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ABSTRACT

The eguation of sitate of hydrogen gas has been extended above the ex».
parinental renge (3000 atmospheres) to the megabar region. For demsities 0.10 to
.80, the compressed liquid of lennard~Jones and Devonshire has been used; for
domsities 0.30 to 0.50, the Einstein solid has been usod. At the highest den-
sities, the ¥ moleculeec iosze their rotational degree of freedom.

Aceording to the calculations, Hy zes compressed from 1 atmosphere at
vaop bomperature to a density of 0.50 gm/bo dovelops a pressure of about £,5CC,000
atmorpheres; conpressed {rom 1,000 atmospheres to a density of 0.50, it develogps
£ pressure of 870,000 atmospheres. This density is balow that of the metallio
hyirogen of Wignor end Huntington (0.59) which Bowors predicks would require &
prossure of scven megabars.

“he thooretical presaures may be as much as a factor 3 too large. Tho
uneertainties arise due to the difficulty in obtaining the intermolscular inter-
achicons. At the highest densities the transition of the molecules from tho normal

rotabing veriety to non-roteting molecules adids %o the uncertainty.
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uE RCUATION OF STATE OF HYDROGEN FROM ONE 10 A MILLION ATHOSP?ERES PRESSURE

Tt ety aTaen

The experimental data for the eguation of state of hvdropen only exists
for ﬁreasures up to 3000 atmospheres and temperatures up to 200° C. We have mado
wast we oonsider the most satisfactory extrapolstion of the equation of state to
“he erireme cénditions of intereat. The process iz as follows: first, we detar~
ming the intormolecular forces. Theon we compute the potential wells in which the
moiomiles move. From the potential wells it is a simple matter to caloulate the
partition function and hence the thermodynamic oquation of state. Thore are threo
aasenhinl difficulities in carrying out this process. 1) At the oxtraordinarily
nigh pressures in which we are interested, ths energy of interaction of hydrogen
molecwles is so large that it cannot be dsteranined aceurstely from a combination
o $irst und second order guantum mechanical perturbations. 2) The gnergy of
inbersotion is a function of the angular orientntion of the molecules and this
lepds 1o hindered rotation at high densities. 3) Then there is an uncertainty of
w0 entropy units (communal entropy) depending on whether we endow our high dea~
city system with the rigidity of a solid or the flexibility of a liquid.

A% the highest densities, hydrogen is an Einstein solid. Apparently
“his solid chenges smoothly from & molecular lattice to a metel with increase of
aeusity. We {ind a density of 0.5 gm/cm3 at . pressurs of around one megaber.
fegording to Viigner and Huntingtonl) ths meotallic hydrogen will have a density of
1).5¢ and Bowers estimates that this requires a pressure of sround sevon magabars.
Pha most likely errors in both our calculations and the theory of metals are in

#ha direction of giving the density teo low at a givon pressure.

1) B, Wigner apd H. B. antlnwton, ds, Chem. Phya., 3, 764 (1935).
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Z.  :MTHRMOLECULAR FORCES

io  Intermolecular Forces from Exporimental Second Viriel Coefficients

iapnard~-dJonesc’ has stvdied the varietion of the second virial coeffis=

sisnt with tempsrature end found that it is consistent with the assumption thaet

“he intermolecular potential between two hydrogen molecules is
{r) = GH‘E(tq/f)g - S(rm/“‘6]kcal/hole {1)

fare € = 0465 kcal/mole, r is the distanoce betwean the molecules and
ouo 5.50 = 10-% om is the seperation for which the energy of interaction is a
@ininum. From theoretical considerations, it would seem preferable to express the
onergy of reopulsion as an exponential rather thsn an inverse power. However, this
mas never been done for hydrogen. The inverse ninth power is a somewhat smaller
newer than recuired for most molecules. Hydrogen is unusually compreossible be-
asuse of its asymuebry (which means that hydrogen, in rotating. occupies an ab~
acyrally iarge volumo and part of the comprecsion is attained through a hindering
ei rotation) znd because it doss not contain any inner shells.

xenry Eyrings} has developed a rough method for determining ths onoergy
23 zpveraction of two diatomic molecules as & combiration of first and second
srcar quantum mechanical perturbation schemos. His caloulations for hydrogen were
vapeated using atomic orbitals without screoning constents and a slightly <ifferont
sroportionality constent for the snergy of attraction. The caloulations were nade

Pov thase four configurations:

%) Fowler and Guggenheim, "Statistical Mechanics” (Camb. Press 1939), Chap. VII.

