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ABSTRACT

In obtaining shock pressure and compression from experimental measure-
ments of shock and free-surface velocity in metal plates it is usually assumed
that the mass velocity behind the shock (Up) is one-half the free surface
velocity (Ufs):

Up = Ufs /2

This approximation was investigated and detailed calculations were carried out
for aluminum and tuballoy using the LA-385 equations of state. It was found
that for these metals Up is less than Ufs /2 by about 1% for plane-wave shocks
from Composition B. In addition, a simple method has been worked out for
estimating Ufs/Up from the experimental shock and free-surface velocities, pro-
vided the velocities have been determined for a variety of shock strengths. It
has been assumed that the shock produces no permanent deformation of the metal.
A permanent increase in the density of the material of even 1 or 2% would change

the above conclusions completely and result in Up being greater than Ufs /2.
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INTRODUCTION

A program has been undertaken by GMX-4 and GMX-61 to determine shock Hugoniots
of metals in the compression range reached by plane detonations in solid explosives. The
quantities that are measured experimentally are the shock velocity (D) in the metal plate
and the velocity imparted to the free surface of the plate when it is struck by a shock at
normal incidence. Provided the relation between the free-surface velocity (Ufs) and the
particle velocity (Up) behind the shock is known, these measurements enable one to calcu-

late the Hugoniot (shock) curve for the metal from the relations*

p_ _
o = (1.1)

P-p =p°DU (1.2)

p
where P, is the normal density of the metal (at pressure po) and p is the pressure developed

o]

when the metal is shocked to a density p.

For very weak shocks, the relation

Ufs/Up =2 (1.3)

can be shown to hold. This approximation is commonly used also for shocks of moderate
intensity (p up to half a megabar or so); the error thereby encountered is thought to be no
greater than 2 or 3%. However, experimental techniques have recently been improved to the
point where D and Ufs can be measured with errors of less than 1%, so that it is desirable
to know Ufs /Up with greater precision than is givgn by the approximation (1.3). .

Some theoretical calculations of the ratio Ufs /Up have been made by Fuchs and Stark.
However, they were primarily interested in the effects of the free-surface evaporation which
might result from strong shocks. Thus the equation of state which they used was devised
primarily to handle solid-vapor phase changes and is not particularly accurate for dealing with
the moderate-strength shocks of interest to us here. An analytical treatment has also been
given by Mayer3 based on a hypothetical equation of state fitted to experimental data for the
material under normal conditions. Application of his equations is a somewhat tedious process
and he has made numerical calculations only for aluminum. (An error in decimal points was
made on p. 29 of his report and the value Ufs/Up = 2,0046 quoted for p - P, = 0.332 Mb
should read Ufs/Up = 2.046.)

*These merely express the laws of conservation of mass and momentum, respectively, across
the shock front.
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We have made detailed calculations for ihfmiimx;l an'c; 'uxz'iﬁiér.r; based on the equations
of state of LA-385, and have also derived a theoretical expression by means of which a value
for Ufs /Up can be estimated for any substance from the specific heat and coefficient of ex-
pansion of the material under normal conditions and from the curvature of the ( experimental

or theoretical) shock curve.
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THEORY

Consider a medium at rest and at normal density (po), pressure (po = 1 atm), tem-
perature (T0 E 300°K), and entropy (SO), and through which a shock front travels with
velocity D. Behind the shock front the density, pressure, temperature, and entropy have
been raised to values Py Py Tl’ and Sl’ respectively, and the material is moving (in the
same direction as the shock front) with a velocity Up. In addition to the relations (1.1)
and (1.2) the law of conservation of energy applied to changes across the shock front leads
to the Hugoniot equation

H(p,v) = E(p,v) - E(po, vo) + (p + po) (v - vo)/2 = 0, (2.1)
where

v=1/p (2.2)
is the specific volume of the material and E(p,v) is its specific internal energy (given as a
function of p and v by the equation of state). Equation (2.1) thus defines a curve (the
Hugoniot curve) in the (p,v) plane which passes through the point (po,vo); the action of the
shock is to carry the state of the material from the point ( po,vo) to the point (pl,vl) which
also lies on this curve.

When the shock reaches the '"free" surface of the material (at normal incidence), a
shock is transmitted into the adjoining medium (air at atmospheric pressure) and a rarefac-
tion wave is reflected back through the first medium. As this reflected wave (traveling with
velocity Ur) passes a given point, the material expands adiabatically (and we shall assume
also reversibly) along the isentropic curve S = S1 which passes through ( pl,vl) (ef. Fig. 2.1).
The expansion proceeds until the pressure has dropped to the pressure of the air shock. The
air shock may be 100 atm or more, but is negligible compared with Py and so may be taken
as p_ for our purposes. Thus the material ends up at a point (po,vo') on the adiabat S = Sl’
v, being greater than v, since S1 is greater than S0 and since (9S/ov )p > 0 (assuming there
has been no permanent compression of the material).

The free-surface velocity which results is given by4

U, =U + U
is p r
or (2.3)
s . 5
U " *tvu
P P

where from (1.1) and (1.2)

1/2
U, = {(oy - py) (v, - v} (2.4)
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and U is given by the Riemann integral ‘.= ote 3 ete Ses 3o
v ' p
° a2 1 2\ 1/2
UI‘ = (—W)S dv = (——'a—p)s dp (2.5)
1 1
"1 Py

Our problem is to calculate the value of Ur /Up as a function of p, orv If the equation

of state is known (i.e., if the Hugoniot curve and the adiabats through e;ch point (pl,vl)
thereon are known), this calculation is perfectly straightforward. However, the equation of
state of some material of interest may not be known to this degree of completeness, and an
approximate expression for Ur /Up involving less extensive equation of state data would be
useful. In addition, it is instructive to continue a theoretical analysis further to indicate
which properties of the equation of state are of importance. A

Toward these ends, we may introduce a quantity

1/2

oy = {(py - py) (v - vy (2.6)
in terms of which

Ur Up‘ UI‘ ( VOV - VO 1/2 Ur

R R A (2.

