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ABSTRACT

A particular solution is presented for the following problem:

What is the probability that straight line path aerial pene-

tration of an atomic cloud will lead to a normalized gamma radiation

dose in excess of a given value - where the normalized dose is defined

as the dose in roentgens divided by a parzimeter ~ , having the di-

mensions of roentgens, which includes the penetration speed, the size

of the weapon which produced the cloud, and the characteristics of the

resultant gamma radiation.

The solution contained herein is only qualitative, as ade-

quate means for evaluating the above mentioned parameter experimentally

are not yet available. A supplement to this report is contemplated

upon receipt of the Greenhouse gamma radiation experimental program

results. Such a supplement will.supply the information necessary to

an evaluation of A.
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‘Ikeradiation dose to be expected from aerial -penetrationof

cloud is clearly a matter of interest to the Department of

Unfortunately this problem is too complex to admit an erect

so various simplifying assumptions and approximate methods

must be used.

final results

the following

One such method will.be found in reference (I), the

of which are presented in brief in reference (II). In

paragraphs, we shall attempt to develop a somewhat dif-

ferent method. The basic difference in these two methods is that they

employ different assumptions as to the distribution of the source of

radioactivity throughout the cloud. Reference (I) assumes that the

available source is distributed uniformly over the entire cloud volume.

We shall assume that the available source is concentrated at n points,

and that these n points are distributed randomly throughout the cloud

volume. The latter has thq advantage of allowing for “hot spots” in

the cloud, and presents its result as an expectation of dose.

2. The One Point Case.

Consider an aircraft

following asswnptions:

(a) The

constant speed.

(b) The

sion, is small.compared

(c) The

flying through an atomic cloud, with the

aircraft flies on a straight line path ~ at

motion of the cloud, in both ascent and eqxin-

to the speed of the aircraft.

level of radioactivity in the cloud is constant
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during the time of e~osure of the aircraft.

(d) The source of radioactivity is assumed to be con-

centrated ab one point, this

random fashion.

(e) The only

to gamma

not from

cloud SO

point to be located

radiological hazard

within the cloud in a

comes from exposure
.

radiation emitted by the fission products in the cloud and

any direct contact with or inhalation of these products.

(f) Sufficient time has elapsed after formation of the

that it has risen to an altitude where the cloud density is

essentially that of the surrounding atmosphere.

and the

atp,

Tne probability of a point p lying within x and x + dx

is given by

PI = g (x) dx (2.1)

dose experienced by a point
$’

due to the gamma ray source

while traversing ~ is given by

D= f (x) (2.2)

We can then write:

x M ~ (D) ;where ~ ~ f-l- (2.3)

and

‘1 = ~ [P(D)] J(x, D) dD (2.4)

Where J (x,,D)is the Jacobian of the transformation from the x domain

to the D domain. For this case, J = d = ~’ , hence
Z15
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where
z ‘ V@”p’. 2()

D is thus the probability density func-

tion for the one point case.

3= The Extension to the n Point Case.

Let us now replace assumption (d) in paragraph 2 with the

folhwing:

(d’) The source of radioactivity is assumed to be con-

centrated at, n pxhts, each of these points to be located within the

cloud in a random fashion.

~ of the
n
striction

Fcr simplicity of notation, we assume that each point carries

tctal available source. This, however, imposes little re-

On!our solution.

Ekpation

and equation (2.2)

(2.1) is now replaced by the system of equations:

is replaced by the system:

which leads to

f (q) = iDi - (i - 1) Di-l

and hence
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(3.1)

(3.2)

(3.2a)

(3.3)

.
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To obtain the analogy to equation (2.4) we combine and write:

Where the qmibol w] below the integral sign indicates that
i (“=)

an n dimensional integration must be performed. In each case the

range of integration

point Sourc(?of gamma

TCIsimplify

~. is that dose range obtainable from the ith
\(-

radiation.

the above, we note that:

●

.

