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a. tablishedbehindthe s~ack~&we..M&eover, it will also be fulfilled
—

if there are always the same de~tions from equilibrium.
..-*

The most important exampleof such ?rext: deviationsfrom equi-

libriumis the nonoccurrenceof phase changesin sho~kwaves in cases
,,.

where they would be demanded by the phas& diagram: For instance, Kirk-

wood has shown that water bel&d a ~ole~t shockwave -(~~sstie about

10,000 atm or higher) would ‘tra”sfo~,,intoice‘VIIif th&&o&@:c.al
. ,.. .

equililwiumwere established..-However,as Kirkwoodhas pointed%ut,

.. this vri~,~:byrmt, certainly*-hap&n sinoe the relaxation time for
-. .

crystalMzatiomis ~obably many tjmes longerthan the durationof a

shockc,opd’e~a~~on.~ In a case + this,we shall“usethe (meta-.. ..... !.. .
stable) conti,n~tion:ofthe eqtiti& of state for liquid water to

,. I

higherpress”&ese :, j’..~’ ‘.{[
.. ,..’

~.,. .. .. . . . . ..7.
For reasons to be e@l.ainbd Wbseipently, we must quite general~.

exclude@se c@:ges.,&orn.o& t&o~” {E&:&“Rs 33 and 14)● The,,:.. ....... .....’...,.,...-,..
functionp(V,T) wiJL,~%herefore,,:lzigeneralkefer.to that phase1in

. .
which the material existed before the arrivalof t%e’.kkck waves even

if this phase becomes metastabl~ at “the.densi~yand temperature reached

behind the:shock ~~%,~ .The juptif$cat~o~~fo~,,this...~ocedur~.>S the.. . . .,4 ,..,,. . . ... . .. .
abov~,~nfione.d.fa@,,t.~t.the relaxation time ~f.the @a$e; chs~ge wQL .:-.,...! ..’-----. ... . .:, ,-. . -.
be long-enough to p.rqservethe..m@ast+le, ~%t& bel$nd $@; x~gk: %T? ~-,

-:..’..’. ,,...1.,.,. .,4:
No ass~ption about the:,,re@xat~ontime is ,requ&ed wh~..the deps,i.ty... .. ...... .. . . . .. . . ..
and te,rnperatpre,.,behj.nb,the shock..mve ~n. out”to lie ‘above .*@-T :.. .

‘.’”:’. .’.., .. .,.-: .. ..
criticalvalues..Then this state can be.reached@thout a -se transa. ●

☛ ✎ ✎✎✎✎✎ ✎ ✍✎ ✎✎ ✎ ✎ ✎ ✎.4,

ition, both from the ordinary liquid and’from the gaseo~ state.~’

the ~terial is to be, its state can be described uniquely by ~ and”~;

.1

.,

& by ~.and~; for example, the pressure is a unique function of ~
?.. ●~.:..

and& The variabies3 arid-~vdll.“turnout to be especially convenient.

,.,--.

~’The transition of soi.idsto states of extremely high temperatures
and hi’ghdensities will, in general, not involve any diffj.cultieseither,
qlthoulathere iS probablyno criticalpoint for a solid (see~ew ● 7

fandti. ” .

p: __ _ ,,,,,, ,,_ __ ~_,_ ‘,m U=,,
.

--m n
........,- ~..“,.,“.”.,”.,,.-—- .“-.,,,,,.,-,-7,,““- ,-n,;.,,, ,,,,‘,,,,,,,,,
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e
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d &88tWe-’ Snd 8~,&ic ‘vo~;,~*~.:~ .@+fj&&j,:#&&..~--~Y~j: ‘;;
.-

,, .. .
able pair of .iride’~hde~yariab16E.J@tib. t@&L &A\,~~”~._t ;;-,

the state of,the substance.~iqua@ w’ ~~ * .>~.~+*-&~+?~-
..

occupy the same”specifi~‘volume,MI* ‘andati .~9& :.+ x~t”~ $-:,:’:~

atmospheres and O°C”*S the,szuw ~c~ic &I~ ~~ 14~” ~’t=;.~~ {,...-
. . .

about 1~O°C and the “same~essuree. Both these fao4m ar6z.~~cmzrse,.

consequencesof the negatitiee-ion coeffiolent“ofwater;JA neg*- .

tive.expansioncoeffioientis not often.found for:,subst~es o~r. “- .

thanwater,and even for waterthe expansign,coeffic~entbemm&” posi. .
., ,.

tive at higherpressureso;.temparatw,eseHQWEWer,we wish to keep’

our considerationsgeneraland:t~r~fore a~t both.signs.of’t~ ,~e ‘ ~-.. . . .. . .
pan%ion coefficient- ~c+#t@+k&@l#l&t&$#p

,...--\--
positive‘coefficientfor ce~aip val”ti?-0$ ~,+. .,,-.,-, . . . . .
coeff~c”ientfw other valx8.~, I’..,, ,

$i siill”&d in:the fO$wing that,certain:,,.. ... .,..!.

&ssibility o! ‘a .. .
,,
~s =d..a gegaiive~. .,

,’

,’.
assumptionsmust be.. .

mde concerningthe equationof ,state~inorder to ‘proyethe.e~stenc~~o.:, ..... ...... . . .. . ,*”.
antiti~queness of the solutioqqof Hugo~ot !:8;;shqc.k.,~ve”+-ttins........’. . .... .,,..-....,<),,,,:.,--.,.,,.

‘he most ~Por~ani.Of these.conditio~ ,(qeq,~Cto .3). is. ,.:.: ~.,, ...; .: ..,., ..’ ...: . .

..,,

Since - (2p/aV)~:is the’adiabatic corn@esiio~~&&l.&, ‘&rid&i6ri /1)
. .’..% . .

means that this modulus must-increa$e tittiincr.e&&ingcompre&i&@
,,..~::”.

. .

Condi}ion (I) ~@ very plausibl+; its~validity till’be-&&s~i”&t&& ~~~ ‘:.’-.
in detail in Sec● 12. lt till.be:sho~ t~t. ‘iOrall’~~~le~p~se ‘——

,- ~. condition iS very we~h~tifilled. Only in extreme cases,—. -.
as for‘a gas at a pressure of 10”” “atm”i(i},’-‘thecbndition is violated

for certa+n temperatures-.+... .. ...’. ...~,.,.,.,. ,.
.. --, :,;,,i:.j: -,.. :,. : . . . ... .., . .. ... .!: . . .. .

‘On the othe4r~and 9‘condition.(Z)+s<;yiola~ed,,foqmost phase ..
.~,‘.{,!.

; 4?~ :,._f..-.... ..-,,
changes ‘[S-ecs13-)● “Only:f-orevapora@.on anticondensation driescon-........ ... . ,! ..... .
dition (1)’regmaintrue.:=But ,fgr.the theory o$..compressionalwaves,

-. -L. s-,
. .

whith forms.the main problem of this ,paper,,.onJyL\phaSetr~nsforma~
.;, ~.. .

tions between-condensed phases, that..i,s,from.liquid,to solid$ or. .

from one solid phase to another, would be of interest- J&c these.:“t

.

I
1
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. . \,.,\l.:’.:?s;.L:<s-=
-.”a~ . ...3 ~, !.. ,,... . ..-.

which constant energy is equivalent to constant ~qqpa+~.:, ~%-.“~.:. .....4-’1

have also fo~d Zt.,.t~be.val~dfgo~,&l .~o~~R&s@.~,~sPe@.?~.+@Y@~*
:. . ..- .,. --

vestigatec?(Sec..16)e.:,*wew-ers“i}eqpz~~,+~”~ -cXnJ@&Q@:;,(-XII;., ::

breaks doyn again for some phase .transforqatig~,,&&ly,: .,tfWe :ener~’.
.-

and ent~r’o,pychange in opposite direction+.;.:,.:-<.. ::-., ..s ..: :.,:.,.
{..:”

2, The shock equations c : ,’: “~~: .--c: ~ .,. .....
. ,; , :;..

We shall denote.by the.subsarip%’1‘*M quantities‘re&&~ng to the

“undisturbed” substance in front of the shock wave, by ~ those referring.. ...-..,._ .—e-
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Ap *’p*-pl ,’ ~ s d s; f&tdl@-’”:”(2) ● .“.“.-. . . ....

Ui6 .COXISOrvatiOnlaws for.nM848”{jni&h,T. @: en8r& ark, re- ‘
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w-wylY9 , . . . . . “.. ,
. ...-. . . . .“
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It is convenientto ~ransfo~ ,j3q@,.(4)by use o~.Eq. (3):
..*..q*k● , .... ..”;,-””

● ,
We obtain

!. ..
.. *.””. . ..’ .2-:. 2,:,.,’j,., ‘:

.. ... . . Ap.= .p2c.p, ‘1 ‘2 ‘1 -. .
-’~”- ~ ? q:l+.

.... ...... . ,.’.. ,. ....... .... .. ....’....--... ’.:.“
i ,“; : ~< ~,.: .. .- & .,.:vm\ ,+ :“U:,.’ .:’ .“:-: ,.:.-.

“1:

,.

.. ..

..

.

o-d

.,
,V
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. . ..’”. “.: ..! ..:’ 1’:. .” ●:? :.:.&.

.1

+ :,’ ‘.. ~,” : ,;”. ,,”,.,:, .-,- :. ;

Q?.
~=~

“v q <9”

.

(6)

. .

similarly, Eq. (5)may be transformed:

(Sa)AE.~ 2)
2
- El = Plvl - P2v~ + *{U: -

‘2) “
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‘given value of V2. This makes .itea~, to @tertie all possible final .~

stal@kjfor a giveninitial sta%e. %~~g &.ter&ned p2 and V2, we
can immediately’find the correspondtig velocities UI and U2 from Eq. (6).
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Ii..-GEtiL THEORY FOR ORDINARYSUB$TANC& “ I

“3. S=ll shock~ves ‘ ..’,.. . . . . . . . .“:
.,.- .,,,

Equations-(6) and (8) are ob~otily .~enerqUzations&f~he equa-. . . . . .-, . . ,-”

“ tionsfor infin$tesi&Z (sound)waves_ Equatioh (8) goes ‘c&,, ‘for’: - “

infinitesimalchanges,into

.

which is the conditionfpr.an adiabatic

then t~kesthe fo&
. ...”