Up Up Up v0 - v1 Up

The quantity Ur /Up may thus be considered as the product of two factors: the first factor
depends on the volume difference VO' - v, and is somewhat greater than unity; the second
factor, Ur /Up‘, would be unity if the adiabat S = S1 were a straight line (as may be readily
seen by evaluating (2.5) in this case), but is otherwise less than unity. (It has been pointed
out by Walsh5 that application of the calculus of variations shows the integral (2.5) to have
a maximum value when the path of integration is a straight line.) Thus it may be said that
the value of Ur /Up depends on a volume effect (vo' - Vo) and a curvature effect (that of

S = Sl)’ and that these two effects tend to cancel one another. Actually, the volume effect

is a direct consequence of the curvature as will be seen from the following anza.lysis.6

Differentiating the Hugoniot function (2.1) and using the equilibrium thermodynamic

relation
dE = TdS - pdv (2.8)
we obtain
1
it = Tas + ${(v - v,)ap - (b - p,) v}
= TdS + dA (2.9)
oe o060 900 o 990 L ]
o o [ ] [ ] [ [ ] e o
S8 w39 e . '..
..= ..: ..:. ..: ’:. [ X ]
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where dA is the area of the triangle d;;ingd By thé,véatois: (p,, VO)—-(p,V) and
(p,v)—=(p + dp, v + dv) and is negative or positive according as the vector (po,vo)—a-(p,v)
must be rotated clockwise or counterclockwise to be made parallel to (po, vo)—-(p + dp, v+ dv).
Now if vo' were equal to v for all shock strengths (all values of pl), this would imply
S1 = S0 for all Py and hence the Hugoniot would be identical with the adiabat S = So' But
then along the Hugoniot curve both dH and dS would be zero and hence dA would be zero
also; i.e., the Hugoniot (and the adiabat which is identical to it) would be a straight line
through ( po,vo). Conversely, if the adiabat S = So were a straight line, then along this
line dS = dA = 0 and hence dH = 0 from (2.9); i.e., the Hugoniot would be a straight line
identical with S = So’ there would be no entropy change along the Hugoniot, and vo' would be
equal to Vo

This intimate connection between vo' - and the curvature of the adiabat (which is
always greater than zero in the cases of interest here) may be made quantitative. Consider
Fig. 2.1, in which are shown the Hugoniot curve H, the adiabats S = S0 and S = Sl’ and the
straight lines (po, vo)—-(po,vo'), (po,vo' )—-—(pl,vl)-, and (po,v°)--(p1,v1). The area be-
tween S. and its chord (po, VO')——(pl,vl)--shown shaded in Fig. 2.1--will be denoted by A1

1
(and considered positive). Integrating (2.8) clockwise around the area A1 we obtain
V 1]
o
TdS = A, (2.10)
v1 chord to S1

since the integral of dE around a closed path is zero and since dS = 0 along the adiabat
S = 8, Integrating (2.8) from (po,vo) to (po, vo') along the straight lines (po, v, )-—(pl,vl)
and (pl,vl)_..(po,vo') gives

v v '
1

(o]
E(p,v,') - E(p,,v,)= TdS + TdS
v chord to H v chord to S
o 1 1
P, +P
_( 12 O)(VO' 'Vo) (2.11)

(‘The final term on the right is the area of the triangle (po, vo)—-(pl,vl)—-(po,vo') plus
the area under the straight line (po,vo)—-(po,vo' ). But integrating (2.9) along the Hugoniot

chord gives

1
H(p,,v,) - H(p v)=0=] TdS
1’71 oo
v hord to H (2.12)
I T
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SINCE AA 1S ZE€ro along NS SLrdlgil LINE. (PHUSULGEedevell ) AU |\ @, L&) LULU \ e 2d) WL U~
tain
Pl + Po\ .
E(po,vo')- E(po,vo) = A1 -(———2———) (vo' - Vo) (2.13)
(Equation (2.12) shows, incidentally, that dS cannot be positive along the entire Hugoniot
chord, so that the chord must intersect the adiabat S = Sl’ as shown in Fig. 2.1. Moreover,
since E( P, vo') - E(po,vo) is positive, (2.13) shows that the shaded area between the chord

and S = S, in Fig. 2.1 is greater than the unshaded area between the chord and adiabat.)

1
Letting (3E/av )p be the average value of (9E/dv )p at pressure p_ over the range
o
v to Vo" then by definition
oE
E(po,vo') - E(po,vo) =(—a—v—) (vo' - Vo)’ (2.14)
Py
which with (2.13) and (2.8) gives
v'-v = Ay = Ay (2.15)

o o

OE) Py + Py (88} , P1- P

v 9 ov -9

Py Po
(Since vo' - v is usually small, the mean value (oE/ E)V)p is not greatly different from the
o -

value of the derivative at Vo') This expression shows that for a given value of (9E/av) Po
and a given shock strength Py - Py the volume increase vo' =Y, is directly proportional to
the area Al; this area, in turn, will be shown to be essentially proportional to the (average)

curvature of the adiabat.