J
●

●
●

●

CM. dXn
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and from (3.3)

900 ● ● 8* ●ee ●*
●°0 ● :

: :0
● 0 i:” H

● 9* ● ..0 ● ● ●ei“=be● 9 ● ● *

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



Thus:

● m ● . . ● .e .e. ● ** .*
● ****

● e** ● * ::
● 9 :0●:

●
::●:0 : .:C :00 ● 0

/

o -2y9’ Sy’

/

o=
.
.
.

n 00.

.

,

.

.

●

●

●

. . 0

0

0

*

●

●

✎✃

(395)

Where,

and

To set the limits of integrationwe first note that Dn ranges
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from D tct D + $D, hence the integral IS truly of dimension

(n - 1), and we write:

1(JWJDn.,CLD

point source we

note by f {R) = Do , where R is the length of tie

to the most distant point of the cloud. Hence, every

equal to

or

D,~. To obtain the (n - l)st upper limit,

iDi- (i-1) Di-l ~ Do

Di-l < iD-Do ● i>
i -1

Hence,

d
-0

shall de-

normal from ~

lower limit is

we note that:

which obviously reduces to equation (2.s) for n=l.

TO reduce this to a more ~able f’o~, let

~E K (~ - Do)

obtaining:

/
cfD; ~fh-(MDn-]

(3.61

dD

—
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(3.7)

It is now clear that we are dealing multiple Faltung

integral. In fact,

qf%] = [LpY’n@-D.l+=.J
/~ere X fi(t~ = e-s’ F(t) dt , the Iaplace transform

F(t). (1)

Hence, finally:

of

(3.8)

(1), See “Modern

Churchill,

Operational Mathematics in Engineering” by R. V.

Article 14.
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4. !lhusfar we have made no assumptions

atomic cloud, or about the intersection of ~

about the shape of the

with the cloud. The

form of our solution for the one point case will obviouslybe dependent

upon both. Also, for the one point solution to be useful to us, its

Iaplace transform must exist. Further, we must be able to raise that

transform to the nth power and find the inverse transform of the result.

Iastly, the assumptions we make about the shape of the cloud, and the

intersection of ~ with it, must be consistent with previously obser-

ved facts

teresting

alboutatomic cloud development and with reasonable and in-

aircrsft flight plans.

The remainder of this paper will be devoted to one particular

solution which satisfies the above.

5. Iktus modify assmption (c) as follows:

(c’) The aircraft flies through the centroid of the

cloud on a straight line path, ~ , at constant speed.

and add the assumption I

(g) me cloud is a sphere of radius R .

Our complete list of assumptions will

(c’), (d), (e), (f), and (g).

The g (x) of equation (2.1) is then

g (x) = 3X177
R3

and the f (x) of eqution (2.2) is given by:

●be ● ●** ●** 9*
●O. ● :

● 0
● b*6 &:~

● ●

●* ●:0 ●**.:* ● me ● e

thenbe (a), (b)}

given by:

(5.1)
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f (x) = q (/-4
A— #x

where:

s.

v=

Pm

The strength of the gamma ray source at p , in

units of roentgens CIU2
KT sec

(5.2)

!Che velocity of the

The effective total

_ rays under

aircraft in units of cm

=

absorption coefficient for the

consideration, in units of 1 .

cm

It is convenient to consider all distances in units of mean

free paths, hence we make use

andequation!s (5.1) and (5.2)

● ● ✘☛

● ☛☛
● S

● m
●
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of the following”definitions:

Ocs pa

r ‘Pr

become:
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to a wide

way alter

g (d) = ,. 7=2’
r3

f (Oc) = ~ 11 (X)

*

Also, in order that our solution wSIJ.be

variety of cases, we replace Dby~,

The

our

For any given

reader can

use of the

situation,

equation (2,5) is then:

Where:

(5.2a)

applicable directly

where

easily convince himself that this will in no

equations developed in paragraphs 2 and 3.

