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STABILITY 0¥ A STEADY PLANE SHOCK - A. E. Roberts

In a steady plane shosk in a two-dimenmsionel perfect Pluid having 2o eguation

>

o @taﬁs which is imdepeondent of entropy, first-erder periuwrbaticns are intrﬁduced iate
the shaps of the sh@@& apd 4n The hydﬁ@dynamic quantiﬁies in the shocked material. F@f
these perturbations a systém.of linenr partial differential equations in twe indspens

“dent variebles holds behind the'ah@ﬁkg with boundary c?nditi@#g at the shoek given in
temnslof the perturbation in the sheck p@giﬁi@no For ény'giV@n initial disturbance, -
tha.aquationsy when solved for gonditions at m‘pqinﬁ on the shock at soms later time,
yield for the amplitude of each Fourioer component of the perturbation in the shook
positien an integral. equation.whlch expresaes the amplituds in terms of its past his-
tory and the initial conditions.. The adluti@n of this integral equation ie discussed,
It is Bh@wq that for init al disturbancea which are finite i oxtent the ahoca is
always stable, provided the Chepman-Jouguet point is nat'exceededa_ In'fa@tp'f@r such
Qisturbancesg'the ah@ck undergoes damped oszeillations which in general lor large timgs

. l * . ' .
die sut at least as © % In the sase of an initial disturbance only in the immediats

s
‘meighborhood of the shock front, the oscillaticns in fact die oub asympiotically ae
xfs e : . o i 5
432, ﬁmmefi@al results are presentad in graphical form for this Iatter type of ini-

tial disturbance for a shuﬁk with & @a“pr@qsuan ratio 2, and 2 walus of ¥=3 in the

wyuation of state.
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STARILITY OF A STEADY PLANE SI0CH

y

S wish to investigate the time behavior of small perturbstiens im a ateady &

B

plane shock. in @ two-dimensional perfect compresribleifiuid having an equation of stabs

¢ - e = p(v)e
o

¥ i ) R o . . ' B
sve as th: undisburbed state a plene shock ad-

which is indspendent of emtf©py;'2£é&h
vancing imto material at rest, with pressure, ipecific volume, and material ﬁél@@ity

andl c@nataﬁﬁ in spmee and time ahead qf the shock, and b@himd.the shock. PFirst-order
.perturpaﬁienﬁ aya,then_&aaumed in the pasitiun ef the shock, emd in the'hydr@dyn&miaﬁl

quantities behind the shock. The time behevior of any initially specified disturbance

of this sort is then determined.

I Boundsry Cbnditioaa at the Sheck
Consider the problem in & referwmee system ip which, in the undisturbed
state, the shosked material is at rest, Let 2z be the cmordin&%e normal to the un-

disturbed shock fromt, which ws take to bs swraveling in the -~z direction; and lst - x

&

the ceordinate along the shock froat., If U and u, are, respectively, the spesd

of the shock snd the speed of the shocked materinl, both relative to the unshocked

a

material, then in our reference system the shock Travels with ve

es?

o the -2

fds

Locity U-u

Py

5
direction, and the unshocked meterial lows with welecity u, in the +z direction un®il
it meets the shock which brings it to rest. ;aa@ﬂing as orjgin the pesition of the

undiéturb@d shock st seme initial time T2 §, we may drew the following zatbdiagf&m fer

4

the undisturbed state.
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Shock ™\
24 (U=ug jo= On

> 8

representative paj

of & material pgi-
tiele f/%

#

A tha equations for first-order perturb&tﬂons Wiil be iinear, if is suffim’
¢cient to consider perﬁurbationa which depend on the coordinate =x by the factor o1EX,
The general cass will then be gsimply & superposition of such harmonie perturbations.
Conssquently we take as the positi@n'@f the pemtnrbed shock front; ’

| o (Tougdes eh(t)elKE | (1.1)
the parsmeter é being Bﬁ&llef first @?defm af whiéh poweré greater than the fira@
are neglected in the f@ll@wﬁnga |

Ahsah of the shock, ths mmﬁariﬁ1~i@ at pregsure %erep_with rormasl spe@ifi@
volume v,, and material veloslty w, in thé % dire@ti@@o Behind the shock, éveaaura;

specific volume and componenbs of maverial velocity in the perturbed state are, ro=

gpeetively, of the forms:

pe epl(a,t)et™

UNCLASSIFIED

v evh{e,t)etks ' g
o p,¥ ecnstenis (1.2)

i ikx
su {z,t )"

1kx

g N ’
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Bubt, now; )

51 3 gp i
= p{veavd H0X) o p{wﬁ~%&vl-3§v®iﬁx
and since

dp Lodp e

aw =~ ve dp =T3e
whers ¢ 4is undisburbed sound velecity beh

the shock, we have,

pH(e,t) = < (BNP) vi(a,%)

Unit vectors mermal and tangent 4o the sh@ek front are, respectively:

. .
Xﬁz - &ik h{t) & x 1%2:

1

?1

where xj, 23 ave univ vectors in direcbien of imcrsasing

Xy % ik h{t) e

21 |

X, %o

Gonservation of maps regquires thatb ﬁ(gmmtari&ic’ Bh@©k>c§1 be egual on both
sides of the ahéckg or:

at shock

uy=l- U wg+ e(dn/fay el ] z} i §l yru, @v@(ah/ﬁt)eikfi
VQ B

/
(v4/% ‘”‘%(1~”/ o) Jb/ht
Lot the undisturbed aompreﬁsi@n ratio be:
’ vz v/, Der <1 o {1.5)
then the sbove caw be writien:

st shook: UNCLASSIFIED
{1:8)

