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THE CALCULATION OF IONIZATION IN
HYDRODYNAMICS CODES. I: THEORY

J. Nachamkin

ABSTRACT

A formalism is developed for calculating ionization in laser driven
hydrodynamics codes. Starting from equations for collisional ionization
and radiative recombination, approximations are made to allow their easier
solution. Steady-state solutions are assumed to be of most importance to
the extent that transient solutions to the rate equations are ignored.
Free-bound radiation is also treated in an hydrogenic approximation.

I. INTRODUCTION

One of the objectives of this research was to
produce a hydrodynamics code which would follow the
motion of a pellet in the field of an intense laser
beam. Since energies on the order of joules, in-
stead of kilojerks, are available in prepulses, ion-
ization may not always be assumed to be instantane-
ous and complete. This is especially true if some
of the heavier elements are to be treated. In this
case the ilonization energy may form an important
part of the equation of state. Additionally, radia-
tive processes depend on knowledge of the density of
free electrons and the distribution of ionic states.

The goals we describe here are quite modest.
No attempt is made to solve the rate equations in
their time-dependent form. A steady-state model is
assumed. Relaxation times are found to be on the
order of tenths of a nanosecond for ionization-
recombination equilibrium. This may be too slow
for some processes to be described by a steady-state
model but it was felt that solving the full set of
rate equations every cycle, in every cell, was too
costly. It was also felt that obtaining effective
charge from the Thomas-Fermi-Dirac! (TFD) model
would not be an improvement. (For example: Carbon
has an experimental electron binding energy of 1
keV. Thomas-Fermi-Dirac predicts 1.5 keV. Further-
more, the statistical processes assumed by TFD are
not valid under all conditions of density and tem-—

perature.)

Another approximation is that we ignore the ra-
diation due to bound-bound transitions. While this
is not a bad assumption for Carbon, it is a very bad
assumption for Aluminum at standard density and 1
keV temperature. The model, however, is a great
simplification which easily lends itself to future
additionms.

I1. THE RATE EQUATIONS

Suppose we consider the ions of an element hav-
ing Z electrons in theaneutral state. Let the total
number density, in e¢m , of this element be n,.
There are now Z + 1 ions corresponding to having
stripped the original atom 0, 1, . . . , Z times.

1f f, is the fraction of atoms ionized j times then

3
we may write the rate equations at a point in the
.aterial
3f,
I ne[—Sofo+(ao+Bone)fl], (1a)
Bfl
3 = ne[Snfo—(ao'i‘Bnne'f‘Sl)fl + (al+31ne)f2 1,
: (1b)
of
4. -
T ne[sj—lfj—l (aj—1+8j—1ne+sj)fj
: + (aj+6jne)fj+1]’ (1c)
sz v
§E— = ne[sz—lfz—l - (az—l+Bz—lne)fz]' ad



In Eqs. (la-1d) we have the following defini-
tions:

aj is the radiative (2-body) recombination

coefficient from state j + 1 to state j,

8

3 is the three-body recombination coeffi-
from state j + 1 to state j,
Sj is the collisional ionization coeffi-
cient from state j to j + 1,
n, is the number density of electrons.
In Egs. (1) it is assumed that only single-
electron processes are taking place. It should also
be noted that we have unnaturally split the recom-
bination rate into a 2-body and a 3-body part, where-
as recombination should be considered as a "colli-
sional-radiative" process.?
Although we are working on models in which Eqs.
(1) are solved as a function of time, our present
working model assumes that our system is always in
a quasi-steady state. That is, all the left-hand

sides of Eqs. (1) are assumed to be negligible. The

equations may then be solved for the steady state,

obtaining
/

fj fj+l = (aj+nij)/Sj . (2)

This determines the fj's when one remembers that

z

ij -1 (3)
j=0
j,and Sj are functions
of temperature, in general. Although other methods

The coefficients aj, B

of calculating and approximating ionization and re-
combination rates exist we have chosen to use
McWhirter's analytic fits for the 2-body processes.2

These are
1y —
1 pp 1y XJ/Te

Sj = 7.68 x 10~ i e cm?/shake,
X

3
(4)

a, = 6.02 x 102! Xj/Tellzcm’/shake. (5)

3
In Eqs. (4) and (5);
Cj is the number of electrons in the out-
er shell of the j-times ionized element
(Aj)
Xj is the ground-state binding energy of
Aj in kev
Te is the electron temperature in keV.
We shall use the centimeter-gram-shake (10 ° sec)

system throughout this work.