It will be convenient for later use to introduce the triangular area

1 1]
AO = 9 (pl = po) (VO = Vl) (2- 16)
of which A1 forms a (usually small) portion, and to write (2.15) in terms of the ratio Al/AO:
' A
(py - p)(v) - v + v, - v1)Ao
v'-v =
o Y 3E
2<av) + Py + P,
Py
Ay
(pl - po) (Vo - Vl) A
= 0o (2.17)
A
2(22) +p +p, - (0, - B) 1
ov 1 o] 1 o’ A
P o]
o
e 000 o000 o Goo [ ]
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[ ]
Thus for the volume factor in (2.7) we 'q&xswrite .E. ces oo

' ' 1/2
U, ‘1 AR vo} (py - p)A/A
— +—-—.
U v, - Yy —

oE
Z(W)p * Py + P, - (pl -po)Al/Ao
o

1/2

i
—
+

(2.18)
Reduction of this expression to more convenient forms will be made later. First, an expres-

sion for Ur/Up' in terms of Al/Ao will be derived.

To calculate Ur/Up" an analytic expression must be assumed for the form of the adiabat |
S = Sl' For small deviations from a straight line, we may use a simple quadratic expression,

i.e., the two-term Taylor expansion

Pe =P =p(v-v") +ip"(v - v')2
S1 o o 2 o

where
op
' - —_
P = (av)s< 0

and p" :(a—zg) > 0,

avs

and the partial derivatives are to be evaluated at (po,vo') or, approximately, at (po, Vo)'

The pressure on the chord (po,vo' )——(pl,vl) may then be written

(2.19)

\] 1 i} 1] 1]
pc-po={p o AR )](v-vo) I
The area between chord and adiabat is
V 1] V 1]
(o] 1 o 2
A1= (pC-psl)dV=Ep [ [(vl-vo')(v-vo')-(v-vo') }dv
vy vy
3
pn(vov - V]_)
=gy — — (2.20)
so that
A p'(v' -v )2 pr(v' -v,)
17 o "L | o _1 (2.21)
A~ 6(py -p,) -6p' + 3 p"(vo' - V)
o0 o000 OO0 e o690 [ ] I
ces o o T s 2
$i0f d12 3 e,
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) [ <o : e :E
«s o o HER )
Fina.uy, e oo o eoe 000 o0
V 1]
0 ap 1/2
S
1
(— 7V > dv
S M
Up' j"o' S0\ 1/2
p
C
- dv
v ( ov >
1
1] 1] 1] 3/2 1] 3/2
) {-p +p" (v, -vl)} -[-p}
- ji (1] 1] 1 \A} 1] 1/2 1]
5 P { - P+ 5P (v -vl)} (v -v)
o A1\3/2 A \3/2
= — 1+ ST - 1 - SA—
9A1 o o
_1_EA12_ s (At (2.22)
B 8\ A 128 \ A :
o o

where the binomial theorem has been used in the final step. For calculational purposes,

(2.42) may be more conveniently written in terms of a new quantity

-2p1/2"p° _ (pl'pl/z) '(pl/z"po)

pl -pO pl"p

x=1 (2.23)

o
where pl/2 is the pressure on the adiabat S = S1 at a volume (v1 + v )/2. (This quantity
is a measure of the curvature of the adiabat, being zero for a straight line since then

Py - Py /2= Py /2" po.) For the quadratic curve under discussion,

1] 1] e 1] 2
x_l_p(vl-vo)+p (Vl'vo) /4

' ' (1] |2
p(Vl'VO)+p(V1'VO) /2

) pn(vl - Vov) /4
p+p (v, -v') /2

A
=%<_AL) (2.24)
(o]
..: ..: 9:. : .:. ...
P Ll d R
o0 o009 O00 oo 0 o000 »o
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Thus in terms of this variable, (2.22) muy hiewiitteme so° *°

U 2 4
r

X X
IEF =1 -"E‘ -8 " (2-25)

A more accurate expression has been calculated by assuming that the pressure-volume
relation along the adiabat can be represented by the following y-law expression:

(o] v -Y

p-Pp =< > (2.26)
_ (o) VO

P, - P

where po is a suitable constant (zero for a perfect gas, generally negative for materials in

a condensed phase). The algebra is quite tedious because of the numerous series expansions

required and will not be repeated here. The results (obtained by following the same procedure

as that outlined above) are

A 3

_1=_2_i+2x 1+_3_).l_+_5__+ ..... (2.27)
A, 3 45 (y + 1)2

H_I‘__I_E_A_lz_ll_'l _[}l‘i 1 - 16y

U, 8\A 640 \A 207

p' o o 13(y + 1)

1_1‘.2_1_"_4_[“__*?&_:__5_)_} . (2.28)

6§ ~ 120 210y + 1)2

The values of the factors in braces are not very sensitive to the value of y assumed, and

the commonly used value ¥y = 3 is sufficiently accurate.* This gives approximately

A 3

1 2 x X

=3tz (2.29)
(o]

U 2 4t

CARERE S (2.30)

*For vy = 1, 2, 3, 4, and o, the values of the coefficient of x4 are about 1/11, 1/13, 1/14,
1/15, and 1/17, respectively. The value of y which best fitted one of the aluminum adiabats
(calculated as described in the following chapter) was 3.0 + 0.2,

o oce see e o0 o
° 0 e o e o o o
P ool 3-1a-% Ce
o0 . e o eee oo
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oo oo 0.00 *%° . :
and, from (2.18), 0% J0e S ese ees o0
x3 1/2

L =41+ ) 1 - 52 _x_4
Y 3 oE 3 %3 6 14

P -pfav *Pf vtz - (X+g)

1 o o

(2.31)

Applications of this expression will be discussed in Chapter 4. For the present, it is
interesting to examine the form of Ur/Up for relatively weak shocks. This may be done by
expanding the square root in (2.31), multiplying the two factors together, and neglecting
powers of x above the second; however, it is simpler to use the expressions (2.15) and