.
.c.-

i ---- ●’”
,... ....,:.

‘, . . .
.

, . .
. . . . . .

.
. . (9) ..

\ . .

change of state. Equation (6)
,, , “.

. .. .

z
\

(lo)
. .

. . \

where ~ is the”density. The right+and side is the well&r?%wn ex-
,.

pressib~for the squareof }h&’;,~el&’&?~yof ~ougd;,thatfs’jthe &te-~ “ ‘... .-.
rial moveswith respectto t& ll&&.tesbls~0ck~v6H’ with t& ‘

velocity of sounds ‘ .“...“
and this is, of course, alsti.tie+oc~ty’”of t.-,. ...,...... ●’:2.;... E“l.-””:~---..--1:,,.wave relative,-t;o~the.materi~.’ J -:./.;%;.2!,;::.’’:-..:“.:--

....,. ,-*?-:-> ....’.....
-.. ,

....+”;~.:.,”f..:p,:‘;.,~..{?:..+
We sh~ii nc%’ionside> iii+~ves”of ff&ti’,ik&U~’.Sm’VZ~Skfi,

,,
,---- , ,. ...

4, . . . .,“.,, ,.’. .
. ..’ “

All derivatives are to be taken at t&e orig~a volti”m- d’entropy,’~

V1 and Sq. Rememberingthe thermo&n@c re~t~o= .- , ~

and

.,.,-. . *-..,, . .... ... . . . . .
.a~) =__;” >..-, ,“<. .: ,,, ,,,(’T ~tl-j.o)~. .,. ... ,,

.: >..,: :.. . ,, .1 . “..
* . .

. .,

(12] -
s.

,/

~~That is, substances fulfilling conditions (1) to (J@ of &C. 1.
(See’secse 12 to 16.)

., .. __,-., .. .. . .. ... .. . .. . . . . ‘.,.,.._ .. .
---n- - 7.-. . . ,.- ,.-...
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we find .-

$, . ,<.,,;. .,. .... . .:.! . !.!,;,..;...;;. ,.. -. .. .. .., .“. , i.-. <i! . . ;., ●LA

+(P1 + P2) =

.
.: .-::..

The “lastterm

AE
-q” P +;($?)fl,+jfjyi;,,+,o,.●- T + + .L+---“ -’fi(’’’’w.kk.“-

....=..”2’:, ,..
,.. ,’.r:,”.’,’, .-: . . . .. . .

. . .
.,.

.>:; :.~:::.. . . ...
{;. .

.
. ,;

:“ 1 b. .. ikiJJ.:.j ..;..~.... ...:.$ .

;- ..,--’ -,.

Likewise, since p = p,,
-. . .-..:L&r2.i“:.::::.~.~

.-..--,.~-.... ,.f, -.-..... t .........J.. ,:..,......’

p + ;@)~

()‘v+ i ~ ‘$.* “6‘4““+-i(%)v*s + “-9’•
● (12b)

s

in Eq. (12a) since AV is assumed to be small. Comparison‘bf-’.E&?.<32aj.::

and (12h).# whicn-mustbe equal acco~$tigto Eg. (8) # shows that the two,, ,..2.$,
firstterms are identicdl~~.a”~~”&i~f& “4 ~.~” {~:

.

This qondition-seemsto b~ f@.Qled for all substances aS l~g ~S
,.

.< ..i. .. .. ,...-’-----
Ofiy one phaSe iS present ~(&G’q 12)-- At @&~. b~&&i&’”;C&~ti”On ‘;{l)

,.. ,.-.,.,...... ,..“.:-... ......... ,:
is usually violated (See. 13) ● Therefore,<f i-fise &&nge fig‘t= ..-:...
to occur,rarefactionwaves might be stable and&mpressfin waves un-

stable; a cas& discussed in detail in Sec. Ik.

As’was abeady mentioned in Sec_ 1, phase changes usually cannot ~
.

occur because of the long time required for them- We can therefore

B3
— . . .,.“-” “,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,--- ...... ... ,, ‘,.” ~-



. ..- -9- E -.

,*
considercondition(I)quite generallyas valid. In any case,we shall

assumeit to be valid in the main part of this paper (Sees.3 to 11).

If.condition(I) is valid,thenEq. (13) showsthat compressive

shockwaves of small amplitudeAV are thermodynamicallystablesince
,*

the entropyis greaterbehindthe wave than in front of it. On the

@.

otherhands rarefaction waves (positive4V) cannot have a-finite ampli-
.

tude Because the entropy would decrease in that case9 Therefore$ in

any substance obeying condition”(I)rarefaction waves will dissolve in-

to trains of infinitesimalwaves, a behavior well known from ideal.
gases. All these statements have been proven”for only small AV --

small enough to make the higher po~rs of AV negligible in Ms. (12a,b].,.. .. .. ..... ...-..-.-.,,------
‘b general proof will be given ~ &c* ~l. “- ‘--- ~ .-

.,...-
,,,7.,. .:..-.:... . . . .,

We @ve also shown in Eqw,‘(~3)’”that.t:he~n!ropy cha-ngeispro-
,.

portional to the third powerof’the volume change. This iS tinder< ...‘.
. . ..

standable since wc have”Seeri’”&~:in first. approximation ‘the e’ntropy“’
. .

is unchanged [see,i3q-(.9)19. ,‘ Moreover, AS must be proportiofial”to an
...(

odd power of AV because, when the states ~ and 2 tie interchanged, the
1

sign of both AS and AV must change. The third-potir relation is thus

the simplest possible.
;

We shall no;

the two media, u,

side ofEq. (6):

;4 -, . -

calculate:the velocity of”the

and U2. For this purpose, &

.

shock wave relativd to

&alu&te the left-hard

(14)

.

where we have’neglectedterms of order dV2 and of order AS/AV, which

is also proportional to A# [see Eq. (13)]. The subscript~ means

I&t the derivatives are to be taken at V =V1. S =S,. NOW

(lLa)

where al is the velocity of sound in the medium in front of the shock



-1o- ---- - Al).-.-------

ai wave, and (32p/#)S is’p6sitive(conditionI). Using Eq. (6), we
- find’then “

,,,,,,J,,I ,,,,,, ,,, ,,,, ;,,’1,,,,,

22
‘2 ‘ .

()
+;V% (VI -V*)+....‘1 = al

af ~

. .

. ...&’

In!.other words,

sity (mediuml_)

Therefore, if state ~ is denser than state ~, VI >V2 and

u, > al . (Isa)

the shock-wave-velocityin the medium of smaller.den-

is greater than.the velocity of sound in that medium.

Conversely,

more slowly

“arbitrarily

relativeto the denser mediuh, ~, the shock wave moves

than sound.. The general proof of.these.theorems for ~

large pressure change p2 -.pl will be given .inSee, 9..

&c Generalproof of tbe increase of’entropy fir cotipressionwaves
..

‘We now admit arbitrarily large.c’hangesof the variables of state

5 2* 5 and 9“ We shall keep the ‘tinitialstate’t,Vj;S1fixed,and..

consider all possible ‘tfinalttstates V S which satisfy the shock
2’ 2

equations ~. (8)s and the equation of state. . . ::: .. .

We shall prove.in this section that in any compressionwave.the

entropy must increase, whatever the amount of the compressionswhere-
. -

as in the l-astsection this theorem-m .proved.only-.forsm’allshock

Waves. let V1>V2 and let the states ~arid~beconn&ed by the

shock equations EqQ (8), namely”
.‘ :. . :-.,”&.; ::. ... .. ...’. ., f., .. .

.’

..”” -:a--,. -, -.
,4 .: ’_’f”:, -.-

‘?,=‘1 - q ;--. =;.(52“+.Plml
....- . .

NOW let ias~onsider t~t state ~!, which has the same specific.vol-.
ume as state 1 but the same entropy as state 2. Its energy is re-

lated to t~t of state 2 by the thermodynamic relation, Eq. (11)s

which gives upon integration

s+’

B
.

4 E2 -E;= (17)
.. —



I@ tb integralto be takena~o~ the adiabaticpassingt@ro~h the 8tates

“ ~ and~s Now the equationof stateh& already$ee~ assumedto ful-

fill the condition o
# H“

.
-’

(a*p/av2)~>0 . .
● (I);.

. . . .
Therefore, if~ and ~are” used as c~orhinates, the adiabatic frorn”2

hto ~ will lie below the ~~~ight line joining? ~d~, &licit,ly,
... . . . . .

v-v
P(V;S2) < P2 + (P;- P~) ‘+ ifv2<v<v1. “ (18)

IntegrationofEqO (17) ~ive6.:. . ,

..,. ,. .“.. ,..
~
2

....,- ~; < *(P; +“P@, - V2) . (185). ..,. ●
.,

SubtractingEq. (16) fromEq. (18a)yields

.“. .

Ej ‘-E; <*(P; -PI)(V1 -’92) ● (Ij)
. :.,:. .

We are now goingto prove that ?31m~t be smaller than E;.
For”

this purpose let us assume that the reverse is the case; that is.

El -E;>o. Then, since VI > V2 by assumption,
Eq. (Ij) requires

that p; ,>pl. This means that, for fixed volume V’= V,,
the pressure

must decrease with increasing dnergy (and temperate), This requires

quite possible.

However,-Eqo (19)

energy should exceed a

both sides of Eq. (19)

tive; then we get

a negative expansion coefficient (see’Sec. 1), which in itself is

.

requires-Also that the decrease of pressure with
.

certain amotitk It is most convenient to divide-””.

by &E1 -E~), which has been ass&ed tobe-po;i-

PI
q (v, -V2)>2,

‘1 -El

*

,.
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.e. .
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\

.
where (W)v denotesthe averageof tQe derivativebetweenE; and E1-

If v, - V2is small,FQ. (20) can certainQ not be fulfilled so that,
our original assumptionsEl >E~# is proved ti be wrong for this-case, ~

,,,,,,,,,,,,,,,,,,,~ ~veement with o~ re~~ts, ~ sec. 3- Hoqe~~.s foi”larger volume .
,, ‘.

changes we can assert that Eq..(2o) is false only if (~p/~E)v is

limited in absolute value. A certa~ suffic~ent condition is
.

. . & .
,.”,.

(~ @)v B -2

* . . .
. . .