(.7
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This is to be at the shocka‘ 2+ rif% = ﬁh@imu However, as the undisgturbed quantitlse
are constants, we make ne error in firstnordar terms if we take ths shack conditions
kt@ hold ot & «rU% = |
Canservati@n of m@mentumfrequirss that

Plin-g) * Blmnderyy 7
bs equal on beth Sidéa of the shosk. The tﬁng@ntial component of this, teogether with
the conservation of mass, reguires ¥, ° T1 %to be continuncun, or:

eu, ik h(t}elkr 2 eul odlx
or, '

at z+r0% = 0, *a;a% = ik(1-r)U h{t) v {(1.8)

The normal component ia;z

2 fkx 2 n2 1.6 1kx | ‘
12 - era(anfar)ett® o »2 g2 v 2rge(ug dh/dwe ep- e(olfs2) v gllx
Ty i V'Fé'?“l eé"m

which givea:
r{ier) o

s, ' ‘ KR!
P= == (1.9)

and
T a2 yi

1 [ 3 - .

eyl - at 24zt = Q ' 1.10)

7 rU( ey _gg> s ( 3

[H

U

SR

Let:
B = (#0/2)°

Defining a constent ¥ 4in the shecked materialvby;

. S hup
q Lwsv
then
: CE:YPV - ¥y
3 . | | ! U{ MSSIHEB
&.grgugﬂ = ge T ' _ {1.12)

ypv  wT{ler)  f(ier)
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&

Collecting resulis, we have behind the shock frout:

Vo= KDY@
p{i=r) o ' ' R
2 el T ' {1.1%)
e T , {1.13;

with undisturbed meterial weleclty zers; amd at the shock front, namely for
2410t & 0, the fellowing boundary conditions for first-crder Lerms;

i . |
uy = Ak{l-r)Un{%)

AN
1 {(i+va) v 6
1\21',12: a2 1 - ggh‘}“T {;ﬂ.ax‘z{}
1. o
3. o v‘l ol ) dhit)
g = TU o wlden) e

Intter two conditions can be rearvangesd:

1.
ME"

(la:‘lﬁ#u)
1 e : v
v 28 {1l=r) dn{t) ,
v l-a »xT at

If & >1 the shoeck dis clearly unstable, for then shock velocity decreases with increne-

- ing pressure. The Chapman-Jouguet sondition ig sa=l. In the following, then, we shall

&

gseuns Lhabs

Deseld {1.15)

II. Fouetions of Vebtien Behind the Shoeck : :&
Hehind the shock, nemely for & +1U% v 0, the hydrodynemic sgustion of mob
img

/it en - Pusvip s 0

. - UNCuASSIRED

S /3t e

=3

" o I
sy -ef U w20
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‘}' . £
vy dkx_ 2 & (
S 0% : dx ¥
| unoLASSIFIED
dut ikx o D v
& e, © m@g e (Q’:‘ s @j’{m) = O
&t 8z 7
N 1
S S
ke 02§k —e w O 2:1)
o ¥
&«1 B jed
=z _ .2 2 i\w} =D {2.2)

gt 3z

1

Also for 24 rit ) Q the squation of continui’r;y mast hold;

ox

II7I. Resuat

i Ov

(u/’v) ~Z 5 =0

8 i - 5 i
= (& vl @:Lm” e u.i oikxy L O (. T gikxy
dx % ° ot ¥

ement of Froblem

It

ag f‘uno tiona

=23

is convenient to i Troduce the dims nrss.mglcms quantit

w
=S
k<)
=3
=3
m
[
B
sy
=
o
A

i

’2{3
I
i

|

%

£(1) = k{ler) h(t)

of the in :mdent wvariables:

From this point on Eezakz, and not density,

APPROVED FOR PUBLI C RELEASE
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\ 9 = ka .
{3.2)
T = kUt )
Egse {2:1), {2.2) and (2.3) are then:
% L. PO
:é,:’?: e ';; i ) Q %:430':/:”
aly 1-ad
- R | {3els)
. 9% 8 59
s |
= iX = e [3,5)
g &1 \2e2)
with beundary conditicns at ?1»?33@, from {1.34) and {1.1h)
3 - i ! 3 ) 4
X-TD= @) (3.6)
; l4+s . : -
-1 = T g'{?l) _ {3.7}
25 .
B-LY = g (D) {3.8)
l-s :
where r and & ears restrictsd par&m@uorsp
O4r <} <
(3.9)

Cesel
The problem ig then to detemmine g as & function of Vﬁl having given an initislly
specified disturbance; that is, given x{p.0) = n {pP), %@;ga} E ﬁﬁg) and d&sga)aaggqu

forp 20. This initial disturbance must develop in btime in such & maoner

above differsntial equations for p »0 and the boundsry conditions at o$~ P20 remain

[

satisfied at a

B

1 times. g{f) will then be uniquely determined for 1 20.

=
js3

1ile the solution was first carried out working directuv"with the above
gystem of first-order lim@&r pertial differsatial equatioms, 1% ig quite & bit gimpley
firet tc reduce the system to & single secomd-order equation, which in thiz case is

-~

pamsibl@l)g Differentiating (3.4) with res se@t Yo @ and (3.5) with respect to T,

3,

1) This simpler deriwvation is dus te J. W. Calkin.