5) Eyring, H., J.4.0.8., 5&, 319)°t1d328. $ &
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(1) oo T, (3) }-f-{

) [« 2 (4) /é:.{

ant¢ the following energies obtained:

TARIE T
N & ga &3 €5
£10 © oms ) (kcal/mole) (kcal/mole) (kcal/mole) (kcal/mole)
2450 3.80 2.11 1.24 1.24
2.75 1.79 0.98 0.55 0.54
700 (.81 Q.42 0.18 0.18
e .33 0.13 0.02 =0.01
:f} 0 5() 0-10 QO 002 "'0»09 “0009

The absolute values of these energies are probably not correct but it is clear
that if the hydrogen molecules always approached each other in the most favorable
manner they could come approximately 0.35 2 ecloser to each other. Thus, for non=
roheting molecules we teke the interaction potential to be given by Bg. (1) with
the exception that the separation for minimum energy is teken to be

=3
T g 3.15 x 10 Vom.

if. EACKRIMENTAL BEQUATION OF STATE DATA AT ROOM TEMPERATURE (300° K)

Beming and Shupe‘“ have measured tho density of hydrogen gas at room
iemperatures up %o a pressure of 1000 atmospheres. In ordaer to obtain the corres-

vonding entropies, it is convenient to express the equation of state of hydrogon

) ewith, D.M., “Bigh Prossure FPidute pmd & 1314 st High Prossure” (Oxford 1940),

e <67 . . .
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in ‘the Beattie-Bridg;m&r: formb) o == =
Pz -”':'2'-{7 + Bo(l - (b/v)] [1 - (c/v‘rs)] - Ao[l - (a/v}] (2)

rere v 1is the molar volume in liters, P is the pressure in atmosphares, T is
the absolute tempersture, and the constents are: R = .08206, Ay, = 1975,
2 = =.00606, By = 02096, b = =.04359, ¢ = 504. From this it follows that the en-

wropy is given by the equation:

¢ =82 +1.9874n(.08206 T) +dn v = (B, ¢ 2¢/73)/%
3 o
= Bg(" (1/8)}: « of Ts:)/vz ~ acBoh/(STSVS)]kca.l,/mole

lisre Sg is the entropy of hydrogen gas at one atmosphere pressure neglecting gas
imperfoction (omitting nuclear spin). The values of Sg have been tabulatedS) up

%o 6OQ0° K. At 300° X, S? = 31.269 and we obtain the values given in Table II.

TABLE XX
T = 300° K
? v
&5Me co/hole koal/hole
K 24:.620 31.269
=5 998.8 24.859
50 506.8 23.468
75 342.9 22.648
100 261.1 22.08%
150 179.3 21.228
200 138.5 20.628
& 97.78 19.783
200 77.36 19.128
500 65.16 18.824
800 57.01 i8.201
500 46.81 17.514
1000 . 40.61 16.960

5) Hougen and Watson, "Tndustria}°ph~m%paloﬁags 2o,

one® (Wiley 1936), p.391.

8) Hirschfelder, HoClure, Curt:.s'wz@ qur.@., ‘Tl dmechomical Props

pollant Gases”, ) -D,R.C. A-116, p 63.

1086 qf EBro~
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1¥i. FOTENTIAL ENERGY WELLS FOR MOTION OF MYDRCGER H4OLECULE
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Tha potential energy of an assembly may be estimated in the following
menner. Wost types of van der Waal's forces ere sdditive and chort ranged. The
energy of interaction of the aasembly with a particular molecule is therefore jush
t. sum of the energy of interaction of this molecule with each of its nearest
naighbors. The energy of interaction with the next layer of mclecules is slreody
negligible for the case of hydrogen. lennard~Jones and Devonshire showed thet the
proporiies of a oompressed gas can be determined by placing all of the molecules
2xcewe one in their meen lattice positions and calculating the energy of this one
wwolsgoule as a function of position. The potential energy wel)l so formed is almost
spherizal in shape and it is convenient to asverage out the angular dependence.