.

(II)

. ... . .

thenEq. (20) is

Zt will be proved

everywhere, because if condition (11) is ful.fimd,

certainly false, since “Vl- V2 is syal& than:V1i’

in Sec. Is that condition (11) is very well fulfilled even for water.

The only exception m have found (Sec. 15) ~s%ltin~ ice”1,-but in

this case ’alsocondition (I) is violated. We believethat condition
(11)is probably fulfilled for all substances for which condition (1)

is satisfied, and at least.for all one-phase systems.
If condition

(II)is valid, we have shown that El must be smle~ {m “E;_
Since,

at constafi.volume, thd entropy increases together with the energy,

S; must be greater than S1. But S; is equal to S2by defini~i~c “ “

Therefore we have proved that . ,. - ...“
.

s2>s1, if V2<V1. (21)

.
The denser state bound~g 3 shock wave has a greater gntrom than

- -
the state o.fsmaller densi-ty. Hence ~ompresqional shock waves are

— --- ... .
always accompanied b~~ increase..~entropy and are .therelorethermb.: ~

dynamically stable+
— —“ .—,

Rarefaction waves of finite amplitude are always
— ———

Unstable.

These results arc valid for.any s~stance with..my arbitr~ equa-
.

tion of st~te, and for ~ny chmge of,the specific volume and of the
.... .
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&?Mmre in‘tly! #’hock ‘,’”:. ;’ .p-~ “~II& COA~~t~OIIS(~) and ‘(II)are ,.
,~.f*g;”: .-:“’‘ ;’,;‘“”:, ,-,.,.,. . #t*.%. -“i*.’. ..-.,... .’. . .,, :...’ . .. .. ..... ..

a solution for a givenV2 and given.‘?initial{$state”VI,El.

For fixed V2, ,,V and-l?,,the shoqk equation, %. (8)s
,

,’. -

E =’~(pz+Pl)(v, -
‘2- 1 Q , (16)

is represented by a straight <ine $n a p2#E2-diagram. The equation “
r

of statesagain for the same.V - -ia tiepresented:,by anothercurve h2? .
this diagramsin generalnot a straightline. The solution(or solu-

tions) of the shock equationsif any, is givenby the intersectionof
.,

the two curves. We shall exak&e’-*“he:gxisthce~.’bfsuch intersections
, . . ..

by investigating,at two points p2, which of the two curves lies higher.

(~). Take the state of’volume V2, which has the same entro~ as

state ~; let us call it p~~E~e Then, in analogy to Eqs; (17) and (18a),

~ bawl. ,-,;,. ,. ..: -,.-: ...’ ....,...,. ........ . . .. . .. . .,, . ‘,” .’:.’:”’ . . . . . . . .
... ., ,., , ,! . ..-

. “. .Vj k ,.. ● ~~ , :: : . .:.,. :..;... ..;.:. .. ...........
E J.-&+li-”.. ,.... ,,,.v>”,yyyy++)(VT-!Vzl.“ .’(22).+,’..... ....... ,..... ,. .....-.....-.”... ..”.,

-. -,’
.:

-. . . . . . . . . . . . . .
:.. - .

. . . . . . . . . . . -. .”... .,
.- ._. . -- .,.- ..’ . . ---- . . . . . . . . . . . . . . . . . . . .. -’- .“.----

&noting by fi~the value of the energyobtainedfrom the shockequation,

%* (16),for p2.=p~, we.see t~t ‘ :

.

‘“f. E; <E2 . (22a)

In Words: For the.presswe p; the equation of state gives a lower

energy than the shock equation.

(Q). Take a state of extremely high energy (temperature)and of

specific volume V .
2

The high temperature will cause all molecules to

dissociate completely into nuclei and electrons, and the kinetic energy
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of their thermalmoti6xlU ‘beWge comparedfith their cti~ ,

imteraotion. T~refore the substance,whatev~ it may,be, U behave

as an idealmonatoqicghs (mow accurately,as a ~.ure of ,@uch
.,,.- :-””gases- n$unely,the gas of nuoleiand the electron.ga#.*

F= ~
monatomiogas, we have the relation .

#

E:~pv,. . (23).,

.
which remainsvalideven when the gas is partly or %hofiy degenerate.

Therefore if p; denotes some very high pressme and E: and ;: are the

Lenergiescorres~nding.to p; accortig to the equatio~of state =d

the shockequation,respect~vely,we have
●

., -’It
‘2

a P;(V,- V*) ●

Therefore

.
. E;>2; if’”V > 7V2Z7;

and

“ (23a)

. (23b)

.-
Sxce E; < 5; [Eq. (22a)],we find that for V2>&1 there must be at

-.

least one intersectionof the curves representing tfieequation of stat;

and the shock equation. If there is more than one intersection, the

number of intersectionsmust be odd. Therefore for ~ specific vol-

~ - ~ ~-~, of the original volume, there must be=
—— .—

least one solution, and always an odd number of solutiom,— —
——— —— of the shock

equations,
——

For any small value of the specific volume, v <’v
2~1’ there ~eed

not be any solution, or, if there are solutions
9 their ‘numbermust be

even& We ar; now going to show that for all real substances there will

be at least two sclutionsfor volumes V2 between ~V1 and a certain,

smaller value V
2 min. The simplest example is an ideal gas which is
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not monatomit●

. -----

it is shown in

the gas may be

., . *. . .
..!’:,

If weuse % abbreviation

. . .

>

.- .,
(25)

the ordhary theory of shock waves in ideal gases that

compressed down to a specific volume

v,
v
2min=~” “(25a)

.

The constant~has, at low temperatures;the v&lue”2.~ for-dia-”

tomic gases and higher values for polyatomic‘gases. Inserting the

value 2.5 into Eq. (2Sa) we find the well-knownresultthat diatomic

gases may be compressed in shock waves to one sixth of their original

volyne. /’... ..”’.

However,-much greater,compressionsarevfound t.~be ‘possiblewhen : .’“

the vibration of.themo.lecule and; especia~ly,:its dissociation;and ~.
ionization are considered. J@en these processes,take place the ener~’

content increases tremendously, and ~ ~y,easilyreachvalues of.6 or L

7.2’ .Acco~dingto Eq..(25a) ,the.d~nsity of the.gas.betindthe shock,, .,
wave may thus be as much as 15 times the original density. Even

higher values may be expected forpolyatomic gasest If the temperature.
behindthe shockwave is very much higherthan that in front, it can

easily be shown that. for a given~s V2 has very nearly the value of

Eq. (25a). .. “.. .
The temperature region in which~ has lQgh values is likely to.be .

quite extensive because when the dissociationis completeds~ionization

will follow and will affect.firs~:the outer, then su~cess.ivelythe

.,-atstill higher temperatures,when -inner electron shells. ;Howgver
..

ionization is almostcoyplete, ~must decrease again a.ncmudfinally .,,s
reach ,thevalue 195 for monatomic gases, because then the nuclei and

electrons may be considered as free particles with small interaction.

~’See a paper by Hq A. Betheand E, Teller,publishedby the
BallisticLaboratoryat the AberdeenProvingGroundin 1940,which
givesthe energy contentof air up to ~QOOo,and new calculationsby
H* A. Betheand J. F. Whitneyin whichthe temperaturerange is ex-
tendedto~~,~.~-.............. “ ,,.,,,,.-,,,,,,,,,,,,,,,,,,,.,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,!!,,,,,
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We thus find that any gas qill hqve..~ .Cer.tii:~~~~ & .,~icb:..“..m
,,. .;’-.,,.,...,,

will be reached at some temperaturein the dissociationor ionization

region, probably when both processes are already well along, that is,

at temperatures of about

tial state, V2 will have

?7

10,OOOO. Corres&ndingly$for’s given ini-

a minimum$
,., ., . . , .,.:’.’...,...:.. .

v. .
1

‘2 min ‘2pu+l J (25b) ““’

.

which is certainly less than V ● thus there will be at least two solu-
;;, . ..

1

tions for every value of V2 between V2 ~in and ‘V
-. ~l.”

our-considerationsare not restricted to di- and poly-atomic gases.
.

Monatomic gases will also be sub,jectto ionization, and are only d@-
,. .,

tinguished by having the same value of~ at.,lowand at very high tem-
!..: . .,...,..

peratures. Further, if we start from a condensed system the compre+- .

sion will not become very large so.lo~,,a,s,th.e:Js~@m.$stai.ti~e..fltiQ
;.: . .... ,.. ...

or solid. Bu?, as the temperature,,be.hindt~e qh:,:k:,wve..i~rea~e?j..:~e;.-
.. ‘ ~ . . . ..:. .-..$.

substanc; till b~come quasi-gqs~.oqs:(the..tr:~~,fo-t.i~n.:.~q~s..plq$,e:.,1:.1.;. . .,..’ -,..
above the,critical density and thq.reforedoes ,noL.~ad .~:a,:~e~,,.asj).s.::.“.. ... .’.. .... . . .: .,,-.i.i .-.. ..
and the transition ,to-,thi:state.@.1~.g,i~erjs~t@ .,p~~o~~i:s:w~ar, ‘.J..?...“. ...’. ,,,: ..

The,@tter processes~.themselves:til-~ . .to dissociation and .ioni~a~ion.,L,.
.. . .-.. .. .. -: . -.,-.. .,..,

also occur, at higher temperqt~.es--:..i:..,..::; : .~t-,:.,,...-.~:..:.. -.A-..,,
.:. , ;.-)i-~..-.. f . . ..- . .

It can, of course, not be preedicte~”in gen~ral whe.t@r:..Or.~qo&,:.:..:~.-..-
...... . .. ..

there till be only tw~--:olqtionsfor ,agiyen:~2.:lt.maY,h?pPRn-h@ ,.{. -..