?  UNCLASSIFIED
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end adding: | o “‘ N UNCLASS":

-3 ax i aegf 8%

| _ s 32 i =0 : (5010)‘
But then using (3.3), we haves
o 22y 32 | o
; :;gi°55§ &¢ - (311}

The boundary candxtlons 8t o +1 O can be @xprassad in terme of g and g2 firgt derive=

tive. Aleng j3+T 0, 4/dt F /3T =3/%p, =0 frop (507)
' 5% Y  1es
Mam

But adding (§ h) anéd {3.5):

"("Z} st pel=0  (3.2)

1o ag afa afx/

25, 81 ¥ (3:23)
So from (3 13) (3. 6} and (3 12), ene bcundary ©onditz§n igs
i g% ;? m g“(”st}«}-; g(1), st gw‘i =0 (3.1k)
and the other is (3.8): ) | '
| | - &m~§%g(@ DR (3.15)
Re stating inltlal cand%tianso , |
| ¢(990> = f(p)s 020 (336)
and, frem (3.5) | ‘ | ,. | “
| aﬁ(@sy*i w>v%<w - zan)

I¥. Reduction of Pr@biem o on Im?egral Lguation for 2{1)

L

Ona mraceode Hv the methed DL Rismenn for solv1mg the. anuzal vmlm@ problﬁm
Fox a é@@@ndsord@r linear hyp@rbalic partial diffsrential @quatlong Now the ¥g. {3.1L)}

has characteristics: (léfg is the sound .veloclty in the uni ts of the problem)
posL® = (IFE-T)

and o | - -
pofpL= - (1/}“_/53{’%,‘@21)

 UNCUASSFD
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w}lm

At a point (°L19L1> on the ahockg just one ch&r&ctenlatlc comes from the

&h@cﬁed m&merial, namely:

? 'E“‘lizl “'.’. gl/\/g}(ij‘o@) . . (1.102)
Gmndjtions at (wfigfl)?&r@ influenced only by vhat has ha?pen@d i the region . G de-

fined by:
120 |
pel20 - ’ ' (Lo3)
8y £ (2A/5)(T,-T) |

Eua/s/m‘ggo"}\

One now finds an &ppx‘opffmﬁ@»“m@nﬁmmn f‘u:mtiqn” for {3, 11) and r@gion G (amalugwa
to the Green function for an eliip’sﬁc difforential equ&tiom}e This ahoulm be 2 p&rw
sicular solution of the self-adjoint aauatioi\ {3.11), a&ér ﬁ“{oﬁaa 0) =2 f(oog?g,,o .
Sach =) .Lu.nc'l;w on can bs found, &zsmmimg it depends only on the quan‘tim .

= J/2) B D2 < (gop0)? /{al/f‘)(f ?)=={§> ;»J%(l/f)(@ -T) #lpmpg)} (boh)

Summltuw.ng in {3.11)

ey iéﬁh&');__ ] n‘«g‘}; (ﬁ‘: Q) fbiﬁ ( ?Q) Jﬁg) H J. p ‘-:";: R = Q
FHR) = +f (mJEE’ Y j {R): e { ) =3 +T{R)

T B | UNC SIFIED
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AL {2-&'\5:}
Thig is the 44irf erm*ia} @qu bi@ﬂ far ubﬂ Ba ﬁg@i funetions of order zero. The ¢
priste Riesmann function ias" g
U pr— 5] . v
o e i b ‘Y 2 . Yol 8 .
(R = 3, [/ (1/8) (T 1) = (p 2 )7 - (4.6)
o = D 4
fwlﬂﬁ Emmxﬁ~w@$mWfag%,&m%ﬁzaap
L d@nmﬁing the &p@r@unr'siégjﬁie = { & /ﬁyejn hen from {3.11);
£ o o o o e '-= ‘ IR
fﬁ.’%a ﬁj‘nu S l.lg‘? ‘?"ﬁ; “*" ] » (d«;l o?g
Also: o -
T S o R ST f 3
& of . 8f| &} @ﬁ c"}f
FLH =GLL = 8 o= of = == e i {4.8)
: b : : %M . 37’9 53!29 ‘SQ
- Lo _9 i.
- Tabteprating %hisvdiﬁargenae @xwreﬁﬁion'@va?- ¢ - and Gmp oylng Ganss @h@@ﬁfa'
" %o express i

he surface in

T

{(rp -—F“m} 46 =

Mow, at T=0:

o o - ”P .
BC O F 1 -

o
-

APPROVED FOR PUBLI C RELEASE
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tegral as a lin@ A@cegral axa@ﬂd ths b@umd&aja

- e -
| f?,i%ff«)//u‘z‘ e afi' =
BN Sxzefozy - do
o i;, A s
N T RPN T 7
ﬁ Hplew g foo joe
! &7 -\@# 4 8o Qo Bty o
B g Lot b B U Gl
N TR N 27 T
. F I R B N ‘L ]
. lzl;jn %;;/ %%f"é jjp /78 p dfP o .
.m. ) ﬁﬁ \gi ag‘p?:g —‘é:—;"é;p”@ £ ﬁgaﬂ/a]-&wf A ﬂa’
o LoL - .&“‘g R i f‘i"‘ﬁ,?‘“?@

. ki
i
gﬁiﬁiﬁiwﬁ;ij

- OF

ey

E%SE
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o 1 I
_, fios e, ,,)*f ¥ gy é‘\/(l e)/s (fgla'g)?}
O“g s j L Ja(i=8)
and f J:ﬂ, ‘gw/{l%)/ﬁ (”i}ma)g L2

-&'? Ve o€

And for @, thers ers the :ﬁnl»m'& c@ndlcimna {3, }6) (5 li[} &nd uhe boundary com@ tions