~ will beaconstant. Theanalogyof

‘1 =~(m= (5.3)

(5.4)

and pl is the probability that the dose experienced will be between the

limits ~ and 5 + $5 . Finally, the probability of experiencing a

dose at least as great as ~ is given by:
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F@ures 1 and 2 are plots of 11 (=) and ~ (~) respec-

tively.‘2) Table 1 contains the results of computing 5 and p as

functions of’ * , for various values of the parameter r .(3) Figure

3 was prepared from this table, and contains the resultant six plots of

p versus E . Figure 4 exhibits the corresponding six plots of p

versus D . Figure 5 is an enlarged linear plot of p versus ~ for

r = 1 , and.includes plots of two interesting simple approximations -

a truncated power law and a truncated exponential law. Figure 6 is

self-e@anatory.

(2) These plots were made from machine calculations supplied the author

by the Computing Section of the IASL Theoretical Ditision. The

small tables on each contain

Cul.ations.

(3) The decision to use integral

the numerical results of those cal-

Valuesofrfromr=l to

r = 6 was”based upon a perusal of Annex k.lB of the Greenhouse

Report ● “The Development of the Atomic Cloud” by Kellogg,

McKown, and McPherson.
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6. From paragraph 3, we see t~t our next step must be to find

w{ ~Ld raise it ~. tie ~th power. This of course can be done

numerically, as an inspection of Figure 3 makes it obvious that~{~]

exists. !l’helabor involved seems hardly justified, however, when one

re-examines assumption (g) in the light of existing atomic cloud de-

velopment photographs. A more reasonable approach is to approximate

S( )~ by some function whose Laplace transform is easily raised to

the nti power, in such a way -t a minimum of violence is done to the

corresponding integral P

cloud shape from a sphere

space.

(ii) . This is equivalent to changing the

to some other distribution of points in

We shall make use of a truncated exponential law to achieve

the desired approximation. A law, that is, of the form:

where: A, B are parameters depending only upon

constant for a given aircraft flight altitude and

(6.1)

r , and therefore are

The values of A and B wi12 be determined later. For the

let us examine tie extension of (6.1)to -the n point case.

paragraph ~, we have

present

km
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(3.8)

Hence we can write:

In whichfl must be chosen in such

Equation (6.2) can be written:

away that pn = O when~= 500

and:

qg’,’ =& e-’-”” (6.3)
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● 0● 0:
● meo
000
● ** ● 0000.0
90 ● 00 ● ● O* ● ●
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● ● 0* 9*
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Hence:

From which we

Substituting,

see that the correct

P’

we finaLly obtain:

P~ = An n2 @ ‘BDo
‘[

n(5-

(6.4)

choice of ~ is obviously

3
n

(6.5)

B (r) can be obtained in any number7* Values of the parameter

of ways, depending upon how one wishes to fit straight lines to the

curves of Figure 4. The only justification for the method used herein

is that it is simple and seems reasonable. Consider the curve labeled

I in Figure 7. Each point of this curve was obtained empiricallyby

measuring the slope of “aline drawn from the P = 0.1 point to the

P = 0.9 pc}int

fine B by the

of the corresponding curve in Figure 4. We shall de-

expression:

(7.1) is the equation of the

fitted to curve I by eye.

B= e 0.6 (r - I)
(7.1)

curve labeled II in Figure 7, which was

● “:”: 22” :“”:“*●:00
::

● ● :. : :* . .
●.*●:0 ● *. ..* 9*9 ● .

● *
●
●
● c ● - :0 : :: . .
● **
● * ● 9* ● ● ●

● *
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I0(

1(

B(r)

4!!!!1
I

FIG. 7

1. SEE PARAGRAPH 7 FOR AN
EXPLANATION OF THE POINTS
ON THIS CURVE.

7 n.- 0.6 (r-1) n

I 2 3 4 5
r

● ● *9 ●
● 9* ● 9* ● *

● ::: ..25LH
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●o

6 7 8
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Ta obtain ariexpression for A , we recall the restriction

that :

Hence:

our final

and

expression

~ (5, r) =

J25.

m

for M (5, r) can then be written as:

or

(7.-2)

Bn n2
[(n ~ -w] ‘-1 e-m ‘D- 50)

(7.3)
n!