& as a’f~ction of t&perat,ure, “ ‘” ‘ . “has’se~eral maxima. This til O~CUr, ,1.”

for example, iftwo,dissociation or.ionizatio:n.~ocesse~:p~~y...?t:wd?lyly
,.;”., ..........

different’temperatures. Ordinary aip is.an example O~u~hi9 9@&@Ws :. i
.... ..:..,.

havin’gone maxim& due to,dissociationne=80w”,, .an~anathe?, QV?.to ;..:..... .. ..., $-..-...
ionization,ne&’20,000°. Then”V2 will have two (or ~~e~.w9rS~;@n~ma#..;.,;{,, .
and one (or more) maxima in between.-.In general the,.max@a. of V2”wil; .:.-..........
be sma~er than ~V1: ‘because& must-be-at-&st-la~ at a~ temperat~e02-,

and V2 is close to the value of’Eq,“(2~a)e Therefore there.is, in ...... ,
● ..

general, only one solution for every-,V2 between ~Vl and V,. In.Fig,@2.....
we shall give some examples of possible.shock curves (see Sec. 8)0 -

The most importantresult, hov&&rs” is that there is at least one ““
—— —— —

solution~V2 >~Vl, - ‘and at l~~st twu between lV a~ ~ nd some smaller . .
...

,,,,.,,,,,!!!!!.,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,IIIII,,,III,,IIIIII,,W ,,,,,,,,,lll,lln,.,lll,llllllllllllll,,,,lll,lllmlll,,lllimlllllllllll!ll!l!lllll!llllllllllllll1lmllllllllll1lllllllmlllllllllllllllllPlllllll1ullllllln''lllll'''!l'‘1!111!1!11’’’,,1,,111111!1111!“w ‘“ ‘,‘,’’”,“,“’’’’’”!’ ,+ ----
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values V
2 min” ~general, the minimum— —

tem~fiature. . .. =.

6. The shock curve.
... .

occurs at very high—.

*

.

It is convenient to consider,all the solutions of the shock equa-..
tion, Eq. “(8)sfor z given ‘t~nitialttstate V1,E1t iricludingboth those
with V2 < VI and V2 > VI. .Theformer group (compressed states) will

occur~behind,shock waves propagating,~to a msdti which is ,instate~;
.,.

the latter group (expandedsta$es$ V2 >Vl) will occurin tiont of shock

waves behind which the sta>.eof the-medium

We are going to.show now that all t~e

‘tion must lie on a continuous curve in the
,. - ..: ...

.isgiven by V1,E1e ~

so~utzons of tie shock equa-..

~s~-diagratiwhich we shall “.
denote as the ~lshoqkc,urv.e~!s..For.th@..pqpose.we consider two solutions... . .....
of the-shock equation whose specific volume differs by the small

amountdVo Thenwe haves by,diff~re!ntiationofEq. (8) with respect,,. .
to the quantities.definingsta~e,~s: . .,,: ..~ .

,’*
,.. . ... .

(26)&~~--{pl “’+:p2)dv- (V2,,. . -.V1-)dp.::. ....”.”..

Now the equation of state. ..

~ and ~; therefore * may
.

. . . ,

givesthe pressure as,a,unique.function of.
write .. ...

..

(~)dp. aE &’+

v

\ where the derivatives are again unique

.

functions

mined by the equation of state “ofthe substance

we get

dE PI ‘P* + (V2- ‘,l@/av)E
m“- 2 + (V2-V1) (bp/~E)v =

,.
. .

(27)

of V and ~z deter-

Inserting

f(V2,E2)~.

into Eq. (26),

The derivatives bp/JE and Z)p/~Vare to be taken at V E
~, 2*

Equation (28~ is a first-order differential equation for the

shock curve. If the.equation of state is kno~, the entire shock curve

k 11!1Ill!1,111111111111111,,,,,,,11,,,1,,11,,llllllllllllll,lll,,lulllll,,,ll,,l,l,lllllllllll,hll,lllllllllll,ll,lllllllllllllll1,,1,1,,,,,,,,,,,,1111111111111111’,lllllllllllJlllllllll,llllllllllll,lll,,ll,1lllllll,,lll,J“!llllllll’11,11,,,1,,,11111111111’,,1,,11,,,1,11111’1,,,,,,,,,,,,,i,,,,,,,,,,,,,,,,,!,,,,,,,,,!!!!! !’‘!! ,! !!!,! k . -

●

, ..,,, - , ,, ,,,,,,,, ,,

,,,!,,:,
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.. . . . . . .. .. .

can be obtainedby integratingEq. ,(28):using any staqdardmethod. .

The inte-&ationcan be st&ted at the pOint-V1,E1;”--”
..-

at this point

Eq. (28)becomes
----..

. . . dE.. ‘“av=-PI s (28a)
,,.

●✌✎ .”.. ,.

a relation alieady given”2n.Eq;”-(9)o‘Since Eq. (28) is afirst-order.

dif~erential equation, the shock~curvecannotiend or start anywhere

in-”thd~,~-plane. It-titis%the~efore either go to”$nfinity or leave’.

the region of-definitionof the eq&tion of state or be closed. The

last’”alte~nativewill be proved to be impossible in the next sdction,

and it till be’shown tha{~t~e”.shockcurve goes.to infinite’energy E2

atvi ‘;V1 (See see” ~). whereas on the’side ●V2 > VI it goes either

to zero temperat~e Or”to a phase ”bouridary.. ,.”

If the numerator or’the’den&inatoi of Eqd ‘(28)becomes‘z+ra”

separately no difficulty arises. A si&u.ltaneotivatisting:of both

numerator and denominator would give a singular points but it will

be shown in Sec. ?that.~hg s,hoc~c&ve: &annot $t&~ or end in sin-

gular points.,
F&many purposes it is more convenient to use the entropy rather

than the energy as an independentvariable. According to Sec. b,.we

have S2 >S1 for the compressed states (V2 < VI), and S2 < S1 for the

expan”dedstates (V2 > V1)~ There~o~e~”in’a”Tl,_&diagam with VI*SI as.

the origin, the part of the shock curve containing the compressed

statesycil.1.lie~n.thesecond quadrants”that containing.the:~~anded1. ..
states .in,thefourth quadr-ant...,T@.shockcurve in the V,S-dia~am.. . .. - .
will be tangent to the V-axis near the origins according to 4. (13).

The entropy can be introduced by,means of the thermodynamic re-..
lation ,(applied:to,state~) “~......~-~~...~. .

T2dS=dE +p2dV . (29)
. . .

8

Insertingthis intoEq. (26) gives ..

,

2T2dS = ApdV - AVdp , (30)

I
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I

.

‘B

I

-. . -,- .“ ---,..- . .

., -Ig -.; B,. .
. .

.. . . . .--..+-.. ... ..
.

(30a)

and obt:in
4 ..,.

,.. .L, .

ds @- wlp/w) ~
—=
Civ ~2 + Av(i2p/ds)v ‘* (31)

The denominator of Eq. (31) is the same as that of Eq. (28), ex-

cept for the factorTz, because
.

(dE@)V

;

-T;. (31a).,. .

For:positivc AV (expandedstates)$ the denominator can never become

zero if”.condition11 is fulfilled by the equation of state- Therefore,
on the side of expandedstates, the shock..cmve must .~-monotonically—— —. . — — —
Q greater specific volumei. JEoi..cornp~e~edst~&ti-..{~V..~.O}~~~-.de~..‘...

nomin~tor may easily.becomezer6; this 6orresp&d$ tb a ~fi~”(oi’

maximum) of the specific‘volu.me~:~~e”haves~~wn”’titthe end”o~ the last ‘“’
,.section that for all.~ea~ substances there exists a{’least one mihimum. -

of V2 for a“given VI and “thatthis ‘minimumwc.ms”-~at~athe~~.~ightern- .

peratures(about 10,000°)●

,,*..

The numerator ‘of@o.-.(jl)may b~ &itten : - ‘“ ::...

. .. . . . . .. . . . . . “... .

. . v : . ,.’
(31bj

, ,. . . .. . .- -. .- . ..

There~ore, if dS/dV were zero anywhere on the shock curve (which,‘as

we are gbing to show in the next sectidn~ d~e”s“notOCC& ‘excep{’~~~

AV = O), we should have Ap/AV = (~p/3V)S. Physically; this would meti:

[See Eq. (6)1 that the shock-wave velocity relative to the medium be-

hind the shock w~ve, .

‘(31C)



t -..—. -—.—. —..

becomes equal to the soundvelocityM flultmediti, ‘ .
,r. .,..4... .:’.’..:. :“..’.. .. . .

42 “ ‘2J’
--~”’ , ‘ (31d) ,

‘s, ,,...:, ... :.,.,:-.1..+,.;’.,.... ...,.,”. ,.
It shodd be remarked that while dS/dV is well defined by %. (31)

for any values of ~ and ~, it need not be continuous. For a mixttie : :

of two phases, (~P/~V)S till ~~ve’”~a”d~ffer~nt (greater)value than for

the p&e phases (Sec. 13);”he”nc-d:%s~dV.”fi”~~”~ngeneral have a di~

continuity, and S(V) a kink where phase transitions begin or are com-. -. .
plet~d. ‘Howev&r~& was’pointed’out”repate~ly8 ‘most’pha& ckgek”

.,

, . . . ..
must be excluded from our theory because condit&””’(l)”’i&”’~ol&ted.

7. proof of the monotonic behavior of-the entropy

In this section we shall prove the central theorem of the theory,
,.. .’, .

namely: If the state in front of the slfock’wa~e’(V1,S1)’~”givens
. . . .. .

— — — . — . - —.?-.,.,
there is’one aridonly one solution of’t& shock”equationsfor ~ “ “ :—— —. —— .——
gfverivalk-of -the”entr@y-,..#5;b&&d ~~e ;~&~..&ve:.~~l~<~2<+.). .-
—— . — —— .

‘Ii the state behind the khOck”:&ve is”’gi%~$V1,S1”)&-xd~f-phase” ~~
-.

changes are”excluded$ there is:one and only one solution of the shock

I

equations for any given value of the entr~py S2:~ front of”the wave,— —
S2 being larger than a certain SB where the state SB lies on a phase” ‘“— —. ..
boundary and SB “

, , ....,. ,, .,,-
‘s a ‘Un:iion ‘f ‘l’sl” .. ... .

The main problem is to show that there is ofiy one solution;’thn

from the considerations of Sec.“6 it can be’proved easily that ‘khere

is actually ones To prove the main statement we shall show that the

assu&ption of two solutions with-the same.”entropyleads to a contra-

diction.
●

Suppose we h~ve”t;~io solutions, denoted by subscripts’~ and’~,
.

which have the same entropy, “
.

.. S*.S
3 “

(32)

Without loss of gener~lity,we cm assume that
.

