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UNCLASSIFIED
ABSTRACT

Methods for oaloulating the opauity of naterials at high tempera-

tures are disoussed in this report. Minor improvements are outlined for

the treatmnt of continuous absorption processes, and a small error usually

4
made in treating the scattering prooess is oorreoted. In oontrast to all

* pretious oaloulations of opaoity, the effeot of line absorption is oarefully

examined, for it may well be

4 o? temperature and density.

the dominant prooess under oertain conditions

Detailed methods for oaloulating the line

m absorption contribution are, therefore, developed. To illustrate the

}..
principles involved, the opaoi~ of pm ironat a temperature of 1000

.
,J volts and normal density is worked out in detail. For this ease, the opu.oity
<-L

is 20.S om2/gram, corresponding to a mean free path for radiation of $.31 x W-30m.

The mtio of the opacity inoluding line effects to the opaoity without lines

is 8.9 ●
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GLOSSARY OF NOTATION—. . .
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lb

A Reoiprooal length, defined by (6.ZL).

A Helmholz free energy, (A104)0

a. Bohr radius = .5291 x 10-8 cm.

hi defined by (5.72), (6.46).

az1 radius of ionic sphere, (4.24)

B ~ MC2

q
in (5.33)

B- 2h~3 e -u
-— — as defined by (3.8)

c12 ~-e-u

bba (~) dispersion factor for line absorption (2.6)

b’ (u) dispersion factor for line absorption (5.lla)

o velooity of light

O(sf) density of states of the free eleotron per unit energy interval (2.29)

Oiz degeneracy of the it_hionic level.

Cf density of initial state per df (2.26)

D= U3AC reduoed—.
A

Ea energy of quantum

EJ ener= of quantum

e positive eleotronio

‘ba,fi eleotron number

absorption coefficient (6.20)

state a of an ion (2.4)

state J of entire system (4.11)

charge

defined by (2.3)

F(~,w) function defined by (2.34)

g+,f (d) Gaunt factor for bound-free transitions (2.22)

g+f(~) Gaunt faotor for free-free transitions

~ff Average Gaunt faotor defined by (6.27)

gnk (u) frequency faotor (5-82)

K’&(u) Frequenoy factor (5.71)
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-VIII-

Glossary of Notation (oontinued)

h Pla~& aonstant

fi~l&
2W

I(* Speoific intensity of radiation see (2.2)

In Ionization energy of an electron bound in the n shell, (2.21)

K Mean opaoity coefficient per unit mass om2/gn.

k Boltzmannts constant

s Wave

/# Mean

M Mass

% Gram

number vector in direotion of propaKation9(2.1)

free path for radiation of frequenoy#(3.15)

of absorbing atomsj(2.16)

atomio weight, (6.1)

~ Number lines in Kt&olass, (6.44)

m hfass ofeleotron, (2.3)

No 23 Avogadro’s Number: 6.023 X 10

~b N~gr of’atom in initial state b (2.9)

~ Number of bound eleotrons

nf Number of free eleotrons

D =~+~ Total number of electrons in system (4.8)

N Tot~l number of atoms in system (4.6)

Nz Number of nucleii of atomic number Z in system (2.29)

no Initial state of the scattering particle (2.32)

G Unit vector (3.17)

Ed Average number of quanta in each radiation oscillator (2.1)

n(~f) d(f+) Nmber of states of free eleotron in energy interval d( ~f)

n(~) d~ l?usiberof eleotron with velocity veotor betweenvandv+dv (3.3

P- 1 (5.5)
-E

P Pressurej (6.17)

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



-Ix-

Glossary of Notation (continued)

-m
P Probability givenby (4.13)
J

. Q Electronic partition function of the system (AI.1)
4

%
q Availability of final state (2.29)

,.
●-

r- NJ z ratio of line absorption to continuous.
PC

. -1 .

background (5.5)

=Z Value of rz averaged over the bound wave functions (4.27)

r-e 2 Classical electrons radius
‘-~

(2.34)

.

.

.

m
b.

.

Rho Rydberg energy ~ 13.E07 volts (2.25)

S(u) Stromgrem function Tabulated in Table VI (6.30)

s Eq. (5Clla)

s Entropy (AI.11)

T Absolute temperature (2.16)

h) as definedby (3.8a)
‘%-
v Volume of system (2.9)

V~j Sum of Couloumb and exchange eleotron interactions (4.12)

w Transition probability as defined by (2.1)

w= Cose (2.34)

w~b (~) Transition probability for spontaneous emission (2.10)

~b (ti) Probability for induoed emission (2.11)

z’ Effective nuolear change (2.25)

z* Effective nuolear charge (6.7)

z Effeotive nuclear charge (AI.15)

d : e2~c: l/137.03 fine structure oonstant

~[
See (4.13)

d“ See (4.17)

~*:-kT~ is free ener~ of

2 Dirac velocity matrix
j

electrons (4.41a)

for j~h electron (2.1)
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Glossa~ of Notation (oontinued)

! -1

-zT-

~ Dimensionless half breadth, defined in (5.21)r:—
4?’kT

x Breadth of spectral line (2.15)
w

Y : g (2*34)
mc

~ Direction of polarization (2.1)

&(r) Potential energy (4.49)

(!f Energy of free eleotron

Ionization energy of the it~ electron (4.22)

Average energy of electron in it~state (AI.1O)

Scattering angle (2.32)

Rosselaradmean-free path (3.18)

Mean free path ignoring lines (5.7)

Contribution of lines to Rosseland mean free path (5.8)

Absorption ooeffioient, as defined in (5.3)

Absorption due to continuous prooesses alone (5.4)

Absorption due to lines (2.9), (5.4)

Scattering coefficient, i.e. inverse mean free path for scattering. (2.33)

Frequency

Density (3.25)

Soreening oonstants, defined by (4.23) Tabulated in Table II

Surface element (3.1)

22

[4
=8Be g .6654x1024 cm. Thomson cross-section (6.24)

~ mc

Absorption cross-seotion. EqO (2.8)
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~ ~Glossw of Notation (continued)

Electrostatic potential, defined by (4.26)

Differential scattering oross-section (2.32)

Electron wave function (4.2)

Density of states, definedby (4.14)
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1-2 UNCLASSIFIED
I. INTRODUCTION

The opaoity of nmterials at extrem~y high temperatures is important in the

sttiy of otellar interiors. As suoh, It has engaged the interest of astrophysi-

cists for the last thirty years. The most reoent study ofthia problem is by

Morse(l)* Following the tradition in the field, Morse considers only three

maritalprocesses as contributing to the opaoity - photo-eleotrio absorption

free transitions), collision absorption (free-free transitions) and Cohpton

furxla-

(bound-

soatter-

hg. It was pointed out by Edward Teller that a fourth prooess, line absorption,

might often prove to be the determining one in the omoity- At hti s~gestio%

therefore, the problem was investigated anew.

Prevlouz workers(2) had recognized that suffiotent absorption strength was

presext iathe lins speotrumto inorease the opaoity by faotors of 2 to 4. It

was argued, however, that hdivldual lines are extre-ly sharp, and although they

are very strong oompared to the continuous absorption proaesses, they would simply

make a very s!MII region of the speotrum opa,queto radiation. Shoe the mean free

path for radiation (-reotprooal of the opaoi~) is a weighted frequenoy average

of the reoiprooal absorption ooeffioient, the blaokness of these small regions would

not appreciably alter the mean free path~ Teller pointed out two reasons for sus-

pecting these oonolusions: 1) Individual linen were apt to be ve~muoh broader

under

umier

lines

the extreme temperature and denzity conditions of stellar interiors than

norsml terrestrial oonditiona 2) ~~re would be an eno~ous n~ber of’

arising from the oomplioated eleotrostatio interactions at these temperatures.

The reasoning behind

temperatures, an element

eaoh ion type will exist

these suspicions io qualitatively very simple. At high

will be found in m~~ states of ionization~ Furthermore

in a number of exoited states. For example, oaloulations
.

show that iron at

(1] Aetrophyaieal

temperatures of 1000 volts and

Journah ~ pp. 27-49, 1940.

(2)
Memzel and Perkeriss Monthly Notioee
p. 77, (1935); S. Rosseland, Handbuoh

densities 5 tisws normal, i.e. 39.3

UNCLASSIFIED
of’ the Royal Astronomical Sooiety, V. 96,
dor Astrophysik, V. 3s 3 teil~
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grams/om3, (eonditi~nsavatla”alein stellar interiors) will have on the a-rage 2 ~

eleotrons, 1.24 L electrons, 1.10 M elgctrsns, eto. - in all a total average of 4.3

bound el~ctmns. We may expeot appreoia?)lenumbers of ions with from 2 to 7 bound

elw:rsne Koreovsr of the ions with say 6 bound eleotrons there will be some with =,

4L~ others with 2K, 3L, I.!J,still others with 2K, 2L, 2M$ and so on. Waoh configura-

tion of these ions gives a rather complex line spectrum - the total number of lines

from the assemblage will be enormous. ?Aixturesof elements will give even a richer

line spectrum.

Among the oausas for line broadening are 1) Natural breadth; 2) Collision

breadth; 3) Stark breadth; 4) Doppler breadth. Eaoh of these is much more importsnt

at high teinpratures and densities than at ordinary conditions. Because many electrons

are in excited orbitals a large number of emission transitions oan destroy the ini%ial

state ~f an ion. In addition the intense temperature radiation presgut can induoo

absorption transitions. Both effects enhance the natural breadth. At high temperatures

collisions with free electrotiswill frequently occur - a prooesa almost eutirely

excluded under ordinary conditions. Moreover the high velooity of the ions creates

an appreciable Doppler broadening. It also enables relatively high oharged ions to

approach so clone that enormous fieIds are available to oause Stark broadening.

In man~ oases the lines will be so broadened as to form a virtually continuous absorp-

tion band, very effeotive in producing high opaoity.

It will be rgalized that it is the high exoitatisn of the material, combined with

the pgrvading electrostatic interaotions that makes line absorption so important a

feature in opaaity calculations. Previous treatments of the problem essentially

negleoted all these interactions except those between a nuoleus and its own bound

electron. It -S felt worthwhile to

satisfactoryf’ortnin order to insure

absorption. This problem is treated

fnolude these interactions in some moderately

the aocuracy of the calculations of the line

at some length in Chapter IV of this paper.

APPROVED FOR PUBLIC RELEASE
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An immediate byproduct of the statistical mechanical calculation which is there per-

formed, is the thermodynamic properties and the equation of state of material. It is

generally assumed in work on stellar interiors that the tnatgrialobeys a perfect gas

equation of state with an effeotiw number of partiales equal to the sum of all the

electrons and nuclei in the system. In Appndix I, the appropriate modifioa~ion of

the equation taking into account the presence of bound elevtrons, electrostatic intera-

ctions, and a small correction for relativi~y effects is given.

The complexity of the line spectrum precludes any etraightfonard attack on the

problem. Taller, however, when he proposgd considering the line absorption, also

suggested the use of a statistical method of finding the contribution to the opacity.

The method is developed in detail in Chapter V which constitutes the significant new

contributionto the study of opaoity.

During our reexamination of the opcit y problem, Dr. Maria Mayer noticed that the

scattering contribution has always been treated by analogy with the absorption-

emission contribution. This proves to be incorrect, although the numerical error is

small. The difference between the two types of prooess lies in the effects of induced

emission and induoed saaxtering. The presence of induced emission s%rengthens a beam

in its passage through matter, thus tending to reduce the opaoity. In the scattering

prooess, on the other hand, the induced scattering out of a beam compensates for the

induaed scattering into the beam. The correct calculation of opacity due to scatter-

ing therefore gives a result great~r (actually 5 % greater) than the conventional one.

Although there are many features in common, the treatment of the opacity of

heavy elements, is different in many details from the treatment for light elements.

This results because the relativistic effects completely change the nature of the

line spectrum of heavy compred to light elements~

Boris Jacobsoh~3)

A conpanion paper %0 this by

, gins spoific a~tention to the calculation of opacitiesfor the
(9‘Dissertation, University of Chicago, Dept. of’Fhysies, 1947.
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11. THE PROCESSES CONTRIBUTING TO THE 0PAC1T%— —— ..-—

AZV process oapable of removing quanta from an inoident beam, or emitting
quanta into that beam must be considered in the opacity prohleai. The mesh

important of these processes is simple absorption and its in=rseo h this

ease a quantum is absorbed by an atorniosystem. its er.aergy!Ming transferred to

excitation of the eleotrons. We may distinguish with profit three different

types of absorption. In the first an eleotron in a bound state of the atom is

exoited to another bound stahe. This is the familiar line absorpthm h the

seoond the bound state eleotron is renoved from the atom, going into one of the

oontinuum of tree states amilable, the usual photoeleetrio effeot. In oontrast

to line absorption, this prooess is possible for a~ energy of the inoident quantum

greater than the ionization energy of the eleo*ron~ Iastly, an eleutron in a free

state my absorb energy by a transition to another free state. A~ amount of energy

whatever may be absorbed in this prooems. The inverse prooesses to the three men-

tioned are, in order: line emission, electron capture, and Memsst*lung.

A seuond absorption prooess is pair production with its inwwse prooess

annihilation.

The la8t group of prooe8ses is soatterhg. Here an inoident quantum is

deviated from its original path by an atom or eleotron. If the atom remins

in its initial.state after the scattering,we have ordinary ooherent scattering;

if it does not, the phenomenon is known as Raman

ooours if the frequency of inoident radiation is

absorption li~~eof the atom. Scattering by free

soatteringe

scattering. A speoial ease

equal to the frequenoy of an

eleotrons is termed Compton

The remainder of this chapter gives the transition

prooesses.

probabilities for these
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Line Absorption.—

The three types of simple absorption - line absorption, photoeleotrio abso?ptio!ls

absorption due to free-free transitions differ only in the nature of the

initial and final states of the atom. It is therefore

treatmnt of all three at once up to an advanoed point

differences.

possible to de-lop

and there introduoe

the

the

The transition probability for the absorption of e quantum of energyh~

froman inoide~t beam is

e2

)1

~ z,;

(2.1) Wk dfi:~ #=X dfllZ@o.&#”~j
33

●

ab

d

In this formuluzj is the Dirao velooiiiymatrix for the jth eleotrone Eis the

direction of polarization of the inoideti light beam which has the wave number

veotor ~ in the dinOti@n of propagation~ The matrix element eotnaeotsthe ini-

tial state of the atomb with the final state a and is averaged over all directions

of polarization and orientations of the aton - which latter is the same as the

average over directions of propagation of the light. The inoident be-~s On the

average Fy quanta in eaoh radiation osotllator, that is the intensity of the beam

direotedwithi.n a solid angle dfl is

(202) 1(~) d~m: hxe FY 2V+&@ .

It is oorwenient to introduoe the oleot~o~mmber defined by

2+~&,&i%)a~ “k ,(2.3) fba = ~~b

where

(2.4) hdab s (Ea - ~).

This definition reduoes to the usual one for one electron atoms in non-relativistte

approximation,when ei~”~ is ~plaoed by unity - the oonvemtioxMO dipole approxi-

mation. Combining (1), (2), and (3) we got the transition probabilityas
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In any aotual physloal system the absorption 58 not oonfined to a single fre-

queney, but it is possible for e range of i’reqaneies in the neighborhood of ~abo

Wo shall therefore htroduoe the dispersion faotor for line absorption ~a(fl) by

the definition that the probability of absoddng

Z+ dtiby the transition b+a is

light of frequenoy between d and

The dispsrsiou,faotor till have a sharp mwximum

00
D

J(2.7) o

The absorption

is then

b(y) dti: 1.

oroas-iseotionof this transition

absorption

at

per atom for light of frequenoy 2J

funotion of frequency multiplyingwhere we have put fl=xab in the slcmly varying

b(~). Frcssths oross-seotion we get im~diately the absorption ooeffiotent or in-

verse mean freIepath for line

&(ti ,

and the summation extends overwhere I?bis the number of atoms in initial state b,

all transitiolw whioh nay absorb the frequenoy tio

The inveroe prooess, line emission, is the sum

and one for induced emission~ The traxwition probability for the spontaneous emission

of a quantum h~ within a solid angle dcdue to an atomio transition from state b to

a is

(2.10) W:b(=:bJ~at~J‘2 lfablbabbddtid~

of two terms, one for spontaneous
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while the probability for induoed emisnion is

The queudsumtheory moreover gives the general result required by themdynamies

so that

An adequate discussion of the ele~tron

uonsiders an ion with only one eleotro~ and
AA

numbers is givenby Jaoobsohn(l)~ He

treats different order terms arising

from the expatwion of the faotor e‘E’= in (2.3). The leadsng termgi~s tie ~jor

fraotion of tho eleotrio dipole strength. Numerioal oaluulations for this term

in the non-selotivistioease whioh extend and oorreot similar oaloulations by

Bethe(2) are presented in Table 1 of Jaoobsohnts paper and are reproduced here

in Table 1. It should be noted that the f number in these tables is the a-rage

from a level (nA?)to a level (n~~) found by summing owr all states in the final

level. In ordelrto divide the f number properly between the transitions

1?n j+n’??j~ we use the relations

(2.14)

‘gkm%’ (-k) ‘ X’& ‘d-a%’ ,
where Ikl : j+l and by or -@+l), k bdxg *he q=nt= n*er ~i~h rv~oes ~ ~

the Dirao theor,y. Jaoobsohn also presents some fomula and tables for the relativistic

eleotrio dipole and non-relativisticeleotrio quadripole oscillator strength.

“) op. cit.

(2)
H. Bethe@ Handbuoh der Physik (2nd Ed.) 2 V, part 1, pp. 443.
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For approximate oaloulations, and to preserva the analogy between treatments

of line absorption and continuous absorption,we nay use an asymptotic expansion

for the dipolo f

over all initial

(2.14a) ~n+m

number (ener~ of transition hw) of a hydrogenio atom averaged

states in a shell of the prinoipal quantum number n. This is(3)

where m is tho prinoi,palquantum number of the final, n of the initial state, and

+ 09**e*e

This expansion beoomes better as both n and m inorease.

The dispersion is due to the fintte breadth of the almmio-states in the system

oaused by the interactionswith light and with

been treated in a thorough going fashion in an

For dispersion oausedby the interaotlms with

‘ibanatural breadth
F

.-
(2.15) ~a(ti) =

.-

\

.

‘-

.

.

and a dispersion
~ba

+

other partioles~ This problem has

unpublished paper by R. Sternhehr.

the radiation field, the I%XW has a

r
We note that when 27r(4- ~) =+ , the oross-seotion has fallen off to half its

maximum value. Interactionswith fast eleotrons will oauee oollision broadening

of the lines with the same dispersion form as (2*15). However, interactionstith

slow moving partioles like neighboring nuolei are best treated by an adiabatio

approximation and the dispersion ourw then falls off exponerxtiallywith distanoe

from the line IBenters. Another oause c)fexponential type dispersion is the Dopple=

Effeotwhioh gives

Mbeing the UEWS of the absorbing atoms and T the absolute temperature~

‘3] Menzel and Perkeris. Op. Cit.
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20 Fhoto-eledtrioabsorption.—.

In the ease of line absorption we found a

of frequencies differing slightly from that of

non-zero probability for absorption

the atomic transitions due to the

splitting of the atanio states into a oontinuum by ixxteraotionswith, for example,

the radiation field. For boundfreo absorption (photoeleotrh absortiim) *he

final state is already a swnber of a continuum, andwe will therefore have a

finite absorption probability for a oontinuum of incident frequencies. The

probability of absorbi~ Ii@t with frequenoy between tiand #+Ati is from

(2.s)

The orosu ueotionsuy therefore be written as

where by ‘bf
d>

we mean

ooeffieiont is, then

where the sunmation is extended over all states b whioh oan absorb the frequenoy Z.

Naturally preoiilelythe same expression (2.13) as in line absorption relates the

probability of the inverse process of eleotron oapture with photoelectron absorption.

We shall fc~llowhistorical preeedezxtin transforming (2.18) and (2.20). When

Ihmers first attaoked the problem of the photoeleotrio effeet using the maohine~

of the old Bohr theory, he found the oross-seetion for a complete shell of prinoipal

quantum mmber n to be
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where In iB tho ionization energy of an electron bound in the n shell. Iater

I(4)
workers, Gaunt a~ S*.~~(5) , computing the cross seotion with the new WBW

nmohanies, expressed their result in terms of Kramerte formula (2.21), oorreuted

by a faotor, the so-called Gaunt faotor g. It is useful to retain this notation,

‘6) have shown that the Gaunt faotor g per eleotron is dosesince h%nzel & Pekeris

to unity when averaged over a oomplete shell for transitions to free states near

the ionization limit (the region of interest in opacity calculations). To rewr~te

our erous-seetion (2018) in terms of this notation, we define the Gaunt faotor by

Thus (2.20) beaanes

(4

2
& 24 he2 ~~. %

(2.23) *t(fl} = ; ~ — — n W hm t3#)o
3m ‘o

As deflmd here, the f number, and henoo the Gaunt faotor refer to atomic transitions

and # is the atomi. oooupation number. It is

numbers and henoe hunt factors per eleotron.

replaoed by q, the mnsber of eleatrons in the

the frequenoy ~Je The transition probabilities

q, the probability that the final state will be

eleotrons this is

A disouesion

He shows that for

traneitiowvari(9s

frequently more convenient to use f

The atcdo occupation @ must then be

initial state aapable of absorbing

must then be multiplied by a faotor

available. For non-degenerate free

practically unity.

of the Gaunt factors with numerical tables is given by Jaeobsohno

absorption by L electrons, the dipole Gaunt faotors for individual

considerably from transition to transition and moreover vary with

frequenoy, especially in the region near the ionization edge. The average Gaunt

(4)
J. A. Gaunt~ Fhil Trans. A 229 pp. 163 (1930)

(s)
M. Stobbe, Ann. d. Phys. 1 pp. 661 (1930)

‘6)Op. cit.

I
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faotor per eleotron

functions while it

m130

is. however, close to uni~. Moreover using relativistic wave

drastically effeotlsthe results for individual transitions,

has little effeet on the average, even for the ve~ heavy elements. The Gaunt

faotors for quadruple transitions are smaller than those for dipole transitions

by the factor .13(Z@)2 for the L shell at the ionization lhit (4= ~ s fine

struoture oonstant), and even sndler for the higher shells. For maqy oasea~

therefore, it willbe a auffioient approximationto replaoe g per eleotronby

unity.

