalilinh the crtal ton amine Tl <o it L an '

The exact polynomial expansion descrilieit above is one
option allowed for representing elastic scattering
cross scctions in a n*w ENDF charged-particle for-
mat''. The formau simpty specifies a tabulation of
the a, and b, cocfficients as a function of earrgy.
Filea " of the coefficfents calcujated from R-matrix
parameters are available at Las Alamos Natiunal Lah-
oratory for the reactions and energy ranges listed in
Table 1. From these coefffcients, clastic srat-
tering crcas mectiona can be ronatrncted over the en-
tire angular range for mist of the reactions among
light charged particles from protous throngh alpha
particles.

Table | Charged-l'article Elastic Cross Sections
___Aya_i_l_g_l_)!_q__!rp_rr!___lil_m_ Alamus R-matiax Analysies

Hat # Reaction  Energy Range (MeV)

2002 p-p 0=t
2004 p-T (-1l
2015 p-3le t-10
200h 1= 4le -2
1007 d-d a-tq
o4 d-T -8
10s u-Tte (-8
06 d-1le t-10
[AINIG t-t -1.n
4006 t-4l¢ -14
5U06 Me-1le -1

The behavior of the expanston caectficients a, aml It
w8 a Innetion of rnergy is allnstrated 1a Figi, 4 .||||wl
5 for d-T svatterimg. Fig. 4 shows the ampartant l-v
carf ficients for expanding the melear cross sectian
at envergies I'elaw % MeV,  The law-energy d-T S-wave
resoname  is clearly evadent ax a peak an the l'l
coeffictent at 2t keV,  The real and amaginary parts
of the a, tocfficients are shown an Fig. 5, where
agding, the effert of the S-wave resonance s keen at
low enrrgies an Ty
The separation af UI'E vrosy sgectiome anta compument s
given by R-mairix valenlatican allows wne ta see an
mmtrresting featnre met nermally visible aa expern-
mental data: the rapid orerllatiens at small anptes
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Fig. 5. Significant a, coefficients for «-T scatter-

ing at energies lLelow MeV,

in the interferemre cross sertion that are masked by
the Kntherford cross section. These are illnstreted

mm Fig. b by plotting (l-“)“N
at  da kel (Mnltiplying o l(ps
pale at g = | in ul(p); Kee Ey
tians are important in practice

which a(p) 2 a (g) (in this case,

(p) tor Jd-T scatirvring

by (1-p) removis the
., 7.) Such oscilla-

mly at angles

far

v 5%), where

0. !
they sometimes appear in the data as "Imunlumh-nn('h'nr
intradnce the mathe-
s oaf o) (1) aver the
ned, e will retnrn

interterence” minima, bnt they

matical difficnlty that integral
entiree angnlar range are andief
ta this jaant ia the next seetim
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Integrals of %1

In many CPE energy-loss calculations, the Rntherford
cross sectinn is treated with a continuous slowing-
down model, while the remainder of the cross section,
o,.(W), is used in a discrete-event, Monte-Carlo
transport framework. In such applications, integrals
of o, (H) with other functions of p are required, in
principle, over the entire angular range. If o I is
to have the physical significance of a cross SEC§10H|
its integral over all angles must exist and be posi-
tive definite. The nuclear part of UN satisfies
these conditions, with o,(int.) = 2nb_; *nt. ax was
mentioned at the end of Qhe last section, the inte-
gral of o, over all angles is undefined due to diver-
gent osciilations as p»1. Therefore, it is necessary
to introduce a small-angle cutoff into the integrals
of Oy (M) in order to define a value for the inte-
graleJ cross section, which in conventional nseage
should be positive.

For these reasons, integrals of ONI defined by l'erkins
and Cullen'!? are cut off at 8, = 20° (p=.94), or at
the largest angle (if > 20°) whprv o crasses thrangh
zero and remains positive. For the d=T cross sertion
shown in Fig. 6, the entoff angle arcording te their
prescription would be 6Ah®. Such an integral far d-T
at B0 keV pruesumably wonld e zeru, since o re-
mains negative at angles oul to 18N°. In ait cases,
this prescription neglerts the “interference’ region
uf the cross seclion, where ”/"H = ] + 'INI/”R [
However, in order to compare with the werk oi Rel.
12, we have calenlated trom our R-matrix cross sel-
tions the following integrals far rlNl(u):