{Z.1L), {ﬁ 15) ¢ ot e%»'@-ﬂ v Henee (L;, 9) becomes;

R
{{w fhﬁ{%{ SR } (ﬁi/gcwl)>

- 8.09) (5] Jl(f/%lfﬁc(owl) ﬂ
aﬁd/aw (le)ﬁ j

2 =5

&

| : ' | '
s1h ﬁ-%‘g'%g“ at | ’
lo |8t ?kflﬁamﬁf
) : =

i

boles 50 . 4 [l=s
¢% o Mmg"(’z)ﬂ'; &{1), Jg gmﬂk(’l‘f@
A}.@ng. B

5@ /‘”Bz,

B0 ‘e.,he lmtegration &l@ng the ch racuemﬁtic cm; be caz‘*‘zed out. If this is done, and

ey (@«:‘E}/f W= A

i ‘é\w'th@wmm we wmwa T ror mls and @ for 0 a8 wxiabla of inkegration, we then
B hmv@) the following: imtegz ro-differential @quma:wn f‘e“” (’i};

. =Pt
5j: gaf'@}‘t?‘ ’gl\m g“{d’)vm g{ﬁ)} ‘0 jl (‘T@G‘)E ag = I
. ) A ‘ i“ 5 g -

=

=5

) Gae

where ﬂ(i} is & koows functionm in terms of the imitial valuess

s .,'-UﬁCLA.SSIHED |

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

UNCLASSIFIED

: i (i=/5 >
ALY = e ;Wiﬂv

P {)4-01;%:}
(1</5)4/51T .
* QE\ ) Bj ﬁ{m@mw(o | J {wa/w (9&"2)2}%@) «-—AEM /5= lott ’f.?QE do
. 0 . jfé’E/s = {Q.ﬂ.ﬂ)e g 3

or

s ) =/8 1¥s (jﬁsg
/@('ﬁ) ?gé\f }-‘:’ (/p’)l&&g(o)v}&zs‘ﬁ‘

< TR : . v Ly V12/s- w‘*‘)a}
o ool 7 702 - (POKE 3 Hlp T R e

_ In gemeral irn physicel cases in which we are interemﬁ@d, the ‘initial diﬁs‘tm‘bance wi?&l
be limited to some finite region. Say, for example, that xO(P), ,O(g'o) #, {ﬁb) all van-

isn for P 3p,, for some fized P, then for 1 7Lgf§/fl=/ﬁ)}?1 we have:

o ) '
2= 22 g1(0) X j +§0 %—x@iw Joéf%efw(my%

&

o'E a o EG(Q;@)E ¢

5 | : :
- gf?ﬁ) eyl g (Q;Ei“\/‘z?/ﬁym‘(g%’i)g}l %N

and since for x —3 oo, both JQ(K) ~==-§19 and Ji(bx} % 0, we than have:

for G sy €0, ﬁ(f‘) w3 O ’ {L.14)
o
Moreover, it is sesn that in such a case g{T)at @M.sts s a8 both g do{m)éx and
Ls2 o o
J’lix)dz exist. ' '
o

In the special case of = disturbance limited initially to the immediate

neighborhood of the shock front, we havs for T»0,

lrs log ' L
D= g0 = TR 0) o2 (i4.125)
in Ob‘bainimw an analybical expreszion f@r z2{f) by, %NemSﬁlE vlace
transforms, it ig only slightly wore comvenlent to reduce {4 12} to & Volterra integrel

- .-
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eguabtion. In any éase, AT it is desired te r‘amu?aue g{t) numericalliy for scme partic-

ular 2(@ }s it is d@fimi*&eﬁ.y more convenient to reduce {4.12) to such = form. This in
déne by integrating by parts undezr“_‘i:-he izrteg:al slgi on ‘theAleﬁt of {li<12), z*nd then
integrating the entire @qn.x&ztion once with respest to 1. There resulis the following
aguation T

£l

g =2 plo) K(l-9) a o RUBSTY
: ¢

where the kernsl is:

. 1-/8 [& {lts ﬁl-«s 1
K{x) = <= _ Jd1f X} o~
- /8 J1-8"| s ) r

)

J{““"z‘“”eé“)"/‘ 7 x

d, {w) dw

° )

{17

L

and where

£(1) = =3 g gﬂﬁ(?ﬁ)%’”s g'(0) Jgégj’%) af+ g% ga 5 (14s) %{ i-s @;ﬂ (iwa)

Wbl g

Prom {4:18) and the abOVecdiscussed_propartles of ,f(f}, it is seen that for

o

initial disturbances limited %o a finite region, that:
for _ X3, P(1) =2C, ¢ soms finite constant _ ' {L019)
For the ag;ecia.l caze of & disturbance ini‘ﬁially only inm the immediate neigh-

.
}

‘borhood of '%;he shoek:

£{E) = i"o{’é‘} '.( i}%a 2js ¢ {1} daé/—l ﬁ)?f.} i\}} | | | {L.20) |

V. Solution of the Inbegral Fquation

Taking the .Laphc:a transform of (L 16), making use of the fact thaet

I?(D (5§ » ~§ w@‘@ ,2
L omul g &1 (p(l-0)as at =l | e £, (e X “"'}"’fa('ﬁfocr) afdo

k 1“3

s‘q

i

‘ o
o4 2 (e o | o7 r(6)al, {= T -0 {5.1)

O

i

TR AL)

- UNCLASSIFIED
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we. have:

sk

{ +g ° ¥ -
o) = £ (@ 2 g 09 < ()