& Piw-Free Absorption.—*

The ability of an eleotron to absorb light depe?xlaon its bi!xlingho a muoleus,

for a free eleotronoanxwtoonservenmmxtwnin absorption. Henoewe expeot a

tightly bound eleotron to have a muoh larger photoeleotrio cross-seotion than a

loosely bound lone,and therefore the free-free transitions should be a small effeot.

There are two faotors

In our highly :lonized

oasesthere may be no

whioh nevertheless make it worthwhile to oonsider the pro~sa.

medium a great pcrtionof the eleotrons are free-in extre~

bound eleotrons at all. Furthermore, absorptionby a boumi-

free transition oan only take plaoe for frequencies

potential for removal of the eleo%ron in question.

free transition nmybs the only

with abouni-free transition of

The transition probability

range of final free states tith

possible OM, or at

avery loosely held

higher than *he ionization

For low f’requenoiesthe free-

leaat oan ooqete favorab~

bound eleotron.

from one definite initial free state f to a

the absorption of Mght of frequenoy between

-and fl+AY is of oourse the same CM (2.16) for the bound-free transitions.

However, the same frequenq oanbe absorbed ~ starting from~inltial free

state. Henoe, to fi~ the absorption ooeff’ioient,we must

(2.17) by the number of Uleotrons per unit tilum n(Ef )

7

of free states btween Et and et + d&f and integrating

~ oonstant.

multiply the oross seotion

d~~ oooupying a range

over all emrgies, keeping
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dffft“) derive anmymptotio expression for=Mensel and Pekmls

is that given by the Kramer$s formula. We oan see heuristically

must be by analoa with their asymptotlo expansion (2.14a,b) for

uhoee leading tem

what the result

bound-bound transi-

tions. If the initial free state is speoif’iedby a quantum number f, and the final

free state after absorption of light energy h- is speoified by k, then

@2

; (o) &k=*

where Z’ is the effeotive nuolear oharge. The f nuniberfor this transition is ob-

tai!wd from (2.14a) by replaoing n by if, m by ik, the degeneracy 2n2 by of, the

density of intbial states per df, and the bound Gaunt faotor ~ by a free-free factor

g-. Using the relations (2.25) we obtain
A&

(2.26)

whore

(2.27)

Then

(2.28)

It might be thought at first that a ftwborof 2 is I.aokiugfrom the above equation,

sinoe the number of states withina frequeney dW is 2 ~ d~, sime eaoh level k my

have an eleotron with either of two spins. But for a dipole one eleotron transitiOBC

the ffi would be zero for a ohange of spin direotion, so we need oount only the

states oflom spin.

We now substitute (2.28) into (2.24). We shall later show (see Chapter IV) t~*

p ,A9q’d%) : O(Ef) s ● where O(&f) is the density of states of the free

(7)
Ibi(l.
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per unit energy interval and~: I@. We obtai.nfrom (3*25b)

=~d~f/df =~(no)%z’/~3/2tiore *Z is

in our system and the faotor 2 takes oare of

the terms givtm

the number of nuolei of alawxio

eleotron spin. ‘%xthering

.
where a faotor q for the availabili~ of the fi~l state has been addede For non-

degenerate free electrons we ~ safely negleot the terra1 in the denominator and

-C@
put q:la Than the integral gives 1 e

3
so that

●

. where

(2.31) Eff : 1 + ●1728
w (~y(’~?~%+

m

and A* is given by (4041a) below.

Just as with photoelectricabsorption we have the relation (2.13) for the,.,

probability of the inverse prooess.
,“

40 Pair Production.——

A

;
.

To produoe a free
.

eleotron-positron

at least 21U0’,while even the production

pair requires inoident quanta of energy

of a bound eleotron and a positron re-

quires energies greater khan mo2. In all our discussions the temperature will

be so low that the amount of radiation of such high energies is mgligibleo We

may, therefore, safely neglect pair pxwduationo Moreover there will be praotioally

no positrons in equilibrium at these temperatures and so we may negleot the inverse

prooess of annihilation.

—.
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S. Scattering.

The orosgl-seoljioufor scattering . ooherent, Raman, and Compton - may be

found, for example, in Heitler
(8)

. There, however, the ease inwhioh initially

only one qwmtum is in the radiation oscillator of the inaident beam and none at

all in the soattered beam is considered. In order to find the transition probability

we must multiply these oross-seotions by the inoident intensity and by a faotor

aoattered beam. The term in ~

Consider then an inoident

having

plaoe,

ia

(2.32)

number of quanta In the radiation oscillator of the

is the indwed scattering.

Ybeam in the dtreetion speotfted by the veotor ,
A

speolfio intensity Iy~). The probability that a transition will take
A

scattering a quantum of energya)’ inadSreotion speoifiedbyfl within~’

‘%])?%

where no speoifies

ddtidd : dfl(

the initial state o? the scattering p~tiole,@is scattering

angle and d
f

is the usual differential scattering oross seotion. The scattering

oeefi’ioient,i.e., the inverse man free path for scattering is then

where the swn Iexbendsover all states whioh oan soatter this frequenoy.

For Compton scattering from free oleotrons initially at rest, the differential

cross seotion is

2

(2,94)
‘O d~’

d~ (:ti,og~) s ~

F(fiw) s _A?-?-

[X+F(l-W)]2

w ~ 00s0,
[

-2 2
1+- fl-

‘/

(l+#)(l+r[l+]) ‘

~ :lti/iM2, and r. se2/mo2 : olmssioal eleotron ~dius.

(8)
W. Heitkmj, QwMannTheory oflladiation, pp. 129-157.

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



To first order in ~, this reduoes

2

(2.35) df)(ti,o,O) :
r

+ df).’ (1# ) 1-2 ~(1-w)1
whioh is sufficientlyaoamxte for

scattering from an eleetron moving

our purposes. To get the oross seotion for

with velooity $, we simply apply a Lorentz

transfornxition. The result, to the sanw order as (2.36) is
‘Q%

d+(#,+,@) ~ r2
(2.36) \

+dd (1.-W2)[1 .Zw(l.w)] ~~p

+ ZOOS GL.+ (v2/c2)~oo82&+*) j (Oosk=eosd’)ql+) -dj”
Another relat:Lojwe shall need is

frequencies

the oonneotion between inoident and soattered

i#iiZFj $ ~’ =h;/mo2 ,

The &emerls-Heisenberg formula for coherent or Raman scatter5.nggives a cwoss-

seetion whioht,exoept for frequencies near a resonanoe line of the atom, is of the

same order of magnitude as (2.35). This formula gives the scattering contribution

of bound eleotrons. Now there are usuIBllymapy more free electrons than bouz@

so that the major part of the scattering will be of the form (2.36). Moreover,

the soatterin~ oross-seotion for bound eleatrons is generally small compared to the

photo-eleotric cross-seotion. We will, therefore, never csommita serious error if

we use the cxwss-seotion (2.36) as if it held for all the eleotrons, bound and freeo

The question of resonanoe scattering must nowbe disposed of, for the oross-

seotions then become exceedingly large and it would be improper to use the simple

formula (2.36). Heitler disousses just this question and he oonoluded that if

the atom is irradiated by a“oontinuous speotrum “the resonanoe fluoresoenee behaves

with regard to the shape of the line absorbed and reemitted exaotly as if two in-

dependent processes@ an absorption and a subsequent emission took place.” We must

not regard absorption and resonanoe scattering as two independent fates whioh my

overtake an atoms but rather aonsider that an atom may be excited to an intermediary

statee and either remain there, in which ease we have true absorption, or else re-

turns to a luwer state in which case we have resonanoe fluoresoenoe. In calcsukt-
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ing the total oross-section for all processes, we see that resonance fluoresoenoe

has been inoluded in the term for line absctrption.
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111. THE OPACITT COEFFICIENT. —.

The opaotty coefficient is a partioulm weighted average of the absorption

ooeffioient disoussed in the previous chapter. This relation results from a

cousideratlon of the equation

treatmmt of this equation of

stellar interiors is given in

ever, SS reS%r~LOtedtO Simple

for energy transport by radiation. A very mmplete

radiative transfer and the solution appropriate to

Chandrasekhar(l). Chandrasefiarts disoussiono how-

absorption am!temission prooesses.

in the field of stellar opacities have, by analogy, used the saws

scattering prooess, or oombinatione of scattering and absorption.

Other workers(’)

relations for the

It was pointed

out by Dr. Maria G. Mayer that this is only approxlsately truet for pure scatter-

ing,the error made overesttites the mean free path for radiation by SW. Although

the difference is small, it is necessary to see how it arises. We shall, therefore,
the

repeat~oonventionalderivation of the opacity coefficient, inoluding the scattering

terms.

We shall first write the equation of radiative transfer in terms of the

quantum meohanieal oross-sections or tz%%nsitionprobabilities disoussed in

Chapter 11. Weloonsider a beam of photons having on~d~ dfide quanta of

frequenoybetueen 2J and ti+ dfl travelli~ within the solid angle d~ of a

speoifio direotion, and normally incident per unit tinw upon a mrfaoe element d&.

The speoifio intensity of the beam is then I(z) =htio ny. In traversing a length

ds in the direa.tionof propagation some photons will be absorbed or knooked out of

the beam, while others will be added to the beam by emission or scattering. The

number absorbed,from the beam in unit tinw is

The sum is

absorb the

over all transitions, bound-bound,

frequenay d. The number emitted

d&o

bound-free, or free-free, whioh oan

into the beam per unit time Is

(1) S. Chandrasekh~, Stellar Structure, pp. 198-213

(2) Morse Astrophysical jourmsl,92, p. 30, 1940.
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* (3,3).
‘“\
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%

where.
!

++
8

(3,4)

,

.

.-.

4

..

J.

Soattsred out =

soattered out of the beam is

I@) d: is the number of electrons with velooity veotor between$ and

d$. The number soattered into the beam is

%. I

Mding up the 4 contributions (3.1) to (3.4) with the proper signs gives the net

gain in number of photons d
[
oBydtidfidcr

1

in the beam as it traverses ds in the

steady stat.. Then

(3.5) o.* : ~ %(4 +“
[

# ‘*b(*)
-1 + -’g .w~~

s 1

We now ktroduoe the asswnption that,at eaoh point in our medium 100al

thermodynamic equilibrium exists. Then

Furthermore htroduoing the relation (2.13), the terms iwolving absorption pro-

(~) @ -M )
~ (14

sharp Imxlnnmlat

all plaoes in the sum exoept in #&J) 0

—
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With the use of definitions lib (2.9), (2.20),we then get

dI* (absorption)
(307) ~ :~ab~ (W) (I.-e-u) (Bz - 1~),

-u
e
—;
l-e-”

(3.8a) U= J&.

The terms involving scattering may nm be simplified by repl~i~ the transi-

tion probabilitiesby (2.32). This gims

It is worthwhile to note that sinoe the oross-seotions involveO only in the form

w z 00s 0 , and sinoe 0’ ~ -~, it is permissible to replaoe~’ by ~. For the

simple case of Thomson scattering from eleotrons at rest - the most important

ease in praatioe, we get

It can be seen immediately that the terms in induoed scattering oanoel exaotly,

leaving

The exact solution to the equation of transfer for absorption alone may be

worked out. The result can then be expandc,d,the zero order term giving isotrepio
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radiation, and the first order texnngiving the cliffusion

tion. It is only in this type of approximation that the

appears

sider.

(3.11),

(3.12)

- hmve~mr, the approximation ia an exoellent one

theory type of’approxima-

Rosselati mean opaoity

in systems we shall oon-

We, therefore, employ this expansion to solve the oombined equation (3.7)$

by putting

Substltut%ng this expansion in (3.7) and (3.11), and oolleoting terms not containing

stnoe the scattering terms oanoel to this order. Henoe we must have

sinoe the contribution of the integral lU (3.11) is negligible to this order. In

orderto satisfy (3.14)~> must be

where

Thus we see that in this approximation scattering and absorption must be treated in

different fashion. The physioal reason for this is that the stimulated scattering

tending to weaken the beam is exaotly compensated by stimulated soatterin~ tending
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to strengthen the bem on the other Mud the

the beam and nc~thingcxkncompensate for thi8.

stimulated emission strengthens

The effeoti- absorption coefficient

must, therefore, be reduoed by the faotor(I.-e-u).

Usingthe zero and first orderterms in (3.12) we can oompate the flux of

energy of frequencies between W and ~k d>

where ; is a unit veotor normal to the ourfaoe over whioh the flux is de8ired, and

w have a88um3d that the spatial variations in the conditions of the system are

solely due to a temperature gradient. The integrated flux is then F =
“ f“

F(#) dti.

By introducing a mean free path properly averaged overall frequenoiets-;he so-called

Ro8seland mean

fo

(3.20) B=
I

2r4k4 #o
V%=

do

The energy density nmy be found from (3.12) since
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The first ordor term inJ win both the6e equations vanishes identimlly, so that

(3.21) tmd (3,,22) are oorreet to the same order as (3.19). Combining (3.22)wlth

(s.19), U9 havw

(3.23) ~: -: Agradu.

& lntroduolng the expression (2.8) for BZ and (3c20) for B, the expression

(3.18) simpltties to

(3.24) ~.+ Swla U4 e“ (8”-1j’ due
o

The effeotive mean free path for radiation may be alternatively expressed in terms

of the mean

(3.25) K

~ being the

Cussionso

opaoity ooeffioient per ua,ttmass E by the relation

‘I+r’
density. It is this quanti~ whloh is usually used in astronomical dis-

The offemt of the preeext treatment of scattering, oomparod to the usual praotioe

in opaoity disioues50mis mu olear. If there is no absorption our treatment gives

s“(%26) A: ~: ~ ~ U4e“ (e”.l)-zdu . v
o q=d’s..’

o

while the oonwmtional treatment gives

($.26a) A=

Inmost oa8e8 of

involved and the

astrophysical interes’t,scattering is not

errorts correspondinglymuch less.

●

the most important prooess

We oan now see in outline the st{9psmeded to oarry out the oaloulation of the

opasity ooeffiaiento We must first determine the absorption and scattering ooeffi-

eients. This requires a knowledge of the ~oss-seotions listed in Chapter II and

the ooeupation number - the subjeot of the next ohapter. The averaging prooess

indicated by (3.24) must then be oarriod out.
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XV. STATIS’?YCALMECHANICS OF IONIZED ATMOSPHERES—.— .——

10 Introduot~o

The methods of statistical meohanios will furnish the oooupation numbers

needed in theloaleulation of the absorption oeeffioient. ~ suooeeding se~tio~

develop a convenient method for performing this aaloulstion to good approximation.

TU additlOn, statisti~l me&aDLes gi~s u desor$ption of phenomma n18ted to

the breadth emd dispersion of speotral lines. This angle is Msoused in s--

tione 6 and 7. Lastly, it is a simple matter to oaloulate the thermodynamic

fmotions of our material onoe the oooupation numbers have been %reated. While

this is not sbetuallyneeded ina oaloulation of the opaoity ooeffieient, it is

an extremely useful ~-wOdUOt. We otzrryout this treatment in the Appendix 1.

20 Quantum Meohanioal Description of the System.— .— ——

We assure that the systemwe deal with is in thermdynamio equilibriumat a

temperature T azxloooupies a volums V. Although our entire system is not in swh

an equilibrium, the gradients of the thermodynamto variables are so s~ll, that ne

may oonslder that at eaoh point suoh m 100al themdynamia equilibrium does exist.

Furthermore, the temperatures we disonss will be so low thatwe may ecsapletely

ignore nuolear reaotions and pair production. ‘fhenwe may desoribe our system

as oompoeed of N nuolei of whioh NZ hnve atomlo nwiber Z, associated with n

elootrons just sufficient in number to make 1?neutral atoms. That is

n=~ZNzo
z

Clearly= have a system of many partioles with strong interactions. Folloulng

the usual ndhod of separating out the effeots of the nuolear motions, we then

express the e:leotroniowave funotion c~fthe system as a proper~ antisynumtr%sed

produot of ono eleotron funotions obeying the Hartree-Fook Equations(l)e

(1)
F. Seitzl)Modern Theory of Solids, pp. 243 ff.
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The essential features of the one eleotron wavw functions are a~pareat

from phyeioal oonsideraiiions,and may also be derived by inspection o? the

Fock Hamiltoniano For large energies, the kinetic eneryy term in the

Ihmiltonian dominates, and the wave functions approach those of a free

electron. They are, therefore, independent of the positions of the nuolei.

For 1~ energ~.es,on the other hand, the interaction term with the nuolear

potential becomes of equal lmportanoe to the kinetio energy teru Beoause

of the sh@lsLri& in the potential at the ponition of eaoh nucleus, the be-

hatior of the wave funotion at any position is largely conditioned ~the field

of the nearest nuoleue, seoondari.lyby the nearest neighbors, and is hardly

affeoted by more distant nuolei. We, therefore, expeot that near a nuoleus,

the one eleotron funotion will approximate the shape of the atomio wave funo-

tion of the isokted ion. In this extreme the wave funotione depend only on

the distanoe from the nearest nuoleus - and are independent of the relati=

position of the nuolei, just as for the free eleotron extremO

---
i ... A model whioh embodies

At first si@t this appears
\-

the system, since we should
.

these essential features is the crystalline solid.

to be a violent di8t0rti0n of the actual state of

not expeoiiany long range orystallino order at the

high temperatures with whiohwe deal. The model will, however, provide the
s

proper qualitati~ features of the wave funotions for a system of many nuolei

. throughout whLoh the eleotrons are free to roam. Nkturally, aqy features

oharaoteristio of the striot periodioi~ of the lattioe are simply introduced
.

artlfioially by our model. Those features of the orystal model, howevwr, whioh

depend on near mighbor8 only should apply to our system, for there will be a
:
& 100al ordering effeot corresponding to that present in ordlnery liquids.

. Reoisely, as in the usual theory of metals, we oan use the Block approxi-

mation of periodio wave funotione for the eleotrons. In the low energy ease

@
the energy levels will correspond alosely to those in the isolated ion, except

.

that a single ionio state is Nz fold degenerate. This results beoause we oan
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~ independent pariodi~ Bllmchfwxstions from the I?zzero orderCsonsbruotN

functio~$ each of which corresponds to the electron being on any one of Nz

different ions. This degoneraay is removed by interactionswith neighboring

nucleia so that finally we shall have in our orystal a narrow band of Nz states

in the neighborhood of eaoh state of the isolated ion. The wave funotions are

of the form

where J(&~n) is an atomic wave funotion with origin at the nuoleus looated at

A
rn. As the energy is inoreased~ *fieatonio wave functions of neighboring ions

overlap more and more@ thus widenhg the band. Eventual~, the bandwidths will

exceed the distanoe between atomio levels, and we shall haw a quasi-oontinuum

of states. At about this energy the approximation of looalized atomio type waw

funotione breaks down, for the functions overlap several nuolei. Moreover, atomh

funotions from several levels must be considered in building up a good approxima-

tion from (4.2). The transition stage of the onset of the oontinuum leads naturally

into the stage when the atomic wave funotions beoome oonstant throughout the orgstal.

For high enough energies the funotions (4.2) are of the free-eleoimon IWIM.

The nature of the eigenfunotions in the transition region is oomplioated. We

are fortunate~ therefore, that in our system (in contrast to the usual metallio

state) only a

.
regionc This

. tion of these

very small fraotion of the electrons will populate states in this

results because the Boltzmsum faotor in the probability of oooupa-

states is rather small compared to that of the olosely bound low

;
energy statesj)while the a priori probability faotor is not yet so large as in

●

the high energy free states. The contribution of these transition states to the%

partition funotion of the system is, therefore, small, and for the thermodynaasio

--

Q

properties of the systemwe may treat them roughly. The apprcocimationwe shall

use in our statistical meohanios is to ignore the details of these transition

states complete~. For the low ener~ states, we shall use atomic wave funations
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and henoe term them bouti states● For energies greater than a oertain limit

whioh we term the out-off energy, w shall use the eigenfumtions for free

eleotrons. Sinoe the transition states are statistically unimportant, the

exaot position of the out off ensr~ is not oritioal. We shall return later

to the question of fixing the cut off energy.

The oiroumstanoe that the transition states do not affeet the thermodynamic

properties of our system is no guarantee that they will not seriously uffeot

the optioal propertiee~ We @hall see later that the most critioal element in

the Rosselandnean opao%w IS the prosenoe or absenee of absorption in oertain

frequenoy regions. We must, therefore, examine whether the onset of a oontinnss

of
)

In.

to
b

one electron energy states will load to a continuous absorption spectrum.

the Blooh soheme an examination of the transition probabilities proves t~is

be the ease. This Is not neoessar:llytrue in other approximation sohemes.

m The irregularitiesin our lattioes however, will undoubtedly provide the con-

tinuous absorptionue assume.
w-

There is still another and more serious short-ooming of our one-leotron

%“
approximations This is the negleot of correlations between eleetrons positions,

. exoept for t’hatdiotated by the Pauli prinoiple. These correlation emrgies are

. so small that they do not affeet the oosupation numbers of the one eleotron states.

They are, howswr, deaisive in determining the line absorption contribution to the.

opaolty. ~,k6 is so beaause the number of bound ener= levels in our complicated

.
orystal, is, in the one eleotron function approximation,exaotlythe sams as in an

. isolated one eleotron atom.

: very few very strong lheso
.

into very many lines of the.

The speotrum would then appear to oonsist of just a

Taking correlations into acoount would split these

same total absorption strength. The next chapter

share that having the absorption strength distributed among many lines very much

@

enhanoes their effect on the opaoity. The treatment of those correlations by
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th.e“ioniow method is the topio of seotion 5.

Another fdwre of our approxisrationwhioh bears matohing is the “missing”

bou~ states whioh have been exoluded hy the out off. Of oourse, these are not

missing at all

of the out ON

states●

W5th this

but have been merged wifh the oontinuum. The absorption strength

bound states should be distributed at the beginning of the free

quantum meohanioal approximation,we now prooeed to examine the

statistical smohanios of our idealized mode”l.