V3>V2* (32a)

* ,,,.,, ,“,,, ,,,, ,,,. ,,,,, ,, ., ,,,,,.,, ,,, ,,,, ,,,,, ,, ,,,1 , ,,, ,, ,, ,,,, ,,,,,,,,,,,,,,M,,, m,,, ,,,,,,,,,,,,
----

,,,,,,,,,,,,”1,,,,,,,,,,,,,,!, ,, ,,,,, ,! ,,,, ,,,, ,,,, ,,,,
“,
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,Sino6both solutto~ fulfi~ the shockequation,E% (8), for the

mane $nit,ial8tateV
r%+ ‘ m ‘Ve

. .. . .. .

.2(E2-
.

~,) a (P* + P,)(v,- V2) ,

.
..-. , .
. -.

(32b)

.2($3- EJ a (P3.+pl)(vl - V3).* :.. ‘.-.:.:(32C)

Therefore ~ - .

. ..,.
●

✌✎✎

2(E2- E3) = (P2 ......
- P3)(V1 - V2) + (P3 + PI)(V3 - V2) . (33). .

. .. . . .

Since S2 = s3$ w have h analo~ tO ~.

.

2 (E2

./

‘3
-E3)=I 2 pdV

-...,!:$ ‘2

(18a)

< (P2

Subtracting~. (33)from”EqL(33a),we obtain
. .

./,
. .Since V3 > V2, we may divide this ineqwlity by

.... . . 1,. ..

-. : .p2 -p3
PI -P2c~3@&J

.

which holds

both si~es,,
<

&respective of the sign of p, - p2.

we obtain the correspondingequation.

+ P3)(V3

.

..-

V,) > C(*

V2)
● (33a)

Y.. ,.
‘ .

.-.

(311)“:

‘3 - V2 and obtati

-., -...,,
.. .

), 34a

Adding p2 - p= to

P2 - P3
P,

.
- Pj <“q” (V3 - v,) ●

--
.,

l~ecan now deduce inequalities for the ener~ by ~.nsefiing

tions (34a,b) intotiqs.(32b~c).
To~obtainres~~tsindependent

signofV1-V20rv - v
1 3’ we divide Eqs..(32b~c) by these quantities

A

[3hb)

~ela-

of the

. ..- ... . . -,
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and get

. E -El,
3 P2

*=
- P3

“pi. +p3< 2PJ+~ (V3 - v,) ●

32

(35)

(35a)

F!romthese inequalitieswe shall deduce an inequality for the

entropy of state ~. We have proved in Sec. h that

S1>S2=S if
3 v, < V2 ( <V3) s (36)

\

s1&i2 3 “if ““=s VI‘>”V3(;V2), ‘ ‘. (36a)“
. ..

. r .-. :- ,.- . .,.

INow let us consider the state p:,E1 which has the volume VI but the

entropy S2 = S3S The adiabatic which goes throughtie t@ree states .
. ..’,..

V2~P2#V3;P32 and Vl,p; is convex in the ~,@iagram according-to c’&di-

tion (1) — Therefore, ever~here outside the r=ge(a2p/av2)~>.0. .

&om V2 to V3 the adiabatic wI1l lie above the straight line joining

the points V2,p2 and V3,P3 (Fig. 1). Expressed in formulas,

P~ - P~ P~ - P3
PW52) >P2 ‘1777 (v2-v) “P3+~(V3 -V) if V~20r V>V3. (3~

32

Now it is clear that VI must lie outside the range from V2 to V

3because the states ~ and ~ must either both be compressed states or

both be expanded states [See Eqs. (36j,06a)]. ~ v, < V2,
we have,

using Eqs. (17) and (37’), .
.

2(E,-E2) =2~~dV>2~;~2+~(VYV)l dv’

1 / (38),-
P2 - P~ -1

‘;2P2+ V-V (v2-~1)j(v2 -v.). ,I

L 3 2 .
J “
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Adiabatic through
states ~, ~ , and 1?

Straight line joining.—— -
states & and~

\
\

\

\

\
\

\
\

\
\

\
\

. .

\
\

\
\

Specific volume 1
.. . ,“’

Fig. 1. Specific’volume-pressme diagram tisedin the proof of the
~entral theorem. The adiabatic lies below the straight line between
states~ and ~ (Sec. 4), above it eveqwnere else”(sec.7).

....- -, - .-, ,,-,.... . . ...-. .. .“. .-,
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..

Since V2 - VI “is.positive,it follows by with Eq. (3S)’thatComparison
. -,.-. . . . .’.

?
‘1 ‘El ‘

..

. ..” (39)

and since
or,

the

since E; and El farestates of the same specific

entropy.of state E; is S~, ..

S2>S1 , (40)
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Similarly, if VI > V
3’

we calculate the energy E; by integration

over the part of the adiabaticbetween V and VI, rather than V2 and V
3 1“

We have then, from Eq, (3?),

} (38a)

r P2 - P~
—,
I I

“~p3+~(’3- vl)/(vl-v3).
d J

Since now VI - V3 is positive, if follows by comparisonwith Eq. (35a)

that

E; <El (39a)

and therefore

S2-lY f40a)
-., -...-------.. ... .

in contradictionto Eq. (363.),which is applicable to our case.

We have thus obtained a contradiction,both for V < V and for
.::

1 2Vl>v Therefore our original assumption must be false and we find:
3“

For a given initial state .l,S1 there are never two SOIU- .: .— - — — ,—, — —
tions of the shock equation belonging to the same l!finalt~—— —.— . — — ,—,
entropy S .

2
The shock curve (Sec. 6) will therefore go monotonically from low— — .—. —— —

S to high S.
— —

It cannot have any maximum or minimum because this would.—— - — — —— —.
implythat the szme value of S is taken on at least twice,

* - once on each
side of the m.=imum or minimum. This means also that there ca~ot be

— .
q closed shock curve beczuse such a .cwve..wm~.n-ecessarilyha~–a—–
maximum and a minimwnq

Likewise, there cannot be any singtiarity on the shock curve which

is approached in a spiral. If there is any singularit~at all, it can”

at most c~us~ ~ kink or ~ cusp in the shock curve, without interrupting “

the monotonic increxx. of the entropy.
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We haye qhoyg in Sewc.6 that the shock curve cannot end anywhere

in the ~,S-plane but must either be dosed or leave the region of.

definition of ~ and ~, or go to infinity. We have just proved that

the curve cannot be closed. The region of definition would extend
,-

from~ tog for both~ and ~ if we considered all phases of the sub-
{
~ . stance. Actually,

firstly since they

laxa~ion time, and

dition.(I)i If we

we have agreed in Sec. 1 to exclude phase changes,

probably do not occur because of their long re-

secondly in order to insure the validity of con-

consider only phase, for example, the liquid,

certain large~values of the volume and certain small yalues of the

entropy camot. be reached; we have, therefore, a definite bomdw of

the pha$e towardlarge ~ and small.S,.On”theother hand, statesof

high entropycan always be reached without phasechange, both from

the liquid and from the gas, because high entropy corresponds to, -

temperatures above the critical one. From the solid, states of arbi-

trarily high scan also be reached by “raisingthe temperature with-

out phase change, it being questionable only whether they are idm-

tical ~th the stat~s obtained by.heating the liquid or gas; but
.

,
b/metastable phases b~ve explicitly been permitted in our consideration,-. .

for.the same voluqes may be reached by a“liquid, and also by a gas :

above the critical temperature. #&mnari ng, we find~hat “forcomp-

ressed states ~ is limited only by zero and ~ by infinity, wher:as
.

for expanded states the limits are usually given by phase boundaries

We shall now examine t,hebehavior of,the shock curve in the ““

various quadrants. On the side of small V2 [~V1], we know ~hat the

entropy is high, S2 > S,s ‘Neknow further that there are states of

very high energy and entropy, ~n~ of vo~me V2 = ‘v

the shock equations, Eqs. (23a,b).

~ ,, which satisfy

it follows that on the. —

‘~’The high temperature-highdensity state of a solid may consist
of an ordered arrangement of the nuclei, with the electrons moving
practically freely. Under equilibriti conditions the ‘?latticeof nu-
clei%ill melt at a certain high temperature. In view of the high
temperatures this phase change will probably occur rather rapidly.
However, as will be shown in Sec. lb, such a phase trmsition at very
high temperaturewill almost certainly leave our general theory valid.

* ......,. .,,II,I!I!I!I,,,III,,,,,,!,-l,fl~,~il,~,,,,,,,,,,,,,,111111~~111~~~11l,,llllll~~lill()~,~p~l~~ ,,,,,l,,ij~jllli~,,,,,, ,,ma8,dMR1111,111#iih,lfi88188 t dill vw A .
,,,
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.
side the shock curve goes to S2 = m rather than to V = O— — .—, —— .

That the curve does not go io V2 ——2”
= O can be demons~ratcd in various. .... .-.

ways, of which the following may be the simplest. At very small specif-

ic volume, the atoms of the substance willbe crushed by pressmc ioni-

zation even at low temperatmes since the mean distance between nuclei

can be made smaller than the radius of the K-shell. Then the electrons

and nuclei form agaiq a perfect though highly degenerate gas.
The

coulomb energy becomes negligible”tithe limit of very small specific

volume, -1/3being proportionalto V , while the kinetic energy of the.?
degenerate electrons is proportionalto V . As has been mentioned-2/3

, ..in Sec. ~, the relation .
..

; pvE=-
(23)

.
is valid for a degenerate gas just.as.for a nondegenerateone, pro-

“vided,only the interactionsare negligible.
But if Eq. (23) is valid

then there cannot:be ,my solutions of t-h shock equation for Vz~<”~V,
[see Eqs. (23a,b)]u

.
Therefore there.~S certainly-no solution”for very ~~

small V20 ,’.,, .,,
.... . ...,..,, .... .,.

..@ the side of expanded states, ~2 ? V18
‘theentropy S2 is less’

than S,..
.

Now it can easily,be seen that there is no solution for

very large V2, for it follows from the fundam&tal equationj ~qO (8),

that for V2 >>V1 1

‘2 --E, y - ;(P1 +PJV2 <-;P1V2 , (41)... \.
which goes to ycn as V2 increases. Since there is a lower bound to
the pner~,

. --
no solutions exist for V2 very large.