4
e (o) = m%ﬁw (5.2)
rs.L(se-)
The laplace w&nsforns of the Bessel functions are Im@'ﬂnn .
ex {gm ‘;\} dx = S 1= < 5
Jo Jl“—o ‘/& ?(1ﬁﬂ)/8§
: {(5.3)
fee) - ®g B s e
e‘mﬁ ' J (w) dw dx = "j(l 8)/8
Jo o Sefe? *{1=8)/=
50 for the kernel K{x): ‘ _ S :
1.7 Lt _ (l4s)o 1-8) +1 gzr:‘g i '
e y {f SGmes kel g
1«%-f ,/ (lva)/s
1L (w\/“)g m/é@ +(1-g)/8 | A (5.5)

1=1{L(&) Eﬁ &/ad-ark‘?nu}/aeg@{ -@B)@g?(jwa)/k‘“
For G~y @ , 1/&1=KL(@5-)] S 1,, g0 that the coel fzcmn“t of *L(QL) in {5, 2) contains a
verm which iz the transform of the delta funchicn. This leads us to write {5@2) in the

farms

oo LA Goalo cabe (onde 0 e
ef@%/@&a?(bﬁ)/s*(“ﬁ)m2+(3—°ﬂ)/r B

and the aalu'm.@n, in the forms g _ _
. 1 o . :
el = D)+ Jo 5 Kt 0z | (5:7)

L":L(&) = f {G“)‘&

1o

where the resclving kernsl iz the fum;tionwhmml,mplaca Transform lsg

{¢&§j&l3pﬁ2%(3é@)/a .ﬁ:q - (i;s)/r | | (5.8)

KL{@)-’ af&f-r(lms)/a+(L#a)m2v(};aa)/r
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)

@»ilﬁ'“’i’ mﬁ gv’%’fﬂzca)/w @fcl/r%w?% é{%f”} %—7; .f'ma)?é 2 |

ii & 2(1«@» a'=2r)al/r(l-s) +1/re

or;: _
)

/s
r{l=/2)}

B =

’

In order t¢ construcht %, ~one breaks this dawn'im;o apprupriat‘é facters which are knowun

kngwm, tranaformso_ In the case s r, this can be written im real form;

T o) 3 e O g
@:_ 4 I=r 4 Sar}"‘ r(les) G&‘h;‘@@ +(1-a)/s _ S
, S0 S _ (5.9}
* 2 g m 1 : ' c&w%ch :
@4 {/IF /55T (P (1-5) an/a? +(0-s)/s

g
-~

., Cib i_#vf?, By "‘«»“{14%8)/@7?
gﬁ’é 2{1s/e) i s' (1=r){5wr)

]

(5-10)

8 " f{i”f} br g‘(icﬁ)za;f M)E/k}?%?(1*ﬂ>/f
“msﬁ) am BE/fni S

),
.%> F 2r{1-s)

o

Sé.milarly in the ease s& r;, it is sonwenlient %o write; -

_ r , 7
. Btd Dy
£ ( ) = B %‘3’32 y
L @g? 4&»2@‘7&:5/;/3'(1%) @-l/f {?i«&,/&ﬁ-g,- (1-8)/s 2 ,
: = (5.11)
‘%‘.. - W i | .‘ do ﬁﬁﬁi??}% VB)_&%'%“DJ& :
@;,2 - 2¢fr-s {fr{i=z) «l/r (e+/af #f(lsa)/s

where -
Bz _ L a»f'
‘-A ‘_7:/ ?(1=j$ 5
o Bpm e, B T<1+B>/ﬁnf(1=“/s>
. 2}, - ejr{lwﬁ)(rwa)- o
__owE .2
) L

Dp = D), = = 1/2r

Dy = =Dy =

u;:g-'(.i‘.ASSIHED |
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" UNCLASS
s make use of the follovﬁﬁg known transforms: - IED
ez is the transform of s <X
@-pE e  (5:23)
(;i’ 4 1] §® g fg ‘ -
e : ﬁ%«w sin ¥z {5.34)
{a=@)2 y 42
H L J
and i ‘
m_hui%ﬁwmx o ‘ﬁ % ﬁ giigﬁwb . ’ . (5015}’
éﬁﬁwéﬁeﬁ,ge . gX : )

In the case s>r, we use {5.14L) taking é@:‘:O and ) = (/ler & 5= ) AT (1=5), and (5.15)
taking ¥ = ,‘/i 1=5)/s. Then: |

3

- St #faer /il / Vrvralll

(‘{)B_ng/r(l s) sin ﬁr Ber 2:9» Cl/r{1 ) @fﬂ‘{%lr srxg

-

J1i=1 ﬁ/scr Vr{l=s) j fler = fs=r Lt/r(lcs)

xcos [ernfeer L 95078 ~"'> | | (5.16)
o WE(1e8) _ fmy ‘ o

| %CB * cos m {x=vy) 33(5/ (L=s)/s 3’% a
. JO /r{i=g) W ll=a)fs ¥

This cen be put into different form which will bs more convenient for seeing the

+ G

>4
AN

e.8ym @to’tic behavier of R{x) for 'i.arg@ x. The following definite integrals will be

umaiulz

co < J 3 i . S 7 - a ~ \ ‘ |
o™ cos By D) 4y ofyfpL 2Ry 2\/’{/{@?% F02Ha? v(Be?) - id® e P

0 fp@' { 5 17:") .
and
%m . : o i | ’ l . ‘A ;
<=8 sin fy “"l'éif;“l)‘ v = -k 2 [ e R (@ 1 PR -2 R (519)