3. Statistiodl Meohanios - Itiepetieti Eleotron Approximation.—0 ,~v ●—

The objeot

fInd the umber

temperature T.

of

of

We

this seotlon is to use the methods of

eleetrons in eaoh el,eetrcmiestate in

shall here assume for simplicity that

stat~stittalmsohanics to

equilibrium at the

the eleotrons are completely

indepewlext of eaoh other. The next seotion will treat the eleotronio interactions,

but the final results oan be thrown into essentially the same form as for inde-

pendent eleotrons.

me naturw of the energ levels and the de~ity of states has been disoussed

in the previous seotions. thIf OiZ is the degeneracy of the i— ionio Ieml. e~rW

e~#of a nuoleus of oharge ~, there will be a band of l?Zd~ states at this energy

in the system. Such batis will persist for all energies &u < &o less than the

out off. Sinoeteleotrons obey the Fermi-Dirao statistios, the number of eleotrons

in the iZM level will then be

dwhere - 1 a@ OL h the no~ization constant with the physical interpretation
-m

thaty : -IcT CL is the free energy of the electrons.
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For energies greater than ~e, the density of

(~ eleotro~ with kinetie energy E - Eot This ia, in

(4.4) of(t) : ‘~?
[ )[
z(E - &=)mc? + (8- EJ2 * ~(E-tc) +Z102 ,

,,
-7

state wi11 be that of a free

the relativistio ease

“?
&

or expanding for kinetio energies snw,llcmzpered to mo2
b

.
.

(4,4a)

Then the

(4.5)
*

nuzher of free eleetrons with e~rgiee between

. The total nmber of bound eleotrone is found from (4.3)

.

,
(4.6) ~:EEw

Zi

b-

.

tiile the total number of free
C@

(4.7) q :
s

~(E)d&

E=E.

Of course, the total number of

(4.8) n:~4nf

and it ie this condition whioh

and (405).

eleotrons is from (4.5)

●

● ☛☛ 1●

eleatrone in the ~tem is the sum of bound and free

determines the normalization oonstant 4 of (4.3)

To use these occupation numbers (4.3) and (4.5) we must determine & . We
.

note that (4. 7) is the equation for a free eleotron gas, exeept for the one faot
s
u that Z+ is nc4 a oonetant given by the physioal nature of the system, but instead

T
var~es with the temperature and volum9c ~ may, however, be a rather insensitiwe

.
funotion~ and we my then empl~ the :Pollawingeahem of sueoessive approximateione.

*
to determine d . Aesuum a trial ~ ; usually WB may start by taking ~ s n the

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



total number

a relatitistio

interest - a
.
.

-. (4.9) d“:
“.
&
?

where
●

.

(4,10) d“

●3l-

of electrons~ Then use (4.7) to oaloulate& . For

and degeneracy effeots are small aorreations - the

suitable expansion of (4117)gives

the ease in whioh

region of greatest

Xnewlng ~, the sum in (4.6) must be clarriedout explioatly~ gi~x ~ am bY

(4.8) a seoomi approximation to ~. ~’hoqrcle is very

.
If a long series of oomputatlons must be made, it

OL to start. !l!honusing (4.6) we fid @ while (4.7).

rapidly convergent●

is more oonvenimt to fix

gives nffi. (Here N is

.

Y-
.

t.-

.

.

●

-i

the total number of atoms in the system). !l’henwe ~ find out to what mlue of

@J I.e., to what densi@; the value of ~ eorresponda.

4. Statistionl ?deohanios- Dependext Eleotrons.—- — o—

We nuw treat our system inoluding the eledtronio hteraotions by the method

of the oanonioal ensemble● A state of the entire system, symbolized by J, till

bo determined if we know the number of eleotrons in eaoh oneeleotron orbital of

the Hartree-Fook set of eq-tions ● Alt’hw@ =Oh of these no-ege~-te orbi*als

may have either one eleotron or none at all, we fInd it more convenient to group

degenerate or marly degerwrate orbitals together and such groupswe will designate

by small subscript i or j or ~. The ymnbor of suoh ubitals in the i~ energy

group; Le, the degeneracy;

(4.11) EJ = E

[

E
‘Ji Ji

i

we denote by ot. The ener~ of the state J is

.
5s the number of eleotrons

@

‘Ji

system is in the state J. Now

oooupying orbitals in the energy interval when the

the partition funotion till involve SUM over all

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



a..-,-.
J-’

b

.

.

.

t

0’.-
.-
.

.

.

.
1

.

-.

Q

7

032@m

states J of the system, but only states nmr the equilibrium value will contri-

bute heavily~ Sinoe the depetienee on J of the interactions &~i and VJi$ is

not pronounoecl,wo may insert smm average value Ei and Vi$ indepetient of J

instead. Moreover,

arbitrary but later

Then (4.11) beocsms

(4.12 ) EJ : i; nJi

we introduoe the set of numbers ~~, at present wholely

destimd to represent some average oeoupation of the region.

The first term in square braokets in (4.12) is independent of the oooupations and

mIW be regarded as the zero order approximt ion to the effeetive ener~ of the

eleotron. The seoond term in square brtlUketSgives the difference between the

detailed hxteraotion belnmen eleotrons and the anrage interaction.We may expect

thiu to be small and henoe treat it as a perturbation.

Now aoeonltng to the oanonioal ens~embletreatment, the probability of finding

OUr ~tk ISyS’bemin _ ener~ level be-eu ‘J a~ EJ ~ dEJ b

(4.13) pJ:f2Je

4? -+’EJ

●

where

is the number of states in the energy interval aEJ and~’ is the normalization

constant determimd so that

(4.15) ~ PJ:l.
J

1’Henoe in equilibrium in our system the number of eleotrons in the w region will

be
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(4.16) Dj: Z ntipJ ●

J

Substitute in (4.16) the appropriate expressions from (4~12),(4.13), (4.14),

introduce the quantity~” by the relation

(4.17) ~’ : n~” s 4“ ; nJi

and carry out the indioated operations to first order terms in the Vij. The treat-

ment is charaeteristio of the grand ensemble method~ The nmipulations are tedious

and scinewhattrioky but the result is comparatively simple, namely

(4.18) nJzy~
~- ‘J [[@-’)d(’@~J*

1]
+ &EnivJ~ - ~ o~P~ v~J 9

i+. &

where

(4.19)

(4.20)

(y : My 9

the arbitrary parameters so that the first order terms in (4.18)We mm ohoose

vanish identioally~ This gill?es

(4.21) iii :2 Cipi

Although the two equations in (4.21) seem contradiotory,thisreally is not so,

for themis absolutely nothing whioh forbids us to use

each n~ in (4.16). Substituting (4.21) iKltO(4.18)

answer

(4.18a) nj 3 0~ P~

a different set ~ for
3

and (4.20) gives our
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Comparing our results of the last three equatione

eleotron treatment, (4~3) for example,,shows then

the energy Eiz of the independent electron

energy ~~ of (4.22). We have, therefore,

approximationwith each eleotron subjoot to

(o~-l)y ?Xl

with those of the independent

to be of the same form, exoe~

case is replaced by an effeotive

justified using an independent electron

some averaged potential of its neigh-

bors, and we have found that potential correot to first order.

We can considerably simplify the result (4.22). SupposeJ represents a

bound level. Then the interaction V~3 between the two bound lewls can be shown

to be exaotly tho sa- as that oaloulated using atomio wave funotions whioh localize

both they and j orbitals on one particular ion. The temm in (4.22) due to the

interaction of a bound eleotron with the other bounds is, therefore,

exchange intexaotions of atomio theo~~ By far, the largest contribution oomes from

the spherioall.yqnmnetrlo part of the ooulomb integral, usually denoted by FO(i,j)

In theoretical speotrosoopy. It is more cmwonient, however,

constants O, , instead of the FOts, deflnsd by
J.,J

F“(i,f)

(4.23) ~,J= dE; I-Tz
The interaction energy of a boti eleoiwonwlth

proxirmted by the interaction of an atomio wave

of the free elsotrons

fore, we break up our

oieht size to (9nolose

oharge of the nuolous

the frees oan

funotionwlth

to use soreening

likewise be q-

the oharge density

in the neighborhood of one particular ion. Suppose, there-

orystal into polyhedra, eaoh containing a nucleus and of suffi-

%b is the averagea negative ohargo Z’e where Z’ = Z ._
Nz

and its bound electrons. Approximate the polyhedra by spheres

of the same volume, with radius aZ~. We then ha=
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a Tf the eleotrons am really completely free, the charge density will be uniform

throughout the crystal, and therefore
.
.

-.

“.
J-

b

(4.25)
Ztv

+lra~,:— nr

Moreover, there will be an

*

eleotrostatio

within eaoh sphere due to

free interaatlon energy

4 IZ

potential

“
the free eleotronsO and we obtain for the bound~ to

. (4.27)

-1

~J,,L
2Tf%g[3-(”2 /

.

where r2 is the valw of r2 awraged over the~ bound wave funotion. ?or a#

@

)bound state ., then,the energy t~ ‘beoozm

..-. (4.28) ~: &;z-~

[
f’? %+y z-l) ‘],L

/.- bound eleotroxi

ds~
To first order i.n— , this is the sam as

dZ
. —-J

(4.29)
z*e2

ml
z~+(~)+?q 3-*’,

where
●

1
(4.30) z]

=+*1* =1+# O=*.
z

%
We now must rewrite (4.22)for the ease that 1? represents a free eleotrono

.>
For this purpose, wo assume the bound electrons are looalized at the nuoleus. l!his

@
is generally an excellent approximateion. The free electrons move in the potential
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field, whioh is in eaoh ionio sphere

[m
,.-.

“.
>,

*

.

.

.

.

,

0.-.
..-
.

●

,
.
“.

r

%

.

m.

I

[

2el~l
(4.31) +=* 7“-

)
3+ ●

az‘

This is due to the nuoleus and boundeleotrons,and the frees. The energy EL

of (4.22) in this ease inoludes the kiuetio energy ~f and the interaction with

the nuolei, while the other terms in (4.22) give the interactionswith other

-—
bound and free eleotrons. All these interactions we just -e~,~ being awraged

over the volume of the ion. Henoe, for a free eleotron

We note that the interactionsham raised the energies of the bound electrons

from the zero order approximation of interaetiontith the nuoleus alone, while

for free eleotrons the ener~ has been lowered from the different zero order

approximateon

eleotron with

free eleotrons

beuoms

of no interactions.We now shift the zero of energy,

cero kinetio energy has zero total enqg, ~ adding

. This will have the advantage that the density of

so that a free

the constant

states for the

takes the simple form o(~f)d~f so(&f)d&f andhenoe (4.23)

Of oourse, ohanging the zero of energy has no effeot on the occupation numbers,

sinoe it nwrely replaoes

beoomes

~“ by another normalization constant

Z’2e2
299 ●

With this ohange in zero of energy, (4.29)
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Nuwwe shall somewhat arbitrarily plaoe our division Into bound and free states

at the zero in mr new energy soale. This means that whenever ~~Z of (4.34)

is positive, that state is not bound,, In most oases the higher states of an

ion have their el otrons
J

.—

(?
therefore,~r, /N3 5.

z

rather uniformly distributed in the ions sphere and,

We oan, therefofe, generally “out off” the bound states

at about

(4.35) 9“ &j(q) :3- “

The relevant equations

summarized in final forno

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

for oaloulating the occupation numbers will nowbe

+1 ‘

t+=%?, z‘/z
sum for all =>Z< 0,

z
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i

and as an explicitly equivalent ●f (44,41)

This set of equations is soxwmhat deooptively simple in form, for it must

eatually be solved by a somewhat lengthy sarles of suooess5.vaapproximations.

If we are given the

an4*, and a s~etof

our system haslonly

polation in a table

temperature T and vohme V, we must assume a set of ngZs

az~ satisfying (4.43). (The latter is, of oourse, trivial If

one element.) We then oaloulate Z~ by (4.38) and by hter-

of ener~ levels find &~(z~)e Mearxvhile,by (4@4) oalculate

Ze● We can then inmmdiately getE’~Z and by (4~36) a new set of n~z. W (4.40)

WQ get N wh~ahw~th (4.42) gi~s qe

**. Moreover,using (4.43a) gives a

we oan establish our final oooupation
—A

‘ioj’
energy levels, arrlr2 needed

Table 2, 3, and 4 respectively.

Employing ~ in (4.41a) we arrive at a new

‘new set of azt. Continuing this oyole,

‘numbers,The tablea of soreening oonstants

for the calculation are presented here as

one approximation made in the forogoing set of eq=tion is the assumption

of the utiform ohargedistribution of the free eleotrons. An improvement on this

approximation,whiohalso demonstrates the range of its validi~, is gimm in

AppendixII.

5. IonicOooupation lhsnbers.——

A somewhat different model for ourIsystem was mentioned briefly in the last

seotion - the ionio model. We shall now desoribe the basis for this

tuorefully, show its relevanoy to the opaoity problem, and irxliaute

results may be applied in this oase~

model somewhat

how our pretious
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knuw that if an eleatron is in a sta%e of sufficiently

temporarily bound to orw nucleus. Booause of the high

low energy, it

coulonibbarrier

neighboring nuclei, it will remain bound for a considerable time - indeed

it would be improper to use atomic wave funotims for the eleotron unless it re-

mained bound for tines long compared to the tiresof revolution of its Bohr orbit~

Naturally, several eleolxons may be bound to the same nuoleus at the sameti.me~

The interactionsbetween the eleotronswill not be expressible in terms of the

treatmnt we hawe hitherto used, for the correlations whiohwere negleoted are

now of deoisive importance. For example, a

will behave muoh differently, particularly

onewith 2K and four boundL eleotrons. We

nuoleus with two bound K eleotrons

with regard to its speotrum,than

oan take these correlations into

aooount by abandoning our simple “produotof one eleotron funotione” approxi-

mation and using instead funotions whioh depend upon all the ooordinate8 of’

the bound eleotrons of eaoh nuoleus. ‘fhisis equivalent to describing our system

as oomposed of many different ions in a dynami.oequilibrium in a sea of free

eleotrons. Applying the statistical meohanios appropriate for systems undergoing

“ohemioaln reuotions, we oan get, for example, the number of ions of eaoh type

in our systeml,and the distribution of the ionsamong ionioquantum states.

Essentially the same result is obtaixwd by tho uae of the oanonioal ensemble

treatment for dependent partiole systems i$?m appropriately express the energy

of the system as the sum of ionio energiesfifree eleotron energies, and inter-

action energies between these oomponentso Tho latter msthod has the advantago

that we are able to take into aooount, to firstorderat a% rate,the inter-

actions of the free eleotrons and Ions* This model, whioh is oertainly to be

preferred to that of the

the superposition of the

rioh line speo%rumwhioh

pretious seotion, gives the speotmssof our system as

maw differeti ionic speotra. It is preoi8e~ this ve~

oauses the lines to be so important in the opaoity problem.
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kspite the apparentidiS8iDIilari~ of the ionio and “one-eleotron fWO%iOn”

models, we onn show an Snti.materelationship between the two~

(0

In our ionic model

we mey use for each ion the conventional treatment of many eleotron ions. This

..
“.

.

8

#

oon8ists in mpre8slng *he wave funotion of the ion as antisyrmrtetrized~oduot8

of OIW-ObOtrOn finO%io!M3and then oamying out perturbation oaloul.ations- u8ually

only to first order. Suppose we then negleot all but the spherically 8petrie

oouhnib interaction. T’Ms makes maw of the ionio levels degenerate, of oourse,

but the energy ohange8 are so slight 1k8not to ohange the ionio ocoupation8.

Xfwe then take the average number of eleotrons in a particular orbital through-

out all the ions in our 8y8tem, we get, to first order, the results of WA&iOn 4C

The useful point about this relationship is thatwe oan u8e the occupation numbers

of seotion 4, giting the average oooupation, to find the ionio oooupations to

good aoeuraoy without

from the ionio model.*

the need of 8tarting off afresh in a laborious ealoulation

Thus the work of’the protious seotion gave the number of

*

eleotrons W in theflh level of an ion of nuolear ohange Z,

T
.

~z ‘# the)Probability of oooupationof the states of that
- lZ

.-

or alternatively

level. From this

1
.

-.

we oaleulate t~heprobability of finding an ion in our eystem with several bound

eleotrons arranged to give some pu-tioular quantum state of the ion. For example,

the prokbillty of hating an ion with eleotron oonfiguration (ti)2 (~~) (3p3LY~)

in the K, Land Mehells, whatever the configuration of the higher shells may be, is

(4.45) P;8 x 2P2#2s x q22& x ‘;p3/2 x q;8 x q;~~ x 4p3p3/2q&3/2 x ‘$d3/2 x ‘;d5/2

where

(4.46) q~ = (:1-P~).

In general the probability of having an ion with ti~eleotrons in the~t~ level

regardles8 of the oooupation of the other levels is gimn by the binomial distri-

bution
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WS11 kmwm$ for large o~ and small ~~ , (whioh is the ease for the higher

levels of an ion) this reduoes to the l?oi~sondistribution

VA .7P —30
(4.48)

‘%-~ e “3

The ionic model gives a simple physical interpretationto the rather surpris-

ing looking formulae of seotion 4. Consider, for example, the term

.d~~ ~’
dg~ ~

Nz ),3
in (4.28) the ener~ &~. The faotor .= ~,j is the inter-

T

action between the jtJ and thep! bound eleotron levels in an ion. Averaging

over all the ions of the system, sotm having no eleotrons in the jt~ level, others

having one, others hating two, eto. gives precisely the term n are oonsideri~.

Again oonside:rthe ions which definitelyhave ~eleotron in thefl~ level. The

average oooupation among these ions of the other o~z-l states in the level ts

p~(o~z-l)o ‘Theaverage ixteraotion energy betwen one particular~eleotron

()

+
and the othero then is just p~z(o~z-l) a~o~ ~ . This is precisely the

third term in (4.28). We see that the energies involved in the depemient eleotron

treatment are averages over the Ions of the system. Go$ng a little further, wu

oan show that (4.28) As aotually the average ionization emrgy of an@ level

electron in our ionio system. To prow this, ~ note that if an ion has Xj

theleotrons in the j— level, its energy to first order is approximately
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Averaging this ionization energy over all the %ons having at least one bound ~

eleotron gives (4.28) exoept for tho terms involving the interactionswith the

free eleetronso

are

6.

‘1’Msoompletes our discussion of the occupation numbers in our system, which

needed to get the absorption ooeffioient.

The Influenoe of Nuolear htion.. ——. — —

Thus far we have considered the nuolei as fixed ina lattioe position.

This is justified, sinc$eneither the bound nor free wave funotions depend6

appreolably on the relativu positton of nuolei. All our oooupation numbers

are, therefore, oorreot. There are *O phenomena, however, whioh depend on

the nuclear motion: 1) the total energy of the system has a contribution from

the kimtio and potential energies of the nuolais 2) in their motion, nuolei

will exert varying eleotrlo fields upon the bound eleetrons of neighbors, thus

causing Stark offeot shifts and splittings of the speetral lines. The first

effeet is of some small importance in the thermodynamic properties of our system,

while the seocnxlmay be very important in inflwnoing the effeot of line6 on the

opaoi~.

l%e result of separating the wave equation for our entire system so as to gin

the eleotronio energy separately, desoribes the motion of the nuolei as if prooeed-

fng in a potential determined by the eleotronio energy. This potential is in our

ease approximately the olassioal potential of an assembly of positive ions moving

in a uniform oharge density due to the :Mee eleotrons. We treat this potential in

two limiting oases. AsBume first that ‘themolei are at lattice positions, whioh

configuration represents the zero of po+;entialenergy. For small deviations from

this position the potential inoreasee. For example, the ohange in potential energy ,

if a single ion of effeotivv oharge Z’ is at a small distanoe r from its equilibrium

position is
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[ 1

#~e2 J=_ -
‘(r) .(4.49) Z’e ~f(r)-qf(o) == ~,z -

a .9

whore @f, givenby (4.26), is the elec+n=ostatio

So long as (4.49) holds, the nuolei..
--

their position of equilibrium. The.,,’.

● so low that the oontrlbution to the

, (4.50) Enu=1ei~3NkT .

will perform

potential of the free eleotrons.

simple harmonic vibrations about

heavy mass of the nuolei will make the

energy of the system is elassioal

Continuing the treatnsmt of thi~ approximation,we oonsider the Stark

due to this motion. The number of icms with displacement r to r- is

#

(4.51)
47T$ exp(- ~(r~ldr

N(r)dr = l~z

1

az?

47T? exp-@(r)&l!) dr
o

.

where E(r) !!sgiven by (4.49). Carrying out the

b (4.52)

e
*Z, ,&~~l. ●

N(r)dr

..

.
%- where

.
.

,

,

and

92 2
Ze

(4.53) 82 =- ●

z

●

integration gives

frequenoy

offeot

●

One important result of this formula is obviouss the Stark effeot dispersion will
3
* fall off exponentiallywith distanoe from the lirm oenter.

% To exsmi’nethe range of appliOabili& of this approximation,we oaloulate the

.
average dispdlaoenmnt
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(4.54)

For s>>l

(4.64a)

while for

(4.54b)

this beoomeo

8 441

&

The expansion

8Z9) or small

6hows that for s ~<1, th~t is Mgh temperature, low density (large

nuclear charge, the average clisplaoernentof the nuclei will be 3/8

of the average internuolear d%stanoe● Thi5 is the result if the zumleus oould be

with eq=l probability at aqy point in the sphere. Xn this ease we eotildsoaroely

speak of harmcmio vibrations and the method of’treatment is not applicable. For

large s howmver, that is 10U temperature high density, and/or high nuclear

charge, (4.54a) shows our approximation to be adeq=te. Figure 2 shows the behavior

of the ~/~t as a function of 80

For the oases where the approximation is valid, the eleotrio field on a

nuoleue situated at r is direoted tmrard the lattioe point and has magnitude

The distribution of nuolear

field magnitudes, and henoe

positfons will lead to a distribution of eleotrio

a eontinuoue dispersion of the obserwed speotral lines

ofthe assmbly of

subjeot to a t!~eld

(4.56) Nz,(&d~l
—. -

Nz? -

ions. The fraotion clfions of effeetive oharge Zt which will be

I
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FCWMUIAL(4.55),while eorreot in order of magnitude, d-~ not tell t~ ~ole S*V9
position

for neighboring ions will be displaoeclfrom theSr equilibrium~and give rise to a

dipole field. The resultant of all dipoles will give a field of the same order aa

(4.5S). Wn’cover, in applications to Stark effeot, it should be remembered tha+

the

the

ffeld (4.55) is radial, not linear as in ‘theusual oonsidez=tio~.