To determine the behavior of (7.3) for very large n

Stirling’s asymptotic expansion for n! , and write:

, we make use of

x R B(fi-jjo)

#
[n l+ln X- X] ;X*O

pn(~+nlo,r)x e
X- (7.4)
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Let us now consider the expression

Y= I-X+2%X ; 230

which has au extremum, and is equal to zero, at X=1. It is obvious

that y is negative for O < X < 1 , hence the extremum is a maximum

and y< Oforall X. As a result we can write:

o

Or, equivalently, p - (5, r) is a ~ function, the position of whose

peak is determined by r . Since letting n become infinite is equi.

valent to assuming a homogeneous distribution of gamma ray source

throughout the cloud, we see tmt the equation:

5= =

defties the expectation doses

of various sizes.

Since we

taining a dclse,we

e-0.6 (r-l) + ~
o (795)

for homogeneous distributions in clouds

are primarily

shall make no

interested in the probability of ob.

cmqxdxztions of Pn , but rather shall.

proceed to a consideration of its running integral:

9*9 ● .00 ● ** ● s

●°0 ● :
.02ci L;:

“i&i!iik
●* ●** ● ● ● ●*
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where

● o* be**@

i: i“HmtiiEn
● 9 ● 99 ● .8 -9**

● m ● -e ● *e ●:9 :8* 8*
● *:aoo .::

● *● 0:: .*
● :00 .*

● ● *O ● ● 9* ● 9* ● *

The reference cited in.Footnote (4) contains tables of

I (U, p) =C&k?sAL

~(P+N

us—
Y&’

(4) See “Ta’bles of the Incomplete /_’- Function” by KB.rlPearson.

This volume is printed by the CsoibridgeUniversity Press and pub-

lished “by the Office of “Biometri.ka”. 1934 Edition.

—
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● ☛ ● *e ● 9
● ** .OO: ●*9 ●

● **9*
● 00 c
● ama
● 9 ● 0.

● m ● 00 ● oo ●:* :*O :@*
b**● 0:0.:. ::

● ●

● :00 ● ● @
● ● be ● ●:0 ● *O ● *

Hence we can use these tables directly by noting that:

Tkle fUUCtiOn Pn

and graphically in Figures

1I(B~~~[~-~o ,n) (7*7)

(~, r) is presented numerically in T%ble 2

8 and 9. The six sections of Figure 8 de-

pict the trend of the function as n is varied and r is held fixed.

Since the V scale for these figures was changed to allow for more

clarity in plotting, Figure 9 was included to indicate the trend of the

function as n is held fixed and r is varied.

8. As we noted in paragraph 6, the particular solution exhibited

in Figures 8 and 9 is not

distribution of points in

attempt to derive sane of

for a spherical cloud but is for “some other

space”. It is only logical that we should

the characteristics of that distribution.

lt doing this, let us first re-examine the order of argu-

ments in psragraph 5. We postulated assumption (g), and from this we

wrote equations (5.1) and (5.la). Amore general approach is to re-

place assumption (g) with the following:

(g’) The cloud is such a configuration of points in

space that the g (x) of equation (2.1) is given by

g (x) m m (5.1)

$

where R is the length of the normal from ~ to the most distant

point of the cloud. One such configuration of points is of course a

sphere of radius R.
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.86o53

.70531

.50962

.32008

.17418

.08241

.03414

.01248

.00407
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We could then have proceeded in exactly the same fashion as

before, Tdt~LOUt having our thoughts limited by the “sphere” concept.

Our method for investigating the “cloud” associated with the

solution of Figures 8 and 9 will be to work the problem in reverse.