Integrated crnss seection = uNl(n-l L) o 2n _!"l uNl(p)-ln
n,.
Reactivm rate = vov: = In -f Vr:-l"Nl("Hp
= Vr:-l"Nl (int.),
y fonm ™
Frav., encrgy lauss/eallision = I o ' .
’ im, 1 w0
fn,
1
. 1 tt=p) oy (p) adp
(lNl(lnl.) I NI !
- ) . AR
Frac. energy loss/mmt path length T |INI(|||l.).
Ave, Lal, Seatl. t'nsaine
o ||.' mp g |
e . A ] e T T (hlp
Lals |INI(|||l.) -1 JmlI.!lnlm__.]mn., (TR
with the rtaft gt : mn (.'M.pu), "Nl(“ ) T4
Laxt fom gquantities are plutted fm -l-P seattering

as dashed rorves in Fage 7, compared o sulad cnves
reprenenting the evaloatioa o! PFerkine aml “nllen',
The agreement is faivly gowl at energres alove 0 MeV,
bt there ave wutlatantial differem es at low enerpairs
in the yegran of the li-wave resmmam e, where o eal-
enlatians gave much Taiger rvact g 1ates anl enerpy
losisey Tals tvend i alse evolent an compaan e
tur other aeactions vhere the dhifteremrs ane pit
qate as lage, It largest near the resomanm e,
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Fig. 7. Integrals of o, for d-T scattering, as

deserilied  n the text. hﬁlc- dashed curves are from
the present caleniacions, the salid enrves are evaln-
ations of Perkins and Cullen' | aml the symbols repre-
sent measnrement s,

Sammary and Cene Insione

talenlat tny UTE erussy sectims fram R-patrix para-
meters Jdlows the s oratim ol o, inta its consti=
tuent e lear el Cenlomli-nne lear=raterfirrence parl s,
The aan lear pt has g wel I=hphaves] Legemdre expan-
st with oapersaes pdentical to those nsed ta repe-
serert nentrim orass sectyms, The interferenor part
also fees a0 Legemlve expanciam, bt exlnlats diverging,
mervasingdy vapnd o wsa llatras as et I qaae-
trce, these anorllateas are amparlant valy at angles
fir whnnh o, sa dhitters naticeably fram zeva, wheye
they cante ‘measncealle “mierference minima®™ an the
Press sect e,

teettrcrents ton the Legemhe expansom of o, talm-
lated w5 enerpy an g new ENDE foraat, are availaide
ter most at the reartims anviedving peratoms thoongh
Me. These vuetircrents are caloenlated from -matiix
[meeameterrs reanlting fram compochensive studiven of
few-mn beoae systems dome al o Lus Alamus aver the quat
several tears. The R-matarx calenlat nms generallw
agree wel! wath existing cruss=-sect jan measnrenend s,
aud pevide aehalce extrapolatioms te energres ol
angles where pegsneement s e nol avaid Latile,

Finoo the ampatane aase of =T sratterog, far in-
slatve . cruse-sect ton measnrenent s do not earteml te
ruergIes lu‘\-' emgh to see the major effects at the
strenpg t/ ) SeWAVEe g esunanee, These  effects are
vieacls  vvident n the low-enecgy  calrnlat o,
however, as peaks an the a, and by, expansion coef -
traaents, sty anteartarence terms  in the aruess
seetina, mal o prmiaee] devaations fram Mather fanl
stattea g at hackwand angles,  The effecin af the
tesinam e e alao respomsahile oy Lerge differenres
At low enemrgaen hetween calonlated antegiale of ag .
amd g oarecent evalnatien of Pevlans aml 1 en, Ni

The v Tlatmy loehavior of a0 at snall angles nes
vents et an antegrated ora sectim far a

withimt antiadnoing  a small=anple ontaft, It the
entoft v chonen s that oy Giat ) s presitive def-
mite, an an oeepnrod by ats nee s oanme slowing=down

interference region are neglectedl, Taese diffirnl-
ties snggrst that an impraved method of dealing with
CPE rrass sections in slowing-down calenlations s
required. (e possibility is to apply the continnuns
slowing-town treatment to the sum of the Rutherford
and interference cross sertions, leaving the well-
behaved nuclear cross sectioa to be used in Monte-
Carlo transport. Another s ta nse the present
(0 "Nl) separation, tmt plare the cutoff angle where
o %egms to deviate from 0,. This presc-iption dees
not guarantee a posilive-:ﬁ'finil:- integrated cross
section for o0, ., however, and wauld require physiral
interpretation in the Monte-Carlo transpert of a
cross section that is sometimes negative with respect
to Rutherford scattering.

The present calculatians provide the zeparation and
detail necessary to Dbe nseful, regardless of the
mrthods finally chosen to appdy charged-particle
elastic cross sections to the ‘mportant prolilems of
fusion energy desipgn.
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