Therefore the shock
curve must leave the range of definition either at S = ()or at ,3

2phase boundary. In the latt.er.czse,we denote-~--s the value of
Breached at the ph~se boundz~o

Thus we have proved:

The shock curve is a continuous CWVe —. bcginning~ S
— — -. “ - ~ .~”

2
=0

(absolutezero ,temperatme) or at a phase boundzry md qt-
——
finite V2 > VI

——. . — _
and going to s
—— . = co z::>2 — V2 =;V1. ~

‘2
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maxima and minama. Every solution~ t~—— —
(forthe given phase)lies on this shock.— —-— —

These statements cotitainthe theor~q ~nounced at the beginning of this

section — namely, that there is one and only one solution for any

. value of S greater than Sle
2

It is possible to arrange all solutions

: for given V1,SI in a single sbquence according to the value of S .2
.

8. Behaviorof-volume,energy, and pressure on the shockcurve
, .

.

,

.

The specific volume ~ does not show

the entropy~. Only for expanded states

tively little interest, can we show that

for any given V2. This has been done in

[see the remarks after Eq. (31~)1”.

such monotonic behavior as

(V2> v, ), which are,of rela-

there is at most one solution-.... .
See. 6, by means of-~. (31a)

.

Thus, ,onthe side of expanded states, the volume increases monoton-

ically with.decreasingentropy. As we have shol~ in Sec. YDthe ShO&”

curve ends in general on a p~se bo~da@s or possibly on the line

‘2
= 0, but in any case with a finite volume V2 which we may denote by

In other words, the possible states in front of a shock wave, be-
‘Be
hind which the material is in state V1,S1, can be ordered in a single

sequence of monotonically increasing volume, ranging from VI to ‘B.

For compressed states (V2 <Vl), there is no restriction on the

rtumberof solutions for a given V2. In fact, we have shown in sec~ ~

that for any real substance there will be at least two solutions for

any V2 between V2 min
‘vandZ1, Typical shock curves in the V,S-dia-- -

gram are shown in Fig. 2. The (first)minimum of V2 will ordinarily,

occur at a rather high temperature at which dissociation of the mole-

cules (or“ionization)is rather far advanced for air. It lies at

bout 8ooGo; ‘v
and ‘s a ‘alue ‘f about ~ 1“ ‘or ‘igher ‘em~ratwe

T2 (or entropy S2), VI will increase again. For some substances,

V2 will have further maxima and minima [Fige 2(Q)], while for others

it may increase monotonically from V
2 min

to the asymptotic value
.
~~1 [Fig. 2(s)].

The part of the shock curve between VI and V2 ~in is ordinarily

.
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tb 1$IR3i.p_secti,onc~ .” j.. . ., .,. . ..’
We sh@J.now considerthe energy I& We have

relation ‘

.
dE ● T2ds - p2dV,

. . ..

-. .0--- —~

,.” ““.. .

the thermodynamic:= .-

(29)

where$as usual, dE# d~} dV denote small changesof.E2, ~20

El,,S1,
‘2’ ‘ith

VI kept constant. her the ‘%ain sect~onl!Of the shock c~ve
(seeprecedingpara~aph), dV is negative~for positivedS. Therefore,

m’is positiv~,that is, the energyincreaseswith increasingS2.
..

.~~hen’.Y2*S passedits minimumand 72 increasesfurther,the sec-.
ond tezm.on the right-handside of ~, (29.)~ecomesrc~ative~

,. but,.. ,,. ,,
directly:behind the minirn&of V dV,&Lll be qnall and hence the ener-,, .. ,2?
gy will still’in~reaqe~th S? The same &ll again be tr”up,at extreme-... ......
ly’highentropywhere (~e~.’~)the Volumeremains~~~st con:$ant~,. ”...

.. .,’, ,,---- .,-..
Howevers~inbetweqn,theremay, in”principle,,be”a “rnaxim~

..,,
V2=;Y1? ,,.,,.,,.,.,.. . . . ,, : .

... . . .. -
of E (followed~,oa m$nimumat a &gher ~~alueoftS2). h ord&r to de-2 ,,. ...... .-...,-,?+.. ..... . .rive the conditionfor such a maximum,’we,.use the;fundame~tqlequation

-. :-’.,...: < . ,,,,... ... ... .. . .... ........ .. . :..-,.-,,,..-,........-. ,-..
,.

. . .,.’... . . . ‘‘Ej)‘= (p2--4-F@ (’q.2@2::. - V2.) :..-----(8)
. . . .

“and:considerp as a function:of’E2.and’V
.2., 2* Diffefientiating,we oh-.’ ~

ta%s.’. ~ . . ● .. . . ... ,.-... .:.
.:-,. : .

2 CE = (~P/~E)V(V1- ,V2)dE+ (Vl- V2)(~P/~V)E dv - (Pl+ p2)dV .
(lG2),, ,,,,,, ,,-., ,... . . -:- -

Therefore8 if dE/dV is”to be zero, we myst have-,,., .. ..,.
. . .. .

. . (43)

The right-had s-kleis pesitivef-orc-ompressedstates.Therefore a

necessary,thoughby no means sufficient,conditionfor the occurrence

of a maximumof E ‘is
2.

(’) >0.. (M)
‘E
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... .- . . ... .: ‘ .../: ’.,..;”.. ,,,- .’..,”,, .. . .
. .. . -- ...,

‘;*f’PE? ,:*42+:~ii2p@* ‘,occ’yenoe Qf ~ energy!&~= tin$M ‘

s~k,’:~.~.”ti.’~:,~~q~,.,. . .’.;’< . ~~“’ . ;“. ~ , . . ‘
,..’ ._’ ‘:. ,. .- -.,,”;””,. .,

●- , .. . :.. . . . . . ‘-.. . . . . . .

w . ... -.
● <o.

● v= .,”. . ., ,
(III)

,, . . ,AJ
., ,. . . . . .

,. ‘ -,,,,... .. .. .. ...- ‘.’,..‘..” . . . . . .,. , .s.

Gondition. (JXI) o“akeasily be’-s~” to be satisfiedfor ideal.gases.+..,*.-. . . ... ,-.
● ‘.:

*d foi .dtsbociattig‘ga&es● .We have not found&y exce~tionto it for

w ,ti-phase~tem (%5. 16)s .Ih”&ct, ” @nd,it~on ~1~ is even ml- ~-
,

,f~fidt&&t phase &nsit@ns f& ~ich ‘conditio~(1]iS viohted.

we beliwe there~oreth&t c&dition”(III)’is fgenerallyva~d when ~
,.

‘.
corklition(Z) is valid; tiilt”.is~when dur entiretheoryis juktified~

.. ...,.
‘..”’<If&ondition:[IZI)‘“~”“s&&fie$ the ener~’of’~~co&ressed&tatestl

,..-, ,.
itireasesmo~to~;all.j.W4 “t@?‘eniro~~ f~orn,“EltO d .

,.,,.For qex=. .-~

@ri&~’,.st”at&U:&’ ~+e~ ~~~+”ifi~&’ibegi~g’ of” t’h~s-s&Ct~&ri-t~t’’’the
.. ... ..,:’.... .: :.,. .. ’-.1.vol~c V; “~tireasesrno~o~oti~allj”‘fith.’&c&a~”inR”S ~

.2: ,.* ‘;‘i.@reforejboth“:’”
teti’M ~Eq.:..(29)*,&e”’%~ga&e, “’ ‘‘‘‘”““th&:is, the eie~~ d&r&a& m~~ti- ;;-. .,.,..
tonidafiy‘“tit,ti:deideas~g en~ro~o i,

Ther6f&’e‘Me-~itid;: . . - .
-’7”‘,2 ~on~itio~~itl)“‘$Sftii.llidg $& &er& E2

— .— increases“ ‘:.
monotonically with. ~he entropy~; along the entire shock

1. .* ,.,. .— —
curve. “~ :,

[FoI’~-t~mono:,?~c.i~r.?~~.eOf ~, condition (ll.l):,need,G.L bq fulfilled.1.-. . .. . . .. .. ... .,.
In Sec. 17- shall discuss w~t happensif, for some substance,con= .
dit’ion(111)shouldbe violatedwhile conditions(I)‘and(II)are satis-

fied,.: . ,,j -...-1:- ;;.,,:.,,;;;. ...... - ,..:,.;-.., ‘ ~, ,
.. .3,

“ For the pressure,we shall prove first that Ap = p6 - ‘p.cannot

be zero anywhere, .except at”*~:nlt&ig~& II v ‘ y ~s “i ~1; ‘+o~ CO* “’
2 s ‘1’ 2

pressed states,,..- ,.. V2 < v,, thisfollows most easily from a relation proved..
in‘tlijnext section,Eq. _(~O~~’“&&hls.tiZ~i

Using this result,we findfr~mEq. (6)
,.... .. . .,,. .,.. -,. . ,.

2,.:.’,.’.’,“.,’ .U1
P2“%; 4 (Vl- v2J”—

V2
>0

1.

.-

if V2<V1,. “ (h5)

Since the shock equations are symmetrical in states 1 and Z, it follows

.

_

I

hi
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... .

fromEq. (45) that aiso

P2 <PI ifV2>V1. (4%)

Summarizing, we have proved that the material behind a shock wave must—. —. —

have greater density, entropy, ener.~, ~pressure than the material— —. —— —

in front of the wave-.- .— —
Nextp we can

increases from S1
that is, provided

mediately that p2

This follows from

show that p2 increases monotonicallyas the entropy

to ~ provided the ener~ also-inci-casesmonotonically,

condi”tio”n

c.crtiainly

~q. (30),

(111) is fulfilled. ‘It can be seen im-
.. ..

increases with S as Iong’as V decreases.
2 2.

whiciigives, for”negative’A~,
.

IaV I dp = 2T2dS - .ApdV,
.’”

(46)

Since Ap is positive

be positive if dS is

the volume increases

napely,

(see previous paragraph), it follows that dp must

positive and dV

with increasing

negati’ve. On the other hand, if

entropy, we may use.Eq. (8),

4$ 2(E2 - El)
P*+ P,=

“V17V2 ‘

Then, as long as E2 increaseswith the entropy, the

crease, the denominator decr~as~~ %ereiore pg will

I

,: (47),.

numerator will in-

still increase with

increasing S2.

