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GLOSSARY
HE - high explosive
JWL - Jones, Wilkins, and Lee (equation of state)
MAGEE and HEMP - LASL and LLL mesh codes, respectively.

Mesh calculation or code - using the Lagrangian method where each (ordinarily quadrilateral) computation

cell represents a fluid element
MOC - method of characteristics

SYMBOLS
sub o 1initial state
D detonation velocity
e internal energy concentration (per unit mass)
Y adiabatic exponent; at Chapman-Jouguet state for HE: vy = po D2/p -1

sub J Chapman-Jouguet state for HE
distance from initiating plane
HE degree of reaction (A = 0 for no reaction, A = 1 for complete reaction)
pressure
HE heat of reaction
radial coordinate
- R wall displacement (outer surface)
mass density
time

lateral wall velocity

< g D ™ O T >

specific volume, 1/p

N

longitudinal coordinate
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NUMERICAL CALCULATION OF THE CYLINDER TEST

by

W. Fickett and L. M. Scherr

ABSTRACT

The cylinder test evaluates high explosive performance in

short-time applications.

We study the accuracy of 1its calcula-

tion by a two-dimensional (time-dependent) Lagrangian mesh code.
The principal comparison is made with a more accurate calculation
of the steady flow near the front by the method of characteristics.

Refining the computation mesh produces a surprising artifact:
a large pressure bump on the axis produced by a spurious comical

wave originating at the detonation front's edge.

Nevertheless, the

quantities of interest, late wall displacement and velocity, are

accurately calculated.

With 13 lateral computation cells, after

10 mm of wall motion the error in arrival time is +0.07 us, and
the error in mean velocity, which fluctuates from reverberations,

is less than 0.03 mm/us.

I. INTRODUCTION

The cylinder test 1s commonly used to evaluate
HE performance when propelling metal ghells over
~10 us.l It has also been used to study less homo-
As

part of a project to evaluate detonating explosives

geneous explosives with longer reaction times.2

models used in numerical hydrodynamics calculations,
we studied the accuracy of a two-dimensional (time-
dependent) Lagrangian mesh code calculation of the
cylinder test, extending the results of Wilkins.3
We compared the results from the Los Alamos
Scientific Laboratory (LASL) mesh code MAGEE with a
steady-state calculation by the more accurate method
of characteristics (MOC),4 calculations made with
the similar Lawrence Livermore Laboratory (LLL) code
HEMP,5 and some features from a precise LASL experi-
ment.6 The main results were
(1) As the calculation mesh is refined below
the typical size (13 lateral cells) of rou-
tine calculations, a surprising artifact
appears. A spurious conical wave that
starts at the front's edge in the HE propa-
gates along the tail of the Prandtl-Meyer

rarefaction attached to the front, and

(2)

converges to produce a pressure peak on the
axis, where the pressure as a function of
longitudinal distance should have a plateau
at less than half this value. This arti-
fact seems to be typical in some mesh codes
of this type.

Despite this unpleasant artifact, the cal-
culated wall position and local mean wall
velocity (averaged over reverberations) are
accurately calculated and have a reasonable
mesh size dependence. With 13 lateral
cellg, the error in arrival time after the
wall has moved 10 mm is +0.07 us in the
standard geometry of 15.4-mm initial outer
radius. The error in mean wall velocity at
this displacement is approximately zero.
Its sign is difficult to determine because
of the irregularity of the calculated re-
verberations, whose peak-to-peak amplitude
is 0.25 mm/us, but its magnitude is proba-
bly <0.03 mm/us. With so few cells, the
early wall motion is off: the calculated
mean velocity over the first reverberation

is about 8% too high.



II. CONFIGURATION AND TYPICAL RESULTS

Figure 1 shows the cylinder test geometry1
and a typical experimental wall motion.7 Some char-
acteristic values for the explosive PBX 9404 are
given in Table I, in which L is the distance from
the left end of the test HE and R is the outer wall
radius. Most of the values are for a transverse
wall displacement R - R° of 20 mm, as shown on the
left-hand side of the dynamic view in Fig. 1. The
flow becomes gteady (in a frame attached to the
front) when the front has traversed about four HE
diameters. The quantity usually measured is wall
displacement vs time at fixed L. The quantity p in
Table I is the mean mass density over the cross sec-
tion when the wall at the measuring station has

reached this expansion.

III. PROPERTIES OF THE MOTION

Our calculational model assumes the usual, sim-
plest detonation model. The reaction is instanta-
neous; the front is plane and moves at the (constant)
Chapman-Jouguet velocity, with sonic flow directly
behind it.

We compared our calculation with those in Ref.
4, which used the more accurate method of character-
igtics (MOC).
that the flow is steady in a frame attached to the

It makes the additional assumption
front. We use 1its results to display some of the
physics of the problem. This calculation was done
for both slab and cylindrical geometry. First we
discuss the simpler slab case, which ig a slab of
HE between two flat metal plates. The side and rear
boundary conditions are p = 0, thus the flow is su-
personic everywhere behind the detonation front.
With these assumptions, the regultsg scale in
lateral gize. At fixed time, any dependent variable

q of the flow field may be written as

q= f(r, zp = z) ,

where zg is the position of the front. For an ob-

gerver of the wall at fixed z

q=g(t); t = (z; -2)/D .

If all radial dimensions are increased by k, we have

q =[f kr, k(z - zf)/D]
and for the observer at fixed z

q=g(t); t =k(z-2,)/D .

A. Slab

Figure 2a shows the r-z diagram. A centered
Prandtl-Meyer rarefaction wave propagates from each
Only the

The situa-

intergection of the front with the wall,
tail characteristic of the fan is shown.
tion is complicated by the interaction of these two

rarefactions. If the HE were laterally gemi-infi-

nite, so that there were only one rarefaction, the

TABLE I

TYPICAL CYLINDER TEST

Distance, time

measurement at fixed L = 248 mm (9.75 in.), and at

wall displacement r = 20 mm (values below are for
this displacement)

in time t = 12.6 us (from first motion)
wall velocity at R - R° =0 mm: u=0.84 mm/us
R - R° =5 mm: u=1.,5 mm/us
R - R° =20 mm: u = 1.7 mm/us
as wall moves 20 mm, front moves 110 mm
Mass, energy
wall mass per HE mass = 2.19

late wall energy per HE chemical energy ¥ 0.5

Mean state at R — R, = 20 mm

plpy = 1/7; p(p/p) = 70 MPa
on axig: p ¥ 70 MPa
at wall: p ¥ 0 (fluctuating from reverberations)

Experimental error7 (standard deviations)

Ot = 0.5% (= 0.063 us at r = 20 mm)
o, = 1% (= 0.017 mm/us at r = 20 mm)

Egplosive,7 PBX 9404

p, = 1.840 Mg/m’, D = 8.8 mm/us, p = 37 GPa,
Y = 2.85




characteristics issuing from the corner would be
straight lines and each would have a constant state
along 1it.

The shock in the copper stands at the matching
angle. A centered rarefaction moves back from its
intersection with the free surface and reverberates
in the plate in the usual way, where the outward-
facing waves are compressions and the inward-facing
waves are rarefactions. The first region behind
the tail of the Prandtl-Meyer waves 1is nearly con-
stant and is changed only by the Prandtl-Meyer wave
from the opposite boundary. Some of the character-
istics from the lower Prandtl-Meyer wave are only
sketched in because the code's output list gives
only their intersections with the center line and
the HE/copper interface. The characteristics are
strongly refracted and spread apart; all those
shown originate within a very small angle at the
lower corner and thus carry a small range of pres-
sure. The pressure at point A, 0.641 P is only
0.5% below that at point 0. This pressure change
i1s reduced further by reflection at the interface,
so that the axis pressure is constant at p = 0.449

to eight figures between points B and C. Figure

P
Zi shows the axial pressure profile. The regions
of decreasing pressure are caused by the front
Prandt1-Meyer wave and by the subsequent rarefac-
tions from the free surface. Pressure profiles vs
lateral position are shown in Fig. 2c. Their struc-
ture 18 easily correlated with the x-t diagram.
Again we see that the departures from the case of
semi-infinite HE are small; for example, in that
case there would be no change in pressure beyond
point X on the z/rE = 0.5 profile.
B, Cylinder

The cylinder case shows the effects of radial
convergence. The initial slope of the characteris-
tics in the corner of the Prandtl-Meyer waves is
unchanged, but they are now curved not only because
of interaction with the wave from the opposite side
of the tube but also because of the cylindrical ge-
ometry. The radial convergence not only lowers the
first plateau pressure considerably from 0.41 to
0.14 Py but also moves the plateau to the rear and
widens it from BC to B'C' in Fig. 2c.