0

For immediste purposes we require the special ceses where ¢L=0. Here we

mast distinguish c&uo'a, as ‘/(ﬁg = )2 = 53"’: = );’2 or ng n{gﬁ aocording asg é;g 7 ga or &2{, 52
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(5-19)

%
"‘%

EN
%qf‘&

wow, for f={/I<rt ﬁ;x )/;/ (1; s) and sz /Z’f’:a)/ﬂg
. o
A2 E’R g~k 25;/(1=r)(sar)-é~82(1=r) %5, Ter & fomri 2

/= =‘~*‘~ o - /

- re{i-s) - re{lies)

E:f%oz;sao‘v;ar;, g/i=r >/ %=1, for

.52{1=r) = {S=1‘> = 8%- 8 +r(icse} = (1msa)(r'ms/((1 s)}
apdg from {1.12), whea:*e‘the zf’ in these equations iz now the- 3;’ of the equaticn of
s*ﬁateg éo that‘ Y¥>1l.

8 r
. = - . . _ _ o
Tes g{lay)ﬁ,r =0 F)-@—x’ (-1 (2-r) 2

- Hence, in any case:

ﬁmﬁ 5 ori e
- J/Teli=8)

So using (5.19) snd {5.20) with these values of gﬁ‘fy and Y

* J1(¥y) o Wy .
M ey ) =i dy = cos’ cos @ L—
R cos (A{x=y) . ¥y = cos é@x | v T
[ onaw
sin (Ox sin (Jy —=—= dy 5.21)
5 sin 3 Io [ i o
ﬁ?w/ﬁénéﬁ’? 4
= ga T osin ex

or

i -‘1 ’ ) .
i v 4 . o T
} cos {E{i r %far , 1/ {i=8)/8 ;y;} 5/1=% 5 /5(8=r) /Isr ¢ /e=%
‘-O ;

P ‘]
{m=¥) dy = ain

e SEmasy (14D ST8)

performing the appropriate algebra shows that: . ‘ d
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fr?imav o e

with similar rrl&tiow betw@@n 6‘3 and Ci» henocs:

B 7 - : 5
M@m« i ﬂ’qm g 3 A Az . A =
Geyrliss) %/173 L C1l  cos LTI g y)é SLESDO 2 dy (5.
JIF wfaor U/mca I | /A(s) | /s
o ) ' i o fx oo
and Tthe similer relation with ¢% and . But since - 5 %»"ﬁ = = s We can
‘ . J s %
write K{x} in the form: . R
' i
oo
fﬂ.“—X’ Cf BT
for s> r, (4,{) = 1 o085 "A‘N,T.@Wmimi (;\;-y} 3
J= Jri{l=s)
Y “
m . 2 i
J}_{ l=g 7: ¥ dy - g’ﬁ cos 1 lww‘m/spr {x=3)
J(lﬂ-s}/s ¥ i Jr{l=s)
N L

Jiy(3==)/s ;§
Vil=s 5178 ¥

or using the trigonometric addition formula, meking a change of varisble: ¥y2 2%R,

and using (5.10):

for ay Ty - 3‘2"‘/%} fm i%s ] 1:’}; Be=T
' K{x)= T 5 = T CEB e g GOg e
E o |

e & ¥ ¥{i-g) 4 r{l-s)
, {5-24)
= | 2l /T s
o {1 Y = b %
+ 2 MQM sin ,_..,Z;Mmz sin é/g T 7,;3 et é> 5 (xt%) dz
vf(mf&mf}{zsas?} j g’(“lmsz) : lyr{}sa} I E},/(Itcrﬁﬂ,/’m {=+2)

As = limiting case of thisz, we cen obiain the eoxpression for K{x) iz ths

case e = . Namely:

c»:ef{ der | A z h{/(lv??(ﬂ%? -

wn wemomzs  (DCHE ww—-{}:w sin

0 g,» r S S f ﬂcr)/r {xws)

Procesding in similar manner for the case s ¢r, taking im (5.13) and {5.14)

for s=r, K{n}  ~—

£ ™
(Rl

o

f@*:; & Ar=5)/r{l=s) and Y= /{l-r;/r{les), and in {5.15) ysﬁﬁﬁfé‘: we have from

{5.11): : !g | -
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e , A . —
ST [1oe AT S C
“/{%ﬁ\}/?” B) Bo cos g{mwﬂmm x k- B?j s D2 w(=e) }sin ;‘v”*’“‘“l“” v% Mm
| | Je(ien) j 1=v 4 Jr{i-s) J
; & R—— i ﬁ b
e%‘\;/(? &)/E‘\l 8, % qbi‘% oo ji;:ﬁ;‘;mﬁmi, RS EL} DL&. ?mm—vﬁ!— mm«i‘nﬂw ® %
- f 5&-4-‘:'5/ ( ‘:5‘3 j n?
= { e 1= ‘P " }y 7 1~
N a\/(rgsg wlien) ;éﬁy Ez‘l mﬁ/;m (ng)?é By 22 4n, [, s) gin e (goy) | d{ L1 s)/e ?} ay
jo : | o L  v(1l=8) j f de=r Vi f‘UPB) gv’ii‘“ﬁ}f@ y
5 s : v ) - 1 : .E
w | — oo vy T - . .
+ +§/(L¢a)/r 3) (A v %Bﬁ Gos wg;mw (Kby)%gBB fr g ?35 ;K‘_(»l"g) %Sﬁm m;“ﬁ (‘c §\ }35/{1 5}/’!& JE ”}7 =
0 , 3 Y r(l=5) jl or T ler J J v{l=s) j f(l'”ﬁ)/d y : :
Putting in the wvalues of the B's and D's E‘rom (5.22); and nobing that (5.17) and {5.18) give, on %ai{iﬁg ‘
4 a/‘i’cﬁ)f*‘“”g}o fjwf'{'l r)}/r(l-g), and = \f(lﬂs)/s and performing some algebra, the follow m,g;z ' -
o SR () ooty [y 9l *> 2
jO eing g 3"(1 -8 ) (3;»»5)/3 ¥