To find the three-body coefficient Bj we shall
make use of detail balance. Referring back to Eq.
(2), note that if n, were very large, local thermo-
dynamic equilibrium would obtain.?® 1In that case the
is valid: /2
) (ZmnTe) f__ Uy

n
ne uj+l

Saha equation“

X,/T
e 1€

fj/fj+1 =

)

where h 1s Planck's constant,

u, 1s the partition function for state j.
3
Xij/Te
uj -.E gije . (7)
i

As approximations we ignore all but the first
term in uj as well as pressure and degeneracy effects.
In Eq. (7), 85 and Xij are the degeneracy and bind-
ing energy of the ith bound state of ionic state j.
Thus, in the limit of high densities using Eqs. (2)
and (6)

/T

8
S, = 1.91 x 1026 —tlp ¥z g I e
J Bij41 © 3

X
(€))

or
B. ~us 4 g
j = 4.01 x 10 i ) ij+1 . 9)
XJ Te gij

At our present state of development, Eqs. (4), (5),
and (9) are regarded as only approximate rates, to

be improved on later.

ITII. SOLVING THE STEADY-STATE EQUATIONS
We now analyze the system implied by Eqs. (2)

and (3). Let's rewrite Eq. (2) as

£j+1/fj = Aj + ZBj, (10)
where
A, = a,/S
37 %05y an
B, = n,B./S
5 = nyBy/5y 12)
z = ne/ni. (13)
In the above equations, n, is the total ionic density.
Since E.may also be expressed as

Z = ijj, (14)
the equations represented by Eq. (10) are not linear.
If we were to solve the system (10) and (2) we

would obtain

Z =72, (15)



-

%/%+1=(%/%+Ro' (16)
For any arbitrary Z, now,
fj/fj+1 = (fj/fj+1)o + (Z—Zo)Bj. an

We shall assume that none of the ratios (fj+l/fj)o
are equal to 1.0. In that case, there exists a

largest f, say f It follows then that

-
>1 if § < k
) = (18)

r. = (f./f,
J 3 <1 if § > k

+1
because the values of Xj monotically increase as j
increases. Note also that Bj is positive. It fol-
lows then that

if Z

£./f, < (f./f
J/ j+1 - ( J/

N

1A
N
.

j+l)o (19a)

£/80 2 (£5/f . (19b)

N
v
N

341 j41)o I o

We now assume that no more than three values of j
contribute to the sums in Eqs. (3) and (14), i.e.,
fy-10 fyo g are 0
Egs. (18) and (19), Z° may be calculated very quick-
ly.

are the only important f's. Using

To see this, let
zZ) = f_/f, (20
a,@ = £,/8,,, )

for any value of Z. Now calculate qj(j) + qj(j+l).
If this quantity is greater (less) than two then rj
is greater (less) than two. This follows from Egs.
(17) and (18). This is very important because it
says that if

qj(E)glforjf'ifj+1 (21a)

then
r, < 1. (21b)
j >

Several cases now arise near the value of j for the

maxiomum f,.