The output list does not contain sufficient in-

formation to construct an x-t diagram like that in

Fig. 2a, but the general effect is seen by consider-
ing the displacement and lengthening of the central
plateau. The characteristic from point B' reaches
the inner wall of the copper at z/rE = 8.22, r/rE =
2.25.
lateral distance; pressure vs longitudinal distance
will be shown in Sec. V.

C. Tail Wave

Figure 3 shows three pressure profiles vs

A flash x-ray photograph8 of the slab case,
Fig. 4, shows prominent lines that indicate a densi-
ty bump lying approximately along the tail character-
istic of the Prandtl-Meyer wave. These lines are
misleadingly prominent; detailed examination shows
that the film density rise from local minimum to
local maximum is only about 0.075 Mg/m3. Other
x-ray photographs of similar configurations show
this phenomenon with varying degrees of prominence;
in some it is absent. Assuming it is '"'real," i.e.,
not caused, for example, by something like an air
gap or hardened surface layer on the copper, it
could arise in one of two ways. First, with a suf-
ficient change in the copper and HE equations of
state, the pregsure-angle rarefaction and shock loci
(polars) could cross in a way that would indicate
the formation of a small shock building up along the
tail of the rarefaction. Second, an HE reaction
zone of appreciable length might produce this ef-
fect. We know of no detailed study of this problem,
but many schlieren photographs of gas detonations,
such as that shown in Fig. 5,9 show similar promi-
nent waves coming from the edge. Of course in the
gas there may be more of a boundary layer effect,
but the walls are incompressible. In our case, we
do not know how important this boundary layer may be.

The MAGEE calculation, with its artifical vis-
cosity, has a finite shock thickness. For similar
numerical reasons, the chemical reaction must occur
over several time steps in the calculation, giving
rise to a small but finite reaction zone. With suf-
ficiently fine zoning, the calculation shows, as
mentioned earlier, a spurious conical wave propagat-—
ing in along the tail of the Prandtl-Meyer rarefac-
tion. Perhaps this tells us that physically we
should expect such a disturbance when the front has

a finite thickness.



IV. ADJUSTABLE PARAMETERS

Here we consider the unavoidable intrusion of
the adjustable parameters (dials) of our calcula-
When

comparing with another calculation or an exact so-

tional tool. These fall into two categories.
lution, the constitutive relations are not in ques-—
tion; however, we are concerned with the numerical-
method dials, such as the computation-cell size and
shape and the form and amount of artificial viscosi-
ty. To compare with experiment, we also have to
know whether we have the right constitutive rela-
tions.

Appendix A desgcribes the main features of the
MAGEE code, the dials and options that mugt be set,
and some of the problems of using it.

The MOC calculation4 with which we compare
makes several assumptions. The front in the HE is
a plane surface of discontinuity in which reaction
is completed instantaneously. It moves at (plane)
Chapman-Jouguet velocity, so that the flow directly
behind it is sonic. The flow is8 steady in the frame
attached to the shock; one consequence of this is
that it 1s everywhere superonic behind the front, so
that the rear boundary condition (essentially ambi-
ent pressure) does not explicitly enter the calcula-
tion. Finally, the copper is treated as a fluid.
With the exception of omitting the material strength
of the copper, these assumptions are probably quite
good for the real system.

The main numerical-method dials and switches
are

(1) computation-cell size, shape, and distri-

bution,

(2) form and amount of artificial viscosity,

(3) whether or not to allow slip at the HE and

copper interface,

(4) method of "burning the explosive," i.e.,

of propagating the detonation, and

(5) particular set of difference equations

used.

Further, for this application, where we run a
time-dependent calculation until it becomes steady,
we must ensure that the detonation has run far enough
so that a gteady state 18 achieved and also that the
rear boundary condition used in the calculation has
a negligible effect on the results.

We have not made a systematic quantitative

study of the effect of cell shape or distribution,

but some results are given in the axial-pressure-
bump artifact discussion (Sec. V). We also discuss
our comparison of longitudinally graduated and uni-
form meshes in Sec. V.

We generally used the standard (default) arti-
ficial viscosity, which is the Richtmeyer-von Neumann
quadratic form described in Appendix A. Different
viscogity forms and amounts were used in the pres-—
sure-bump study.

The method of propagating the detonation, des-
cribed in Appendix A, consists of programming a
plane initiation front to move at the Chapman-Jouguet
detonation velocity. Reaction is initiated in each
particle when it passes into this front and proceeds
rapidly at a constant rate to completion. The re-
action time is normally the time required for the
detonation front to cross one computation cell. With
this method, the peak pressure at the front does not
become steady until the front has traversed ~50
cells. An example of a steady axial-pressure pro-
The HEMP code uses a dif-

HEMP

file is given in Sec. V.
ferent recipe for propagating the detonation.
gives lateral pressure profiles near the front that
fall off less rapidly toward the edges than the ones
in our MAGEE code.

The form of the difference equations is not a
built-in adjustable parameter of the program. How-
ever, we were go disturbed by the axial-pressure
bump that we modified the program to try the "Green's

transformation" acceleration equations (see Appendix

A); this made little difference. The results, des-
cribed in Sec. V, are qualitatively similar in all
cases.

To compare with the MOC calculation, we must
achieve steady flow. Steady flow to 20 mm of wall
displacement ig achieved between three (L = 75 mm)
and four (L = 100 mm) HE diameters from initiation.
In one set of experiments,7 the time for a 20-mm
wall displacement changes by 0.1 us or 1X between
L =75 m and L. = 100 mm, and by smaller amounts be-
yond L = 100 mm,

atic difference could be detected between L = 170

In another experiment,6 no system-—
and L = 250 mm, which is the standard measurement
station. At L = 120, 140, 160, and 180 mm, our cal-
culated times varied by <1 part in 10 000 for 10 mm
of wall motion and by <1 part in 1 000 for 20 mm.
We thus achieve steady flow, but at a significant

cost in calculation time.



As expected, the exact choice of the rear
boundary condition has little effect; we generally
used a continuative rear boundary. Changing to a
rigid rear boundary (a severe perturbation that pre-
vents all backward motion of the detonation products
across the initiating plane) changed the time for a
20-mm wall displacement at L = 100 mm by <1 part in
20 000.

The cylinder test is generally used to deter-
mine the HE equation of state; therefore, we are not
concerned here with uncertainties in its equation of
state. In performing this calibration, it would be
desirable to know the properties of the copper case.
How serious are errors here? We expect the hydro-
gtatic part of the equation of state to make little
differénce at late times because the case pressure
rapidly drops to zero. The principal confinement
agency 1s the mass of the case, with some contribu-
tion from the hoop strength of the material. In one
set of calculations,7 replacing the copper by the
same mass of ductile steel increased the 20-mm dis-
placement time by only 1%; replacing the ductile
steel by mild steel increased the time over that for
copper by 2.8%; and increasing the yield strength of
the copper from Yo = 0.3 GPa to Y° = 1 GPa increased
the calculated time by 1.3%. Ve repeated this last

comparison and got 1.1%.

V. RESULTS

We have presented data analysis and display de-
tails in Appendix B, calculation specifications in
In all

of our calculations, we used the description "10 + 3

Appendix C, and data tables in Appendix D.

lateral cells'" to mean 10 lateral cells in the HE
and 3 in the copper. Where the mesh is refined to-
"20 + 6 lateral cells," the longitudinal cell dimen-
sion is also halved so that the cells retain their
shape. All results are presented as seen by an ob-
server at fixed z, with wall displacement as the in-
dependent variable.