Tha onargy of the assembly per molecule, w(R), as a function of R, the distonce of
+he molecule from its lattice point, ist

i

~~
R
~—

wiR) = 6 ] E/ﬁg < &2 o 2&R0059]sin e6de
0
here tho factor 6 .is made up of the number of nearest neighbors, 12 (for soheri-
anl} nhose packing) and 12 {because the energy of interaction of a pair of mole-
cules mant be charged equally to the two molecules). Also, & is the distance ba-

i nearest noighborse The molar volume for hexmgonal close packing is
v = &% x 1075% x 6.023 x 20%° x (2)“4/2) = 4259 &° co/mole (4)

and wnz density of hydrogen is

Nz ?.oOlS/V = 4.734/8»5 r;:,m/ce 15)
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i¥ wha energy of interaction between two molecules is ziven by Eg. (1), it is easv

0 zghow that

w(R) = w(0) + 24 &y (r#/a)® Ly = 36 ¢ (rv/2)® m, @)
“hare
9. . 1 25R/% ¢+ 3(R/a)* ¢+ (WYTI(R/A)®
5 0 e (R2)) 7
1+ (Rfa)?

- 1 (Ek)"’j”‘l
w(0Q) = 12 e(a)

#ie. 1 shows these potential energy wells for different densities of hydrogen.

wyam the shape of these curves it would appear that the potential energy welils

sonid be represented by the equetion:
wig) - w(0) = 13’_1(}.‘1‘//&)n

tievs n and B, wore constants chosen so as to meke the potential correct when R
har such velues that w(R) - w(0) is either arcund 5 kcal/mole or 10 keal/mele.
won censities below .30 gw/ce, n varies from 9 %o 2 and for higher densitios n
e anorvoximately 2. The value of 2 for n  is very convenient because it corres=
ponas to the basic assumpbion in the Einstein solid. Similar potential cenergy
wells were obtained for the case of hindered rotation. The values obtained are

given in Table III and also the values of the EBinstein 6.
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TARLE 111
' Unhindered Retation Hindered Rotation
Y "] B 8 a B, &
10 | 6.652 | 1034.4 N
.12 5.439 737.8
24 | 4.487 526.3
a6 | 3.743 362.8
.18 | 3.692 540.7
20 | 3.144 398.8
2z | 2.803 410.3
e | 20713 204.9
bce | 2.580 414.8
.28 | 2.406 411.7
i 50 | 2 264 .4 009 || 2 125.2 694
.52 2 313.6 | 1122 2 143.9 7€0
b2z 2 $69.7 1243 2 1 165.2 830
36 | 2 433.6 | 1s72 2 188.8 905
58 | 2 505.0 | 1508 || 2 215.6 985
0 | 2 584.8 1651 || 2 245.8 1070
A2 {2 673.6 | 1e00 || = 278.8 | 1158
25 | 2 772.0 1957 || 2 315.4 | 128
46 | 2 880.% 2122 2 | s55.9 | 1380
i s | oz 999.1 | 2293 2 | 200.4 1451
.50 | 2 1128.4 | 2468 (| 2 1§ 449.1 1558
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i¥. LENNARD-JONES AND DEVONSHIRE EQUATION OF STATE FOR GOMPRESSED GAS

iannard-Jones and Devonshire showed that the properties of a gas can be
exprossed in terms of the potential wells discussed in the precediny paragraph.
“he boiling peints, Boyle point, critiocal peoint, etec. as well as the properties of
liquids can be caloulated accurately on this basis. It is to be expested that this
wothod begomss better as the material bocoumes more compreased.

“ha free volume, J, is given by the integral:

5 = 4ma® jm(r/a)z o~ (WERYG/o /ey = 4me® (me/B)YP(0/) M) (0
0

N

I% is easy to determine the properties of the assembly in terms of the free volume.

“ho enquations ere given in Fowler snd (Quggenheim. Iif we let

D = 2.30259 [1.07710 - (3/5)(1ogy B + 2.70182) = logy, (2 + (3/) n))] (9)

tha properties of the systom are:

I3

$ =8y 1.987[= fon 4 (3/n) n T - fn 82.06 T + (3/n) + D] keal/mole deg. (1

b bu dela) amr [, dD}3x82.067T48nT2()/n) ;
PYS X 7. 2.01e [ t Ad/_\] 2,016 2(1/A) atm. (11>

. o 9 o5, W02B208 T
o2 &t »
L2 Bela) 4+ ~

+ E? kcal/mole (12)