]
Case I:
qj(f) <1, j<z<1 (22a)
U@ > 1L, J+12223+2 (22b)
Case II:
;) <1 3sz2i+e, (23a)
qJ.(E)>1j+e<z<j+1 (23b)
qj“(Z) >1 (23¢c)

Case III:

qj(E)<1 i<zZ<i+ (24a)
qj+,(5)§1j+1525j+1+y (24b)
4,3 21 JH1+y<z< 42 (24¢)

, is the largest

f. Cases II and III are not so clear cut. Either

In Case I it is clear that fj+

fj or fj+l may be dominant in Case II. To determine
which f is the largest we calculate qj(j +1/2). If
qj(j + 1/2) is less than 1, fj is taken to be domi-
nant. Otherwise fj+l is dominant. Similar reasoning
applies to Case III, where qj+1(j + 3/2) would be
used to decide between fj+l and fj+2'
Now given a dominant fk we will assume that on-
1y fk—l’ fk’ and fk+l will enter into the calcula-
tions. Including only three states is an approxima-
tion, but a good one in practice. When done as above
one always includes the largest two states in the
calculation. An algebraic equation may now be writ-

ten for Z. From the relations

Zak+E - £ (25a)
L=f  +E +E, (25b)
£, = (A +BDE (25¢)
e = By ¥ B i (25d)
fer = A+ BZY(AL, + B DL, (25e)
we get

£, = [1 + (Ak+i B, L) @A +BI@M, +

Bk+1z)] (26)

by combining Eqs. (25b), (25¢), and (25d). From
(25a) and (25e) we get

Z=k+ [l - (Ak + Bkz)(Ak+1 + Bk+lZ)]fk+1'
Combining Eqs. (26) and (27) we get 27
Z=k - 7
1+ [2.+ (Ak+1 + Bk+12)][1 + (Ak+1 +

Ben® G H BD (B + B DT 0O

Although Eq. (28) is a cubic for Z we solve it pre-
sently by iterations. 01d values of Z are used on

the right side and the new of Z is then the left side.




As for all iterative procedures, an initial value
for Z 18 needed. We obtain this with the use of Eq.
(25e), using Z = k. If f < f

o k-1 k
Otherwise Z = k + 1/2.
A more sophisticated model with time dependence

then Z = k - 1/2.

based on Eqs. (1) is also under consideration at pre-

sent. It, too, neglects all but three f's. In this
model quickly arising and quickly dying states may
be followed. No more will be said about this model
except that the time constants for collisionally ion-
izing atoms near equilibrium is found to be about

.1 ns (in Carbon, found from the steady-state runs®).
For processes taking less than .l ns, ionization will

be incomplete and rate equations should be used.

IV. THE ENERGY EQUATIONS

Assuming that, at any time, the £, 's in Egs. (1)

are known it is now required to use tgis information
in the energy balance equations. The processes of

importance are assumed to be collisional ionization,
collisional recombination, and radiative recombina-
tion.
;—ii-i[ 5,fy + (@, + Byn )fj“] j$— n,

Ejpy * X, -

Referring back to Eq. (lc) we may write

aj j41 (29)
JE

In Eq. (29) 3{1 is the time rate of change of the

energy of the free electron gas with respect to ion-

ic state j. E is the average energy of each

s41
photon emittedJIn,iecombining with ionic state j + 1
to form state j. X may be interpreted as an average
binding energy for recombination.

The first term in curly brackets represents the
negative of the rate of change of ionic energy due
to state j. The second term is the rate of energy
lost by the free electrons due to recombinations to
state j. Equation (29) may be partially integrated

when one notices that Egs. (1) can be rewritten in

the form
£, = [—Sofo G Bone)fl]ne (30a)
. [—Slfl + (o, + Blfz)ne]— £ (30b)
. j-1
- [—ijj + (o + Bjne)fj+l]ne SR
. z-1
f =-Sf,, (30d)
z Eé% i

where the dots mean differentiation with respect to

t.