(2.22) which involve A, rather than x. These give

1

VL BT
Up E p1+po 8 AO
ov *
pO

IR

2

It is evident from (2.17) that (vo' - vo)/( v, - V1) tends to zero for weak shocks, so that

then vo' -V £ vy < Yy Using this approximation in (2.20) and (2.21), we obtain

" 2 " 2
i:1+ p" (v, - vy) /24__1_ p(Vo-Vl)
% pE) (P B Hl-zwaenin -y
+ —— (o} 1
ov 2
pO
x 1.2 1 p 2
= 54 \75E - o ')2 (vo v1) (2.32)
(av)p po p

opy _ _(2T)\ . _
and (F-S') = -(av) =-T"' >0
v S

(the second of these following from (2.8) and the reciprocity relation for a perfect differen-

tial), (2.32) may also be written in the more symmetrical form

E.§ .:§ .g.-..n: -.§. ::.
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. o 20 e o E E
Ur " , p .E. 4 ..2‘ See oo
T * T {T-rp'-} (vg - vy) (2.33)

[ It has been pointed out to us by W, W, Wood that to terms correct to the second order in
(vo - Vl)’ the expression

ov

k=]

U 3 2

r_y, L} T (37s\ _ (p)” - v.)?

v - l+p '12( 3> 960 [ (Yo - V1) (2.34)
H

may be derived directly from a Taylor-series expansion for the equation of state p (v,S).
This is equivalent to (2.33) since the relation

3 2 2
of2S) __1(37p) _ _1{3"p
E)v3 2 av2 2 E)v2
H H S
may be readily obtained by successive differentiation of (2.9) at (po,vo). The expression
(2.31), derived by a non-series method, is much more accurate than (2.34) since it in ef-
fect includes various higher-order terms.]

It is evident from (2.32) and (2.33) that for weak shocks the departure from the ap-
proximation Ufs/U = 2 (cf. equation 2.3) is proportional to the square* of the shock strength

(V0 -vy) = (p1 - po)/lp'l . Moreover, (remembering that p' and T' are negative),
>
U /U, 2 2
according as N
2
a8\ _ (2E < 4(p')
T<a® - (avl * Py 3 p"
Py o L
(2.35)
or according as
" > | B
T | <|4p'

J
Which of these alternatives holds depends on the equation of state of the material concerned.

As examples, the following cases may be considered:

*Since Up is of the first order in shock strength, it follows that the difference Ur - Up is

of the third order in (v0 - Vl)' This conclusion is obvious insofar as the volume effect
is concerned, since (vo' - vo) is proportional to the entropy increase across the shock

front, and AS is of the third order in (v0 - Vl)'

P .3 o182 3
..: ..: .:. ..: .:. ...
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eee 000 000 oo
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(a) For a perfect gas, described b&o wes aRT‘S.hd‘tfle expression (2.26), it is easily
seen that p"/p' = - (y + 1)/v and T'/T = - (y - 1) /v, so that U /U 2 2 according as

2 5/3. Thus for a perfect monotonic gas (y = 5/3), U /U equals 2 to terms of the

order (v -V ) ; for all other perfect gases (y < 5/3), U /U is less than 2 (to the same
approximation )

(b) For some substances, such as water, the pressure depends primarily on v and very

little on S;7 i.e., (0v/2 S)p % 0. In the limiting case, (E)S/E)v)p = o so that the volume ef-
fect is nil and U /U < 2.

(Values of Ur and Up have been calculated for shock pressures

up to 80 kilobars in water, with U /U % 0.96 for the stronger shocks. 8)

(c) For the metals considered below (using the LA-385 equation of state ), it seems to
be generally true that Ufs/Up is greater than 2.

—
e
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CALCULATIONS WITH THE LA-385 EQUATION OF STATE

Detailed calculations of Ur/Up were carried out for two metals, aluminum and tuba;loy,
using equations (2.4) and (2.5) and the equation of state given by Keller and Metropolis
(LA-385). The equation of state was slightly modified (see Appendix) and none of the
Hugoniots or adiabats calculated by Keller and Metropolis was actually used in the present
calculations.

A Hugoniot and a series of adiabats were calculated for each metal, Values of %—%

for evaluation of the Riemann integral, equation (2.5), were obtained from the thermo- S

dynamic relation
(38, -8, <6
ov S ov T Cv 9T v

All of the quantities on the right can be evaluated directly from the analytic form of the
equation of state.9 Values of gg S wére determined at five equally spaced points on the
adiabat and the integral was then evaluated by integration of the corresponding Lagrange
polynomial. ‘

Details concerning the use of the analytic form of the equation of state and the minor
modifications that were made will be found in the Appendix.

The results of the calculation are given in Figs. 3.1 to 3.4, and in Tables 3.1 and
3.2. These results are for Hugoniot curves starting at T0 = 300°K, P, = 1 atm, Vo =
normal ‘Volume.\" In Tables 3.1 and 3.2, the first five columns after the independent variable
refer to the shock only. A comparison of the last three columns will give an idea of the
relative magnitude of contributions of the volume and curvature effects to U / Up From the

columns headed g (v ' is the adiabatic volume for which p = P, ) and the column headed

U ]
TJE' U (p1 po)(vo' - V1) the relative contributions of the "volume" and "curvature"
P P

effects can be estimated. Figures 3.1 through 3.3 correspond to Tables 3.1 and 3.2. In
view of interest in the possibility of phase changes, Fig. 3.4 has been included; it shows the

final temperature after expansion as a function of vy

*The values used for e, 1/vo were 2.699 and 19.00 g/cc for aluminum and tuballoy,
respectively.
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Fig. 3.1 Shock Hugoniots for aluminum and tuballoy
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0.99
0.98
0.97
0.96
0.95
0.90
0.85
0.80
0.75
0.70
0.65
0.60
0.55