A. Mesh Calculations vs MOC

Figure 6 shows the axial pressure vs distance
behind the front. All of the calculations except the
upper solid curve discussed below have been carried
to a steady state. The front positions for MAGEE
coarse, MAGEE fine, and HEMP are L = 285, 162, and 97
mm, respectively. The true solution (MOC calcula-

tion) has the plateau discussed in the previous

section. The coarse (10 + 3 lateral cells) MAGEE
calculation shows the typical blunting at the front
due to artificial viscosity, with the peak pressure
down to about 85% of its true value. The mesh is
coarse enough to smooth the plateau details, but
agreement farther to the rear is good. The sur—
prise comes when the mesh is refined. For the fine
mesh (20 + 6 lateral cells) MAGEE calculation, the
front pressure rises to 92% of the correct value
and the fall toward the plateau is more nearly cor-
rect; however, there is a large hump in the middle
of the plateau with a peak pressure that is over
double the correct value. To keep this fine mesh
calculation alive, we had to remove rear net sec-—
tions closer to the front than we wished, with the
result that the points shown are all we have. Also
shown 1s a finer mesh (25 + 5 lateral cells) HEMP
calculation run for us by E. L. Lee of LLL. Be-
cause this calculation is for a slightly different
explosive (PBX 9404 described by the JWL equation

of state instead of LX04-01 described by the Wilkins
equation of state) and metal (copper with material
strength), a quantitative comparison cannot be made;
however, it gives the same spurious pressure peak.
Brian Lambourne of the UK Atomic Weapons Research
Establishment also ran calculations for us with that
Laboratory's code (similar to MAGEE). His results
were similar to ours.

We did many more calculations to study this
phenomenon. Most of these calculations used our
standard fine mesh, but with one less cell in the
copper, i.e., 20 + 5 lateral cells, and square cells
in the HE.

(1) The bump first appears early in the rum.

We found that

It is not present with the front at L = 35
mm, but is clearly evident at L = 50 mm.
It becomes nearly steady at L = 100 mm,
with slight growth in peak pressure beyond
this point.

(2) Changing to slab geometry reduced but did
not completely remove the bump, thus con-
firming the importance of cylindrical con-
vergence.

(3) Changing the HE equation of state from the
Wilkins form to a gimple y-law had no ef-
fect.




(4) Changing the rear boundary condition had no
effect; free, continuative, and fixed rear
boundaries were tried.

(5) Replacing the MAGEE acceleration equations
by the "Green's transformation" (HEMP) form
gave similar results to the calculation
with the HEMP code itself (Fig. 6), pro-
ducing a small increase in peak pressure of
the bump.

(6) Reducing the lateral cell gpacing in the
copper by a factor of 4 had no effect, but
reducing the copper density to 0.1 Mg/m3
eliminated the bump. These results suggest
that some type of wall interaction is re-
sponsible.

(7) Increasing the coefficient of the standard
quadratic artificial viscosity flattened
the bump and moved it away from the front.
With a linear combination of linear and
quadratic viscogities, increasing the co-
efficient of the linear part increased the
peak pressure of the bump.

(8) Halving only Ar in the HE increased the
peak pressure of the bump, moved it toward
the front, and added a second smaller bump
near the back end of the plateau. Halving

both Ar and Az sharpened the bump, raised

its peak pressure, and moved it toward the

Halving Ar and doubling Az flat~

tened the bump and moved it away from the

front.

front. Recall that these changes also
change the vigcosity, which 1is proportional
to cell area.

C. L. Mader has performed some additional cal-
culations with his 2DL10 and ZDE11 codes. The 2DL
code 18 a Lagrangian code patterned after MAGEE; 2DE
is a newer Eulerian code. These calculations use a
constant-pressure rear boundary condition with dif-
ferent values of the specified pressure, both sharp-
shock and CJ-volume burng, and fine (20 + 4 lateral
cellg) and very fine (40 + 8 lateral cells) meshes.
Most of them were carried to a front L of 35 to 45
mm. All of these show similar smoothly monotone
One 2DL
calculation with a sharp-shock burn, fine (20 + 4)

profiles with no hint of a bump or plateau.

mesh, and rear-boundary pressure of 4 GPa wag car-
ried to a front L of 63 mm. TIts axial pressure

profile, shown as the upper solid curve in Fig. 6,

appears to be forming a plateau, but lies well above
the steady solution. The fine MAGEE calculation at
the same front L (see item 1 in the variations
above) has a profile not very different from the
steady fine MAGEE curve of Fig. 6, with an obvious
bump. We cannot explain this difference. Much more
work is needed to understand the cause of thig arti-
fact.

We now consider the calculated wall motion.

The three mesh calculations compared with MOC were
the coarse (10 + 3) and fine (20 + 6) MAGEE calcu-
lations described above, and the finer mesh (32 + 6)
HEMP calculation reported by Wilkins.3 Unfortu-
nately, the HEMP calculation extends to a displace-
ment of only 5 mm. The choice of to, the time at
which the wall motion begins, is described in Ap-
pendix B.

Figure 7 shows the early wall motion for MOC
and the mesh calculationg in various combinations.
The complete wall motions are compared in Fig. 8.
Figures 8c through 81 make comparisons at two mag-
nifications by displaying differences of the calcu-
lated times At from the times given by a smooth

reference curve

At = tc (R) - tr(R) ,

where t, is the time at R from the calculation in
question,.and t_ is the time from the reference

curve at the same R. The two reference curves used

are

1. 1linear

t=(R-R)/.3

2. exponential (see Appendix B)
u = 0.7912 mm/us
u_ = 1.551 om/us

X = 2.56 mm.

The linear reference curve gives a magnification of
~14 times, and the exponential reference curve gives

a magnification of ~35 times.




All of the mesh calculations show some irregu—
larities in the reverberations, with the finer meshes
giving more nearly the correct period, but with finer
scale irregularities. The mean velocity 1is too
large in the 0 < x < 1 range (the first reverbera-
tion), too small in the 1 < x < 4 range, and very
nearly correct for x > 4. If we arbitrarily define
the mean velocity over the first reverberation as
the slope of the line in x-t joining the first two
inflection points (initial point and first inflec-
tion point for MOC), we find percentage deviations
for this mean velocity from MOC as follows. The
mean velocity is determined in each case from the

two points listed.

MOC —-— from points 1 and 9
Coarse MAGEE + 8.6% from points 3 and 10
Fine MAGEE + 5.4% from points 2 and 9
HEMP + 4.87% from points 2 and 9

Figure 9 shows the wall velocities calculated
by MAGEE and MOC (these are not given for the HEMP
calculation). The coarse MAGEE shows fairly regular
reverberations of about the right magnitude, a mean
frequency about 15% low, and a curious flattening of
The fine MAGEE is puzzling

because the reverberations become somewhat irregu-

some of the lower peaks.
lar. Once the initial transient 1s over, the enve-
lope of the two MAGEE calculations agrees fairly
well with MOC.

B. MAGEE vs HEMP and Experiment

Figure 10 compares more realistic MAGEE and
HEMP calculations and two experiments. The results
shown are for the HE PBX 9404-03. Both calculations
used the JWL equation of state with the AA param—
eters (pj = 37.0 GPa) given in Table II of Ref. 7.
All results are presented as time differences from
the exponential reference curve of Appendix B, with

parameters

u, = 0.835 mm/us, u, = 1.788 mm/us, X = 3.58 mm.

(-]

Because the JWL equation of state constants
were determined by calibration to the LLL experiment,
we expected and found that the HEMP calculation7

closely reproduced that experiment. Although there

is a late arrival time difference between the LASL6

7 .
and LLL  experiments, which are about the same slze

as the quoted LLL error, the velocity 1is similar af-
ter the first several millimeters of wall motion.
The LASL points are as reported, with no smoothing.
The LLL

experiment was one of a set covering many explosives;

The LLL points are as reported in Ref. 7.

it did not attempt to look closely at the early mo-
tion. The LASL experiment was a single, high-preci~-
sion effort with special attention given to the ear-
ly motion.