We now turn to the ease where S<C1 and harmonio titrations do not desoribe

motion. Xere the nuolei may wander rather freely about, exoept when O!XJnuoleus

makes a very olose approaoh to another. The energy contributionwill be essentially

that of a perfeot gas

(4.57) ‘nuol!ei

The spatial

potential energy

.- 3/2 ~.

distribution of the ions will be determined

for olose approaches. To good approximation

(4.58)

Then

(4,59)

elsewhere.

The eleotrio field felt by the ion Z“ ns it approaches

(4.60) 1+~ e

so that the nunber of ions in fields bekenl~l andj~l

A-
l@&j) *I 2~ (z’e)3/2 ~

(4.61) ~—
l@(Z~e )312

‘~ ~ ‘aexp-—=———
z

z’ i6J

by their mutual

this iS SiMp~

+ da 5s

●

Here aga~n we oan see that the Stark effeot diqxmsionwill fall off exponentially.

.
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7. Fluctuations●——

The quantum mdaniaal treatment we ha%- used did not actmlly find the

stationary energy levels of our syst~3m0 The approxismtionewlziokwe were foroed

to intrcxluoehad the nesult that we treated the ions as if they were independent

systems, and then we introduced interactions between other ions and the free

sleotrom m perturbations. The truo stationary stetes,of oourse, will resemble

the zero order approximation ex~ept that interactionswill have removed sam of

the degeneracy. This splitting is very ~portant as a souroe of line breadth.

To include this spllttiag we oan oonoider the interactions as tim dependent

perturbations or fluctuations.

0rm3of these fludwatlons is oaused ~ the nuclear motions just discussed

in eeotion 6. The molei being so mssivo em be thought of olassioally. Sinoe

they have in equilibrium the seam energy as the eleotrons, their velooi~ will be

Fa factor smaller. (M is ~he nuolea.rmass, m the eleetronio mass). The motion

will be 00 olow oompared to that of the eleotrons that w may use the adiabatio

approximation for the interaotions● The result is that eleotronio levels are

shifted by a Stark

are i!dueed.

If we thought

effeot when

of the free

two molei approaoh, but no eleotroniu transitions

eleotrons olassioally, they would be randomly

distributed in space. We would then obtain considerable density fluotuations in

the neighborhood of eaoh ion and it might be imagi~d these effeots must be

considered. Our quantum meehanioal treatnsnt of the free electrons, however, is

muoh oloser t~othe truth. We must really oonsider the wave funotion of a free

eleotron to eoctetithroughout the solid. This eliminates the density fluotuat%ms ●

But, beoause we have negleoted eorrelations, there is another effeot w have missed.

This fs the alollisionof free eleotrons with the ions. Sinoe this is a fast prooess,

it will itiuaa transition from ow Sonio state to another, giving the states a

collision breadth. It is wwll known that suoh breadth gives the same form of dis-

persion as the natural breadth.
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V. EFFECT OF LINES ON OPACITY.—.— .—

METHODS FGR TREATING LINE CONTRIBUTION.— -— —— ——

1. $epration of Line Contribution..—

The Ro6soland mean opacity Kas is shuwn in Chapter III (3.24) and (3.15)

is aweighted average absorption meffioient givenby

(5.1)

where

(5.2)

and

(5.3)

7 2U(e”-1)-3 ,w(u) + u 0
4W

It is usually convenient to eonsider the absorption meffloient resolved into two

terms

(5.4) P= /o+y& 9

/%
being the absorption due to continuous prooesses alone, azxli~ the absorption

due to the lines. The reason for this division is that~o is a moderately smooth

funotion of frequenoy except at the Imation of an absorption edge, whil~~ Is

a very ragged funotion with sharp maxima at

Substituting (4) in (1) and introducing the

we get for the mean free path

the frequenoy of eaoh absorption li~.

nobatlon

A~ g
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.
mere

(5.7) Ac =

and

(5.8) A1=

The latter form of(6.5)shows how the lines reduoe the mean free path from

the value Acobtained by considering continuous prooesses alone. The contri-

bution ~c of the continuous prooesses has been

field of stellar opaoitieswith

tribution of lines has hitherto

?● ☛ Eff’eetof a single line—.. .

varying degroeu

been ignored.

To understand the effeot lines make on the

treated by all workers in the

of completeness, but the oon-

opaoity, and to help in develop-

ing methods cIftreating lines, we start by considering the simplest ease of a

speatrumwith only one lineo The line absorption ooeffioient in that ease is

(oof. equatiam (2.9))

where ~(~ the dispersion faotor 8howISthe frequenoy dependence of the absorp-

absorption line, and

fm /4-[.)(5.10) ~

is so normalized that

/d=/,

Without considering further details, VB oan

bution of this single line to the opaoity.

we hav9

the frequenoy of the oenter of the

see qualitatively what is the oontri-

Dropping the subscripts for the moment,
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whore

The frequenoy mzriation of this function for a typioal

oompanying

Lo

0.8

0.6

0.4

0.2

0

approaches

figureo It is seen that thi6 funotion

1-

ease is shown in the ao-

, , 1 1 1

unity

deoreases slowly

line absorption

of the function

unity to values

when r is a nmximum at the frequeney of the oenter of the line,

with displacement from the omter until it beooms ~when the

is equal to the continuous absorption baokgroundt W variation

in the neighborhood of ~:is rapid, the transition fran values near

near zero oocurringwi*hin a smzll frequenoy rangec For greater

displacementsthe function falls off rapidly, soon behaving simply as r. The oon-

trast between the function r whiuh one might naively expeot to determine the lim

effect and r/l+r is marked. Whereas r drops to ~ its value at (u-uo)~r, m

find that r/l~r drops to half 1%s value only at (u-Uo)-3r.

The integral (5.8) giving the contribution of the line is approximately

(5.12) AJ =
r

w(u)
~+

1
‘“p~ ●

Juslo

sinoe the integrand is negligible except for frequencies near ~: ~~o What is
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hportant tktn is
r

* ‘“”
The greatest part of the contribution to this

integral comos in t;e range where r/(lJr)~l; practically nothing is contributed

by regions where r/(ltr)4*-. Thus ifw is the distanoe between Uo= htio/kTand

the frequency u#@/M at which r:l, the integral is approximate~y

The quantity 2wwe shall term the wingspread of the line upon its continuous back-

ground. It is this quantity, as is shown by (5.13), rather than the dispersion

breadth of the line whioh determines the contribution of the line tc the opaoity.

We may eotually think of the llne, according to (5.13), as leaving the transmission

of light unaffected throughout the spoetrum except in the region of its wingspread,

where it completely blocks the transmission.

Thewingspread of the line is determined by the condition

(5.14) ~ b’(w-ut) :1:

thus it depends on the ratic of line otrength Nf to continuous background, and

the dispersion. Even a Mne which has very small dispersive breadth may have a

considerable wingspread if it is strong enough. On the other hand, a broad line

may have very small cr zero wingspread.if it is weak oompared tc its background.

Arguments for neglecting line contributions beoause

alone are, therefore, inoorrect~ Another important

follcwing. Since the wingspread does not depend on

line contribution in the ease of an isolated

Suppose we consider first an artificial

shaped dispersion
.

line is

example

f

(

1

>f the small dispersive breadths

~onclusionm q draw is the

the position of the line, the

not sensittve to positione

of a line with a rectangular

(5.15) h)b> :0 otherwise.
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lines h a speotruxnare of this nature, (5.19) solves a great deal of the

problem.

●

If the line absorption is very strong~ compared to the continuous absorption, we

ohtaia tine oi>viousresult that

that is, the line eliminates the entire transmission of the frequenoy

2Au. It seems at firs% sight a Iittls amazing that this result does

intervals

not depend

on Nf, the Mm strength, for this implies that a line 10 times as strong as

another will have just the same effect on opacity. But a little reflection shows

tihatif a line completely absorbs the radiation in an interval, it already has a

.maxtiumeffeat in reduoing the transmission. A stronger line

M the other hand, if the lim absorption eoeffioient is weak

continuous background, that is

can dono more.

compared to the

we get

Here we get the important result (in contrast to (5.17) above) that the effeot

of the line i:~direotly proportional to its integrated strength Nf, but is inde-

pendent of the dispersion interval 2~aJ. h an imnediate oonsequenoe of this, we

have that AJ is independent of the dispersion shape whatever that may be, so long

as the

lines;

and it

analo~m to (5018) is fulfilled. ‘fhisis a very important result, for weak

that ffi,lines forwhtmh Nfb’nm (u)/Sc~ always give the contribution (S.19)

is unnooessary to inquire into the details Of the dispersion. Sinoe most’ .
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Rooeeding now to the actual types of’dispersion we shall enoounter, the

speoifio oaso of natural and/or oollision breadth has the dispersion formula

(of. (2.15)(,

(5.21) f’=

‘fhewingspread

is the half breadth, ati

~h.l. ,

w is obtained from (5●14) giving

the latter approximation being aralid

XS <<1,(5.23) ~

i.e. if r<<vr,a oondition which is

proportional to@ and to the square

the integration of (5.12), we get

8

if

frequently the ease. The

:rootof the line strength

wingspread is then I
(Nf)*. Carrying out

In the ease where ~S r /(Nf)<q we may put the last faotor equal to 1. In just this

case the wingspread is given by the simplified form of (5.?2) and the result is

w(u) I‘5”25)/’y= “5x*AT ●

U=uo

The faot that the line blacks out a frequenoy interval ‘@2 times the wingspread

is a confirmation of’the ,generalqualitative result in (5.33). The reason the

numerical faotor 1s so different (1.57 ins%ead of 1) is that the natural breadth

dispersion gives appreciable absorption even rather far from the line oenter.

We shall generalfiyspeak of the extra contribution to the opacity of regions

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



beyond %he wing spread as

jB the dispersion curve.

In the other extreme
..,
-.

2
A

_53-

a “tailn effeot, beoause it is due to the tail ends of

ease of weak lines (5.24) reduoes to

Nf .
T

ws-~

i This result is preoisely the sam as (5.19) for the case

and is a speoial illustration of the general validity of

regardless of type of dispersion or breadth.

‘fuming next to the ease of Doppler broadening, the

)
is givepbyl;he condition that

the wingspread (5.30) and

to the exponentially fall-

line oen%er~ as a oonse-

. (5.27) b(3~)~~ [*’ e.l’-[d(”;’~.

# The half breadth is given W the value ~ which makes

.
(5.28) b({f- 4.) = $b(tio).

@ We see frcm (5.28) and (5.27) tkt

.- The wingspread, however,

[1Mo2#
exp - — :1,

2kTu[7

Whenca

-.

.-

::1) wzr[l.4431.[.4696~]/’”

Aside from tha logarithmic factor, the

●

expressions for

*

tho dispersion breadth agree. This is, of oourse, due

ing off of’thcldispersion cumre with distanoe fron the

of step-like di.spersion9

the weak Mne formula,

dispersion is
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quenoe, the line has effeotivs absorption only in the region of its dis;ersfon

breadth.

The aotual contribution of the line with Doppler breadth to the opacity is

from (5.11), (5.12), and (5.27)

where

(5.33) B
MO’

:------1’●

o

We oan express the integral as
n-l

which for small values of %z/a develops as

The leading terns of this expansion is the weak line result (5.19) as should indeed

be expeoted, for the oondi~ion

(2dcTuo’ ) “ -

mans that the

For large

lines are weak.
&

values of Be/a, the analytio form (5.34) is inconvenient for oaloula-

develop the integral from (5.32) as
h& x~ti

[

L

J

@ A

+
xe~

: a ●

+(1$ g *X) J@
B* ~

o ex(l+~e )
a

The leading term in the developmmt is 2(a/B~)& B~/a ,
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(5.37) w(u)
~!= *- x 2we

U=uo

The higher order terms constitute

It is i’netruetiveto compare

a tail effeot.

the effeot of two lines having the sam total

strength and the same half breadth, although the dispersion in one is oaused by

natural and/or collision breadth, while in the ohher it is oaused by Doppler

breadth. Forwealc lines (5.19) tells us the result is identioal. For strong

lines# we have

‘A natural
(5.38) ‘—

‘~ Doppler

For the ease of strong lines this

oan, therefore, oonoltie that the

as or rnoro effeotive than

3. Effeot of’Two Lines.—.. ——

Doppler

)

ratio is always muoh greater than unity. We

natural breadth dispersion is always as eff’eotive

dispersion in increasing the opaoi~.

Now that we understand the contribution of a single lim to the opacity, we

oan investigate the effeot of a line speotrum. St is oharaoteristio of’this problem

that the superposition prinoiple does not hold in general, i.e. the effeot of llnes

is not simply additive. Instead, it depetis upon the rdlative positions of the

lines. To illustrate this most dlearly, we shall oonslder the contribution of

two lines to the Opaoity. The line absorption ooeffioientwill thenbe

where j denotes the number of the lineJ. Suppose i?lrstthat the lines are very

far away from each other oompared to their wingspread

the funotion ~& in the integrand of (5.8) will have

(~ their br-dth ). Then

two widely separated humps,

as illustrated in the accompa~ing figure.
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wingspread of a line are very snnll oompared to the continuous absorption, we

will have, as mggested by (6.19) and demonstrated later on, that the contributions

to the integral.of this region are almost precisely additive. Moreover, they are

ssmll, so it iEI not neoessary to worry about the very slight deviations from addi-

tifi~o WithiElthe ~~spread of each lined the contribution to r of the neighbor-

ing line is small; the ratio r/(l+r) is almost uni~. Increasing r slightly till

have even less effeot on r/(l+r)O Thus, within the wingspread eaoh line makes the

sam contribution to the opacity whether its netghbor is present or not. Hence,

the overall effeot of the two lines is very nes.rlyadditive.

The additivity feature breaks duwn as soon as the wingspread of the lines

overlap appreciably. Going to the extrme aase of overlapping,we oonsider two

identioal lines at the same freqwnoy. The line absorption coefficient will then be

(5.40) >$ = yJl

*rePJ, ‘
indicates the line absorption eoeffioient of the single line.

The ratio r/(lkr) = 2r1/(l+2r1)~ Www ithin the wingspread of the lime (if the line

is strong r17>l)we have that 2r1/(l+2r,)-l-rl(l+rl). Henoe, the two lines together

have no more effect on the transmission than the single line. This result was again

foreshadowed by (5.17). The tails of the two lines go as 2r1 oompared to rl for a

single line, ami additivity will oharaoterize their contribution. However, the

tail effeot is usually small, so roughly we have the result that two strongly over-

lapping lines donot

of the two linss.

Naturally for

between the extremes

increase the opacity much beyond that resulting

oases of intermediary overlapping we shall have

of str%et additivi~y for no overlapping and no

from the stronger

the situation

ac?dedeffeot

for cmmplete overlapping. Thus, we oonclude that the relative position of the
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two lines is oritiual, although the~r absolute position is Dot.

..
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●
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We shall. nm reinforoe these qualitative oonolusionswith examples for the

ease of steprise dispersion, mstural “breadthdispersion, and Doppler dispersion~

For the ease of’stepwise dispersion take

(bl(> ) : 0 otherwise,

and similarly with b2(ti). Then

If the two ste s do n, overlap, that is fl%-~ 7 ~ fll?@2, we uan break up the

r[ 1

- w’
integral - 4 where *’ is a~ frequonoy ~ $Atil

e ~v
the steps.e In eaoh integral, the integrand is exaotly the

of eaoh line taken alone. Thus

where we have extended the upper limit from u’ to = beoause the integrand is zero

in that region,.We thus obtain exaot auditivity for the no overlapphg ease.

Suppose now there is some overlapping. Then ~ ~’j b.j(titill ?Xhve as

j:l

follows2

(5.44)

!

.
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The funotion is illustrated in the accompanying figure.
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●

-,

T?J =1 ‘(Y1-l

where u* is some mean frequenoy of the two lines whose valw is not oritital.

In the ease where the lines are weak oompared to the background, me can negleot

the unity in eaoh of the three denominacors. We thwn get

that is the contributions are still 19xacvlyaaditive despite the overlapping.

Incidentallythis shows that the ooutributions of any set of weak absorption

upon a strong continuous background are aaditive for any line absorption coefficient
>

oan be approximated by a series of step funotions~ In Parczoular the contribution

of overlapping line tai1s are usually aaditive●

If the lines are strong compared to the background we may neglect the seoond

term in eaoh denominator giting
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Here we can definitely eee the non aaditiviiiyof the line contribution but i$ ia

even more striking if the lines exactly

(5.48)

overlap. Then ne get

preoisely the same as the effect of’either line alone.

general oonoluaions about additivity hold for the oa~e of natural

which is

The

and/or oollision breadth dispersion, buc are sornewharinfluenced by the pronounced

tall %n this type of dispersion. For the ease of two identioal lines when the

wings spreads do not overla~ the contribution to the opwity is AI= =?4J,

~ere AI, is the contribution of eaah line individually. But suppose th9 li~s

are exaatly superposed. Then from (5.24) we get

For etrong Mnes the last faotor is unity and we oan see that h = o ‘II. The

faotor ~a is eaey to understand, sinoe the contribution of the region inside

the wingspread is the came in the caee of twu lines as with o~, while the tail

region is additive. Referring to (5.25) ne see that the tail oontrlbutes (% ‘z)

times the oontribution within the wingspread. Thus

The numerioal factor i.364 is quite close

For weak lines, on the other hand ne

and we get

to ~a = 1.414.

may negleot 1 oomparea to ‘~ ~A4VV4)
>
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and thus the contributions are additiw~

4. Effeot Ot many line speotrum

From the preoeding discussion of the contribution of two lines, the

features and cliffioulties of the treatment of mauy lims appears. The most

oritioal faotor is whether or not the wingspread of the lines overlap~ If there

is no overlapping the contributions are additive● The case of mak lines fii~h

are always aaditiiveis reaily included in the oategory or nou-overlappingwingspread,

because the mngspread of a weak line is zero. When overlapping exists no simple

treatment is readily available, but we may say zhe contribution of the lines is

less than in the non-overlapping ease.

In general, even if the contributions of the lines are addltivec the result

is still not simple enough to permit ready oaloulation for a compltca~ed line

spectrum, beoause the effeot of thousands of indimdua~ lines has to be computed

and then summed~ This requires knowing the strengths, positions and dispersions

or every line● Suoh a caLcula%ion ie praoticaL only for a very simple speatrum

llke that oharaoteristio of a one-eleotron ion~ Hmwr, suoh cams are of SOmS

practioal importance for often we shall have an assemblage of ions having either

no bound elootrons at all, or only 1 bound K eleotron. Even the ease of 2 bound

If electron~sis simple enough, as is aLSO the ease of a single bound eleotron out-

side a ulosod shell. The weak line case, however, is much more readily adapted

to oomputation. We cau see by our consideration of the step ~ype dispersion that

the contribution of the line is independent of the dispersion interval. Generalizing

sinoe any disprsion curve may be made up by superposing steps, we conclude that

the effect c~fweak lines is independent or the aspersion shape and breadth as well.

This is oonf’irmedby the specifio results for ~tural breadth dispersi~n and

Doppler disporszon. Hence the jth weak line gives a contribution (5.19) and if
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we take a group of lines in the neighborhood of a particular frequenoy u*, we get

since the oo’ntributionsare additive and the continuous absorption~o and the

weighting faotors W(u)/u3 do not alter much from one member of the group to another.

The important point about this

of the group of lines enters.

formula is that only the total strength ~Nsf+

Thus, we need not oalaulate strengths of individual

lines, for often the total strength is

There is also no need to oalculate the

& oaloulation is enormous. Shoe most

given direotly by the theory of the speotrum.

dispersion. The resulting simplification

oftho lims are weals,equation (5.52)

solves a grewt deal of our problem in a Schnplenrmner-

Because of its importance,we shall prwent another derivationof (5.52) whiah

emphasizes a different aspeot of Its physloal interpretation. Consider a group

of smy lines with oenters in the interval u* -Au to u*+ AU, none of whi~h wry

muoh exoeeds the average in strength. Astiumsalso that the lines are distributed

fairly un!lf’ormlyand thiokly over the region. Then the absorption coefficient

for all these lines will no longer be a wry jagged function; for. although it

still may have -W max- and mintma, and even more hfleotions, the variations

from a SMOOtht3daverage ourve will be small. This is illwtrated in the accompany-

ing figure

Few lines in region

IPA?

.

Many weak
lines in
region.

U4 u+

Sinoe the oontrihutjionto the opacity is dotejanlnedby an integral, it is only some
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aort of average which is important● The average absorption coefficient may be

~ NJJ;obtained by consic?ericlgthe total strength of the group of li@es ,

uniformly “smeared out” over the interval
93 ~U oentered at (~ . Then

(5.53) ,4/4 = 7r’~ ~ APJ’fi
#nc --- - — ●

g I!M4

The lSne 0~0~~ ia ~ g~ven Izaa~lo~ with (5.36) M

(5.54)

Al = ~~)—
I

2AM ;+&b ●

Wc ~v

If the ecrtireabsorption due to the group of lines is weak this reduces to (5.52).

If we oompare the contribution of continuous processes in the same interval we

get from (5.7) simply
W(gl

iLijtic ,(*
‘~Af4 ● Comparing with (5.54) we see that a

fraction ~<i~~) of theoontinuous tranmission of theregionz%mai~s.

Beoause of this derivation we shall call (5.54) the “smearing out” approximatio~.

ws should emphasize some of the limitations of this approximation. First~all the

absorption strength has been artificially confined to the region ~~:-~~ fo ((’+&u

Beoause of the dispersion, there is a tail offeot of some absorption outside this

region. If the region within which the strengths were smeared out has keen made very

blaok, the inclusion of some extra absorption which should properly go into the tails

will not change the contribution of this region. The absence of @bsorption in the

tails, may, however, considerably over estimate the transmission there. The tail

effeot has thus caused us to underestimate the opacity. Balancing this is the fact

that smearing out overestimates the opacity due to the contribution of lines in

the smeared out regions. Furthermore when the total absorption coefficient due

*o lines is Small

additive, and not

strength into the

compared to the background, the contributions are strictly

inoluding the tails is exactly compensated by putting the extra

interval 4 hl( . We oonclude that it is generally better to for-
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get ebcut the tail efteet, unless something is also done to improve the smearing

OUT a~~roximationg

A second limitation of this approximation occurs if one or a few lines

oarry the bulk of the strength. While smearicg out is valid for ths greater

of lir~es, the few strong lines should not b~ smeared out. A possible prooedure

number

to follow in this case is to smear out the weak lines and oalculate their

co~tributiofito the line absorption coefffc$ent ~4W . Add this to the oon-

tinuum J/c to form a new background,

The strong line ootrtributionwill be

UJ A~~
significance ~. .-L-.—..——

AC+ .J/?ttv& “

and superimposedthe strong lines upon this.

given by (5.6) except that r now has the

The opposing extreme to the smearing out approximation occurs when many lines

very clearly overlap. This case is also extremely frequent because practically

every line iu a speotrum is accompanied by many close shadows - its fine structure

oomponents for example. In general it will be sufficient to determi~e the wiw-

spread of the group of closely spaced lines and assume that the transmission is

zero within the wingspread. For natural breadth dispersion this estimate must

be inoreasedby the factor #/2 to acoount for the pronounced tail effeot.