T

ev

.026356
.026883
.027438
.028028
.028664
.032957
.040608
.054780
.081123
.13033
.22330
.40060
13721

| %
Mb

.007867
.016144
.024850
.034003
.043622
.099514
17101
.26323
.38482
.55141
79241
1.1640

TABLE 3.1

SHOCK HUGONIOT AND VALUES OF% FOR ALUMINUM
p

Up D po AS V_o' . E ) i .

cm/usec cm/usec Mb/ev v U N
o p p

.005399 .539859 .000013 .000000 .000040 .000011
.010937 .54686 .000103 .000006 .000167 .000060
.016619 .55398. .000349 .000022 .000381 .000148
.022448 .56120 .000833 .000054 .000684 .000271
.028427 .56854 .001636 .000107 .001072 .000440
.060721 .60721 .013342 .000892 .004454 .002082
.097488 .64992 .044814 .003167 .010500 .005347
.13966 .69831 .10250 .008029 .019874 .010705
.18880 .75519 .18761 017207 .033841 .018849
24757 .82523 29759 .033818 .054858 .031018
.32056 .91588 .42913 .064085 .087704 .049495
.41534 1.0383 .58008 .122057 .142428 .078704
.54382 1.2085 .74995 .252964 .249856 .130284

1.7738
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.65

T

ev

.028980
.035213
.091087
.38564
.76009

| %
Mb

.057211

.13663

.43835
1.2492
2.0980

TABLE 3.2

U
SHOCK HUGONIOT AND VALUES OF Ur FOR TUBALLOY
p
- A A ]

Y D P Yo o Y o U

cm/usec cm/usec Mb/ev v U U
0 p p

.012270 .24540 .0025199 .000136 .001354 .000473
.026816 .26816 .023301 .001310 006527 .002402
.067928 .33964 .19813 .016455 .040323 .016921
.14044 46814 .51533 .091877 .142916 066167
.19659 .56169 .69118 .187486 .239223 111067
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Modification of the Equation of State ‘Cobificienis, tg,{ufgfove Agreement with Experiment

The Hugoniot curve for 24ST Dural has recently been determined experimentally over
the range p = 0.15 to 0.3 Mb from measurements of shock and free-surface velocity in
metal plates driven by plane detonations in various explosives.1 The pressures on this ex-
perimental Hugoniot (obtained by assuming Ufs = 2Up) are about 209, higher than those cal-
culated for the same compression from the LA-385 aluminum equation of state. An attempt
was therefore made to alter the LA-385 aluminum equation of state in a simple way so as to
have an approximately correct equation of state for 24 ST Dural. Values of Ur/Up calcu-
lated from this altered equation of state would be more appropriate for use in calculating the
pressure and compression from equations (1.1) and (1.2).

The process of altering the equation of state follows. Since in the region of interest
the isothermal and Hugoniot are not very different, a change in po(v) will produce nearly
the same change in the calculated Hugoniot pressure. Hence the difference, which we call
Ap, between the calculated and experimental Hugoniots was first obtained (for the experi-
mental curve,a curve was drawn by eye on a plot of the experimental points), and the new
po(v) was then taken to be (po(v) + Ap(v)). To do this conveniently Ap(v) was fitted at
two points by a polynomial in u:

By u2+ 6 u4 AR

’ M =— 1 (3.2)

Ap v

1+ 1.5u

This particular form was chosen because the original analytic expression for po had the form:

a i+ Bu2+ 6u4

1+ 1.5 42

p (v) =

so that (po(v) + Ap) would have the same analytic form as po(v) with the coefficients
B8 and 6 changed.

This change of po(v) resulted in an equation of state which reproduced the experimental
Hugoniot quite well. This is shown in Fig. 3.5, in which the originally calculated aluminum
Hugoniot and the experimental Dural Hugoniot are shown, together with a few points calculated
from the aluminum equation of state with po(v) modified as described above.

Values of Ur/Up calculated with this modified aluminum equation of state are given in
Table 3.3.

Table 3.3 also serves to give a rough idea of the changes to be expected in the calculated
values of Ur/Up resulting from reasonable-sized changes in the equation of state. The first
two columns illustrate the effect of a fairly large change in po(v), while the third column is

calculated with the altered po(v) and also with a(v) changed to the expression




APPROVED FOR PULBI C RELEASE

4 T0.aHug  ges e e
a(v) = (V/VO) + 3.2 =—(V/To)+ 0.4671 Mb/ev

(This expression is of a form suggested by J. R. Reitz, 10 with a, = 3R/2 v, and a, chosen
so that a(vo) = 3 a/K, where a is the linear coefficient of thermal expansion and K is the

isothermal compressibility. )

TABLE 3.3
Ur/Up FROM DIFFERENT EQUATIONS OF STATE FOR ALUMINUM

(1) with po(v) in- (2) with a(v) changed
LA-385 Equation of State creased by Ap(v) to fit experimental data

\STAN (1) (2) (3)

0.85 1.00535 1. 00623 '

0.8 1.01070 1.01373

0.75 1.01885 1. 02695 1.02997
S26e8 8 o3 P %
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Fig. 3.5 Comparison of aluminum Hugoniots. Curve A, calculated from LA-385
equation of state for aluminum (T, = 300°K, p, = 1 atm, Vo = 1);
B, curve drawn by eye through experimental points for 24ST Dural.
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USE OF THE SIMPLIFIED METHOD OF CALCULATION