The MAGEE calculation shows a late time veloci-
ty of about 1.5% less than HEMP and an arrival time
velocity 0.16 us later. The arrival times were ar-
bitrarily set equal at a 2-mm displacement (see Ap-
pendix B). We cannot account for this difference.
Both calculations used the same HE equation of state.
The computational net was identical toward the end
of the stick; the HEMP net was longitudinally gradu-—
ated as described in Ref. 7, whereas the MAGEE net
Substituting the HEMP

longitudinally graduated net in the MAGEE calcula-

wag longitudinally uniform.
tion increased the discrepancy: it made the arrival

time at 20-mm displacement 0.025 us later while leav-
The other dif-
MAGEE and HEMP
used the same elastic-plastic model that had a yield

strength Yo of 0.3 GPa.

ing the late time velocity unchanged.

ference 1is in the copper description.

The copper equation of state
used in the HEMP calculation was not reported; we
used the standard LASL copper equation of state des-
cribed in Appendix C. Slight differences here as an
explanation of the discrepancy are ruled out by the
insensitivity to variations in the wall material (at
constant cross-sectional mass) described in Sec. IV.
Figure 11 compares the early wall motion calcu-
lated by MAGEE with that measured in the LASL experi-
ment. The difference is very nearly the same as that
between the MAGEE and MOC calculations seen in Sec.
V.A. Here the MAGEE velocity over the first rever-
beration is 8.3% higher than experiment, whereas
(with the same mesh), MAGEE was about the same amount,
8.6%, higher than MOC in Sec. V.A. We conclude that
most of the difference between MAGEE and experiment
is due to the coarse MAGEE mesh and that a finer mesh

calculation would give much better agreement.
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APPENDIX A

THE MAGEE CODE

Here we briefly describe the main features of
the two-dimensional Lagrangian computer code MAGEE.

Difference Equations

The equations for advancing the node positions
and computing the cell volume from the node posi-

10,12 There are several

tions are the standard ones.
different equations available for computing the ac-
celerations from the stresses. Herrmann13 described
many of these and evaluated their performance on a
selected set of prescribed distortions of the mate-
rial. MAGEE uses the '"force gradient" equations,
with the first of the two alternative ways of ap-
proximating the denominators given by Herrmann.
HEMPS uses the '"Green's transformation' equations.
The energy advance is also very similar in the dif-

ferent codes and is based on simple analogs of

16

Slip

MAGEE has the option of slip or no-slip at a
material interface, i.e., letting the two materials
slide freely past one another, or, in effect, gluing
them together so that there 18 no relative motion.
The method used is similar to that described in Ref.
5. In our calculation, the copper moves forward
faster than the HE near the front, and vice versa to
the rear. In the no-slip case, a numerical boundary
layer of one-cell width develops on either side of
the interface to allow slip to occur in the rest of
the material. In a fluid, such as in the HE deto-
nation products, there is no resistance to this
shearing deformation of the cells. The sample out-
put in Appendix C includes results with and without

slip.




Material Strength

The model used, which is described in Ref. 14,
i8 usually referred to as the linearly elastic, per-
fectly plastic, or Hooke's law-von Mises model.
Linearly elastic refers to the stress and strain de-
viators, and not to the hydrostat, which retains its
ugual nonlinearity. The yleld surface is a circle
in a stress—deviator space with perfectly plastic
flow (e.g., no work hardening) after yield.

HE "Burn'

The HE is "burned," that is, the detonation is
initiated and propagated by a chemical reaction that
proceeds at a constant rate and is initiated on a
surface that moves away from the initiating surface
at constant velocity D. (In complicated geometries,
the calculation of the initiating surface may re-
quire a Huyhgens construction; here the initiating
surface is a plane.)

The equation of state as given consists of a
function ﬁ(p, e) or E(p, p) describing the detona-
tion products, together with a value of e for the
unreacted explosive that yields the desired CJ state
when substituted into the Hugoniot and Chapman-—

Jouguet relations
~ 1
e(p, P) —e =5 plv, - V)

~2
pzc (, P) = P/(Vo -v) ’
where c¢ is sound speed,
0?2, p) = (o + e)le, .

with the subscripts p and v denoting partial differ-
entiation. Our burn method requires a ''complete'

equation of state P(p, e, A) which describes the mix-
ture of reacted and unreacted explosive. For the

complete equation of state we choose the simple form
Blp, e, \) = plp, e - e* +A(Q+eM]

with the heat of reaction Q numerically equal to the
given e, and the value of e* chosen to make the
calculated initial pressure of the unreacted explo-

sive, ﬁ(po, e s A = 0), equal to zero for whatever

value of e, ve decide to use in the MAGEE calcula-
tion (we take e, = 0 for this purpose). As an ex-

ample, take a y-law for s(p, e)

plp, €) = (y - Lpe .

The complete form is

Plp, e, A) = (Y - 1) p(e + AQ) ’

with ¥ = 0.
The progress of the reaction 1s described by a

reaction rate r

A=r=°%(, e, A) .

The energy advance equation 1s unchanged by the

presence of reaction, being (for a fluid)
e=pv .
A constant reaction rate

-1

r=1 ;T=k AZO/D

is used with reaction time T, depending on the ini-
tial cell thickness Azo, the congtant detonation ve-
locity D, and a constant multiplier k, which is nor-
mally one.

time ti

Reaction starts in cell 1 at an ignition

N

ti = zi/D -

T ’

where z; ig the distance of the center of cell 1 from
Thus, the value of A in cell

1 is a function of time alone.

the initiating plane.

A=0fort<t ,

and

A=1 for t > ti + 1 .
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The cell at the initiating plane ig treated like the

others. Note that for that cell, t,6 = to’ so that

it begins to react immediately. :
In our calculation, the peak pressure at the
wave front increases with distance of run. In a
typical case (our coarse mesh), the peak pressure is
very nearly a hyperbolic function of distance. Using
the cell number n of the peak-pressure cell in place

of distance, this relation is
p-p*=-k/(n-3) |,

p* = 0.86 py» k = 28.3 GPa .

The peak pressures are shown in Fig. A-1. They os-
cillate slightly after reaching their highest point
at cell 55.

Time Step

The time gtep is set from a stability condition
that is based on an approximate linearized stability

analygis, plus a safety factor. Without artificial

18

viscosity, one could use a value close to the Courant
condition At = Az/c, where Az is the length of the
smaller gide of the cell and ¢ is the sound speed.
With artificial viscosity, the complete stability
condition gives values of about one-third or one-
fourth the Courant value; experience confirms that
such a value works well. Values observed in actual
runs in this work are about one-eighth the Courant
value and sometimes appreciably smaller when the
cells in the rear become distorted.

Artificial Vigcosity

The standard artificial viscosgity 1is the von

Neumann-Richtmeyer quadratic form
2 -
g=Bp A (v/v)T; v=E1/p

v/v = (vn+l - vn)/(vn+1 At) .
B =1.44

where the index n denotes the time step and A the
cell area. Other forms are also available.

Cell Distortion

The main problem with programs of this type is
computation-cell distortion. The offending cells
are those near the intersection of the rear boundary
with the copper/HE interface. Ordinarily, these
cells become sufficiently distorted to stop the cal-
culation; the stop is postponed, but not eliminated,
by an ad hoc automatic cell-reshaping mechanism
built into the program. Allowing slip aggravates
the problem. Giving the copper some elastic strength
stiffens it enough to reduce the cell distortion
greatly, thereby allowing the slip option to be used.

In the calculations used to compare with MOC,
which used fluid copper, cell distortion was a seri-
ous problem. The calculation could be run for a
longer time by periodically removing a rear section
of the net and applying a continuative boundary con-
dition to the freshly exposed surface, but even so
we were unable to carry the calculation as far as we

would have liked.