Letting

Fpy « ~E, .« +X - X,

Fier,3 = B,y T Xy (31a)
z; E; (31b)
i=0

we obtain
z %=1 7-1
£, ) X, -0, 3
"jon j=0 j i i e 3=0
F +
o0 f L Fip s dt g (32)

where q is a constant of integration. Despite its

formidable appearance Eq. (32) is easily understood

on an intuitive basis when one realizes that f rip—

P
resents a state whose total binding energy is L Xj
The integral term says that state i1 + 1 is cont nual—

ly recombining to state i. When the electron tem

perature, Te’ is zero the classical assumption is

made that the number density of electrons n, is prac-
tically zero. Thus fo = 1 and
z-1
= +
B " %on j};b Xj d (33

Since the value of q can be arbitrary without affect-
ing any physical results we let

z-1
(34)

The total energy of the free electrons Ee, then,

is equal to a sum of three terms:

/ z Zil Zil-/'
E = 3/2n kT + n, f X, -n
e e e ion EO 3 =5 i e i=0

F. :
541,393 Ey0de =m0 Jz:b X (35)

We can interpret the terms in order as kinetic ener-
gy, potential energy, and radiated energy.

We now need an approximation to the quanity
Ej+1,j' Stratton6 gives a formula for the energy
spectrum of the photons emitted by electrons recomb-
ining into the nth shell of a hydrogenlike ion cor-

responding to our ionic state j =

jn 3/2
dE ¢ .0136 X0} Sa
v C“e“ifj+( T, ) (.0136) n Bp NP

(xj - h\))/Te (36)



where Gn is the number of states available in the
nth shell, ¢ = 1.7 x 100 erg cm?, Xj,n is the
binding energy of the nth shell in the jth ion. In-
tegrating Eq. (38) overall v we finally get

8

jn ~46y 2 n -1/,
E'_=3.5%10 "X, nn—f_ , (T) erks .
+1 Jerks
bf j,mein’j e “mishake
37
Thus recombination energy is being produced at the
-]
rate “E“O_Fg?. If the average energy of these pho-
t is E. . then
ons 41,3
= E + - X
n=u°Ebf ajfj+1neni(Ej+l,j Xj X) (38)
Using Eq. (5) for o, we get
— 25 i 2 Gn
Fipr,j = -58 % 10 n=no(x o/ X (39)

To be more useful we must make some assumptions and
approximations on the right-hand-side of Eq. (40).
First we assume that all levels above the ground

state, i.e. n > ng have binding energies

(o]
1

= .0136j%/n? n >n

1,n o (40)

X, =X.,n=n

J,n J o 1

Next, let all the ions be in their respective ground

states. Thus
qn = an, n > no, (42)
= 9n2 =
Cn = 2n° - cj-{-l’ n = nO’ (43)
where Cj+1 first appeared in Eq. (4). Using Egs.
(40) - (44) we get
g,
= _ -25 N AT B
Ej+l,j = .58 x 10 ixj <2n° n_ )
-]
(.0136§)* 3 1
X; n=n_+1 n¥ (44a)
= .58 x 10°25)x {20 - 53+1)3.7 x 107"
o 5—
o
ji no 1
X (1.202 - z nﬂ')f (44b)
J n=1
In Eq. (44b) we have used the relation
-]
¥ 15 = 1.20209... (45)
n=1
Note that the entire right-hand-side of Eq. (45)

can be tabulated once and for all. It is not a

function of temperature in this approximation. If
the entire spectrum were required then Eq. (38)

would have to be used.

Many approximations have been made up to this

point but the theory is not complete. The energy
equation, Eq. (34), will point this out. Suppose
that
Fo, . =Y, , >0 46
i+, T Y% Y (46
Equation (29) can be written
JE,
={-S. f .+ a,(1l-y.) +B,n f X.n,.
3 shy oLy + Byng EipapXymy
. (47)

The term aj(l—Yj)anj represents the rate of change
of the energy of the free electrons due to radiative
recombination. The only process approximately taken
into account is the first photon emitted on recom—
bination. In particular the cascade down to the
ground state from the state n is implicitly assumed
to be collisional. We will deal with this point in
more detail in a sequel. It will be shown there
that Ej+1,j
the cascade energy is included.

does have a temperature dependence if
It should be noted
Also, Eq. (40)

can't be right for all ions since it does not give

that X is temperature dependent.

the right answer for recombination energy to the

8 41,3 = 9.9ev.)
A rough theory where Xj = Xj would probably give

ground state of hydrogen. (It gives E
reasonable results because it implies that all re-

combinations go directly into the ground state.
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