We want to determine the function g such at

which, from paragraphs 2 and 5, can be written:

or, more simply:

(8.1)

where both B and so contain the dependence of g upon r . We

thus see that our solution for P (~, r) is tiid for any “cloud” such

that g (w., r) is given by equation (8.1). Figure 10 etiibits the

functional dependence of g upon @ , for the interesting values of

r , depicted by this eqution. For purposes of comparison, Figure 11

is a similar graphical representation of equation (5.la).
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Let us now define equivalence of clouds. Two clouds shald.be

said to be equivalent if the probable distribution of radiation dose ob-

tained from aerial penetration of them, along a straight line path

through the cloud centroid with constant velocity, is identical. Then

to further clescribethe derived.cloud, we take advantage of the fact

that the entire class of point configurationsdescribedby (8.1) is

equivalent to a particular solid of revolution about $U . But every

such solid cf revolution can be described by

9(% o = 2wcx&i?tw
(8.2)

7Cr)

wherev (r) is the volume of the solid and # (*) is the intersec-

tion of the solid with a line parallel to ~ at a distance M .

Hence

p (~)

T(r)

is an equation which enables us to

(8.3)

compare the physical contours of

the derived cloud

g (x, r) canbe

a cmparison with

with those of any cloud for which the function

calculated. Figure 12 contains one quadrant of such

the sphere of equation (5.la) for the case of

r = 4 , which is representative of anatanic cloud at an altitude of

approximately 40 thousand feet. In this figure, the axis of @

canbe thought of as the flight path ~ . Also note that the volumes

of revolution indicated are equivalent to the volumes of haH-revolu-
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tion obtained by folding the portion below the line @C E O into its

image above that line, aud that the configurations resulting from any

sheer parallel to ~ are again equivalent.

9. III the writerts opinion, the most realistic source for evalu-

‘Z is the gamma ray experiment&1 program report fromation of ~ = —
2rti

Operation Greenhouse. That report is not yet available, but it is felt

that the qualitative results contained herein are of sufficient interest

in themselves to warrant publication at this time. Wen the above men-

tioned experimental results become available, a supplement to this

report will be published, to include an evaluation of ~ . El?,

subsequent to that time, the reader wishes to make q~titative esti-

mates of D = ~ E , reference I is suggested as containing informa-

tion from which crude values can be obtained for S and
r“

There is a possibility, of course, that the above mentioned

Greenhouse report will not contain sufficient information for an ex-

perimental d,etermination.of ~ . In this event, the proposed sup-

plement will contain theoretical estimates of S and P , based in

part upon re~erence I.

10● No attempt will be made to draw conclusions as to the rela-

tive merits of our derived cloud as a model for tactical planning.

In the writer’s opinion, the derived model is at least as good as the

spherical model, but such a statement is

present time. A reasonable procedure is

impossible to prove at the

to delay such conclusions
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until ~ is evaluated - then comparisons can be made from the view-

point of dose received.

It should also be noted that the procedure used herein is

easily capal)leof developing other, and perhaps better, derived clouds.

One needs only to select a different physical model from which to ob-

tain the running integral curves of Figure 4. For instance, a simple

starting model which appears highly interesting is the “ice cream cone”

shape.
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APPENDIX I

The reader may welJ.be perplexed at the failure of the writer to

approximate ~ (~) by something other than a truncated exponential

law. As a matter of fact, a truncated power law approximation would

be highly desirable to augnent this discussion because (see Figure 4)

a combination of the power and exponential laws would allow the compu-

ted function,to be bracketed in a certain sense. The following argu-

ment is designed to indicate the complexity of using such an approxi-

mation.

Let us assume that pl (~) can be approximated by:

Pi(5) = A (j#u (~ - 5.) (1.1)

for the one yoint case, where both A

upon R. The value of A must then be

B-

and ~ are parameters dependent

determinedly:

or
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We thus see that a

being greater than

where

● 9** .0
● :emoemea

● *● : : : ::
● ● 00 : ●:0 ● oo ● -

meaningjhd definition of A is dependent upon
f

1.

To extend this to the n point case, we write:

in which
t= n{5- 5.) + l$o

and
r

must be chosen in such a way that ~ = O for 5

(1.2)

.:z!z#/..a#2/.. a # neg. Av&e (r. 3)

Need we go further? The restriction of n $ a negative

integer is hardly serious, but the formal problem of raising ~ (s)

to the nth power and finding the Xapl.acetransfomn of the result is

somewhat

clonedat

frightening. The truncated power law approximation was aban-

lc&.U-”.

I
—
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