APPENDIX B

DISPLAY

Reference Curve

In presenting some of the wall motion results,
we use time differences from smooth reference curves
for greater magnification. The exponential refer-
ence curve is based on a simple exponential function

for u(x)
—x/;)

u=u + (ueu - uo)(l - e

with parameters U s Uy and x. This integrates to

t = u;l(x + X% log {ugl[um - (u, - uo)e_xlg]}) .

In presenting t-x results, we must determine
This

18 poorly determined in a mesh calculation because

to, the time at which the wall begins to move.

of the gradual initial acceleration due to artifi-
cial viscosity and finite cell size. Extrapoldtion
from an early segment of the curve is unsatisfactory
For all

of our calculations, we arbitrarily picked to to

because the velocity is rapidly changing.

match the MOC time at 1.88 mm of wall displacement
in Sec. V.A and the LLL experiment time at 2 mm in
Sec. V.B. For the HEMP calculations,l’3 we uged the
to values as reported.

Eulerian from Lagrangian Velocities

MAGEE calculates Lagrangian (particle) veloci-
ties. We need the Eulerian radial velocity at a

fixed z, that is, (8R/8t)z. These velocities are

related by

(8R/8t)z = (8R/8t)h - (8R/8z)t (leat)h »

where subscript h denotes a Lagrangian (constant par-
ticle) derivative. The Lagrangian radial and longi-
tudinal velocities on the right side are printed out
by the code. The wall slope at fixed time, (8R/82)t,
was estimated by difference. The second term on the
right gide fluctuates somewhat but is relatively
small, typically 1.5Z of the first term.

Data Collection

The MAGEE data for comparison with MOC (Sec.
V.A) were collected by a patch to MAGEE, which at
specified times interpolated wall positions and ve-
locities to a set of specified values of z. Using
this patch has a very slight effect on the results,
inasmuch as MAGEE shortens each time step that would
bracket a specified time so as to land right on the
specified time. In Sec. V.B, the data were read from
the printout at a given time. Once steady flow is
attained, the one set of data are of course related

to the other set by

where ze ig the front position. The use of the patch
is convenient in checking for steadiness because the

results are obtained at given z.
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APPENDIX C

MOC CALCULATION SPECIFICATIONS AND DETAILS

The MOC calculation is described in Ref. 4, and
some of its assumptions are digcussed in Sec. TIII.
The HE is

LX-04-01, p_ = 1.865 Mb/m>

D = 8.48 mm/us, y = 2.726, p = 35.994 GPa ,
represented by the Wilkins equation of statel5

a vV + B - wRVe N + wE/NV

e}
1

vV = V/V°

E=ple- e* + A(Q + e%)]

o
]

- 0.08335 GPa

b=-4

594.3 GPa

=
]

0,Q = 11.26 GPa
poe* = 24,2828 .

We give the complete form of the equation of state
described in Appendix A since it is also used in a
MAGEE calculation (the MOC calculation needs the
equation of state only for A = 1). The (fluid) cop-

per 1is represented by the equation of state

140.7 u + 287.1 p? + 233.5 p°

-]
]

h =4
0l

p/p° -1, Py = 8.90 .
The original calculation has a unit HE radius and a
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wall thickness of 0.203. For an HE radius of 12.7

mm, the corresponding wall thickness is 2.5781 mm,

which is slightly less than our standard of 2.6 mm.
The standard coarse mesh (10 + 3) for the MAGEE

calculations is

300 longitudinal cellg: Az = 1.5 mm
10 + 3 lateral cells: Ar = 1,27 nm (HE)

Ar = 0.866... mm
(copper).

The fine mesh (20 + 6) has all cell dimensions re-
duced by a factor of 2. Unless otherwise stated,
all MAGEE calculations used the standard parameters
described in Appendix A, a continuative rear bounda-
ry condition, and the dimensions listed in Table I.

In Sec. V.A (compare with MOC), the MAGEE cal-
culation uses the same equations of state and di-
mensions as MOC, thus no material sgtrength for cop-
per, and no slip.

In Sec. V.B, all calculations are for the HE
PEX 9404, p_ = 1.84 Mg /m>

D = 8.8 mm/ug, Yy = 2.85 p = 37.0 GPa ,
represented by the JWL equation of state7

-R,V -R,V
p=A( ——-ul-)e 1 +B(l—l)e 2 +QE

R1V

V= v/v°

E=p,le - e* + A(Q + eM)]

A = 854.45 GPa
B = 20.493 GPa
w=0.25

R, = 4.6



- 4.9578323 x 10% (GPa)?

R, = 1.35 a

p,Q = 10.2 GPa ) a, = 3.6883726 x 10° (cpa)?

*
p,e” = 49.8051 GPa . b_ = 747.27361 GPa

For copper, we used the standard MAGEE equation of b. = 1151.9148 GPa

state for the hydrostat

b, = 5525.1138 GPa

p = (a + bE + cEz)/(E + Ec) 2
_ -3 -1
c = 3.9492613 x 10 (GPa)
a=a yu+a, ulyl o
[¢] 1
_ -3 -1
2 € = 5.2883412 x 10 (GPa)

b= b° + b1 u + b2 u

_ + Ec = 360 GPa .
c=c +cu

For the material strength constants, all calcula-

U= p/po -1 tions used Y° = 0.3 GPa for the yileld strength and a
standard value of 47.7 GPa for the Lamé constant .
E=pe Slip was allowed at the HE/copper interface.
° Selected snapshots for the above-described MAGEE
calculations are shown in Fig. C-1 and input data are
Po = 8.93 ) given in Tables C-I through C-III.
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Fig. C-1. Snapshots from MAGEE calculations. The detonation runs downward.

(a) Coarse mesh, Sec. V.A,

t = 11.7, initiation end. (b) Fine mesh, Sec. V.A, t = 15.1, rear end computation net after removal

of zones in rear. (c) Fine mesh, Sec. V.A, t = 15.1, near detonation front.
Sec. V.B, t = 17.5, initiation end.
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(d) Coarse mesh,




TABLE C-I

COARSE MAGEE, SEC. V.A, INPUT

AlC
fisu TITLE=S0n £66-01-13vv Ge/ ey 13
ICUNF = G, 5.

ENCT [n=40.

16RAC2€6.€6.6.5.1,2.5.2. 8
£ Aa1G20, G. 6. 6. G. 9G. 90.G. O,
AREAPCS 2,T,,
FLANCZ.F.. SUDLLIP=,F.. SURECT=.T., SUBUANZ.T., JRAOIAL=.F..
NOBURNZ T o

TFIN=G. . .

PINCATA=-22.20.18.16,
TUNZOIE=12, 5,17, 2, 19, 3. 22, 2, 24,99,

Fud&a.£=2.
JSFACE=-10. 3.

1sPACE=3G0,

CELTAN=,1. .GETEGES, CO.TAI=-.11611.
START,I=0.0, STARTI=3G.48, ILAST=3G1., JLAST=14,
TFILR=G. S TIPKINT 2100, 10,

n1=2140. 3GO.
EsN=140.12.1,

865,-10.0.0. ,35533, .848.

ESNVE1,2;:2300. 15.8.9.-1E1G, 1650, .39,

TCPLOT =G, o S,
TVPLOT =0, o 3,

6 5. 16.5..5. 16,.5 21..5 26..5
6 o5 10.3,.3, 16,.3, 21,.5, 26,.5

Flumow=0.10,0.1.1. 0,.36.5.G.1. 1.