W may contrast the ~eults in the case of natural b~adth for the two situations

1) the total strength X f14 of the lines is equally distributed among M

non-overlapping lims giving a strength flfto eaoh 2) the M lines are ooinct-

dent. In 1) the contributions are additi~ and
●

(5055) Al = M 41, ,

.{

while in 2) we fhd

(5-56) ~
= fl%leL

Interawdia~ eases will lie between the two kxtremssc
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While we oannot aarry out the treatment for the intermediary eases in detail

exoept

we can

have a

almost

to the

by a d’svioe,soon to be disoussed,whioh treats the lines statistically,

make an approximate treatment oorreot to first order term. Suppose we

group of several lines all with about the ssnbsdispersion and all at

the same frequenoy. Then ifwe considar the line absorption eozrtribution

opaoi~v and expand the result in parers of

SOBM average position, we get the result that the

sam as would result if we had a single line with

the deviations of the linefifrom

zero order term is preoisely the

the total strength of the group

looated at tho awrage position. The first order tennmay be made to wanishby

appropriately ohoosing this average position~ Calculations show that the proper

method of averaging is to weight eaoh lim position and breadth by Nf~, the

produot of strength and breadth of the lizw. Indeed the prinoiple of a strength-

breadth weighted average is general.

The foregoing considerationswill enable us to ndce rough estimtes of the

contribution of lines to the opacity. Innwmy cases this will suffice, sinoe the

line oontr!lbtiionis small, or else may be of the type givenby the extremes

considered heve. Butwe should examine the more general problem of an arbitraxy

arr~ of lines!.The line absorption coefficient is then

and we merely need oarry out the operations indicated in (5.6)● But let us note

what this requires. We need the following data for each individual line. 1)

position, 2) strength, 3) dispersion. Then ws have to perf’omna very axnplicated

nwnerioal integrationO In prino5ple all this may be done, - in praotioe the c?om=

plexity of the oaloulations makm the job prohibitively long unless we wish to

treat a snmll speotral region with few lines.
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-a 5. General Statistical Features of Lines.—— —. —

Statistical Treatmnt of LiM Spedra,,—. —

.-

.
The very complexity of a llme speotrum zaaybe the mans of providing a

<.‘
●

simple method of oaloulating its effeot on opaoities.

.. number of lines preoludes an individual treatment, it

approaoh. This approaoh will be dewloped in general
.

For, if the enormous

makes possible a statistical

in the suooeeding paragraphs

and then applied later in the speoial oases of interest.

Now the line absorption ooeffioient>fand consequently r Is

* contributionsfrom every line in the speotmnn. The ith Mm gives

ooeffioient~i whioh has asharpmaxi?mnn at the frequenoyu=ui
“d

the sum of

an absorption

of the oenter

b

.

.
\-

.

,

.

1

.,

.

of the line and approaches zero for frequencies far from tlw oentemo The slam

r.gri:~~ therefore appears as a very irregular funotion of u with
i

many maxim, whioh it is praotioally hopeless to caloulate. We see, howver, that

in order to oaloulate the mean opaoity, it is not striotly neoessazy to know all

the details of the line absorption ooeffioient itself as a funoti,onof fmquenoy,

but it would suffioe to know the average value. At first sight, however, the

oaloulation of the proper average would seem to involm evaluation of the very

sam integral (5.6) as needed to find the opaof&. Here it is that the statisti-

cal approaoh proves useful~ Suppose in (5.6) instead of the aotual value of P,

we insert a statistioal average ~, averaged over oertain distributions of line

position, strength, and breadth. It may turn out that this average is rather

easily susceptible to ealculation eonpred to P itself● While the two finotions

may not have the sam detailed dependence on frequen~, we ny hope that, if a

sensible statistical average is used, the imtegral (5.6) itself will not be very

muoh altered by the substitution of ~ for P.
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TO u?xierstandthe phys%eal basis for the atakisticswe shall usez le% us

oonsider the very idealized ease of a lirw spectrum hating $ustitwo lines,

1 (Q separated sufficiently so that there is very little overlap of the dispersion

. mrves of eaoh line. Of oourse, in this ease we can oalculato P and, therefore,
-.

the opaoity K. We oan also oaloulate the opaoity if the two lines were a little
-}1
. further apart or a little oloser together” and we would get substantially the

same result, shoe the integral is insensitive to the position of each line, except

for the overlap which is assured small. We aan indeed piok a number of different

distributions of the positions of the two lines, whiob will not give very different

values of l/(~K), oalaulate these values, and average them. The average will

.
naturally agree rather olosely with the true value, sinoe every metier of the

. group averaged agreed rather olosely by itself. It will not affeot the average.

very much even ifwe inolude a= distributions (for example, one in whioh the

oenters of both Iims eoinoide), whose reuultant opaei~ is quite different fran.

.
.-

.

.

.

.

● ✎

✎

invert the order of averaging and integra-

te distributions and then integrating to

should be included in our

oomposed of several groups

the true value. Now, it is -terial whether we ealoulate P for each distribution,

integrate eaoh one, and then average, or

tion, thus finding the average ~for all

find the averaged opaoity.

The questSon now arisea as to what distribution

average. To answer this, we look at a MM speotrum

of two lines, eaoh group in a slightly different frequen~ range so that lines

in dlfferext groups do not overlap to any exteti. SonM of these groups undoubtedly

will have the two lims far apart and others will have tlmm oloser together.

We oan treat each group sepratelyby the averaging prooedure beoause of the

non-overlap between groups. If in the distributionswe averaged, we never

inoluded w inwhioh the two Mnee strongly overlap, we would estimate the

opacity dw to the groups with overlap too high, while we would be substantial-

ly oorreot for all the groups without overlap. It is better to make compensating

errors by inoluding in our average scansdistributions with strong overlap. For
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then, whilo we would estima~e the opaoity of a group having li~tle overlap

too low, we would on the other hand estimate too high for the groups with strong

overlap. If th proportion of strong to weak omrlap distribu~ions included in

our averages is the sam as the proportion of strong to weak ovsrlap groups in the

actua1 speotrum, the errors will exaotl.ycompensate. This prinolple is of oourse

applicable to the general ease of a line speotrwn, as well as to the speoific

example discussed here.

Now there are laws whioh te11, in any aotual spot rum, exaotly where each

line must be. These are extremely oomplioawed, and because of tnzs fad the

distribution of line positions in the groups of a uomplica~ed speotrum is very

nearly random, thau 1s,considering a11 grcups,a line has about equal probability

of ooouring auywhere within the froquenoy range aovered by the group. It is just

this distribution of line po-ltio.s then whioh no shall use in our etatitiioai

average. Now if the ith line of a speotrum can with equal probability lie

anywhere in The region xi=-b: t0
.(/(?+ b~ , the expeoted average of

PO; 4, Us,”””uo””” ) = //(/+A) over aU distributions of liRS

positions consistent wizh this probability is

This iterated integral is even more hopelessly complicated than (5.6) but it

yields its value to any desired degree of approximation by the use of an extremely

ingenious deviee suggested by Dr~ E*rd Teller. ~velop the funotion p : z @+Aj/

as an exponential series
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By properly choosing the 4tiand ,hti , it is possible to get good numeriaal

.
\-

,

,.

agreement (2 or 3%) between the series ~du &-&&M and the

/function i U+*> in the range O%kti lee s taking only four terms.

range of ~ will usually be suffioietrt:in any case the oontributiansto

opaoity of regions where A > 100 will be negligible. The series we shall

(5.60)

-f- s .470 e
f+*

-/.7clA
+ ,375 e

-./oh
.+ .J20C - +.of#oe

This

the

use is

-.aHsh

●

Insening (5.59) into (5.58) reduees the iterated integral to a produot of single

integrals each of the same type●

d: tb<
(5.61)

~ J
-b- Al

P = z 4& ,, Jii e (44( .
* u : -/3=.

Although the eseential simplificationhas now been made, (5.61) oan be transfomd

into more convenient form, as follows:

(5.62)

P= z4&~}+J=
A

wnero

Further defining

. h* E&.

(5.65) i=

The quantity ~,

place of P, with

2)4J’.’
.U

a function of frequenoy l& may now be inserted into (5.6) in

the expeotsitionthat tho integral itself will not be very muoh

altered. A straightforward numerioal integrationwill then give the 0WC18%

—
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We now examine the quantity ‘W , une essential faoGor in ~, more closely~

It involves a sum over all lines in the errtirespeotrutno It appears then that

we are up against the same difficulty which prevented the calculation of ,.~=~,i(

itself, before we introduoed the statistical approaoh, namely too many lines to

ealaulate individually. But closer examination shows we have made some progre88.

First, f?- does not require knuwledge of the exaot position of every line, but

only the limiting frequencies of the region within whioh it may be found in the

statistical treatment. Many lines have these same limlts, aud we thus have

eliminated very muoh of the data required for the opaolty calculation. Second,

it is generally possible to group lines into classes suoh that

lines in a olass is simple. As one important example of suoh a

A(~ lines 6;, La --- ~. -“’ ~ih whioh both fall into the

the sum over the

ease, suppose the

same frequemy

and ~rt of the sum oocuring in En has been performed by reduoing it to one term.

Other ways of grouping lines into classes may also be used, %n. oommon featuro of

all such devioes being the reduotion of the sum over all lines En to a sum over

classes of lines ~ ‘fib , the sum over the lines iU eaoh olass being already

prfomed. Thus we no longer treat individual lines, but classes with tens,

hundreds or thousands of lines. Furthermore, it may be possible to use overa~l

proper~ies of a olass, for example the total absorption-strength of all the lines

in the alass, or again the average breadth, instead of requiring detailed oaloula-

tion of this data for each line. Looking further ahead ne may even find features

among the classes whioh facilitate summing over them. For the moment we ~use to

oonsider the speoial oases with which we shall be mainly conoerned in our applioa-

tione.
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w first oonsider the aase in whioh natural and\or aollision breadth are the

determining factors in dispersion. In thnt ease the absorption ooefficieti for the

ith line is given by (2.15) and (2.9). Ineerting the -lue of ~; = AC/?’C into
.
.-

-.

(5.63) we obtain:

>

, givesChanging variable of integration in (5.67),

J. /./+N
—.-

.

-.

.. —..-
Cb

The result is a definite integra1 which depends on om parameter and the limits of

integration. By defining

. .

*

-’

(5.70)
.

.

,

\

.

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



Values of the integral F (c?,U) are presented in Table V; so that it is a

oomparativ81y simple matter to compute & ~
●

If, in a certain frequency interval u~--
& ti;+~~

, there are

many lines h!k having the same value of 1km; , such a set of lines oan be con-

sidered as a class and formula (5.66) applies. This will oocur for example if all

lines had the same strength, breadth and dispersion. As pointed out previously this

means a great simplifioetion. If in addition the jh~/J&! ‘L I , we can

expand the logarithm obtaining

The first set of faotors “4A?” @$~ 4?GQS)is

the series developmf?ntof ./if+*) , and

independent of n~ the term number in

dew nds only slightly on frequenoy

through the factor S>also tik ~i~.J is the total absorption strength of

all lines in the group~ The eeoond factor F(~aA)@ ) is less than unity, approaching

unity as a limit as dti+ 0 ● In a great many cases this limiting value can be insert-

ed, if not for all values of n , at least for the higher values. The strong fre-

quenoy dependence of ~M~ is exhibited in the factor ~kk (u) whioh is olose to

unity within the region K~ - ~K ~ a * 44X t 4* and is close to %ero

outside this region. Similar to the factor F ( fkcJ m ), the faotor @ ~4~QJ depends

upon n only through the appearance of 4A.h and if 4MA c<) , the depen-

dence on n disappears dntirely. Thus if 4.& La / , EA@ is independent of

n and we have the interesting result that

We shall later give an important physical interpretation

seen it appear in other connections.

— e

‘%&

to this result after we have

It may happen that in a region there are lines which have the same breadth, but
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a not the same strength. While the simplification (5.73) does not apply, au even

sim~ler result aen be

,
,.-

“ !,

.

.

.

b

.’

●

.

.
(1)

Boris Jaoobsohn. Let

which have a strength

or, if me may expand

obtained in one important ease by use of a treatment due to

the number of lines of the group we are treating as a class

tiuss breadth A’i~s~ between ~3 and QS + ~Q~ be

the logarithm,

If there are very many lines they will form a practically continuous distribution

in ~$ , and the sum over all Qi in (5.’76)may be replaoed by an integral.

Referring to (5.68), however, we see that J“M5a. is ahO an integral, but the

variable of integration is related to the frequenoy ~i of the oenter of the line.

The order of the two integrations may be reversed and we obtain

Now the essential point of the method is to find a distribution of strengths

whioh occurs frequently in praatice, and which enables both integrations in (5.77)

to be performed analytically. Suoh a distribution is

Qb

where h!kis the total number

of the elass~ Although it is

(1) op. Oit.

of lines in the kth class and ~~ is the average @ff

physically impossible to have any lines of infinite
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strengt}.,the upper limit of the integral over Q may well be extended to infini~,

since because of the exponential nature of the distribution (5.78) the ooutribution

of the very large Q is negligible. The integrating over Q from o to ~ gives

/

U&l+ ~k
1 %~k — bn fi/(wS ~ )

(5.79) E* ~~ — rk-~ d%
2Ak 1+x + bni@/@ ~)

-%u*k-u

~
;

Integrating now over X* we have

where

.

& Is exaotly the same quantity previously defined in eonneation witi a distribution
. -,

@

of lines of equal strength and

/
●✍

✎

To facilitate computations of
.“

(Fig. 3a, Fig. 3b, Fig. 4). A

sbilarity of the results for

. *
of faotors L

2Ak

.
factor F(a&l# or

“

u
the

●

oal-.

last factor in

giving the

this function. nemgraphs have been prepared,

comparison of (5.80) and (5.73) shows the ertrems

these two MYerent distributions. The first set

essential magnitude of E-% is identioal. The sewnd

(Waw)+is less than m,ity and itiependent of au as ~-o.

both oases oontains the important frequenoy dependence, and has

SSJLW3qualitative features. In the limit a&+O the two formulae bemme identi-

as considerations of the properties of F(a,u) shows. In that ease equation

(5.74)applies to this ~peof distribution also.

e To explain why the results are identieal in the limit a~+O, and what the

simple foxm (5.74 means, ws return to the smearing out approxhation (5.57)0

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



Using this approximation

-74-

2$ 3+s3

gives r = —— and
S2AU

●

The only difference between (5.83) and (5.74) is the faot that

ease EW is not quite zero outside the interval ~- ~ to $

in ths latter

+ %$ ati ‘t

is not quite equal to rk, differing by the faotor g&whieh may be ●8 to .W

in &pioal oases, within the intexwal. The first difference nwntioned, the so-

oalled tail effect$ is the more i!sportant~ NW it is just under the assumptions

$&
used in ndci~ this derivation that the quanti~ a~~<l and— 4<1. The ap-

26k

proximation (5.74) is thus essentially equivalent to continuously smearing out

the absorption strength of the lines in the regions where they ooour.

60 Statistical ‘frealanextiof AbsorptiOn Edgewo— —.

The very same type of statistical treatment appropriate for lines should

also be

will be

develop

used to treat the bound-free (photoeleotrio)absorptions~ for there

a very large number of abSOrptiOn edges. In this sectionw9 shall

this method, and also discuss some rather less aoourate approximations.

The bound-free absorption oross-seotion given by (2.23) may be rewritten as

In the neighborhood

8hell, the fhnotion

appearance of a new

of the ionisation pote~tial of an eleotron shell, say the L

u3~bf will have a large number of small steps due to the

term in the sum at eaoh absorption edge. It may well have

somwhat the shape indicated by the aoaompanying figure
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Between suoh groups of edges,~f and oonssqwntly}o, the oonti!luow absorption,

is a smooth~~ varying funotiono

By means of a statistical treatment completely analogous to our treatment of

lines, th funwtion l/~, jagged near eaoh group of edges, is replaoed by a smoothW

varying average ohosen so that the final opaoity is not falsified. TO do this, w

artificially ditided the absorption aoel?ficientinto three oontr%lxrtions~

where~-o is some average function approximtoly representing the gross aspeots of

&o. ‘fhen

, and introducing

. .

(5.87) P -1
-~g

*
the opacity formla
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(5.88)

endeavor to repleme P’

w have approximately

du.

by;’ its statistical average. Then since

The entire statistical troatmont of lines of the last seotion oan be oarried through

unaltered but we now interpret r by (6.90) whioh involves only the statistical
.

average of~o, not its small details.

* Suppose now that the ith absorption odgo might with equal probability fall

anywhere in the interval fr~ tl~-~i to u~~~i. Then by following similar steps

to those in the statistical treatment of Mm whioh lead

-
*-

where ri is the contribution to r’ of the ith term in the

.’ see that

t
ri : 0 foru ZU~g

(5.92)
,

+=?i for u +ui,

to (5.61), we get

sum (5.54). We thus

and pi is a slowly varying funation of frequenoy. NW consider the edges ar-

ranged in order of asoending ionization frequenoy. For the.

a u at whioh ?’(u) is to be evaluated, assune that the edges

.
oertainly lie below u, that is

..
(5.93) u;+Ai<u for l~isj(u)..

*

AlSO assume that the regions inwhioh edges j (u) + 1,...k

that is

partiouhr frequenoy

1, 2 ... $(u) all

(u) fall inolude u,

I
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(5.94) u; - Ai<u@+Ai for j(u)

~~tly, the other edges will all eertainlY

(5.95) U4U* - di
i

for k(u)z i.

+l<i+k(u)o

lie above u, that is

For the edges of (5.95) the integral in (5.91) is $ust 2~i, for those of (5.~)

[ 1

-b&
‘briPi+ (u:+ Ai-u), while for those of (5.93) it is 2~ieit is u-(u~-~i) e ●

We, therefore,

(5.96) F(u)

The absorption

have for (5.91)

edges oocur in groups with long frequenoy intends between groups.

Let us follow the variation of~(u) with u from a i’requenoyUS,, whiuh is below

a particular

edges,-to a

terms in the

.L

group of edges--for oonoretemss sw below the L shell ionization

froquenoy u=% abow the group edges. At Uml, there will be no

seooti produot, so that

whenoe by (5.59)

Likewise for u : U2, there will be no terms in seoond produot of’(5.96) but there

will be additional terms in the first produat gi.ng

The form (S,97) Will hold as u inoreases frumu, u!xMl ubeoomes equal to the limlt
IL

of the region available to the lowest edgec Then EOM terms

begin to appear and ~’(u) deorease until after u has passed

the edges, it takes the form (5.98). The variation through

in the seoond produot

through the region of

the region of the edges
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tdces a vwv simple form in the ease where the]”eare very many, M, edges all

hating the same (?i.:~and the S- region iD ~ioh thy my fall. Then the

seoond produot beoomes

Maw ass= that the total strength of the edges remains fixed but M increases ap-

proaching~. Then the seoond produot approaohos exp - - bnWd(5.96)

itself beoanes

A reasonable ohoioe fory-o would be to ndceA—R>O between

but to haYS >-’ jUDlp in one step from its value before the

after the group at the frequenoy of the highest edge in the

the groups of edges,

group to its value

group. The behavior

Of u%, U.-o and>-o u3p’ in the neighborhood of a group of edges are illustrated

sohematioally in the aooanpanying figure.

I

/
&314c

u> /
/

/
/ ---- /U3 z P

/
/

/
—.—. — .

------ .- .-.-’ M3ui

I I
I I

As a orude approximation,

plaoe a whole group of edges.

one oan simply use a single absorption edge to re-

Whenever this is legitimate, the positinn of the

edge is not oritioal, and we may plaoe it at the ionization energy of the ion

with average oooupation, that is at the ionization energies ~~~ of (4.37). The

reason the position of the edge is not oritioal is that there are always a great

number of lines near the edges. Their high absorption coefficient hides any small
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alteration in edge absorption. Jaoobsohn has worked out a reflm’nmnt of thls

treatment plaoing the effeotive edge of a group ao as to make the average of xc

oorreot throughoti the group but it is rarely neoess~ to use this treawti.

7. Simplified Praotioal Treatnvmt of Lines.—— .—

We have thus far disoussed two detailed mthods of treating lines~ w

straightforwardapproaoh is exaot but impossibly oamplioated exoept for a s=ll

frequenoy region. The statistical approach bringe the problem within the limits

of husmn computation and should be nearly as aoourate as the exaot treatment.

However, even the statistical approaoh involves as muoh as 6 oomputer-monthswork

to get a single value of the opaoity. When flexible rapid eleotronio oomputing

maohines beoom available, the statistical method will oome into its own as a

good smthod of treating the lines. Until suoh time, we shall have to oontent

ourselveswith rougher approxhtione. It is these rougher treatments whiohwe

investigate here.

The olue to the problem is the smearing out approximation. Instead Of wing

the full statistical treatment to giw ~, ww my use the approxi~te formula.

where

(5.95) rk=~ ‘j%jk

jkS 2Ak “

In the most detailed treatmext of this type, we nny consider a olass as oomposed of

all the lines frmn a particular ion &pe arising from the same one eleotronio transi-

tion. We would also incorporate three features whioh will very muoh enhemoe the

accuraoy of our result; namely, 1) Treat strongest lines individually by super-

imposing them upon the background absorption of the oontinmm plus the weak s~ared

out lines; 2) Incorporate an empirical correction factor to reduoe the contribution

I

of’eaoh group of’lines~ sinoe the smearing out treatment overemphasizes line effeots.
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40

This faotor must be determi~d by comparing the genuine statistical treatment

with the smearing out treaiment in several representative oases, 3) Take into

aooount the tail effeot negleoted by smari~g out treatment. Corrections 2 & 3

am of opposite sign and experience may show that it is sufficiently aoourate

to

by

negleot be@.