Ve EINSTEIN SOLIDS

D T misrr ety e

when the matter becomes very dense it bscomes rigid and loses the comman=
ol entropy which characterizes the liquid and gassous phases. At densities above
.50 gm/éc we agsume that this communal entropy is lost. The Lennard-Jones snd
Novonsuire comoreossed gas thén hecomes an Einstein solid. At the high temperstures
considerad here, tho difference between the Binstein and Debye treatments is negli-

zible. In this theory &f§ propurtyos iy the assembly are:
[ ] e

e A I &
e 2 o '

[ XXX ]
one

LXTX)
[ XXX )

Apmg[;.lt@q AUBL#C RELEASE UNCLASS'HED



APPROVED FOR PUBLI C RELEASE

B e e s BN SRR V|
.
'Y o:o,”:oo ese e .: .
¢ o)""’oi' o oo o o
KL N TR R
. eoe . ece 000 00

W

87 +0.209 = 11.458 log,T - 13.725 logy, (2 = o~/ T )

. 5y ) (33)
* 5,961(8/T) =% *,/(1 - e‘"‘Q/T) keal/mole deg.

a2 «er
R SO L CO RS P I E Y- Ml k. (12)

2,016 da an |1 ~ o=t

1 o QQ/T
E = E? + 66(a) +.002980 @ {i 2 5 ,] keel/mole (15}
e P e“'

¥i. HINDERED ROTATION

% i3 convenient to idealize the hindering of rotation of the molecules
by suppeaing that there are only two possibilities. If the moleéules rotate they
volate freely and occupy the large amount of space characterized by their inter-
malecular potential. However, the molscules can completely stop rotating in which
case thev lose the entropy of rotation but gein the advantege of a lower poteniiiel
onevgy. it is easy to form the equilibrium constant for the ratic of ﬂ;mber of
nindored molecules, N, to the number of rotating molecules, Hy.» The subscript r

%11l refer to rotating end h to hindered.

N = exp %:(» (B, = B.) = (2/2000)(s, - sh))/n‘r] (16}

*he entropy difference dus to the rotation is

T .
S - ey o B et nats . T
robevion = X AR 5 R0 15675 Q7

This is not the total emtropy difference between the hindered and non=hindered
Zovms since the potentials are different for the two cases.

fto have assumed that the transition from the rotating to the hindered
rolecules oocurs whon Ny = N.. This trahsition occcurs at densities of the order

or 0,45 ewfoc when T = 1000° ¥ end at higher densities for higher temperatures.

: (1) ® ® ¢ Il e . . _L
APPRCUAETT 3R PoBli-C RELEASE RS
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Teing the Einstein solid energies and entropies, the transition points have been
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ertenlated. They are given in Table IV.

TABLE IV

o

i
T Dsranse By Sy En 8h  Bgrans.{ Stranse

2C00 0.320 29.50 16.96 24.30 34.37 26.90 15.66

3000 0.380 48.34 19.04 38.83 15.88 43.59 17.45

<000 0.431 68.85 20.59 54.31 -16.94 61.58 18.77

80.47 19.83

The transition for T = 1000 occurs at a density below 0.30 and is thus

noe in our Rinstein solid.

Byrana. 89 Sgngng, ere respectively (Ep + Eh)/é and (Sp + Sh)/é. They

are the B snd S which have been assigned to the transition points.

VIi. RESULTS OF CALCULATIONS

The calonlsted adiabatics are given in Fig. 2. The curves shown have
baen made up as follows: Einstein solid for densities 0.30 to 0.50; lennard-dones
and Devonshire compressed ges for densities 0.10 to 0.303 and the last low density
woint for each curve is experimental (Table II).

‘The rotation hindering transition lowers the pressuro for the low en-
wropy curves at the higher densitiese. These curves have been drawn rather srbi~
vrarily and the actual pressures probably do not change as abruptly as indicated.
“ha centers of the transitions are given in Table IV; the slope of the curve in
this region is not known et all.
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The sprrors 3n the pressure caloulations are all in the direction to meke
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tha caloculated values too high. The actuel pressures may be as much as a factor 2

lower than those given in Pig. 2 in the megabar region.

The pressure isothermals sre given in Fig. 3. The same data are used,
of acurse, in this plot as in the previous one. Again the trensitions for the
hindoring of rotstion are drawn arbitrarily except for position.

Entraples and energies are given in Figs. 4 and 5.
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