Gi5.0,1,1, 25.5.30,5.23,5.1,1,
0.5 0,1.1, 20.5.25.5,80.5. 1.1,
0.5 0.1,1, 16.5.21.5,16.5,1.1,
0,5.0.1.1, 12.0.17.0.12.0.1.1.
G.5,0.1. 1. 7.5,12.5.07.5,1.1,
0.5.0.1, 1, 3.G. 08.0,08.0,1. 4,

KVPLOT (1, 1) 261,

KVPLOT (1, 2)20, 3 2,

wVPLOTC1,3)22,3. 4. 5,6, 7,

KCPLOT(1,31:22.3.4,5,6, 7,

KCPLOT (1. 2120, 2. 3. 4, 5, 6,

CCONT 2590 olielee4,3,0. o3¢c8..4,30, .1,.1,.4,350,
ele oty -4 30, o1o01,.4.30. .1,.10.4,3,0,
SENCSV
PSEURN [RAD=300.ZLINES30.48. 0,10,
16k PCy=2.
vo11=1,0,0,
SENDBURN
PSUNTONE 1RZ 2 10nSHAVEL « RILINEZ1T, 301, ]
PSUNIONE §
PSUNIONE 12 =10nSHAVEL « RILIN=34,301, ]
PSUNTONE 3 .
PIUNIONE I&Z 21TnSHAVE] «  RILIm=51, 301, s
PSUNIONE 8
PSURZONE 1R2<10MSKHAVEL « RILIn=68.301, H
PSUNICHKE §
PSUNICHE [R2:1ONSHAVEL « RILIN=0S.301, H
PSUNSCRE §
PIsv §

s209000.0000s0m00000 TnE FOLLOWING CAKOS WERE ACCED BY MWACEE

PSCI&N SUSEC ONLY

IN THE ABSENCE OF OTHER BURN CARCS. (ACCEC BY mMACEE)

CHOGOSNG0080000000060000000800¢00000000¢

23
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TABLE C-II

FINE MAGEE, SEC. V.A, INPUT

ACD
(£ 214 TITLE=30n €06-01-112v os/eV 73
TOuwes 0. %,

ENOT IN=40,
1CRADZC. 6. €. 3. 1.2.5.2, 2.

RARGC=0, 0. 0. 90, 0.90.90.0.0,

AREAFOS 2,14,
PLAKE=.Fo. SUELLIP=.F.. SURECTZ.T.. SUBURN=,.T., JRAOIAL=.F..
NEWBUANzZ T .
TPINTO. . 1.

PINCATA=22. 26, 16. 16,

TUNZCONE=12. 5. 17.2. 19. 3, 22. 2. 24,99,

FuocaL0=2.

JSPACE=20.6, ISPACE=300,

OOLTAJ=.0S5. .0338333, CELTAl=-.05905S,
STARTJ=0.0., STARTI=3G.48, [1LAST=301. JLAST=27,
TFILM=G. 5. TIPRINTE1G0, 10,

niz140, 300.

ESN=140.12.1.865.-10. 0.6, .35533, .848.

CSNViL. 2)236G0.15.8.9.-1E10.  18¢0. .39,
TCPLOTE0. .5, 6 .5. 10.5,.5 16, .5 21..5 26,.5
TVPLOT=0. .5, 6 .5, 10.5..5 16 .5 21..5 26, .5.
FILMOX=0.10,0,1,4, 0,3G.5.0,1,14.

0,5 0.1, 4, 25.5,30.5.25.5, 1.1,
0,5 0.1,1, 20.5.25.5.80.5,1.1,
0.5.0,1,1. 16.5,21.5.16.5,1.14.
0.5 0.1.4. 12.0.17.0.12.0,1.1,
0.5.0.1. 1, 7.5, 12,5 07.5, 1.4,
0. 50414 1,4 3.0, 08.0,03.0,1.1,

KVPLOT (3, 115601,

KYPLOT (1. 2) =0, S+ 2,

KVPLOT(1,3122,3,4,5,6, 7,

RCPLCI L. 30282, 2. 9.0 2

KCPLOT (11,2150, 2, 3, 4, 3, &,

CCONTZ500:  oleole e 3:0s o8i030.4,3.0, .1.,1,.4,5,0,

efeeti o300 ool 403:00 ot0.8,.4,3,0,
SENOSY
PSBUAN 1RAD=300.ZLINES 30,46, 0, 20,

1erPCIs 2.

vBiT=z4, 0,0,

SENOBURN

PSUNZONE IRZ=10HSHAVE] « RILINE34, 301, 3
PSUNZONE 8

PSUNZONE IRZ=10MSHAVEL « RILIN=68,301, ]
PSURIONE §

PSUNITONE 1R2 S10MSHAVEL « RILINS108, 304, s
PSUNZIONE §

PSUNICNE IRZ=10MSNAVEL «  RILINE136, 301. s
PSUNZONE §

PSUNRZONE IRZ S10MSNAVEL « RZILINE170, 301, ]
PSUNIONE §

PssSU 3

00000vsetcsscesceccs THE FOLLOWING CARDS WORE ADODED BY RMACEE CHOGEENGEE000000000000000000000000000000

PSBURN SUSEC ONLY IN THE ABSENCE OF OTHER BURN CARDS. C(ADOED BY MACEED)




TABLE C~III

(COARSE) MAGEE, SEC. V.B,

NOMAG

PSSV T1TLE 250 £06-01-11v11 04/08/73
TOUMPe 0.5,
IGRAD-3.3.3.3.1.2.3.2.2. ENOTIM=40.,

RANG10.0.0.90.0.2¢.90.0.0.
AREAPQOSe. T, .
PLANES .F .. SUELLIPe.F.. SURECTe.T.. SUBURN=.T.,L URADIALe.F.,
M1«159,.331.
€SCe159.12..1.84.-1.€4.8.545..20493. .59972187. .68.4.60.
1.35..25..4380%077.

NEWBURNe . T. .

TPINeD..I.
PINDATAS28..18.,16..14..12.,10..8..6.,

JREGe2.

ELPL=.T., ESCY(1.1)=331.11°0,.477..003,

JSPACE*10.3, 1SPACE=300,

DELTAU=.127. .086666666. DELTAL= -.15,
STARTJe0.0. START1e30.48, 1LAST=301, AAST={4,

TFILMeD, .S . TIPRINT=100.10.
TCPLOT=0..5.3..5.6..5.9..9.
TPPLOTe0..5.3..5.6..5.9..5.
TVPLOTe0..5.3..5.6..5.9..5,
FILHOM0.25.0.5.5,15.40.0.5.5.1.4.1.3,.3.29,.32.29.3.3.

INPUT

1.4.1.3.3.27.29.27.3.3.1.4.1,3.3.24.27.24.3.3.1.4.1.3.3,21.2%.21,.3.3,

KPPLOTt] f1el. 1 1.1,
KPPLOT(],2302.3.4.8.
KCPLOTe t1el 1 0,0,
KCPLOTI1 . 212,.3.4.8,
KVPLOTel 1=, 1,11,
KVPLOT(],21=2.3.4.9,

CCONTe.1..1..4,3.0.

cle.1..4.3.0. .1..1..4.3,0.

LS PO TS N A
SENDSU
PSBURN
IBRPCJU=2,
VBiTe1.0.0.
SENDOURN
PSSU $

“1etiserertiiesterss THE FOLLOWING CARDS WERE ADOED BY MAGEE

1RAD=300,2LINE=30.48.0,10.

oleel,..3,0,

PSBURN SUSED ONLY IN THE ABSENCE OF OTHER BURN CARDS. (ADDED 8Y MAGEE)

ALTERED MATER]AL 159 12
. 1840000000+ 01 - .1000000000€ + 03 -8545000000€+01
.4600000000€ 01 - 1330000000 +01 -2500000000€ +00
0. 0. 0.
0. 0. 0.
0. 0. 0.
ALTERED MATERIAL 32 2
.8899939900€« 01 -.1000000000€ 02 .4957832300€ 01
.552%113800€+01 - 3349261 300€400 -5288341200€+00
0. 0. 0.
0. 0. 0.
0. 0. 0.

.2049300000€ «+ 00
-4980507700€ + 00
0.
0.
0.

.3688372600€ 401
-3600000100€+01
0.
0.
0.

Sj{ecgepecccccccccesentcccccetiotenccrene

.5997218700€+00

coeeo

0.
0.
0

. T472736100€+ 01
. 4770000000€ < 00

-8800000000€ <00

cooo

- 1151914803€+02
-3000000000£-02

0.
0.