[ ] o0 [ d (X ] e

The calculations described in the preceding section have shown how values of Ufs/Up =
1+ (Ur/Up) can be obtained from equations of state given in LA-385. Such a method of
determining Ur/Up suffers from several drawbacks: (1) In the case of aluminum (Dural),
at least, the LA-385 equation of state requires appreciable modification to give reasonable
agreement with the experimental Hugoniot. (2) Calculation by hand is impractical, and the
calculation of Ur/U for one compression requires 20 to 25 minutes even when performed on
IBM-C. P.C. equipment. (3) LA-385 gives equations of state for only four elements, and

derivation of corresponding equations for additional elements of interest is itself a lengthy

process.
The ratio Ur/Up can be found much more simply from equation (2.31) above, provided

Certain approximations are made. From the relation

22
ov Py ]
p av 0 o

o] av

<Cp/v0301>av 2p, Cp/30 (4.1)

where Cp is the specific heat and 3« is the volume coefficient of thermal expansion of the
metal (and hence @ is approximately the linear expansion coefficient) at constant pressure

Py (2.31) may be written

x3 1/2
Ur X+ x2 x4
T XS ] 3 l-%-17 (4.2)
P _C)_p__+_§__ (X+—8)
(pl'Po)a

Values of the normal density Py specific heat Cp, and expansion coefficient can easily be

found in standard reference w9rks for almost any metal of interest. Values of Cp and a at
room temperature T0 can be used, but Fig. 3.4 indicates that average values over a tempera-
ture range of 20-200°C or 20-300°C should give greater accuracy for moderate shock strengths

(the difference between Ur/Up and unity being almost negligible for weak shocks anyway). The

quantity
Py -2p,,,+P. P, -2p,,
X - 1 }/Z 0. 1 1/2 (4.3)
Py = Py Py
:.E ..E ..:. E .E. :..
-28+ °s ¢ 3 3 e,
o0 000 000 000 v00 [ 2]
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( where Py /2 is the pressure at a Volu:é& Pgi.d?ay .kie.t\ie.gnﬁie shock volume vy and the volume

at pressure po) should strictly speaking be evaluated from pressures along the appropriate
adiabat; however, the shape of the adiabat through ( pl,vl) is approximately the same as that
of the adiabat through the initial point ( po,vo), and the latter is in turn approximated by the
Hugoniot curve. Thus, if experimental data in the form of Ufs as a function of D are avail-
able, an approximate Hugoniot curve can be calculated from equations (1.1) and (1.2) and the
approximation (1.3). Then with values of x found from this Hugoniot and equation (4.3)--
where pl/2 is the Hugoniot pressure at a volume (V1 + VO)/2--equation (4.2) can be used in
place of (1.3) for calculating a more accurate Hugoniot. (The corrected Hugoniot would of
course give values of x different from those given by the approximate Hugoniot so that the
above process should logically be iterated; however, the corrections are so small in practice

that a single cycle is usually sufficient.)

Errors in the Approximate Calculation

An estimate of the errors involved in the various approximations has been made by cal-
culating values of Ur/Up from (4.2) and comparing with the values obtained from the calcu-
lations described in the preceding chapter.

(A) To check equation (2.31) insofar as the series expansions in x are concerned, we
first calculated x from the appropriate adiabat and also used the appropriate value of
(E)E)_75‘T)po as given by the LA-385 calculations themselves. The differences between the
values of -Ur/Up calculated from equation (2.31) and those calculated directly from the LA-385
equation of state are shown in the middle column of Table 4.1, and are seen to be less than
5% for v,/v_2 0.6.

On the other hand, the approximate equation (2.33) used with derivatives evaluated from
the L.A-385 equation of state is accurate for very weak shocks, but for v £ 0.8 gives a value
of (Ur/Up - 1) which is only half the correct value. In this connection, it may be pointed

out that Mayer's expression3

b u =1, Br=8y«1) 2 (4.4)
rp 96 y21r 1

may be obtained from (2.33) by substituting the appropriate derivatives of his equation of

state and using the relation

py=p (v -v) (4.5)
= 25 i .E E OE E :o.
..: ..: .:. ..: .:. 9..
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It is thus to be expected that Mayer's expreggion is gcgyraggonly for very weuk shocks.*

(B) The error in the value of x introduced by calculating from the Hugoniot instead of

the appropriate adiabat was never greater than 7%. For weak shocks, the Hugoniot value

was of course greater than the adiabat values, but, for the LA-385 equations of state at least,
the adiabat curvature increased for higher adiabats sufficiently fast to more than compensate
for the greater curvature of the Hugoniot over the adiabat SO; thus for a 3.5 Mb shock in
tuballoy, the Hugoniot x was actually 5% smaller than the corresponding adiabat value. In
addition, an error in x has such an effect on the volume and curvature factors in (4.2) that

the errors introduced into Ur/U partially subtract out (e.g., for the 1.2 Mb shock in aluminum,
the Hugoniot x is 2.9% high, but makes (Ur/Up)- 1 and Ufs/Up only 1.0% and 0.04% high,
respectively). The error resulting from using the Hugoniot to calculate x seems to be gen-
erally small compared to other errors.

(C) The total error made by using values of x calculated from the Hugoniot and by
using the value of (E)E/E)V)p at (po,vo) is shown in the final column of Table 4.1. The largest
error in (Ur/Up)- 1 is 10.5%, and the largest error in Ufs/Up is 0.6% (the latter for a 3.5 Mb
shock in tuballoy). It appears to be generally true that the errors involved in using (4.2) are
smaller than present experimental error in measuring Ufs’ and certainly also smaller than the
uncertainties inherent in the assumptions that the rarefaction takes place reversibly and that
the effects of any phase changes are negligible--not to mention the inherent uncertainties in

the LA-385 equations of state and the neglect of the effects of rigidity.