It my even

considering a

prove possible to do a muoh less detailed smearing out treatment

olass of lines as oomposed of all lines from a single or small

group of one eleotron transitions. This treatment should also inolude an empirioal

faator desigrnd to foroe its results to agree with the detailed statistical treat-

ment. By this -thod the work for oomputhg the line effeot oould be reduoed to

2 oasputer week8.

An entirely different approaoh in modifying the detailed statistical treat-

ment is to use the so-oalled pattern treatment. This treatment is based on the faot

that relative positions of olasees of lines are the seinefor two groups of one

eleotron transitions differing only in the primipl quantum number n of the

fiml state. Moreover, the ratio of strength of eaoh lirm in one group to that

In another is a oonstant for

oan be obtained from that at

all lines. Then the value

another, by the so-oalled

(S.96 ) ~ E (u) : eonste~ E& (u~oonst.).
~nk

k

d?~ Em at one frequenw

pattern transformation
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vI. SlJJ&lARYOF FORMULAE FOR COMPUTING OPACITIES.——— —— —-

In this Chapter all the formulae essential for opaoi~ oaloulations are

oollected in form for computation. Energies are expressed in terms of the Rydberg

energy Rho s 13.61 eleetron volts

-8
for Hydrogen a. ~ .529Ix1O omo

and lengths in terms of the first Bohr radiua

1. Formulae for Oooupation Numbers:——

The volmw V is related to the density~ by

Mz s gram atomio weight

I?.= 60023x1023 : AvogadrotS numbere

The radius of the ion spheres is from (4.43),

where

The number of bound eleotrons ~ is from (4.40)

and the number of frees ~ from (4.42) is

(6.5) +=+? ●

The free energy -kT**of the eleotrons 3,sgiven by (4e41a)

()
2

pd2 IfT 15 *4 kT
XIG-?!z I!EG

-.35355 e
-cc”(~.* @2 &) +

.12996 e~”
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where C%: 1/137.03 is the fine struoture oonstant.

Fran (4.38)we get

Table II gives the semening oonstants &~,jo Then from (4.37)
.

Table III gives the one eleotron eyrgy levels . ~

the average square radius (r/ao)2 . Fimally, the

%Z

(609) $:

(

.4

OC*. + -
e

(z~ )Ao and table IV gives

occupation numbers are (4.36)

found Worn (4.47). The probability of having an ionThe ionic occupations are

with flJ eleotrons in the~ level

These formulae must be modified if

and the appropriate ohan~ is dismwsed in Appendix II.
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Funotious eOf. Appndix I.—. .

The total ener~ of the system E is obtained from (AI 16, 17, 18) and follow-

ing discussion.

where of. AI.15

The zero of energy is taken

infinitely separated and at

when

as the state in which all the nuolei and eleotrous

rest. We should use the upper value 3 in the last

&

and the lower value 3/2 in other oases.

The pressure P is obtained from (AI.20). It is

(6017) ~
h

[

4*

(

15 42 kT

))

3/5 z
‘z z’2&

—ST lt.17678e l-~ ~“ z~kT

-.

are

term

N3/2for,
1

where the oondition (6.13) requires the use of upper

when fulfilled, and the lower values when violated.

value 3/2 in square braoket

3.

the

Continuous Opaoit~Formulaec

The continuous transmission A= is defined by (5.7) as being the value of

mean free path found by neglecting line absorption. We write this in the form

(6.18) [J-1AAO: ‘: ‘u ,
●
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.40
where the weighting function

(6.19) W(U) = _&u7e2u (.”-l)-3

.*- is reoorded in Table VI, and the reduced absorption D is

.

(6.20) D = ‘;c .

● The reciprocal length A is introducedto give the quantities in the integral (6.15)

simple coefficients

24
(6.21) A =—

3gr

e

“*-

.

and make them dimensionless. It haa the value

he2 1 ~ Rhc.4.762 X 1C6 — P——
mc ICTv ~ ~h’z~z

z

where c.g.g. units are used for P and N .
z

The continuous absorption coefficient

and consequently D is the sum of 3 terms, Ds from scattering, Dff from free-free

‘ransition and ‘bf from bound-free transitions

(6.22) D =Da+Dff+Dbf.

The scattering term is

nQu3 ~ =3 n kT .3(6.23)DS=v ——=. @
A l-e‘u 8 Y= — —l-e-u @o

where the scattering Oross section i8

‘ore, of course, a is the fine structure”constant . l/137.@3 and
~

~ the Thompson

cross 8ectionQo=-&- (e2/(mo2) )2 = .6654 x 10-24cm2. The free-free absorption

term follows from (2.30),

/,4
. .

. Ifwe neglect small correction terms in a* , we obtain from (4.41a)

.

e 3/2 n ~la 3 3/2 2n
(6.25a) -a*-#n ‘4”) f

()

3/1
~. o Rhc——

4 n 1
2

=
N v F 1.(?075 ()

LP!l&
m

“zwhere M = ‘z ‘z , and putting this with (6.2) into (6.25) w get

z
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where

The bound free absorption tern (2.23) gives simply,

the Gaunt factors being defined by (2.22). They are discussed further in Appendix

III. Fig. I is a graph of these faotors.

In most cases the funotion D(u) varies rather slowly with frequenoy except

in the neighborhood of an absorption edge, where Dbf is discontinuous. It is the

usual practioe among astrophysicists to break up the integration range into inter-

vals within whioh D(u) may be considered oonstant, and thus

where S(u) is the Str&gren funotion

Au

)(6.30) s(u)= - W(x)dx.
o

Values of this funotion are given in Table W. Formula (6.29) is valuable for

quiokly obtaining approximate results, if we approxisxzteall the absorption edges

associated with a one eleotron ionization by a single edge.

For mom aocurate results, we should use the statistical treatment of absorp-

tion edges disoussed in V-6. In this treatment D(u) of (6.18) is replaoed W

3(u)/P’(u)where from (5.99)

In this result, the kth group of Mk edges lies between u; -~ and < ~L&. Eaoh

edge has a relative jump,from (5.92), (5.86)
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and p-. is a funotion suoh that

(6.34) ~(U)- U3>0 .-—
A

t-

.
“

,.

4. Line Absorption Contribute.opo

The line absorption ooeffiuient 3.sdei’inedby (5.8) as the reduetion in the

continuous mean free path, due to the effeot of the lines. It iS

where

(6.36) r = fly’”;
.

is the ratio of the line absorption eeeffioient to the eontinuous background -

statistioally averaged in regions of absorption edges● For a line of natural and/or

collision breadth dispersion this is e.f. (5.24)

.

. .

.

where

I?iis the number of ions in the initial stnte,,and f~ is the eleotron number for

the transition.
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fihe absorption strength may be 6meared out over the

we get from (5.54)

interval U*-&to

(6.40)

when reeoume is made to the statistical treatment of lines, the following

formulae should be useds

*

(6.41) AA: ~
J

7(U) W(u)duF(u) ~
D(u)

e

(6.42) ~(u): ~ ane
-b#h(u)

f

B

.
z .47 e‘19%+ .37 e.

-036E2
+

●

-wlm3
.12 e + .040 @315E4 .

“.

.

.

*

.

. .

.

obwes ina elms

where ~ is the number of lines in the kth olnss.

For natural breadth ~pe dispersion, if n line may with equal probabili~ fall

anyvhere in the region u; -~i to u: +4i

where

Nif~
(6.46) ani ~ bn

fi~’

F(ani,(u;”u+~f)/~) - F(~,(”i-u- ~i)/ri)
#(6.47) g~i(u) =

2F(ani, ~)

and the funotion F’(a,u) is reoorded in Table V.
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If it is valid to use an exponential distribution of strength within a group

(6.48) y% T+

‘nk ——
,*(u)

2Aks~ ‘

where ~ is the average strength of each line and

A nomograph of the function

is giwn in Fig. III to facilitate oaloulations.

,

.

1

.

.,
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VII Similarity Properties and Limiting Ferns of the Opaei~

1. Similarity transformations for opacity calculations.

Since the ~loulation of even a single opacity coefficient is laborious, it

is desirable to have approximate similarity transformations,which, if glvon values

of the opaaity coefficient for one element at one temperature and density, will

predict values for other elements under related conditions. This oanbe done

approximately

We refer

if line absorption is not tao fmportant a faotor.

to our summary of formulae, Chapter VII, spccializ~d for the case of

● single element.
t

same for two oases

From (6.9) we oan se9 that the occuption numbers willbe the

(subscripts (1) and (2) ) provided that 4* is the same and

~&z3 ._.

m ~T, & T~

TkI major contribution to these energies is just the interaction with the nuclei,.-
.

so that (7.1) is essentially equivalent to

*-
(7.2) 3,’% . qz~ A&C ,

kr, 4-r~~.

Magee(l) has suggested a refinement whioh partially

. of the nuolei by the bouad

(7.3) ~
= (7,-&Jz

.

takes into aocount the screening

that

where 2 is the soreoning of the level with probabilityy of oocuption 1/2. This
..

foroes the oeoupations of the half filled levels to be the sane; the lower energy.

,. lemls will be completely filled anyway, while the higher ones till have so small

.
an oooupation as not to affeot the opacityO

-.

e

ohn Magee:~~y IAW for C@aoity of Light Elements. Unpublished.

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



-x)-

.

.1”

9-

.

We next examine the continuous opaoity of two different elements under

conditions suoh that C/r and ~ are the aatnafor eaoh~ From (6.25) we oan see that

the free-free absorption D+4 will ham the same contribution to ~ ficin eaoh oaee

The same result is also evident for the bound-free transitions, sinoe from (6.28)

# -1 &(7.5) ~&4 - z’ ~ ,#f5

.

@M sum extending over all states with ~./jj? ‘ a/!M% 4 a ) and 13yl’1, the

t

.

.

oooupation numbers are funotions of ~s and Y alone● The scattering contribution

(6.23), however, oannot be written as a universal funotion of # and b’ , and henoe

spoils the similarity transformation. Ii’the= are ●ny bound eleotrons at all,

however, scattming will play only a minor roll, while in the absenoe of bound

eleotrans, the oaloulation of the opaoity ooef’fioientis simple enough so that no

resort need be had to similarity transformations~ W oan aay therefore that Sn

most oases A AC of (6.18) is a funotion of <r and ~ alone.

From (6.25a) we see that if C@ is the same in two oases then we muet have
.

.

. .

ZI/kf,* ‘z/~z La for light elometio exoept hydrogenor ainoe

But if ~ is the same in the two oases

(7.9)
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Using (7.8) and (7.9) we oan find the temperature and densities for whioh
,
.4

different elements will have the same valueJsof fl~c .

.<
(6021) 4- pf /(@Y)4 w get that, under these

t~, d (zzM, ~ AC)” ‘I

The line absorption contribution does not lend itself to a

The most important single faotor in the effect of lines is

f

.

e.,.
.
.

. .

.

#

,.

.“

Moreover since

oonditiona,

two

from

similarity treatment.

the spread of eaoh group.

This spread, being due to eleotrostatio and exohange interaction, is proportional

to ~ ● If we keep Z’/@ ~~ oonstant, then, on the frequenoy soale 4 = A ti/tiT)
●

the spread of the groups will be imversely proportional to ~ . Hence the line

ooutributionwill be more important for light elements than for heavy elements

under conditions of similarity for the continuous opaoity.

Relativity effects are to first order proportional to Z4. This again spoils

the similarity transformation, even when lines are unimportant. It also spoils any

attempt to soale the line contribution separately. This is just another example

of the qualitative difference in opaoity oaloulations between the light and bavy

elements.

2. Limitlug m-letesfor tho opaolty.

At very high temperatures, all the eleotrons will be ionized so that the only

prooesses ootstributingto the opaoity are the free-free transitions and the scatter-

ing. Sinoe scattering Is proportional to the number of eleotrons per unit vokne,

while the free-free transitions are proportional to the squarg of the eleotron

density, the former will be dominant at low densities, the latter at high.

% examine the results to be expeoted under these extreme conditions.

I
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If there are to be no bound eleotrons, the quantity C@ .+~ Z;3 must be

muoh greater than unity for all states~ Putting ijz ~ -2#RkC and using (6.6)

for Zs, this condition gives approximately

This result olearly indioates that increasing temperature favors inoreased ioniza-

tion. But it also prediots that inomasing the density always deoreases the ioniza- ~

tion. This is not altogether true; the reason our
.

neglect of the interaction terms in ~;~ ● These

f high densities.

re suit

give a

ig misleading is our

pressure ionization for

In the low density, high temperature limit, where the only prooess eotstributing

to the opaolty is mattering we get

(7012) Ati . ~; . ~~y ~fi [Jf%U{F”-i)-L~ti

0 * % (/- W:)[/-2& &:a) ●

The denominator is independent of rrequenoy exoept for the oorreotion faotor
.-

(l-~k.$?=).We
..

in (7.12) without

* or

where

-z ‘z-z%r:-’
$f0:

may xwplaoe ~l)y ~ ~+, the value maximizing tb integrand

fear of serious error. Then

{+ 9! r.-,, &:%j j“’,

molooular weight ~=~+” . average atomio number

Thomson oross-ssotion : .6654 x 10-24
2

Om ●

Avogadro~s number 6.023 x 1023
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!& this lLmSt tho .paei& is tidepndent of density and virtually independent

of temperature. Moreowr for the light elements Z& = l/2 so that exoept for

hydrogenous matarial the opaoity is independent of oompositton.

In the high density high twiperature region free-free transitions beoome the

dominant prooeas. Then using (6.18) and (6.25)

(7.15) ~~t = - w(u) d<

J
-—

0
‘& y &#+”g.* “. &

The only frequenoy dependent faotor in the denominator Ss the slowly varying ~ .
..

Ml roplaoe u by ~x% 7 in this faotor. Then

/94.5

we oan use $-W(4)A’ s@’~ giving.

or inserting the value of A/f from (6.21), we have in o.g.s. units

*

● ✎

In ootrtrastto the aoattering, the free-freo opaoity is proportional to the density,

*

varies almost as T -?/2 and is also approximately proportional to Z. It 10

beoause of this limiting form that astrononmrs ham used the temperature dependence

of the opaoity as T-7/2 . But the limitations of this law should be olearly

understood.
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3. Variation of Opacity with Temperature, Eensity and Atomic Number.

The qualitative variation of the opacity with various factora IS evident to

a considerable extent by a oonsideretion of the equations, although t}lequantitative

evaluation requires an immense amount of cornpvtation. Consider first the variotion

of opacity with density. A% the lowest density the only important prooeu6 is

scattering. So long aa this is true the opactiy is independent of den6ity. But

as the density increasea, the K electrons becoma bound with apprecaible probability,

unless the temperature is too high. For temperatures at which the K electrons can

beoOmboundkT<~ )
1 to 1/3 Z2Rho, the ionization limit of the K electrons IS low

enough so that their photoelectric absorption will ocour in a region where there

16 considerable radiation. Their absorption will, therefore, be very important

in reducing the transmission. For low densities the K occupationwill increase

proportionally to the denalty: then AAC aP-l and K@. Superimposed upon this

linear vari~tion of the contlcuoua opacity 18 the effeot of lines. So long as only

K eleotrons are
● -

8imple. Aa the
-.

ir.danalty then

bound, thiB is usually a small effeat, ●ince the line spectrum 18

density further increese8, the K shell becomes full. The increase

can cause no further increase In K occupation. For a short while,

.

#

,/

therefore. tt-eopacity la aKain Indepmdent of the density. But then the L shell

begins to fill. Tnitially tlw occupation of thin shell again varies as P and it

may well be that considerable radiation is in the frequencies whioh they will

absorb photoelectrically. For awhile, therefore, we again have the continuous

opacity Kc aP. Hcwuver, eventually the L ohell will be filled and then & will

be independent of P. In this case, In contrast to the filling of the K shell,

the lines are very often of deoi8ive importance. The line spectrum will be very

simple for ● practically empty L shell, inorease to a maximum complexity as 4 or

5 electrons becoma bound, and then decrease in complexity as the shell fills up

full. The Interplay of the line and continuous proces8 is shown schematically

in the figure.
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1//’-
in K Opmity due to

m2/gJn. continuous prooossea

? t
Es@y

1’
Half Full

L Shell
Full

L Shell L Shell
in p

●

lM ratio ~ will have a broad maximum near the density at whioh the L shell

ia half full. This pattern of behavior is repeated but muoh less distinctly as

the higher shells

more bound state.

mining prooeas is

fill in. Finally. however, increasing density ‘cuts off~ more and

Eventually all the eleotrons are pressure ioniged and the deter-

free-free eeattering. Tho opaoity then inoreases proportional

to the denstty. It is doubtful, however, that the methods outlined in this paper

are adequate to oope in detail with the free-free absorption at suoh high cknsities,

sinoe they are based upon hydrogenio wave funotiona for the eleotrons.

The variation with temperature is muoh more oomplioated than with density,

beoause, not only do the oooupation numbers change, but the frequenoy region in whioh

the maximum radiation is present also changes~ A* usua~ densities a shell will

begin to

@ thus

tanoe in

fill up at a temperature from l/10 to 1/3 times its ionization energy,

the absorption from the latest bound shell is always of decisive impor-

deterrniningthe opacity. The occupations nry aa W-(?fi!?r) , the

i.e. “ “ 7-344P--+7) “ This ~riation is quite a bit more rapid than the

-7/~
T law for free-free prooesseso In addition the line contribution must be super-

posed upon this.
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The variation with atomic numbers is related to that with temperature -

indeed we discussed a similarity transformationwith the parameter ~~fic/&T

Hence roughly KC 4 2Y q~~ -Y *2) . The line effeots are important but

too varied to disouss in brief. As -S mentiomd preciously the lines ohange

their qualitative behavior when relativity offeot● beoome important~ ~nat is for

high ~ > 60a 70. A comprehensive discussion of the high ~ pheUOm9~ is giW3ti

by Jaoobsohn.

-4.

t

.

*

.,
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VIII Opaoity of Iron

To illustrate the principles of the preceding chapters, the calculation of the

o~city of pure iron, Z = 26, at normal density ~ : 7.85 grams /cm3 and a+ a tempera-

ture of kT = 1 kilovolt will now be disoussed in detail.

1. Oouupation Numbers

TMJ data for the calculation are

z = 26
(8.1) ~ : 7.85 grams /cm3

M: 55.~5 grams s molar weight

kT : 73*49
Zo

Using the above data and (6.2) we determine the radius of the ion spheres - a particularly

simple jcb in the case of a pure element~ From (6.2)

But

(G.z)

W!nce

(8.3)

1?o : Avogadrofe number

—
~o

The successive approximation prooedure must now be used tc find the aotxml occupation

nur:ber. The last oycle of the a~proximation is summrized in the accoiripnyingtable.

TabIe A. Column (1) gives the orbital (speoifiedbyl), column (2) the degeneracy CPZ ~

and column (3) the assumed Valhes for the occu~tion. The aum ~WZ=
4 N > s 2“925

tk.efoot of the oolumn gives the number of bound electrons, and henoe

at

2S.@7S.

&~ (Z*)can be determined by the use of (6.7) and interpolation in Table III, the table

of energy levels~ This is recorded in column (4). With a knowledge of azt and

2’:2 -
5

nzz—: 26- 2.9251 s23.075 w oan compute the correction terms in (6.8),
N
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.40
and the final value of ~~ is reoorded in oohunn (5)o Whenever this energy beoomes

-.
“

positive we know that the bound

*
This happens for levels with n;

by the use of (6.9) a final set.

state has been out off● and merged with the free states.

>4. ~; determined by (6.6),has the value 4.5826 so that

of occupation numbers, listed in oolumn (6), is obtained.

The value of’ %/N :2.924 is inolose agreement with %/N :2.925 assumed in column (3)
.

indicating that the suooessivu approximations have satisfactorily oonverged. It will be

noted that only the K shell is substantially ocoupied under these conditions.

The ionio oooupation numbers may now be found. The fraoti.onof ions having eleotrons

in t~fit shell is reoorded in Table B following. More important for our later calculations
●.

is the number of K eleotrons in ions of a given configuration. This number is given in

. Table C.

Table A Ocoupatio~ h%mbers of Iron Z : 26——

~ = 7.85 grams /om3 kT : 1 ‘kilovolt
● ✍

✎

✌✎

✎✎✍

✎

✎

0

;

.

-.

.

4

Iavu1

1

1s

20
2+
2pg

3s.

3d$2

4
—.

2

2
2
4

2
2
4
4
6

32

I
.—

Ooou~tion

I

‘Rz
T I .q(Z*)

—— -
Rhc

1.9541 I 643.3!?

.09229 145.09

.09!326 141.63

.17403 1’10.60

.03113 62.595
●03069 61.564
.06113 61.260
.06063 60.?64

●09082 60.666

“34212-.LQ3”’07

Ionization
energy

- E’zz
-Fiir-

612.22

114’.07
110.64
109.56

31.934
300051
30.547
29.934
29.3Z6

3.’279

Occupation

‘1 z
T

1.!3540

}

.09214

.09813 .8541
,:T3f3

.CI311O

.03065)

Boundfile”trons~=~=2eQ252 Boun~J~lec+ram ~zMtz_ . 2,924
N

.-
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Table B Ionic Occupations of’ Iron 2=26
—— ——

e. 7.!35 grains/cm3 kT=l kilovolt

Shell

K

L

M

N

Fraction of ions with the followln~ number
of electrons in the Shell

o

.000529

.69616

.75864

.70922

1

● 94494

.25794

●qll17

.24509

2 —

.95453

,041808

,027759

,041025

3

.1303873

0022894

.004431

4

.000224

.000133

.000347

5

neg.

neg.

neg.

,.

Table C Ionic Occupation of Iron 2=26
—

~ = 7.95 grams/cm3 kT=l kilovolt

.

●

Number of K electrons per
She 11 atom in ions having the follov f-

ing number of electrons in th
r I

;

.