0

25
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MAGEE

MAGEE

COARSE P
6.7235€-03
11 .3801270
2l . 1656145
31 .0388129
COARSE X
~1.11a4440
11 11.4709700
21 25.7927600

31 40.7863800

MAGEE FINE P
.0141693
11 .5729668
2l .2553813
31 . 0953790
MAGEE FINE X

- .4615500
11 7.319400
2l 19.8482900
31 27.715%400

HEMP P
0
11 . 7565668
2l 4183780
31 2104592
41 . 3254051
51 1115675

HEMP X
2470000
11 5.2030000
21 10.6300000
31 16.5650000
41 22.6370000
S1 29.9880000

MOC P
1.0000000
11 .0481000

MOC X

.2973059
.3270615
. 1583631
.0281720

. 2522980
12.8501900
27.2532600
45.4015600

4283305
LM4ET761
. 2908660
. 0665959

.2013900
8.6176800
20.5455200
33.7446300

. 527026%
. 7229182
. 3890807
. 1994863
. 3683456
. 1107837

. 7630000

5. 7190060
11.2040000
17.1770000
23.2170000
32.5280000

9853000
. 0343000

1.0847400
40.3075140

APPENDIX D

DATA FOR FIGURES

These tables contain all the data presented in Figs. 6-10.

TABLE D-I

.8205709
.2827198
. 1457496
. 0224487

1.4354300
14, 2484600
28.7201100
50.0357900

.8772760
. 3739582
. 3207825
.0373681

. 7792400
10.6306300
c1.2364000
40.6064400

8259991
.6887831
. 3619166
. 1919728
. 3650807
. 1055134

1 .2460000
6.2410000
11.7840000
17.7900000
23.7980000
33.8010000

. 9490000
.0215000

2.0656550
46.0038450

DATA FOR FIG. 6

.8398523
.au8l022
.1285519
.01697%4

2.6000200
15.6632400
30.1971200
57.7586600

.9148342
. 2654425
.3335071

1.3456600
12.7083500
21.9247400

. 9P84B5H
.6529183
.3363510
. 1859398
. 3236754
. 1005675

1.7260000
6.7690000
12. 3680000
18.4040000
24. 3870000
24.4390000

.8932000
.0163000

3.0441900
S4.90718%0

. 7950661
.2200136
.1093817
7.8904£-03

3.7798500
17.0919300
31.6830200
73.3491800

.9133939
.2246533
. 3186988

1.9120800
14.8343300
22 .6168900

9146477
.6202426
.3129166
. 1836214
.2684862
.0816756

2.2120000
7.3020000
12.9560000
19.0190000
24.9840000
36. 3680000

.6127000
.0106000

6.4971930
65.9363680

. 7293315
. 1995931
.0907393
6.2790E-03

4.9876200
18.5309000
33.1816200

105.1131500

.8933624
.2017601
.2773855

2.4823100
16.2707000
23.3166600

.8961613
.5836751
.2913511
. 1852431
.2185403
. 0548648

2.7000000
7.8420000
13.5490000
19.6340000
25.5340000
32.6190000

. 3805000
6.1C00E-03

9.4559120
87.1091730

.6555399
. 1855904
LOTMBYTY

6.2246000
19.9774300
34.6878400

8639680
. 1962313
.2264037

3.0576200
16.9907300
24.0291300

.8723235
. 5482697
2704322
. 1941620
. 1819458
. 0259459

3. 1950000

. 3880000
14, 1460000
20.2460000
26.2100000
45.5830000

. 1942000

13.0629660

.5808036
. 1770888
.0618450

7.4920600
21.4277700
36.2042200

. 7893706
. 1964536
. 1812285

4.2323700
17.7108800
24.7530300

.8451883
Slvaua7
.2529187
2117965
. 1558647
.0162973

3.6870000
8.9400000
14, 7460000
20.8%50000
26.8330000
53.0370000

. 1438000

14 .6558000

.5082900
1719212
. 0520653

8.7900000
22.8806500
37.7269500

.7057160
.2053719
. 1471666

5.4401400
18.4297000
25.4§568200

8174857
. 4820806
2371349
-S4 14862
.1382701
7.4054¢€-03

4. 1870000
9.49680000
15. 3500000
21.4576000
27.4%530000
65.0770000

. 1437000

29. 1465000

4408329
. 1692540
. 0445084

10.1171500
24.3360700
39.2%47600

.6172%49
.2250701
. 1229676

6.6834700
19.1421700
26.2249600

30.7052980
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MOC T

MAGEE

MAGEE

MAGEE

5.6266£-03
11 1.05255e9
2l 2.1077312
31 5.5897973
4l 4.7755999
51 5.9329727
61 6.6860363
4.6930E-03
11 .8719620
21 2.11264%0
31 4.0830500
41  5.8039000
51  7.6022200
61  8.6644480
8397249
11 1.2184852
2l 1.3619661
31 1.2607352
4l 144436
51 1.5321025
6! 1 .6862123
COARSE T
6.3500£-03
11 1.2763500
21  2.5463500
31 3.8163500
41 5,0863500
51 6.3563500
COARSE X
. 0552450
11 1.0918190
21  2.6054050
31 4.3370500
41  6.1729620
51 8.0618330
COARSE U
. 3267000
11 1.1242000
el 1.2677000
31 1.5119000
41 1.5682000
Sl 1.4795000
FINE T
.0240170
11 1.2940170
2l 2.5640170
31 3.830170
41  5.1040170