Example: 24ST Dural

As a specific example, equation (4.2) has been applied to the experimental Ufs vs D data
for 24ST Dural which were referred to ea.rlier.1

Using the approximation (1.3), Up = Ufs/z’ equations (1.1) and (1.2) give approximate
(1) (1)

values v and p for the Hugoniot volume and pressure from the experimental values of
D and U__:
fs
(1), _
1-v /vo = Ufs/2 D
(1) _
p ' =p DU /2

The values (V(l),p(l)) were graphed to give an approximate Hugoniot curve, from which the

*The fact that Mayer's value U,/U, - 1 = 0.046 for Py = 0.332 Mb (in aluminum) is larger than
the value we obtain from (2.31) rather than smaller is due primarily to the curvature of the
adiabat, the value of p; indicated by (4.5) being only about half the actual shock pressure of
0.332 Mb.
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ERRORS IN-U—r‘ - 1 FROM SERIES CALCULATION
p
% Error
Values of x from Hugoniot,
Values of x from Adiabat, and (0E/9v),, evaluated
vl/v0 pl(Mb) and (E)E/E)v)p at origin
Tuballoy: 0.90 0.137 + 0.29 - 3.58
0.80 0.438 + 0.18 - 3.72
0.70 1.25 + 1.45 - 2.36
0.65 2.10 + 3.51 - 3.15
0.60 3.49 + 4.87 - 7.1
Aluminum: 0.90 0.100 0.48 10.47
0.80 0.263 0.75 0.28
0.70 0.551 1.00 - 1.48
0.65 0.792 1.68 - 3.86
0.60 1.16 2.47 - 8.16
TABLE 4.2

VALUES OF Ufs/Up CALCULATED FROM EXPERIMENTAL DATA FOR DURAL

Vl/vo pl(Mb) X Ufs/Up =14+ Ur/Up
0.90 0.1062 0.124 2.0028
0.86 0.1689 0.187 2.0062
0.82 0.253 0.256 2.0118
0.78 0.355 0.330 2.0194
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[ 1)
(smoothed) values of x given in Table.¢.132 ede obfaided with the aid of equation (4.3).
° [ XY I ) o006 000 o0

Values of Ufs/Up were then calculated from (4.2) using*

P, = 2.785 g/cc

a = 24.7 - 10-8(k0)-1

Ep = 0.2276 cal/g-K° = 9.523 - 10-% Mb-cc/g-K°
pOCp/a = 1.074 Mb

These values of Ufs/Up (given in Table 4.2) were then plotted against v(]‘)/v0 in Fig. 4.1,
so that values of UfS/Up could be obtained for any value of v(l). Corrected values (v,p) of

Hugoniot volume and pressure were then found from these values and the expressions

(1)
1 vy _Ufs
{ 1-v/v0 2Up
U
1 f
pt )=2_s
U
P p

The original and corrected Hugoniot data are given in Table 4.3. It may be noted that
since the value of D is not changed in the correction process, the corrections to pressure
and volume are so related that the point (p,v) lies on the straight line joining (p( 1),V(1))

and (po,vo), and this line intersects the Hugoniot curve at a rather acute angle.

*The data of C, is a weighted value for 95.5% Al and 4.5% Cu based on specific heat data
for the range %-SOOOC given in the Handbook of Chemistry and Physics (33rd ed., p. 1892);
the value of a is for 24ST Dural over the range 20-300°C as given in Alcoa Aluminum and
its Alloys, Aluminum Company of America, (1947), p. 87.
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TABLE 4.3

CORRECTION OF EXPERIMENTAL DURAL HUGONIOT

withh =2 with Ufs from Fig. 4.1
Up Up . 4.
(1) h /
v/, pt! Y o _p_
GMX-4* 0.78864 0.332 2.0177 .79049 .3291
0.79554 0.313 2.0163 719718 .3105
0.79808 0.309 2.0157 .719965 .3066
0.82919 0.233 2.0103 .83007 2318
0.83542 0.214 2.0093 .83618 .2130
0.87413 0.146 2.0049 .87444 .1456
GMX-6* 0.78970 0.3266 2.0174 .719152 .3238
0.79133 0.3189 2.0171 .79310 .3162
0.80354 0.2887 2.0147 .80437 .2866
0.80795 0.2829 2.0138 .80927 .2810
0.82041 0.2549 2.0117 .82145 2534
0.82095 0.2532 2.0116 .82198 .2517
0.81686 0.2585 2.0123 .81798 .2570
0.83375 0.2180 2.0096 .83454 .2170
0.87765 0.1368 2.0046 .87793 .1365
0.87966 0.1341 2.0044 .87993 .1338
0.87812 0.1339 2.0045 .87839 .1336
* Unpublished data.
.3 o .E. s 02 o,
R0 T A B
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EFFECT OF A PERMANENT COMPRESSION

The preceding chapter has shown how experimental data giving free-surface velocity as
a function of shock velocity can be used (together with the normal density, specific heat, and
coefficient of expansion) to calculate (Ufs/Up) -1 with an error probably less than 10%
(and hence Ufs/Up with an error of a few tenths of a percent) for shock compressions up
to about 1-1/2 times normal density. However, an assumption of uncertain validity has been
made throughout--namely, that the shocked material will upon cooling to the original temper-
ature T0 also return to its original density Py

A case in which this assumption is expected to be strongly violated is that of sintered
metals formed by pressing the powdered metal to a density much lower than that of the cast
material. As an example, consider a sample of sintered aluminum (or Dural) having a density
one-fourth that of the cast metal--such samples have been prepared and are being experimented
with by GMX Division at the present time. It is not unreasonable to expect that such a sub-
stance would be compacted by a shock to such an extent that upon expanding to normal pres-
sure and cooling to ambient temperature its density would be at least one-half that of the
cast metal; the Hugoniot and adiabat might then appear somewhat as shown in Fig. 5.1, where
vo" < vo) is the final specific volume after returning to (po’ TO). If in addition to Up and