0 1 2

1 K o I .94494 1.9091 1
-,.

.
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2. Thermodynamio Properties

Using the oooupation numbers found in the preoeding seotion and the formulae of

Appendix I it is a simple matter to oompute the energy and the pressure. The various

terms are giwn in the following table~

Table D Energy and Preauure for Iron

~ =7.85 gm/om3 ld—= 1 kilovolt

Binding
energy of ions

Petential emrgy

Kinetio energy
of free eleotrona

Energy of nuolei

~ (AI.17) - 1381.6
ImiG

Pa. (AI.17)
mo

9 1s.56

2550.1

E nuolei = 3 kT 110.2
NR ho T=

Total Energy E
I?lmo

1263.1

Free eleotrons

Muolet
$ko =&-

Tota1 preuaure
-

+

Kinetio energy term 1695.0
Potential energy term -5.19

73.49

Pv 1764.3

,8897
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For this oaloulation the nuolei were treated as free, beoauae s a Z~e s l~664d3.4

-e

(o.X. Appendix I). We note that the material does not behave lib a perfeot gas of——

(Z+ l)N partiolea, but instead behaves as if only 8X of the partioles mere completely

free. Furthermore this percentage will vary rapidly with temperature and somewhat more

slowly with density. With regard to the etmrgy. we oan see that the potential energy

and nualear energy terms are small oorreotionu; it is not neoessary to further refine our

treatment of them. To the other terms we may attaoh a high degree of reliability.

It is also mrthy of note that the kinstio energy is almost twloo the total ionization

energy of the remaining bound glectrons.

3. The Continuous Opaoity

The oaloulation of the scattering and free-free absorption contributions is a

straightforwardapplication of (6.23) and (6.25). The bound-freo contribution requires

some oare, however. We first make a preliminary oalculationwhioh assumes that all the

ions have the same ionization potentials for a particular one eleotron transition. This

is the average ionization potential -& .woorded in Table A oolumn 5. We notioe that

the subohells 2s, 2p--,2p3/2 haw very nearly the same ionization potential and for

simplicitym take an oooupation maighted average value-~~ : 111.0 Rho. Similarly for

the n : 3 shell, w use-~~ = 30.36 Rho. Table D summarizes the oontinuoua opaoity

results. In oolumn 1 the frequenoy u = &#f~r Vphiahthe reduoed absor@ion ~oeffi~ient
kT

D(u) is to be oaloulated is given. Entries with an asterisk are the ionization frequenofeo,

The contribution of the various absorption prooesaea is given in on’”amns2 to 7 and the

total D(u) in oolumn 8. Column 9 gives the differenoe~S o S(uk~l) 4(uP of the

Stromgren funotions for the interval between the two frequencies. This is a measure of

how important the contribution of the region may be. In the final oolumn is given

AS/D(li), the contribution to the reduoed mean free path AAO of tb region.

For the very lowest frequencies, the only important process is free-free absorption.

It is only above the ionization potential of the L eleotrons that the bound-free absorp-

tion beoome of dominant importance. Even here the free-freo contribution is 16:4while
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the scattering contribution ia ~l@ of D(u). Sinoe it is the region between the K and

L ionization limits whioh,aooording to the last oolumn,contributespractically 10@ to

the mean free path, it is not possible to dismiss scattering and free-free absorption

lightly. Above the K ionization limit, howvero the bound-freo absorption of the K

eleotrons alone is sufficient to blaok out the region, so the other prooesegs need

hardly be considered.

In the Kto L window the Gaunt faotor for the Leleotron absorption varies from

.875 at the L edge to 1.05 at the Kedge. The error made by putting the Gaunt faotor

exaotly equal to unity, that is, by using the old Kramer’s formula is not large.

The neighborhood of the K edge is one in whioh the weighting funotion 7P(u)is particu-

larly large, and in whioh D(u) take a very large jump. The details of the absorption

in this region will therefore have a considerable effeot on the final transmission.

We tbreforo return to our ionfo pioture for an accurate treatment of this rsgion. The

results are summarized in Table E. The first aolumn gives the

number of eleotrons in eaoh of the KS L, t!,and N shells. The

number of K eleotrons per atom of the system, whioh are in the

oolumn gives the contribution

ionization frequenoywhioh is

with frequenoy, we may assume

by the K edges of the various

to the absorption ooeffioient of

ion type, that is the

seoond column gives the

various ions. The fourth

eaoh ion type at the

given by oolumn 3. Sinoe the Gaunt faotor varies slowly

these contributions do not ohange within the region oooupieri

ions. The next oolumn (5) gives the absorption ooeffiaient

and the final oolumn ~S/DG) the contribution of the regionto A Ao, the reduued

mean free ~th. Whereas this region gave a contribution 15.37 in the rough treatment of

Table D, we now get .939, reduoing the total transmission to AAO = 186.31 a change of

7.7%. Suoh a large ohange is only to be expeoted for even the few ions whioh have small

ionization potential still have sufficient strength in their X absorption to wipe out most

of the transmission left by the weak L abaorptions~
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To avoid all the labor of this

treatment of the edges. This gives

detailed oaloulationwe could use a statistical

a transmission in the region.of the edges as .565

instead of the acourate result .S06. The agreement within the region of the edges oanuot

be oonaiderod too good, but this is unimportant for the error in the total transmission

ia only 0.lti2~

b

a.-
.

.

.

●

-.
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4. Contribution of Lines

Frotmour results on the

region is that between the L

continuous o~oity, we see

ionization limit u : 1.510

that the only

or h#= 111.0

important speotral

Rho and the louest

lfing edge of the K ionization limit u-7.987, h#~587.0 Rho. The only lines in this

region will be those inwhioh a 1s eleotron is raised to an exoited state, and we may

restrict our considerationsto this rather simple portion of the speotrum.

a. Position of the Lines

At first we examine the groseI struoture of the line apeotrum by considering only

the spherically eymmetrio part of the eleotrostatio interactions. Iater we shall see

that the splittings of the lines are unimportant. In order to get the pooitiona of the

lines in the oorreot relative positions to the absorption edges, it is easiest to oompute

the lines by the difference in ionization potentials of the eleotron involved in the

transition. Inan ion with Xj eleotrona in the jt~ level, the ionization potential of

●n eleotron in the kt~ level is approximately

(8.4) Ik = ‘&: (Z) - :#k ‘j F“(j,k) - (x@ FO(k,k)

The frequenoy of the line resulting from the one eleotron transition k-syis

(8.5)

+ (~ - ~ -1) FO(l,k) -(x#) FO(k,k)+ ~FO(l,l)
1

The first two terms ●re the frequenoy of the om eleotron li~ in the isolated ion; the

next term is the lowering of the f requenoy oaused by the eleotrostatia ahielding of the
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.0 free eleotrons. This latter term is ● oonstant for ●ll ions with the same nuolear oharge.

The next set of terms in (8.5) give the interactionwith electrons in the same shell as

.- the initial and final shells of the transition el.eotron. The final set givem the eleotro-4

statio screening of the remaining bound eleotrons.. This last contribution is additive
b

for the electrons of ●ny ion undergoing a particular transition. In Table F are recorded
t

the first two aeta of terms of (8.5), that is the frequenoy of a one electron line in the

free eleotron atmosphere.

Table F

.

.

.-

.

Fre uenoy of Lim in
?

Soreening of Frees Frequenuy of Line
Iao ated Ion

Transition h#fiho = ‘&;+&;

Rho
“ (+t)~+f(g+)

‘Xy:otron

18 + 2& 511.25 .048 511.20

18 + 2p3/2 512.81 .048 512.76

1s + 3p* 6~ .39 .317 606.07

1s ~ 3p3/2 606.85 ●317 606.53

1s +4p* 639.63 .941 638.69

1s +4p3/2 639.82 .941. 638.88

If we negleot the mall differences in soreening of ns, np, nd eto. eleotrons w oan

readily express the contributions of the last twu sets of terms to the line frequency.

The following
b

f
the values in

Table G

Table F

gives the energy in units of 2Z Rho which must be aubtraoted from

for eaoh bound eleotron in the ion in addition to the transition

. eleotrong

.-

.-
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Table G Contribution of Additional Bound Eleotron (Units of 22 Rhol

Shell of Additional Bound Eleotron
Transition n=l n=2 ns~ U-4

k
1s +2p .3822 .0578 .0090 .0029

18 +3p .5162 .1416 ●0347 .0086

1s+ 4p .5633 .1758 .0559 .0177

As mentioned above the contributions of the additional bound eleotron8 in the ion are

additive.

With the u8e of Tables F and G, we prepare a li8t, Table H, of the stronger

la-n~ lines and their frequencies. The ls+np3/2 line will be split from their

lsa np~~ counterpart by just the splitting of Table F. m can see that for eaoh transi-

tion the lines form into 2 groupB, one formed from ions with a single K eleatron, the

other from ions with 2K eleotrons. The ~, p3/2 splitting, and also the eleatrostatia

splitting will not change the group to whioh a line belongs, but will simply inorease the

number of lines in eaoh group. The differences within eaoh group are so small that

may men expeot them to be smaller than the wingspread of the lines.

5s no loner neoessary to aonsider all the details of each line. We

oonsider the dispersion of the lines.

b. The Do@er Breadth.

The energy half breadth

for iron at kT : 1000 volts

In that event

therefore stop

ne

it

to

for Doppler broadening is givenby (5.29). The calculation

gives to lines of frequenoy = 7kT (the K eleotron lines) a

half breadth of .0836 Rydberg units, or r = h~ = 1.138 X 10-3.
r

o. The Natural Breadth:

In opaoity calculations, the natural breadth phenomenon differs in two important

respeots from the ordinary ease encountered in optioal speotra. First the radiation density

is so high that absorption and induced emission prooesses as well as spontaneous emission

contribute to the breadth of the levels. Seoadthe atoms are so highly ionized that
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Ion Typn

KL MI?

1000
1001
1010
1100
Remainder

2000
2001
2010
2100
2002

2020
2200
2011
2101
2110

-1o9-

TABIE! H

Spgotrum of K Eleotron LinerJ (Rho units)

K Eleotron in Ion

OoOupd ion

.01683

.00605

.00468

.00624

.01114

.7151

.2471

.1990

.2649

.0414

.02617

.04295

.06878

.09156

.07375
Remainder 2300 .1384

51102O
511.05
510.73
508.19
505.18

491.33
491.17
490.86
488.32
491.02

490.39
485.S1
490.71
488.17
487.86
482.31

1s 3&

606.~
605.62
604.27
598.70

579.23
578.78
577.42
571.87
578033

575.62
564.50
576.98
571.42
570.08
557.14

la 4&

——

638.69
637.77
635.78
629.55

609.40
608.48
806.49
600.26
007.56

603.58
591.12
599.34
597.35
581.97

. .

.

.

f

.

*

.-
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many transitions contribute to the breadth~

m In ge~ral the energy half breadth at half maximum is

.—
the sum of the breadths of the initial and final etates of

..

. breadth of a level~is

22x/2,and thio breadth ia

the transition. The half

where u ●1$ = A

-+#-

and h~. is the energy of the transition ~to j. We note that u;j andLj

f ~j ●re both negative for downward transitions. The sum
?

inuludes all possible transl-

M,on uhioh shift the frequenoy of the line in question by more than its breadth~

.
While (8.6) is very convenient for transitions betmen disorete states, we oan put it

into simpler form for transitions to and from tha oontinuum. For transitions from ● bound>.

to a free stab.
00

(8.7)

3

2f

‘~
1

U2 ~u du. goes over into #

e

e“~.l
U( ~ u-l

where u~j is the ionization potential in units of kT of the LQ level. Introducing
--

,.

--

the rbault of (2.22) into (8.7) we get-

8
24

oontinuum = 1 u:
1

gt(u) du
J 3TiT ~ . u(eu-1)

The maximum value of tb integrand ooo~rs at u s ~~

funotion g~(u) by g;(ut). Then

. integral - E~(-x) tabulated, for

of the bound-free transitions to

: I0100 rons
.

●

and we may replaoe the CIlowlyvarying

the integral may be expressed in terms of the exponential

example, in Jahnka und Erode,pp. 6 ff. The contribution

the breadth is thus
00

24
1 (U@2 ?@uz~~l -E~(-Aul) c

z mrq =

In ●ddition to the bound free transitions, the prooess of free eleotron oapture

s“
.- oontributes to the breadth of a level. In this ease we must multiply the contribution

e from a free to a bound tiate tnnsition by the probability that the free state is oocupied,
&x - Q3f

: e-
= ~-#~+Uk

P and sum over all free states. W6 get exaotly the same
?
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integral as in (8.7) so the resulting contribution of these prooesses is

. .
.

..-.

.

t

.

.

,.

all empty
bound states k
(not leI~j

The contributions (8.8) ●nd (8.9) are generally small com~red to that of the bound-bound

transitions. In Table I are reoorded tk natural breadth contributions of the various

transitions for the oaee of iron Z s 26, kT : 1000 volts and normal density. The natural

breadthe of the stronger K eleotron lines is given in table J. The natural breadth is muoh

s~ller than the Doppler breadth and the oollision breadth (see next seotion) and may

therefore be negleoted.

d. The Collis.sion Breadth:
1

Tkm problem of oollision broadening has been analysed by R. Sternheimer. We quote

his results without proof. Tlw energy half breadth at half nuximum is analogous to the

natural breadth ~& The breadth is the sum of the initial and final breadths of th

states involved in the transition~ In turn the breadth of a state is the sum of contribu-

tions from all the transitions whieh the ion oan undergo whioh shift the line more than the

breadth . A transition of aneleotron from an initial state to a final state J , both

disorete states, gives the contribution to the energy half breadth on an ionio level

. (8010)

uhero.

r

.

-n
.. (8s11)

*

1. Unpublished Rc$%!
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-a
and, Iiat the plasma energy is given by

-. (8012) *a’ =
. && ’mRhoi

. while IRni ~ ~,~j!~l2 i# reoorded in Tables by Bethe2. m must~.

.

states j available for the transition and all initial state 1
t

tk ion. We then get for the partial energy half breadth of the

transitions

sum (8.10) over all final

oooupied by eleotrons in

level due to disorete

2

Transitions to and from the
.

froe etates should also be inoluded as contributing to

4the breadth. For the former we may use the results of Bethe3 quoted by Mott and Mossey.

I% gives the cross-eeotionfor ionization whioh leads to a oollision breadth contribution
.,

e of

● “

(8.14)

x,-
[ ‘rfo 1‘%Yw&J +x(-$”) ;

erfox=l-erfx~2

!

@z dy,

(8,15)
~

.
~(x): A

‘Y+kv in y dy,
I~x

and on
%

3.s given in the following table.
.

‘able ‘f ‘n~.

●

.-
. .

x

State

‘n~ 0,28

*

2. Ihndbuoh der Physio; Seoond Edition, Vol. 24s 1~ P* 442

5. Annalen dot Physio, Q (1930) pp. S25 H..
40 Theory of Atomio Collisions, Oxford 19SS, p. 182.
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Table 1: Contri~
orElea

Eleotron!Tranait~onINaturalBreadth\CollisionBreadt

I
1s 10 - 2p

1s - 3p
1s - 4p

Total 1S - np

10 - free
GrandTots1

2s 2s - 2p
20 - 3p
2s - 4p

‘Total2e - np
2s - free

Grand Total

2p 2p - le
2p -2s
2p- Sa
2p - m
2p -40
2p - 4d

Total 2p - n

2p- free
GrandTutal

Se 3s - 2p
30 - 3p
Sa - 4p

Total ss - np
Ss - free

GrandTotal

Sp Sp - 10
Sp - 2s
Sp - 3s
sp-3d
3p - 4s
SP - 4d

Total Sp - u

Sp - free
GrandTotal

21*O1
1.5624
.4074

22.96

2.960
25.94

0
268.0
69.62

367.6
204.’?
562.S

6940.0
e
6.999

460.3
2.066
82.52

7494.

207.2
7701.2

96.87
0

160.5

277.4

126.1
402.6

1651.
344.4
e
o
ls.02

2s0.2

24S8.

123.S
2561.

1.280
.05s95
.0116S

1.427

0
1.427

.1362

.002519

.CQ023S

●1410
6E46●o
8646.1

.01106

.45903
79.00

4049.0
6.9

2’?0.3

50310.
9555.
59865.

1004●

731600.
21140.

753700.
263200.
1016900.

47.20
S1l.9

242900.
S30200.
1s80.

26500.

601s00.

216770.
618070.

ona to Ener6Y filf Breadth
nlo Transition-

Eleotron Transition NaturalBreadth CollisionBreadth
~06 ~y ~06 ~ ~

mo TO

Sd Sd - 2p
3d - Sp
3d - 4p
Sd - 4f

Total Sd - n

3d - free
I?randT~al

4s 4s - 2p
40 - Sp
40 - 4p

Total 4a - np

48 - free
Grand Total

4p 4p - 1s
4p - 2s
4p - Sll
4p - Sd
4p - 4e
4p - 4d

Total 4p - n
4p - free

Grand Total

4d 4d - 2p
4d - Sp
4d - 4p
4d-4f

Total 4d - n
4p - free

GrandTotal

4f 4f-3d
4f-4d

Total 4f - nd

4f - free
GrandTotal

Free Free - 1
Free - 2e
Free - 2p
Free - S
Free -4

Total Free - Bound

990.7
0
4.084

S77.7

1S72.

121.97
1494.

X64.
10600
0

2124.

22.63
214’7.

1466.
1104.
1067.
1063.

0
0

471.2.
22.63

4735.

1168.
1069.

0
0

2257.
22.83

2280.

1128.
0

1128.

22.03
1161.

251.0
19.76
56.87
54.18
7.889

569.7

663.1
1615000

467.
43110.

266000.

106400.
S64400.

.0059S8
707.7

19106000

Z911300.
659300.
2770600.

1:::6

1171.
1s3.7

6S5600.
1018CX3O.
1655100.
744700.
2399603.

0
1345.

610600.
5s4300.

1146000.
5156(X).
1661600.

6292o
0

6292.

220180.
234420.
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The integral (8.15) has been evaluated through the good offices of W. 3engt Carlson,

whose results are oontained in Table IX.

Transitions involving the aapture of an eleotron will be relatively unimportant,

and transitions from one free state to another will not appreciably alter the frequenoy

of the absorption line and henoe must not be considered as contributing to the oollision

tidth.

In Table 1, the contributions of the various transitions to the oollision breadth

5.sgiven. The largest contributions oome from those transitions requiring very little

energy change. The contribution of ionizing transitions also is appreciable exoept for

the most tightly bound eleotrons.

are reoorded in Table J along with

e. Stark Broadeni~

Values of the breadths for the strong K lines of iron

the natural breadths.

To adequately disouss the Stark Effeot broadening of the lines we shall have to

refine slightly the treatment given in IV 6 to inolude effects of shielding by the freo

eleetrons. As before (of. 4.59) the number of ions with effeotiw oharge Z’ at a

distianoer~ from a particular ion with effeotive oharge Z“ is

-E(r12)/M~4mrf2 ‘r12(8.15) l?z’(r12)drs Nz’ e
+

The mutual potential energy &(r12J is not given, howetver$ by the simple form (4.58)S

but instead by m

The eleotive field due to the invading ion is

(8.17) _

&

{

2
#Q_ ao ’12 ao

s
—-—

~2 *2 ao ( )/7%
o 12 z

direoted radially. This field is not uniform as is the ease in the laboratory Stark effk+d+
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Ibuever we may expand the field in spherical harmonios. Kdeping only the leading term,

- get tk usual uniform field ease. The terms w rsgleot in the dcwelo~nt are of

the saw order as effects not oonaidered at a11 in this orude treatment, for example

the resultant field due to all nei@boring ions and free eleotrons acting ●s an assem-

blage of dipoles, and indeed these negleoted terms are of about the order of the term

considered.
A

The eleotrio field & will split and shift the levels of the ion affeoted, oausing

a displaoetnentof the absorption line of magnitudo.

(8.18)
A = (Ch+~’) l~l+(C’n+C’n’)J~\2+ . . .

where the first term gives the limar Stark effeot shift, the seoond term the quadratio,

eto. The quantity Cn ~[ is the ohange in energy of the state n oaused by the linear

Stark effeot of the field lt~j for example, in a one eleotron ion

(8.19)

For the higher lewls of an ion where the Stark effeet is most important, the li~ar Stark

effeot may be present. In thiu ease the

4S andA+d4vin a particular line oan be

number of ions uhioh suffer a shift between

approximated by

where

(8.21) cnu~ s (Cn+ Cn’) Z’
+●e

This asymptotic develo~nt is valid for large ~ , the region in whioh w ●e partiou-

e larly interesteal.

Rb cannot use this expression direcdzlyto &fine ● half intensity half breadth, for

it diverges for no shift& z O. However, we oan oom~re the number of ions having a shift~z
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0 with the number having a shift -Aprovided both shifts are fairly large. Thi~ gives, with

negleot of the ofirreationterms

.
Now a great numLer

9
these will oause a

of ions wl11 be at a dlstanoe azu. To the came ●pproximation as (8.22)

shift

(8.23) 4: (Cn+cn’ ) ~e : Cnn’ a. 2

az,l ()q

w oan define somewhat arbitrarily half breadth d., by requiring that the ratio (8.22)

be ~when Al is given by (8.2S). l%ia givws

For the oaee of iron ●t M = l(%l(holta,~: 7.8S $JU1/OMs.This gi~a A2/C‘ : .162 ornnl

49byuwane of (8.21) and (8.19)

,“ (8.26) ~2 ● .486 (nk+n’k’) Rho
.

whioh corresponds *O a field of intena%ty

~ till get the awimum @Aft and split from the unperturbed line when 1 : (n-l).

kt : (n-l). For K ●leotron llnes this gives a half breadth in Rydberg units as follows

Final state .Aa#hho
n:2 .972

.
n:S 2.92

.
n:4 6.8S

a

. To teat whether our approximation of the linear Stark shift is oorreot, we examine the

,“ apllttings of
.-

from the zero

the upper etates of our ions. For example, we have the following deviations

order energy.
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Table J

Euergy Half Breadths of Strong KEleotron Lines (Rho Units)

Transition Doppler Natural 2 x co:m~*O~ Stark Breadth
Breadth Breadth

1s+ 2p
I

●084

(lo)% .084
(1s)2 (2s)-?(ls)(2a)(2p) .084
(1s)2 (2pb(kl)(2p)2 .084

(1s)241s) (3p)

I

.084
(lo)% .084

.00833 I .0599 I ●5

.00466 II .0599 ●5

.0576 ●1710 ●s

.00937 .1796 ●5

●0021 I .818 I 2.9

.0044 2.40 5.8

Contribution of Additional Eleotrons
to Collision Breadth

[

4

shell of 2 %contr~bl,lt~~n

Additional Eleotron to Half B~*eadthRho

I 2 ●0941
3 10176

4 2.49
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Energies in $hc Units

State

U82 nI~S nE4

(1s) (us) 18 ●2S18 .105s .060

(1s) (Us] S8 .1879 ●0937 .0552

(10) (rip) ~ .2599 .1108 .0824

(1s) (rip) $, .2257 .?.068 ●0607

For tM n s 4 state the largest splitting that affeots the oaloulation ia .286 Rho and.

for n : S it is .681 Rho so m ●re quite safe in using a liwar Stark effeot for these

●

lines. For n :2, however, the split is 1.97 Rho oompared to a linear Stark effeot shift

of ●972 Rho, so we must use the formula for the quadratio Stark effeot. ‘fhiawill give

.
a resuliiof approxtmatelyO.SRho.

f. Treatment and effeot of the Lines.
.