N - — 1 |
R S 0 e x“gvfacmm’m} o/ (2 A 521

{1%/2) fr{l=s) ain) @"r(lca) soaf f¢r{l-g)

it is’ geen that K(x) ean be written:

B Lr:

"""""s

e eyt T

s L X%xmﬂaa,jy/s - /5(1-/8) i Xcr{i«?«ﬁ}/ﬁ%l«/@ i A o
Y 2/r{l-s) EL JT8 j‘z-»(lcs) Jier r{il-s) | ‘ . % =
X _ premeep— '.. I e 9 | o
g. “Ej;@n ’Aﬁzj{rmﬁ)/k‘ ieg) {®=y) gﬂbﬂ oo Aer (smg) 4 2 2o ?"(1%--3)/8 sin f:iux;m (o) e31</ e8)/5 ) ay (5J28)E )
= 2(1=/8) fo L s Jr(i-s) ﬁ({"’:rmmss Jr(1es) - Sfieaije v a
o S . ==
c en g = = rf{ Vo a / Jor é / - ( \ o—
= w};%" ? . mm/‘m“") ii‘”ﬂ) g gl%g coa l=r 5 ¢ 2 K‘{}'“;"”ﬂ{: Bi‘ﬂf L=F ZE { (1 8)/.} i Zj} az 8
2(1-/7) 40 | f v(1-8) S{er)(r-s) [/ r{l-s) JSG=8) /e {x42)
=21é . '
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Having the explicit expression for the resolw inv kernel XK(x) in amy of the

forme {5.24), {5.85) or {5.28), the problem is now in principle solved for any given

o

initial disturbance,for by (5.7)

e ,
w AR @ S o oe
g(@)= £{0)+ | (o) x(T-0) do (5.29)
BN :
In smy practicel case the numerical inbtegrations that would have to be carried ou

thess $‘Sﬁ3 would be prohibitive. We should, n@vertﬁeleﬁs” like to gst some ides
the behavior of g{T) for large values of 4, =and in tﬁ@ general caze of ap inmiti
disbturbance which is finite in extent. That is, for av £{€) having the property
How we know the asympbobie behavior of Jy{%):

e T ] AN 2 A -~
. for large %,  Jq{m) 240 sin{x - #/1) {5.30)

From this it is seen from the above expressions for K{(x), that:

as AL—> ®, E(x\ —4 0 at least as rapidly =as x=3/2 {(5.31)

In 21l cases, then g‘ K(x\ux gxists mnd c&n +then in fact be ovalua nd asg the iimit

J
of {5.8) for ot 0. It is soen from this thab:
rem' _ ii" i
j K{x)dx = =1 {5.32)
O .
Hence:
e
B Ty g{(2)—pC+ [ ¢ Kcldo =z =0
Jo
ox ' és{’?«) ey O {5.33)

2

Le 8 general ge@m Lh, we can conssguently state that, for an initisl

St
L2
F:h
n

LY A

&
5
b
Y

bence Finite
out. ®hile the rate of damping depsends on the particular I

b
. 5 N Lalrite
above thabt it is st lemst as L%,
/
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APPROVED FOR PUBLI C RELEAS

extent, %h@ disturbance on the shock front will eventually be damped
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A

\

¥I, Furbther inelysis of the Spzoisl Case of an Initial Disturbance Limited to the

Immediate Neighborhood of the Shock Front

Yie shall derive the snalytical expressienz for g{ ) in the special case

mentioned in {L.20) above. Namely, for: .

£(%) . (1) = (1&23? {2/”%-(%-8} J Vfﬁ‘% i}} | e

Ims‘t@ad of doing this by integratien in the form (5.7} it is perhape simpler
'&“@ procesd agaim by Leplace transforms. For thia:

[> A ,=:QL=(?7: },m : éﬁz
%L( ) 1Ry () {6:2)

Knowing the trensform of the Bessel function:

B“m ec@?‘%g\}f\ggj’;‘g @} 1 = S S (6.3)

o S22 ¥ (1e)/s

we haves
‘ PR RO C -
1 s, ' Les

. L S v
(1+/3)% | & /&R 3 (1=5)/5
where s{O) heg been t&he‘n as 1, for convenience, Using, then, {5.5), we have:

%J@Qﬁﬁ%{ a)/w_ é.w(lcs)&ﬁ‘cwl(]nkf)afhr? £ (6.5)

£ (@) = (6:1)

1
B.{ex) r{l=g) ot $2{1+8-20) @,é/r(loa} 4 1 /p?

If then we proceed as we did in arviving at expressions for ¥(x), we seccure;

for s >» r,

A

;
| ] ~m sin - Z COB e
J = o gj?é;;ﬂ.z,r r{l=g) Jix(ier)

; - (oo T N— '
frii=-s) @1 fTew {s~r

: p— gg 3 {6.6)
_ 1 cos 42T 4 ain { g=r leflmﬁsm ('E??*a.)‘g dz
‘/E;“}‘ : jyr(lﬁ&i} / ‘ir’(laﬁ) ‘\/(1@.&2)/3 ,{"Z z)
for = = ¢ ot
©o o 1___,“:“"” o .
g{f) = § g'sin 2t con 2 dl% (=r)/x (%z)} {6.7)

] i = [o]
o | FF TR ()

UNCLASSIFIED

APPROVED FOR PUBLI C RELEA‘S,E.