For expanded states very little can

statement p2 < p, [Eq. (45a)]. 3quation

negative Ap,

.

be said about p2 beyond

(30) gives,for positive

AVdp = - 2T2d5 - lApl dV ..- ......-----....
.

..........----.,,----....-.

the

AV and

(48)

The first term is positive for decreasing entropy,the second negative,

and we do not have much information ,abouttheir relative magnitude~

Therefore p2 may easily have maxima and minima, for P2 <PI.

.-. —
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I

1.

. ., :.”&;.”.’!+:..:;”,;”,:.,?. .’
.:s. >s.

.

,- . . . .
~.. . . +2 ~ .
.. /.,. --

. . . ...>. .!. $ -.—-.—- , ,- -

-a .. -..
Thswe find that energyand entropyincreas~:,yonotoni~allyt~.

... . .
gethersbeing-greaterthan E,$Sifor compressedstatesand smaller

than’E1,S1for expanded~staties’;The lyessme increasesmonotonically,,
&th the’entro~’for compressedstates;for expandedstatesit need

notl,be&Jye.mQn~t~n~c~.l~y..hut-@ll alwaysremain’below p~.. Thevohune
.’.. I

inc&&@ .~onoton$Q41.lY,.@$.h‘d,eqreaq~g..ent~opyt~r.exp~dqdstq~g~;.1-..

,

,. !
.

.,.

for compressed”-statesit will in generalnot decreasemonotonically, ;.
.

but..W5.U::alwaysreii&nstiller.than’VIC. . ;. ..-.1:-..’....:.. .. .+ ,.. ,..
‘$;’”’%lationbetweenve&ity”i~d entrom -. ~ “ “’

,
.*.., .,!,,’ :

, , ~ Eq. /30) we. have shmn that.. ..

.,

,.
,,, ,..

. . . . .

if S2@Y2,p2 and S2 + dSJ .I.~‘:?dV~~p2:.+”dpare both solutions of the
.2

shock equation for the same initialstateS. V~, ,,~. These twoneighboring

solutions will cbrrdspond tb.difterent.velocities;ul.andui + du:, :.
1

r
of the.shock wave relative:to.’rnedim:’l.Differ&tiatinglEq~ (6)

.
..; iogaritticakly, we get ‘ ,-.:,-. ;..: .:-.;., .
{ .“ .’

.

Comp~ing
-

.,,..

.-.. .- .,.... ......

this with Eq. (30), we find immediately,.,, .. ..‘.:. ... . ,.:..;:3.:.-.’::..

I
~dS,— “- ApAV‘1

... —.. . . . ,.. :,\:..,. , !-... . . . .“ .. .. .. .,. , ‘: .,., ,-,,4

an~,:,rntit,ip..y~..~p by.Eq. (6)~ .. .,,: , -..::.

..
., :

,-:. . .

.,
..

.,. . :“

.,

(49)

.,
..

*

(h9a)

(m)

. . .

~~. (~), ~velocitychan~e dul ~ ~iquely related to d:,?. .-. — . .
the coefficient b,eing,positive definite. Therefore, since the entropy

increases monotonically on the shock curve from S~ to infinity, the“,
velocity u, must also inclexe monotonically. Moreover, there can bl.,m

m ~ -...:::,,.::::,: ‘“-‘“ ; “’’’”,), ““
,,,,,,

m,,,,,,,",,,,,,,,,,,,,, ",,,,,,,,,, ",~,,,,,,,,,,,,,,,,,,,,,,!,,,,,,,,,l,,,,!,,,,,,,,,,,, HI,!!,,,,,,,!,m,,,,,!, ,,,,,,,,,,,,,, ,,,, ,,,,,,,,,, ,,,,,,,,,,,,,,,,,,,, ,, ,,!,!!’!,!,,,,,,,!!!’!’’7,,’!! ““ p!
,. . .
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only one solutionof the shockequations‘forany givenvalue of u-. 1’
but we have not yet shownwhetheror not a solution‘willexist for a

givenu,.

For S2 = S1, wc have shown alreadyin Sec. 3, Eq. (10)sthat u

is the soundvelocity.,al. For S2 > SI (compressionwaves),Eq~ (~~)

shows that u must be greaterthan a . As S2 increase.:>V2 approaches

the value~V~ [seeEq. (23)}whilep; can increaseindefinitely;there-
fore, according to Eq. (6), U, ~11 &o increase indefinitely. The.-..
same conclusion’can also be deduced from Eq. (50). TY~Crefore.,,.. ,,... . .

~,any initial state of the material, VIRS1, thc?e exists—— . . —. . . . . ——
one and onl~ one solution of the— — — —.- ,-
shock-wave velocity, u,, greater

sound in the material, a .—— — 1
For all these solutions, the specific

2=G9SWS?W??2N . .
than the velocity Q’— — ..-.

volume V. behind the shock wave
c

will be less than that in.fr”ont,Vl, while pressure, entropy,”and
energy are higher behind the wave than in front of it. If-cofiditions

(I), (II); and (111) are satisfied, pressure; energy, ar-’entroPY

behind-the shock waveare monotonically increasing functions of the

shock-wave velocityul. ~ the case of the entropy S2, this stak5-

ment is valid even if condition’(111) should be’violated. ●

For S2”< S1 (e~anded states; for’theirphysicalmeaning, see

beginning”of Sec. 6), u, must be”smaller than the velocity of sound,

al. “As S2’decr6ases~U1’’wi.llalso decrease. However, when S be-
2

comes.equal to S~ (phase boundary) Or even equal to zero, U1 will

certainly-not vanish -- because V2 is finite, as shown in Sec. 8, “

and p2 must be smaller than p, [see Eqc k~(a)]e Therefore Eq. (6)

- gives” .

2
‘1 % - %>0
~“v2.vl for S2 = SB . (~1)

1

Let us denote the value of u, fcm62 = sB(w-o), by UIB.

Then WE find: For given V1,S1 there is one and only one solu-

1

I

I

tion for every 111between UIB and aqo These solutions correspor,d
l,— ,,,,,,,,,,,,,,,,,,,,,”,,,,,,,,,,,,,,,,,J,,,,III,,,,,,,,,Ill,,,,,,,,,h,,,,,,,,,”,,,,,,,,,1,1,,,,,1,1,,,,,,111,,,,,1,1bdlh,lllllllllllllll1lllllllb,l,,'lllllllllfl4ll#II,,,,.,,’,,,,,,,,,,Ilkr!l’: l“1ll’1111ll’1lllllll!,,,,,1l!!l!ill!lllll’’’’’’’’’’’’’’’’’’’’”~’““‘“ ““ ‘~’~’ “’’’’’’’’”“’”%- “’” ~wr- “’’”‘:. :, ‘= ‘“ “’’” “’’’” ‘“’ ‘ ““ “ .
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1 .. . ... . .. .. . .. . . . ..

to v2 ,?vlz P2 < Pls%2 <,E1~-md ,s2,.<:S1,~andrepresen; those states

which may exist in front

v~ve is in state VI,S1.

shock equations.- - ,,..

of a shock w~ve.when the material behind the

For u, <ul B, there is no solution of the

., .’; ...

[
I

The ~resuqltyhichyill. be.most important:for t~e stability con- ...
siderations (5ecs,q 10$ 11.)is this:,, ,

The velocity of a shock wave with respectto the material.. . ..— —— .—-
in front of it (less-densematerial) ~ always greater than—- ——

the sound velocity.in that material;.the velooity.relative— — . .— .~.. —
to the material behind ,~~~ve (denser material) ~ always. — —.;-, -.... ...-. .
less than t& correspondingsoundv:locity.
— -- ... ......=,.” ,.. .-.... .. .

10. Stability of .shack.-waves.a~ainst splitting .into:.waves’mo~ingin
the same di~ection -

,: ,,,. ..,,
Consider a shock wave which is preceded or fb~lowed by infini-, ,.,.“.

tesi+d-,wave~$either compression or r’~ef’mtion waves. Since infini~. .
tesaalwavesmove l~iththe velocity of sound of the medium, the shock

wave will, according’‘tothe ‘lastthe~r”emof S“ec.9, m“ovefaster’than “

the infinitesimal waves in front of it and more slowly than those be-

hind itc Therefore the s’hock~~avewill catch Up %th the sound waves

preceding it qnd will’”beovertaken by the so~d waves fo~~c-~ng it.
. . .

NOW co”nsidertwo s-hd~kWaVCS moving in ‘thesame”,direction.~Ti’th. ,.:.:”
respe:ctto the material between the two waves, the ~ffrontlt”shockwave..- :. .,.
‘KillmCIVemOre slo~:~ly‘t&n s~~d, the lt,r~~r~:‘~~oc~&ve”faSter~th~~- --

. . ....
sound, There”for~the rear shock wave will overtake the ‘frontsh6ck

,,.

- . --- ... .. .. . ,.-. ..... ...’ . .
‘:f:ivc. .,

.. .
Ths s~rnewill be tru~ for any arrangement of waves movi-ngin the-

same direction, however many.shock waves and infinitesim.al..wavesi-t

Flaycontain. Each shock wave in the system will move faster than the

T;{aveprec~drng ii and m&e slow~~’m-a-~thii--wavefollowing it, and there

is therefore alw~ys a tendency toward combination of waves. We shzll

~OW prove the sl@ility of’a Singlashock wave against splitting into.,,
ssveral w~ves m?ving in the s,lmedirection. kt the shock wave be at

I

x = c 2t ti.qc~ * ~e If the wave splits at__th,isinstant, all the..—. - —-,....-..”.”..r1 ,,,;,~~~~,,,,~~,mlM!Ilr!l’’lllllllllllllllllllmli~m,~,,,,,,,!,,y~,,,~,~,,~lll~lll~ml,ll,lp,;,,,,ll,1,,,,'''''''''''''''''''''''''''''''''''"''''''!''''''''',, ,,,_ ,.._____
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I

i

partialwaves‘must

to our discussion,

.,
,. . . :.+, - “.,,

,,,,,,,,,-- 35--- ●,,, .,
i-’. ‘“

start from the same point~x : 0~ But~acc&i.ng “. .“.-
thn ‘?piecedingi~waves move more 81&ly than thcwie,

‘Following11them,which is obviouslyimpossibleif they all dart &om

the same point.