Up‘ (defined by equations 2.4 and 2.6, respectively), we define a quantity

U = {(oy - ) (v - v} (5.1)
then

.P_r_i &' 12" (5.2)

TR VI VR .

p p p Up

Assuming that the curvature of the adiabat in Fig. 5.1 does not differ greatly from the
curvature of a similar adiabat for the cast metal, then the value of Ur/Up' is of the same
order as the values calculated in Chapter 4--namely, about 0.99 or 0.98. The ratio U '/Up"
cir_x_-_es_pir_lds to the quantity Up'/Up of the preceding chapters [cf. equation (2. 18)] . Although
(E)E/av)p is doubtless much smaller for the sintered material than for the cast metal,
Up‘/U’p" is still probably no greater than, say, 1.10. The product Ur/Up' . Up‘/Up" thus
does not differ greatly from the value of Ur/Up for the cast metal. The remaining factor,
however, may be written

12] 12] 1/2
Y %
1

U “|v -v
p o

Bee cee oce0 o




APPROVED FOR PULBI C RELEASE

And if we assume that vo" -V iSeevemn t;Jice-:a!s:greit.as the value of Ve " V1 for the cast
metal (i.e., about 0.6), then Up"/Up =z (0.6/2.6)1/2 = 0.48. Evidently, the value of Up"/Up
is of much greater importance in determining the value of Ur/Up than are the values of the
other two factors in (5.2).

Returning to the case of ordinary cast metal, it is evident that even a small permanent
compression produced by the shock would be of importance. For example, a 1% compression
resulting from a shock in which vl/vo = 0.78 would give

Up" 0.21 1/2

T =(‘0“212) - 0.977

and this is sufficient to offset completely the value Ur/Up" = 1,0194 quoted in Table 4.2,

and make Ur/Up < 1. There seems to be no reliable experimental evidence as to whether

such a permanent compression actually occurs for cast metals.
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Fig. 5.1 Hugoniot and adiabat for a sintered metal (hypothetical).
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Appendix

DETAILS OF THE USE OF THE LA-385 EQUATION OF STATE

The equation of state as given in reference (9) has an annoying idiosyncrasy. At nor-
mal volume and room temperature the pressure is of the order of 10,000 atm. To have our
Hugoniot curves start out at T0 = 300°K, P, = 1 atm, and v, = 1, po(v) was altered through-

out by subtracting from it an amount

2
5= a(vo) T0 + b(vo) T0
where o
T = 300K
o
Vo = 1

so that the calculated pressure at T0 = 300°K and v, = 1 was 1 atm. * o

Both Hugoniots and adiabats were calculated by Keller and Metropolis, ~ but we did not
make use of any of their numerical results. Their analytic fits to the adiabats could have
been used with a simple correction to the pressure. However, small inconsistencies between
the calculated Hugoniot and adiabat result in fairly large changes in Ur/ Up. Since the ana-
lytic fits of the adiabats were obtained graphically, it seemed likely that they might not be
sufficiently accurate for our purposes.

Expressions for the internal energy and entropy are given in reference (9), as are
analytic fits for po(v), a(v), and b(v). The required integrals fa(v)dv and fb(v)dv
were evaluated by integrating these analytic fits. Direct integration of the analytic fit for
po(v) appeared to give such a lengthy result that numerical quadrature with a sixteen point
Gauss formula was used instead.

To simplify the calculations, two simplifications were made in the analytic fits: (1) The
forms of all of the fits given in reference (9) for v €1 were extended to v > 1. This sim-
plification resulted in a change in the resulting values of (Ur/Up) - 1 of about 2% and 5%
for aluminum and tuballoy, respectively, at the highest shock strengths for which calculations
were carried out. The change rapidly becomes less significant as shock strength decreases.
(2) The form of the fit of b(v) given for v 2 0.75 for tuballoy was extended to v < 0.75.
In the range over which calculations were made, the error resulting in this change was not
appreciable; calculation showed that the two forms gave nearly the same results for b(v) and

v
f b(v) dv, and in addition terms containing b(v) affected the results only slightly.

v
o]

*In conformity with LA-385, throughout this appendix the symbol v will stand for relative
volume, V/Vo'
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The values of B = f b(v)dv wére"c.al.culated as described in reference (9). The
0
values obtained were:
Aluminum: B = 0.061231
Tuballoy: B = 0.078658

To check the Hugoniot calculation, Hugoniot curves were calculated for an initial point
’1'0 = 0°K, P, = 0, v, = 1. (In these calculations the correction to po(v) to make the equa-
tion of state give p = 1 atm at v, = 1, T = 300°K was of course not applied. ) The results
of these calculations should agree exactly with those given in reference (9). The results
are compared in Table 3.1. The cause of the slight disagreement at the higher compressions
is not known; it may be due to inaccuracy in the numerical calculation of / po(v)dv, or to a
difference in the value of B. The values of B used in reference (9) are not given. In the
case of tuballoy, at least, a part of the disagreement may be caused by our use of the in-

correct form for b(v) for v £ 0.75.

TABLE A.l1

COMPARISON OF CALCULATED HUGONIOTS
WITH VALUES TABULATED IN LA-385
(T, = 0°K, p_ = 0, v_=1)

p(Mb) p(Mb)
v (LA-385) (This report)
Aluminum 0.80 0.2539 0.25388
0.75 0.3721 0.37194
0.65 0.7710 0.76504
0.55 1.7515 1.7402
0.45 4.8751 4.7071
Tuballoy 0.80 0.430 0.42936
0.75 0.730 0.72963
0.70 1.237 1.2361
0.65 2.089 2.0846
0.60 3.487 3.4776
0.55 5.753 5.7323
0.50 9.446 9.400
;' gz 3o e
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