APPROVED FOR PUBLI C RELEASE
2l

and for B <r | - S | o | UNCMSS": IED

§2) = Be SAGTIE SO RO Ny S L R St [EE 1

B, o3

/ sin
¢ r{l-5} S der i (r=5) Jfr(iaa)

> o | |
(i3 e”ﬂ-rsavrw €=0)l_1_ atn 2T (1-0)
«wt:mm ot . JioF r(l 2)

1= . Tes ) 5
coB mi...,.... (ﬁ.:.d’) ﬁmm der
‘/r== r{l-g) v (3=8)/s @

‘ _ g
4 2 r(1°5 ® ﬁ/(r«S}/”(i=a\ o I ST B S (6-8)
LR 8 1o Jj,w ‘ r{i-s} ‘ ‘ o

cos /I;P } Jl@f(lwﬁ}/ﬂ (ﬁkm}g

+
D

+

ire \fr{lca) JTEZX?”" {Grz)
Numerical results have been th&in@d in one special case, memely for’f(f) of
this form, and for the particulsr choice of parameters:
ro=1/2
=1/3

Thig correzponds to y=3% in the eguation of state, forsz .

(6.9)

$ = r/é’{_l:r_) =1/3 if Y= 3 and r = 1/2
The solution was ndtyobtaine@ frcﬁ the abéve éﬁ&lyticél egpresaions;bbut by
tﬁ@ IEY mechines which solved the inﬁegral‘gquaticn (hnlé} by fimitevdifferencesg The
.gﬁaph of g(7) for this case.is shown in Fig. 1. The &mplituée has fellen to about 7.5%
of its initial value ﬁhen the second maximum‘ie reached, which is about by ﬁhg time tho

shock has traveled the distence of two wave lengths into the undisturbed meterial,

The analytical expression for ¥%his dase ia:

(1) = 3 U [cos /375 - (2/5) win /57 1)
F ~(1=0)//2 g}m (372 (-0 43 cos J7Z (T-0)] Jl(ﬁ % s (6.10)

+ 5 i[ °€T/f gsin VeV cﬁ"%-/g cos /372 0’.5 g;{f@%@)}
0

VoS

§+1
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The integrals contribute terms which for largse L behave asz 2:”5/ 2 times an

oacillating function.

¥I1. Sclutiocn for Infinite Wave Length
Since, in the above digcussion, Wa‘ have elﬁglay@d as indép@ndent variables;
=krUt and @ =kz, we have precluded the possibility of é;et‘bing; fx:mn the results the
solution for k = 0. However, this is @aaily- derived,

For k¥ = 0, the Grigﬂim:. differential @qumlons are:

Bud -5
bt T
é\:u?: o2 ¢ g/\:r}' ' .
ol & e : R ‘ . {?@«l)
&t " T :
and 3
&}ué %) évl\> =0
dz &t Vv

It is clear that u% is seroc. Adding -¢ times the third sguabion to the
spconds
) &\{ v 4 \ o
{wggcc éi “E"Q T “0 . (7'2)
which states that the qu@.n‘hity “x %»c{vl/v) is propageted as a .constant along the
sherscteristices z+ ot = const. The characteristic of this family through the point
(arutlytl) isg
Z-ﬁ-Z‘Utl = C(tl"-’t)‘ﬁ - : (?“5)
which intersects the t20 lins at < {c=rU)%;, O‘% or <rUg(lmﬁ)/3} tlDO}, using the

1

definition of 8. Hence .we have} a5 uz+c(vl/v) has the same value at all points of

(To3): | )
1, . vk . i E ‘
%\u; *o m} =t = {u% Yo o4 t=0 (7-4)

7 22=rUty | ¥ zsrU f1=/8)//t%£msuz

T AR M2 S
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Applyxug the bound&ry and Lni&i&l conaiﬁlanag “then:

__fig dh( 1) 1(1’U \n@Lt 0_) 5?_ v ( Jg(lﬁf)/,/—}tlgf)) . (705)

—le 1
dt
Kntegratings S _ R -
| 12 {’1 1} Sl
n{t} a_h(O): - u -&'-jf- =0 iy
S ?1 “ﬂv(; £ f L V; z:rUE(lq/E)Afgjtl
or

| : ﬁ E’UE(lﬂf)/n/B L u (? G) Vl(zao}\i
h(t) h{0)+ ?Egyzﬁ?g;gj; /5 :

For an. initial. dlstdrbance which is fivite in extent, then ui mnd vl vanzﬁn for all

(76

ry JE v

222,

for some fixed 2o For all values of © vﬁ/“}ksﬂ/”iﬁ /%U th@ above integr&l and
"ﬁéﬁca b(‘f) rsmain eonstant s

As a resulya for an inxtxal finite disturb&ncag the shock front advances a.
fized amomnt nhead of its mndisturbed posltion” due to the zere=0rder F@nrier c@mp©=
"nont (Ln the variable x, the coordinate along tze shock) of the dlaturbancen meanQ'

mhile it im undergolng the damped aacilla ionag im the higheraardar components as

‘studied in the precedimg sectlons,

S T\
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AMPLITUDE —> {in units of initial emnlitude)

O EmOT

il

VI

;
=
E
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