No shockwave can split into ~t~artiall~waves traveling’in—— ——— —
-thesame direction,whetherthesep~%ial ~ves be shock——— —— ——
waves or infinitesimalones●.- ..,,
Quite generally,it is ,irnpossiblethat a shock wave.,tid*y other

wave sttit from the same point at the same time ih the same direction-

There can only be either a shock wave or a train of infinitesimalrare-

faction waves. .

11... Stabilityagainst any splittin~ ‘ ,.. ,,.
. .

The result of Sec. 10 still leaves the possibility open M-at”a”‘“ .

shock “wavemay Aplit’spontaneouslyinto two shock waves &oving””inop-

posite directions (instead of the shock wave moving.opposite’to tk’ ‘ ““

direction of the original shock wave, we may substittite”-’atra~n of “

infinitesimalrarefaction waves). In addition to the two shock waves,

as von Neumann has pointed out, there will in general exist a dis-

continuity of th~ density (and entropy) which is stationary with re-

spect to the material and remains at the material point where the split-
... -.,.....

ting of the original shock wave’has occurred. The pressure iscon-

tinuous at this points

Let Q be the original shock w~ve, ~ that shock ’kavewhich after

the split moves in the.same direction as O (which we call ?ftothe rightt~),

C ‘thewave which moves ‘ttothe left,l!and B the stationary discontinuity

of density. F~ther, let 1 be the material to the right Of wave ~ or .

A which is as yet unaffected by the

twken A and ~;”.3that’between B and

Zlly$ behind O.

Then materials 4 and 1 must be

since they,are originally separated

shock waves; 2 the tiaterialbe-

Q; and ~ that behind ~ or, origin-

connected by the shock equations

by shock wave Q. Thus

2(EL - El) = (pL+pl)(Vl - Vb) , (52)

“.“.”.-””..-.,“”,,, ..,-.— - i ),1. ,,,,,,,,,,!,, ,!-, ,1!!!!!!!!,!,),‘,1,!! ,,! ),,,,,,,,,,,m,lll,. I
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n-” ;’ D

and .,. . .

2 . .

’01.
—“$”~8$

1 ,4

,.
I ,,

.-.

where u
01 and ’04 denote the velocity of the shock wave.

the media ~ and ~, re:pectively~ Medium’”~,then, moves

relative to medium ~ with the velocity
.

.
..- .... ‘!,.,, .,.. >.

.Vau
01 -Uoh. .

. ..,,

~ relativeto

to the right

.. .

This velocity must, of course, ..........,-
‘emairi”~C~-~g~~:”~ft~i”the split of the

,..,”... ..-...-.

Shockw~ve. ,., . . ,,.. - . ,. , l– .’:..“ .’ : . : .’? .

.
-~terials ~ ind ~ must also be:’&O&:~&{&d”’~y’:t&:shock equations,,..”.-.,..... . .,. :-;.>..i

,. !,:““,..”::.” ;.:because wave ~ hst:+bviously” be’a”shock”kv~ rather ~ha~’a rarefaction

Wave● Consequently, ‘““-4 ‘:
.,, ..... . .. .. . .

*
.

.

.::

. ,

. ..

,..-. ,. ...- . .. .

: V*)2(E2 -“E,) = (p2’+ #?)(VI, .

. .

.2 2‘.... .
‘Al ‘A2 p2-pl .

‘ ~ : T“”:= ‘ ‘“
2 ...

. . . .’ ..’

,’
(33

(5%)

. .

and the velocity of ~ with‘“Te:s~ect~. 1 w.jll“be‘. ‘ :
.. . -. .,... . .: .:-. *

,.. ,.,., :.:... .:, -,: .-
:.‘2 “ ‘Al“-UA2,.. .... . ..-.

towardthe &ight’e ‘ ~~: . “ ‘ ‘.

-.

.
, (5%)
. . . .. -,

!.. .

.-

(5!%)

no condition on V
3
- V2 or on E3 - E2- 7~?-vcC IIEy e itncr

~.. -=,,,,,!!’’’’’’’’!!!!!!!!!1!14,,1’1!1!1!ml-m,,,l,,,,,,,,,,,,,,,,,,,,!,,,,,,,,,,,,,,,,,,,l,,,,,,,,,",,,,,,,,,,,,,l,,,,lJ,,i,,i,,,,l,,,,,,,m,,,,,ll,i,,,m,,,,,,,,,,,,!!,,!!,!,,,,,,i,l,l,,,,,,,~,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,;,,,,,,,,,, .* !l#. ,-.’ “’.,,,,””,,,,,,,,,,,,,,,,,



be a shockwave or a rarefaotion wave. We shall not use the detailed

theoryof that wave but only the followingsimpleconsideration.If “

%3 ad ‘c4 ‘e ‘k ‘elo~ities bf ~ve ~ relative to the media~ md
~ then,

Velocity

since wave C

to the right

.
moves to the”left relativeto the material,the

of medium&relative to ~ wiU be
-...

.
‘)1 -v3=~4-uc3*

Using ECIS.(S%, c)$ we get for the velocity’tothe right of medium~

(?6). .,-r

relative to medium 1

.“,

(56a)‘4 “ ‘A: -
,,

vel,ocity~ givenby Eq. (S~),thatThis quantity must be equal t~ the.
is,

I
;, ..

’01’ ““”A1-uA2+~4-~30-’04
.

This will be the fundamental equation of the theo~ya
..

Now we tive from Eq. (3)

,-.

(57)

,

(58)
.

.
‘1’herefore

(~).‘Ifwave C is“a compressionwave,
..’

according

?2 =P3>P~. (59)

Therefore, to sec. 8,- . ,’

. -.

‘4’V3 ‘“ ‘

and, accordingto Eq. (!%)#

.

.

.
I

‘C4 > ‘C3 .

- Inserting this intoEq. (57) gives

‘o1 -’04 > ‘Al - ‘A2 ●
..,

,.. .
... ,, 11



. . .

e
... . . . ‘. ,.. , . .

● . . .7. .“.$ Y .
-. -— --m%t~

:=..’. ,
~: ,’. . . & ,, . ,.,, Q..&. c, ,.*J

m4
., .,. ,.

,,. .../..~”. ,.,.
‘..(?07:W=++ ~..$S a+i??~donm% .... -, . .... ... -. .,~

.,
..-’

. ..- ,“,
... ., . . . . .. ., . . . .
,

. .

<..
.* . .. . . . -i,.

.0 ‘.J:.!.-”” $’”:‘.’, ““’”..’. ‘. .: .. . . ,.. . . ..,. ,.”, - (66) -+2”:4+4:9 :, ~ . , -.-, -.. ...-,(,. : , ~.-.,:.;,....*.4 ---- ; -. : :,,,.:,.,.. ,,....,.~,. :. ...,. .....‘. ..

‘ .,

.

..

/.-
,-.

. % ChtIfAdliy.a’siiIli&wAAilg .~ ‘ ‘“~~ . - *
,“. ‘,. . . .$.. ; ,. :...:. 4....:.’. . . . .. . .

. . . .
,.

’01 - ‘Ok “ ‘Al - ‘A2 “ (60a)
, ., . . . ,,
..$ .,.

Eqtitions(59a)and (60a).tie in a convenientform since they re- ..

quire,the co&p&i80n’of two solutions of the shock equ~tionbelonging

to the s“&”in.itialstake,~~ FromEq. (53)we find .. ~
,

,. .(%l +’L)2
~ R ip4.- FI’)(.vl - Vj 9 (61 )

.
and simil~ly .,,....... ,.::,..:.,, . .... ,,.; . ..-

..
(u~,-UA2)2= (P2-P, WJ1 -V2) ● (61a).. . . -. . .. .,.,’... . . ..’ ..’ .-. ,,. ,.. ..

Obviously, Ms. (59).to’(61) are completely symmetrical with respect

F‘~ to states~and &; therefofewe can aswimewithoutloss”ofgenerality”
\$ that P~> P2S that i.S, iqo (60)● Then Eq. (60a).musthold, and thcre-

for~we find from Lqs. (6I)and (61a)the conditionfor snlit:
.. , .. .- .... . .......

,.
(P~- P,)(Vl- V4) <(P2 - PI)(V1- V2) ● (62)

Since p4 >P2s Eq. (62) is’obviously impossible.if
* . ..

,.-.,
,... . v <V2 .. 4 (62a)

However, Eq. (62a) follows automatically-fromp~ >p2 as long as both

states, ~ and ~, lie on a part of the shock curve on which the vol~e\
decreases with increasing entropy,for example, on the %nain sectiontt

(&Cm 8). For most substances, this main sectio~,probably covers Q1

temperatures Up to about 10,0000 (Sece 8)4’ . t.

However, at very high ~empera~~es, -which~aY still be experi-

mentally accessible, V2 increases with increasing entropy (Sec. 8) whik

p2 continues to increase. Then Eq. (62a) does not hold but ii rcvcrscj,

k -~ .—-——. -.”,,,”.,,,””,.,,,,,,,,,,,,,,,,,,,,,-,,,!!!!!!,,!)!!!!!!!!,!!!!!,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,1,,,,,,,,!,,,,,,,,,,,,,,,,,,,,,,,,!,,,,!!,!,!,,,,,,,,,,,,,,,,,ti,.*,,.!!!!11,1-

I

I

—
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tnat is. V > V2.
4

In this case, ‘wehave certainly

2P,(v, - VJ < 2P10+ - V2) . (62b)

,.

Adding this inequality to liqe(62) &d using the fundamental shock

equations (52) and (~~)$ we get the condition
..

‘4<E2s (63)

which is necessary but not sufficient for.the split of the original

shock waves (It is almost sufficient since pl << p2 beyond the mini-

8’ the energywillmum of the volume.) Now, as we have shown in Sec. ,

increase monotonicallywith the pressure if the material fulfills

condition (111). Then Eq. (63) can certainly not be fklfilled for ““”

P4 >P2* Thus we find: ,

A shock wave can never split in a material whose e’quation
,,

-— —— —— .-———
of state fulfills the’three conditions (~), (=); (III)e“’ “ “’”. — . —

As these conditions appear to be valid for practically all materials”,‘
- .

as long as there are no phase transitions,we have proved-the com-.— —. .
plete stabilityQ one-dimensionalshock waves in all ordinary mate-—— —— . -
rids. .,.
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