‘r- A glanoe at Tables DandIl ohowe tkt only those lines with energies below 590Rho

oan affeot the transmission ●ppreciably. Referring to Table Hwe find that three groups
--

of lines - la +2p with 1 K eleotron, ls+2p and ls4Sp with 2K eleotrons have

●ppreciable strength below this limi~.
.

From the table of line breadths, Table J, ~ see that the linee will be sufficiently

, broad so that different oomponenta of ● line oaused by eleotroatatio and spin intexuotions

. till overlap. Furthermore most of the lines from the different ions will overlap. Beoause

,. of this extensive overlapping the smearing out formula will ●pply. In its most refined
.

form, thic approximation is givenby (5.74) whioh oorreotly treats the contribution of the

liner!outside of their groups. We have, therefora, for the line contribution--

I

“
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-49where

(8.28) ~,Eti& ‘fkqk gk(u).
.-

2Ak S
-.

Here # in the eleotron in ion oooupation number, Table C, fk the one eleotron f number,
i

qk the probability that the final EtatO of the fXGnSitiOn Is UBOOOUph3 and z~k the exte~
.

(i nUnitsof’~y7”T)of the group Of lines. The funotion gk oan be obtained from the nomo-

.

.

.

-r -

D

.

,

.

graphs, Fig. TIIa, andb, with

(8.29) x- ju:-ul ~: *k
●

-7 K

For values of x=y, it is a valid approximation to we

(8.30) g(%y) :~
W*”

The data for the three groups of lines is oolleoted in the followiag table.

Table K$

Group 1 Group z Group 3
*

Group 1s +2p 1s +2p 1s +Sp
M Eleotron 2K eleotrons 2K Eleotrons

< inllho 608.2 486.8 568.2

Nk ●4494 1.9091 1.9091

‘k .4162 .4162 ●07910

qk .9564 .9564 .9847

2dk in Rho 6.02 9.02 22.09
rk in Rho .62 c68 l.~

r

For the breadths of the lines we have used a strength weighted average oollision

plus natural breadth for the ions present. Doppler breadth is small enough to negleot.

The Stark broadening, though larger than the oollision broadening has an exponential dis-

persion shape, and will not be important muoh outside the group limits. Within the group

limits, it is the Stark breadth whioh effectively smears owt the line strength. The

formulae we have used are appropriate for a smeared out group of lines with the oollision

shape dispersion outside the group limits. We may faotor out the slowly varying funotion

W (u) . Then the integration (8e27) is done numerioal~ in the neighborhood of the
m
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oenter of the group. The region far from the group center can be done

analytically. for then

and

(8.31)

-0

~kAk

I
u; -U1

I

The contribution (8.31), we term the long range tail effect.

The final result for the opaoity of iron may now be given.

Table L

A/l. = 186 K. . 6.24 cm2/gm.

AA . 129 K= 20.2 cm2/gmo

AA = 57.6
:0

- 3.24

A . 6.31 x 10-30m.

*

.$

.
.
--
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A~nd5x IS ThermQdytmmio Fropertieo

?hia ●ppendix oontimes tlw utatistioal meohanioal treatment of Chapter IV, 4.

WMmau *IEJ latter smtion merely derived tho oooupation numbers for the system, we

now prooeed to oaloulate, tb thermodynamic i?unotions ●nd tlw prossure. From the

hut m get tlw equation of tiate.

TIM eleo%ronio petiition funotion of the I@em is

(AI.1) Q ‘ $JL= c-~ET

where EJ is given by (4.12) and ~J by (4.14). ~ oan rewrite thio by

of (4.1s) ●s

CarryingouttM eummationto first orderin ti~~, the interaotioua,

vhtue

Ue get

a (AIO15) 4t’fQ= /)td! - ~ c.<Atfd

...

-.

.

●

.

..

.

.-

W introduoe th oame WIUOS for the arbitrary

treatment of oeoupation numbers (4.21). TheEs were

term in the oeou~tion numbers (4.18) vanish,, Such

parameters @ ●s us dtd in the

seleoted to mke tha firut ombr

● ohoioe tlwn -w oeoupation

maiberm Mmxtieal in form to an independent aleotrontreatment and ●greeing with

S* *O firut order terms. Thts ohoiee has no particular adwautage besides eonsist~ney

for the preeemt oaloulation. Tlntn,sicm the HeMols free energy is fl= -J?TJU Q.

From this ●quation we find tb ohemioa~ potential
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●
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*

By

in

differentiationw oan now get the other thermodynamic funotione. It is ●asier

the ease of the energy, howemmr, to return to our general treatwnt. Tb

lk xwoogaize $lntb flret term the quantity Mi = ~ AJ,o ?S 04’w /4),

The eeoond term oontaSw part. ●ll of whioh ooourred in the evaluation of the

partitbn funotiono The reeult Of the ope~tSOW on (AI.8)is

Again introduoiagthe values of fi~Qfrom (4.21) and ~~” from (AI06) this reduoes to

(AI.lo) f. ~t~(~
(
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o lb see tlmt for parpmm of oaloulating the total emqgy of the 6y8tam we em aaaume
,

that eaoh elmotron has the ener&y ~d ●nd that th energy of the ~etem is $uet
-e,-

tlm sum of them ener$ies of the individual eleotrow. Ws should eontrati this
-k
P ●aergy wtth EC of (4022). The latter g3ves the ionisation energy of bhe ~%h

& eleotrcm, and the M of the ionlzat ion cmergieo is ~ the total ●er~ of the

8y8tom.

The entropy may now be frond from (AI04) and (AI.1O) by &he equation

“b -

-.

.

.

..

.

. .

is the ionisation energy (4.22).

W now return to (AS.lO) and intraduoe the same type of approxirntions whioh

led to (4.34)~ First m break up the ●nergy

ido mme of ener~ of ●v-age type ions. lb mow oompu*e & ●

For a bound eleotrou, ~ have the follow&ng contributions.

1) Xinetio emrgy plus full itxteraotionwith the nuoleus = c ~z
>

2) @ imteraotion with ●ll wher bounds :

S) @ interaotlonwith fxwe8 : y2 Z’J2
.?@.. k~’( ●

For ● f~o eleotron, we get

1) Xinetio ecwrgy = q
N% Z&_”

2) Full interaction with nuoleua : -3~q s/4=t

I
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4) 1/2 interaction
.“=
P

Now the number
.

of bound eleotrons attached to the average type Ion of nuoleus

= U-Z’) . Using these relations, we gather all the

terms oomtributing to (AI.lS). It is a good approximation to ooneider the bound
.

.-

--

.

. .

.

.

.-

We can remit. (AI. 14 ) in a nay soon *O prove signifiaant.

(AI.18) E = ‘b + ?,E. + & E.)$
>

Where

(AI.17 ) ~ A(A z’ ‘; (c; (z<)+ ~
L“ 4

is th e~rgy of tb bound eleotrons excluding interactionswith t- frees

,s ~
(AI.17) Pe$. = -G g N4 32

024=,

o 1s a potential energy term~, and
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a (AI.18 ) j’%’ M ($,+) At”(k. f.)$ = ~

.

*-
“w

is the kinetio energy
.

The presews may

of

be

the free electrons aorrected

found from the Eelmholz free

for degeneracy apd relativity.

energy A, sinoe P= - :f)T

This complicated computation oan be avoided to the approximation me are working

here, sinoe all the foroes are due to the coulomb interaotiona. {W have negleoted

exohange energies). Then we may use the virial theoren to find the pressure.

In non relativistictheory this gives

v

(A1019) PV = $$ ~,’, + & Potential Energy ●

In relativistic theory as wll as non-relativistic,the bound eleotrons inolude
●

a

the proper balance of kinetio and potential energy to make the contribution to the

.. pressure zero. The Icinetioof the free electrons, however, does not contribute

the full 2/3 K.l?. to the pressure beoause of’the relativity eorreotion. This is

B-
known to give exaotly f V = #9t+A7- for the non-degenerate case, and we

.. merely keep the additional dggeneraoy aorrec+ion~. so, finally we get

,

.

.

.

Thus far we have not considered the nuclear motion. This oontribution

has been worked out in Chapter IV, seotion 6. 1% get the following addi%iw

contributions to the energy and the pressure in the two limiting oases considered:

.-
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Free Nuclei Harmonic Vibrations

Kinetio Energy t3/2)NU (3/2)NM

‘d Potential ??nergy o (3/2)NlcT
.
.
. Total Znergy L.3/2)NM 3!’IIC!I

(PV) Nuolei L3/2)NkT.

The nuolear mmtribution to the energy and tinepressure is t!osmall

(sinoe M 6< /ti+ ) that WQJneed not bother refining our treatment of

~lffztof (4.54) is lessthem farther. We oan use a rough criterion that when

than 1/3 we oonsider

,
%=t = ‘/3 we shall

the nuolei to exeti

ooneider the nuolei

that A/@z, = ~3 when s = Zje

7zz7.zt

pure hannonh vibrations, while if

as free. Rei’erringto Fig. 2, we see

: 3.4. For mallsr values of 6 we

. should use the free nuolei appraxhnation, while for ‘largervalues of S we should

a
US9 the approximation of harmonio vibrations.

-..

b.

.

.

.

-.
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A~ndix II

.

.

The assumption that the free eleotrons are uniformly distributed was made

thoughout Chapter XV. We oan oorreot thin by the use of the olassioial statistical

approaoh~ Within eaoh ionio polybdron, assume w havu an eleotrostatio potential

4 . Then the density of eleotrons in phase spaoe will be

The density in configuration spaoe ~~+} is found by integrating over tb momentum.

This gives a oharge density ~ = - e flt~) , and the potential @ must

satisfy Poisson’s equation with this density~ Sinoe we have used

,

$
4&-e#, = /+ eT ~ kaep terms in our result only to this

potential whioh replaoes (4.31) is

,

,.
where x is a root of the transcendental equatton

# (AI14) & x - ~~x = 2,

/. . (%.i) ~= “e’ ~+’ATJ●

Exapnding in powers of

.

.

The quantity

and on putting in

(AII.6)

>

-- L
3A r f -t 0,32 -, 057g6ka +...

1 ●

the expansion

order. Ths

95 V’ca a
whioh replaoes

X&
in (4.32) is 3~’~ _ AT

<, Xa
our expansion for z~xzue get

The radii t?=~must be ohosen so that (4.24) is satisfied. However, it is

no longer appropriate to use (4.25), for the eleotron distribution is “notiuniform~
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-a Instead we must be sure that the free energy of the electrons is the same through-

out the system. This ia so if the quantity,
1

.
.

(AII.7) 4=

is indep ndent

kT ~a ~ 3 2’e&
[ /- ,

47 E’QQZ: +/74=$
3A * .493s8 As J >

of ~ . The 4Z,then are ohosen to satisfy (4.24) and (4.25).

In most oases the effeet of non-uniform free eleotron distribution may be

disregarded. The oriterion for this ia

* Referring to Chapter IV, seotion 6, we find that the

be considered aa performing harmoniu vibrations in a

oriterion for the nuclei to

V’e
lattioe is 5 = ‘-

Vm;t
>3. q ●

, CombiMhg this with (AZ, 8) we find the oondition for uniformity in the distribu-

@
tion of free eleotrons, simultaneouslywith a lattioe struoture for the nuolei is

-.

. I

I
-. )

I
. . I

AII.9) &_ ~ z~~ ~,

a’ kT4z* “

TM.11oan never be true for the very light nuolei, but is fulfilled by the

heatiest nuolei. This is another reason for the qualitative difference between
.1

s! *he opaoity of high % and low ~ elements.

I

I
.1

-i

I.,
I
I

“1
. I
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●

,

Appendix 111: Formulae and Tables of Gaunt Factors

This Appendix slumuarizesthe formulae and numerical results .or the bound-

free Cdunt faotors applicable to a non-relativistic electron in a Coulomb field.

Only the leadin~ dipole contribution is considered, so that these Gaunt faotors

are the appropriate analo~ue of the

of tileres~~ltsand computations are

The Gaunt factor is defined by
A

●

The ionization

(AII102) In s
k

.

-.

. .

●

electron numbers recorded in Table I. 1[0st

the worlcof Dr. Boris Jacobsohn.

(2.22).

d:; .

potential In fs, however,

Z2 Rhc.-7
We oan also expre~s the energy of the free eleotron after ionization by a quantum

number k, define~ so that

(AIII.3)~ f s ._.z2Rhc ~
~2

We then have for the frequenoy

(AIII.4) h~: In +tfs

whence

.
so that the Gaunt factor reduoes to

.

..

●

The f numbers for bound-bound transitions have been oomputed by maw prefious

workers. Since it is possible to find the bound-free df rather simply from the
T

appropriate bound-bound f number, we have included a list of formulae, Table 1, for

the la*ter@ The procedure to be used in going frOm f t ,~nX to~ n’~~~kl is to
n~

dk

sul>stitute ikfor n in fn,l,+nland multiply the result by i/(1-e-2~k). TO
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.

illustrate in the simplest ease, if

thenwe get

or

dfls+m? ~
(AIII.8) P -4 “&’l)’ -%%%%) “

Substitution in AIII.6 gives the appropriate bound-free Munt faotor. ~0 resultiW

formulae for this and other oases are summmized in Table VII. Numerical values

are reoorded in Table VIII. For n = 1, 2, 3, 4, these values were calculated fron
1

the formulae of Table VII. For n ~~it is possible to obtain the asymptotic ex-

pression presented in Table VII for the Gaunt factor, and the values are based upon

this expression exaopt for that at k z 1 which was calculated acaotly. The

asymptotic formula is good to .O@ at k = 1, and is even better for larger k.

Values of the Gaunt faotor for n s 5, 6, 7, 8, 9, 10 wero found by graphical inter-

polation. In most instanoes a plot of ~~k vs. l/n2 for fixed k gave a smooth

ourve whioh did not deviate markedly fron a straight line,
,

polation. Pig. I presents graphically the values for the

. a complete shells

.

:

permitting accurate inter-

Gaunt factor averaged over

, 1 Menzel & pekeris op. cit.

.

-.
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Table I

-.

.

Transition

28 +np

.

a-.
3s+ np

2p+n6

Zp+nd

--
3p+ns

, 3p+ nd

3d+nf

Formulae for Dipole Oscillator Strengths

For Coulomb Field (Non-Relativi6tio)

Eleotron Number

f: 28 ~5
kA2n

T TZT)4 (n+l)2n

f:
2n

()

n-2

8 z

f: 28 34 ns (n2-1) (7B2 - 27)2

~g~

f:
21133 ‘7 *(*J”

(n-3)2n
( n+3)~*

.2!3

f; 212 34

52

f- 213 37
-—

52

ng (n2-1)

(7

n-3

(n2-9)7 %W-

ng(n2-4)(n2-1)

(nz-g)e — ()
n

n-3

n’t3

.

. .
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TABI.EIv

b

.

a-
●

‘.

.

.

.

,

,

. .

. -t .

Averaged cnmr all Angular Momenta
—2 22

()

~ l%inoi~l

()

‘2 ~2
orbital

~
a. Quantum Number n ao

la S.0000 1 3.00

28 42.000 2 86.00

2p 30@O0 8 171.00

so 2m@0 4 528.00

Sp 180.00 5 1275.0

Sd 126.00 6 2628.0

.
7 4851.0

8 8255.9

9 Z32030

10 20100.
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TRE WEIGHTIlW3FUNCTION

?

,

.

1

,

.

.-

w(u) : ~ ~7 ~2u (e%l)-s
4#

AND THE STROM31E19FUNCTION

s(u) =
1
u W(x)dx
o

u I w(u) I s(u) II u

0.0 0 0 8.6
.1 4.0390X104 8.016x10+ S.6
.2 6.?737x10-5 2.669X1O-5 3.7
.s 3.5814xl@ 2.103X1O-5 3.8
.4 101801x10a 9.18Sx10m5 s●9

●s 2.9948x1+ 2.902x104 4.0
,6 6.4396x10a 7.464x104 4.1
.7 .012339 1.66OIX1O-3 4.2
.8 .021726 S.35ZXMP 4.3
.9 ●S5822 6.17OX1O-3 4’.4

1.0 .05607? 1.07M0-2 4.6
101 ●08410s 1.765XI0-2 4.6
1.2 .12175 2.787x10+ 4!.7
1.3 ●17101 4.214x10-2 4.8
1.4 ,23401 6.267x10-2 4.9

105 .31303 80981.x10-2 5eo
1.6 .41042 .1258 5.1
1.7 .52869 .1724 5.2
1.8 .67064 92313 5.3
1.9 .89681 .3066 El,4

2.0 1.0316 .3994 sJ
2.1 1.2564 .6129 5.6
2.2 1.5134 .6502 5●7
2.3 1.7970 ●8144 5.8
2.4 2.1307 1.008 5.9

2.5 2.4940 1.238 6.0
2.6 2.8948 1.505 6.1
2.7 S.3344 1.815 6.2
2.8 3.8128 2.173 6.3
2.9 4.3302 2.S82 6.4

3.0 4.8857

II
3.048 6.5

3.1 5.4791 3.568 6.6
3.2 6.1087 4.1483 6.7
3.3 6.7735 4.7923 G●8
3.4 7.4715 5.5041 6.9

w(u)

8.2005
8.9572
9.7409

10&46
u.3n

12.211
13.064
13.926
14.793
15.660

16,62S
17.384
18.232
19.067
19.884

20.681
21.4S3
22.199
22.915
23.599

24,249
24.881
25.436
25.970
26.453

26.915
27.319
27.682
28.000
28.273

28.502
26.686
28.826
28.923
28,97?

s(u)

6.2881
7.1469
800818
9008s7
10.19=

11,3676
12.6308
13.9808
M*4174
16.8408

18.5798
20.2476
22.0290
23.8940
25.S403

27.8664
29.9725
32.M1O
34.4014
36.7226

39.1128
41.5698
44.0s9s
46,66S6
49.291?

51.9633
54.67SS
674249
60.2062
63.021S

65.86S7
68.7226
7195975
74.486S
7708810
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TABIXVI (Continued)
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a
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4

.

r

. .

7.0
7.1
7.2
7.3
7.4

7.5
706
7.7
7,8
749

8●O
8*1
8●2
8,3
8●4

8.5
8●6
8e7
8.8
8.9

9.0
901
9.2
9.3
9.4

9.5
9e6
9.7
9e8
9.9
.0.0

w(u)

28.991
28●961
28.895
28.789
28,646

28.470
28.258
280016
27.?42
27e439

270110
26.757
26.379
25.981
25.562

25J26
24,673
24s208
23e726
23.234

22,7S2
22.222
21,706
21.183
20.658

20.127
19.596
19,066
18.535
18@07
17e480

s(u)

80.2800
83.1773
86e0698
88.9546
91,8283

9406856
97e5219
M0,3346
103.1223
10508825

10806119
111.3053
113.9608
11605797
119J587

12106939
124.1825
126.6251
129c0210
131.3691

13306682
135.9163
138al127
14002671
142a3489

144e3881
146a3742
148e3086
1S0.1856
152.0119
153e7856

u

—-

10.2
10.4
1006
10.8

11.0
11.5
12.0
12.5
13.0

13.5
14.0
15.0
16a0
18.0

20.0
22.0
24e0
26,0
30.0

&

w(u)

17.027
16J63
15.053
130815

12.530
10.787
8.4757
7.0717
5.4602

4.4377
3.3745
2.0121
1J629

●35896

.10157
●26787
.00666S9
.0016798
●000071419

o

s(u)

1s7.1759
160eS624
163.S490
166e1404

168.7424
174e4525
179.1595
182,9749
186@382

188*4766
19003846
39S.0267
18405800
196.9683

196eS685
198e4813
I96oS1O3
196.5174
X96.5194

196.5194
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Table VII Formulae for Bound Free Gaunt Factors

Define Fn(k) : exp(-4ktan-~‘/k)

1 - exp(-2mk)

%p+ko

%p+d

%p+k 8

(1++)2
w’

277rG 1
32 (1+4/#2

F2(k)

F2(k)

2121tK (1 + l&) F2(k)
#! (1+ 4/k2)3

27T& ~3S+$)

— (M/.#~32

%L25qy~(15+ & @)
F_(k)

%4+kp :
23 34 ~m (1+*)(7+*)

F=(k)

%p+k

%d+k

3L%+9/# )4
u

F3(k)

(1 +v’# )4

27 34@’lr (1+%!? )JJl=%) F3(k)

s (1+9/#)~
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TableVIII Valuesfor Bound Free Gaunt Faetorg

1/k2

o
.001
.01
.05
.1

.2

.5000
1.000
2.0
5.0

k

@

31.623
10
4.4721
3.1623

2.2361
1.414
1000O
●70711
.44721

.79730

.79770

.79989

.81001

.82167

.84331

.89240

.84236

.98447

.98592
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TABLEIX
~

x( )The function x m

x x(x)

o -1.9636
.01 -1.2202
.05 - ●7183
●1 - .4627
●2 - .2149

.3 - .0907

.4 - .0190
●5 + .0241
.6 .0507
.8 .0754

1.0 .0807
1.1 .0799
1.2 .0776
1.3 .0744
1.4 .0707

1.5 .0666
1.6 .0624
1.7 .0582
1.8 .0541
1.9 .0501

2.0 .0462
2.1 .0426
2.2 .0392
2.3 .0359
2.4 .0329

x %(x)——
2.5 .0302
2.6 .0276
2.7 .0252
2.8 .0230
2.9 .0210

3.0 .0191
3.2 .0158
3.4 .0131
3.6 .0108
3.8 .0089

4.0 .0073
4.2 .0060
4.4 .0049
4.6 .0040
4.8 ●0033

5.0 .0027
5.5 .0016
6.0 .0009
6.5 .0005
7.0 .0002

7.5 .0001
8.0
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FIG mb

NOMOGRAPH OF

{ }
9(X,Y) = -$ ton-’(x+y) - tOti’(X-y)
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