. 15056684
. 1892277
.2961775
.7182350
.932328!
. 0496135
. 7263378

OMEWN —

.1e61110
.0377170

3133050
25Mel0
0347860
.6973430
73326820

82568898
. 1820672
. 3079484
.5582218
. 3778065
6370138
6622645

. 1333500
4033500
6733500
. 9433500
.2133500
4833500

ONWN —

.1109980
243570
.TMB230
5241210
. 3646050
2546196

OO LN —

.5687000
.2375000
. 3915000
.4362000
4470000
.5505000

.1510170
1.4210170
2.6910170
3.9610170
5.2310170

oo,
B
i

8.9150190

. 7958619
1.1329927
1.27022™
1.442u532

. 3696792
6419771
5662250

.2603500
.5303500
8003500
.0703500
. 3403500
.6103500

oOMEN—

. 1957070
.4030960
.9579570
. 7020480
.5401190
4548980

OO EN—

. 7719000
2547000
4746000
. 3755000
.3371000
.5913000

e

.2780170
.5480170
.8180170
.0880170
5.3580170

£y —

1
-4
y
S
6

4
4
6
7

OO £ - oL —

—— o

1
2
Y
S

DATA FOR FIGS. 7, 8, AND 9

4634706
5527802
6043342
.0332040
.2027722
. 1332269

. 3776980
4542770

. 7545030
.T34330
4122300
.8331060

. 7792970
. 0908669
. 1950958
4333332
37045
5394233

. 3873500
6573500
.8273500
1973500
4673500
7373500

. 3054350
. 5593060
. 1449010
.8759110
.7090290
.6574630

.9320000
.2038000
.4512000
.3670000
. 3504000
.5873000

.4050170
.6750170
.9450170
.2150170
.4850170

TABLE D-II

6046533
1.6450199
2.7513127
4.1919540
5.2742097
6.20T4949

.4867910
1.5544800

2.9307730
4.9582070
6.5161160
7.9495650

. 7580096
1.0556276
1.1819431
1.3386587
1.6403640
1.5451311

.5143500
1.7843500
3.0543500
Y4.3243500
5.5843500
6.8643500

4279900
1.7086580
3.3215580
5.0506630
6.8883530
8.689581230

.9749000
1.1544000
1.3251000
1.3810000
1.4825000
1.5721000

.5320170
1.8020170
3.0720170
4.3420170
5.6120170

onEnn—

——— OO — DN E - ———— bW

NEW—

.6779328

7332010

.8713637
LIRL L
.5199876
.eeeegre

5421630
.B476380

08392750
8539300
.9110860
9824580

. 469798
QU4 ™9
.501 1440
.3129116
.5293727
. 5586560

.6413500
.9113500
. 1813500
451 3500
. 7213500
.9913500

5493860
8543270

4809430

. 2266850
.0872350
. 0570050

.9074000
. 1445000
. 1970000
. 3849000
.6281000
.57™M000

.6580170
.8290170
.1990170
.4680170
.7330170

O EW—

O~JWn S rwn —— e O JRW

LFwwn

. 8044836
.8193604
0058968
.5247000
.7039579
.3194885

.6358890
.7383760

.2909510

4152800
1860410
. 1248250

. 72842
. 0463215
4521316
.602581 1
.4160858
.5113808

. 7683500
. 0383500
. 3083500

.5783500
8483500
1183500

. 65668440
.0010120
.6295330
.4029610
.2981820

2609670

.8033000
. 1651000

. 1639000

. 3822000
.6626000

6440000
. 7860170

.0560170

.3260170

.5960170

.8072368
1.8708493
3. 1484124
4.5899373
5.8240388
6.4832163

.7120890
1.7929860

3.4946590
5.5206900
7.3581260
8.3M6340

1.4332712

.8953500
. 1653500
4353500
.7053500
.9753500
2453500

. 7539990
. 1499830
. 7832030
5822850
.5043030
4776830

SO EwWwn

OJUWwn

.T423000
. 1767000
.2708000
4432000
5688000
7272000

.9130170
2.1830170
3.4530170
4.7230170

.9616311
1.9388722
3.257™M02
4. 6445413
5.92547M0
6.6148534

.7611110
1.8752820

3.6469320
5.6064 150
7.5023980
8.5567520

1.066112%
1.3280496
1.3540448
1.4799954
1.4024368
1.4232826

1.0223500
2.2323500
3.5623500
4.,8323500
6.1023500

.8501380
2.2993350
3.9546530
5.7710070
7.6962000

. 7914000
1.1753000
1.4244000
1.5301000
1.4602000

1.0400170
2.3100170
3.5800170
4.8500170

1.0093900
1.9681061
3.4249069
Y4.7323779
5.9662398
6.6564279

.8192770
1.9166840

2.8707060
5.7384950
7.5614530
8.6179660

1.2316379

o
2

1493500
4193500
66893500
9593500
.2293500

NEWN—

.9597390
4494490
1432480
.9706510
.§781910

S En

.9428000
. 1968000
.5228000
.5972000
4262000

1.1670170
2.4370170
3.7370170
4.9770170
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MAGEE FINE X
. 0414020
11 1. 1597640
2l 2.7066240
31 4.4005500
41 6.2496700
MAGEE FINE U
4220000
11 1.2654000
2l 1.4095000
31 1.3577000
41 1.5822000
HEMP X
5.0000E-03
11 1. 1380000
2l 2.4640000
HEMP T
-.0970000
11 1.28680000
21  2.3870000
MOC DEL T
2.0120€E-03
11 .3817976
2l 4826197
31 4489896
Y4l .3110614
S1 1451112
61 .0210763
MAGEE COARSE DEL T
-.0361462
11 4364892
2l 5421923
31 4801577
4l .3318177
51 . 1549400
MAGEE FINE DEL T
-7.8307%-03
11 .4018908
2l 4819985
31 .4489785
4l . 2965785
HEMP DELT
-. 1008462
11 4126154

2l 4816154

. 1252220
1.3147040
2.8737560
4.5740320
6.4452500

.8643000
1.1780000
1.2199000
1.3448000
1.5148000

. 0640000
1.2490000
2.6100000

.0780000
1.3760000
2.4910000

. 0535539
. 3909839
4767121

4432958
.2901850
. 1285805
8.4286E-03

. 0479669
.44EB446
.5386708
4632569
.31'75000
. 1336431

. 0546824
4097062
4804354
4425308
2731324

.02876%2
4152308
4833077

253460
1.4635480
3.0204410
4.7459900
6.6357500

1.0456000
1.1719000
1.1238000
1.4265000
1.4635000

. 1820000
1.3530000
2.7550000

.2130000
1.4600000
2.6000000

. 1260978
4092219
4762957

40449
2T81H5
. 1266623
-.019%446

. 1098062
4510454

— —— 0L w—

n—

TABLE

.3726180
.6083630
. 1681420
. 9472850
.8136770

. 7963000
. 0805000
.2336000
.6903000
. 3592000

2830000
.5340000
.8930000

.3230000
.6190000
.7070000

. 1729337

4341056
4854857

3013325
.2702875
. 1077607

. 1524000
.4578838
.5081954
4466492

. 3065585
.0777631

. 1183877
4373531
.5079847
4094131
2437270

. 1053077
.4390000
4816154

—— o OU -

W -

D-II (cont)
4561840 5400040
7392650 1.8703290
.3387030 3.5255200
. 1554380 5.3216810
.8917310 7.1869300
. 5966000 . 7680000
.0318000 1.1295000
4377000 1.4617000
4745000 1.2336000
4758000 1.5712000
. 3770000 .4870000
.6470000 1.7670000
.0150000 32.1500000
. 4480000 .5930000
. 7220000 1.8300000
.8030000 2.9110000
.2301987 .2609443
4482661 4657410
4968673 .4949983
.3T7I4B6 . 3698876
2618127 .2037676
. 0924449 . 0879449
. 1851269 2195146
4699977 4849446
49933054 .5037015
4392246 .4308231
2956169 .2696308
. 0504092 . 024423l
. 1811062 . 2436293
4641208 .4903024
.5037839 4870785
. 3762954 3754162
2337624 .2106093
. 1580000 .2183846
4550769 4707682
4837632 4873231

. 6502400
. 0289520
7059870
.4937660

W

. 9133000
. 3302000
.3918000
.4321000

.6360000
.8760000
.2910000

W -

. 7780000
.8270000
.0220000

-

.3153382
.4821481
4743960

. 3591000
. 1762340
.0696232

.2630854
4931100
5164015
.4egeeee
2343638
-5.4708€-03

. 2858324
4952847
4752577
.3700431

2887682
.4839231
4904615

W

. 7608570
. 1963380
.8854380
.6843930

.8187000
.&T48000
.4417000
.4221000

. 7300000
.0080000
4950000

.8980000
.0390000

1710000

. 3534760
.4916293
.4602131

. 3432526
. 1639419
.0471901

. 3153508
.5115169
.5251938
4112846
.202803%2
. U532

L 32TMeM
4935262
4642185
. 3504070

.3364615
4943846
4825385

[ )]

.8663340
. 3548340
.0673020
8544460

.9013000
2556000

1.3835000

wn -

W —

. 3409000

.8730000

1580000

.6480000

0540000

.1610000
.2730000

.3761611
4963475
4524079

.3319143
. 1543987

.0327365

. 3683977

.5235308

.5203092

.3931138

. 1821962

. 3735600

4513231
85970

.3824615
.5010000
4728462

. 9999980
2.5243790
4.2341800
6.0425330

1.1953000
1.4139000
1.2729000
1.6134000

. 9780000
2.3130000
4.4170000

1.1530000
2.2800000
3.8220000

. 3797769
.4937338
4474408

.3181510
. 1497375
.0272233

4110892
.5351585
.5022362
. 3665415
. 1692031

. 3977877
4951870
4499554
. 3283147

4006923
.5007692
4243077




6Z

MOC DEL T
-3.0722€-04
11 . 0864898
2l . 0333896
31 . 0190926
41 8.5454E-03
S1 .022514Y4
61 .0163176
MAGEE COARSE DEL T
-. 0627657
11 .09M5T77
2l .0771570
31 . 0647608
Y . 0695385
51 .08257T™
MAGEE FINE DEL T
-.027138111
11 .0511173
el 0158546
31 03M911
Y4l .0355105
HEMP DELT
-.1033136
11 .0655180
2l . 02926™
MAGEE X
. 9420000
11 11.0930000
MAGEE T
1.0242965
11 7.7168887
MAGEE DEL T
. 0282824
11 .0334972
HEMP X
R 0
11 10.0000000
2l 20.0000000
HEMP T
0
11 6.9900000
2l 12.7090000

-5.2854£-03 3.2283-03

.0618749
.0188013
.0231528

8.8173%-03

-y,

.0162731
.0114995

1379€-03
. 0826534
.0723417
.0596818
.0675151
.0827119

-3.7026E-03

. 0349541
.0138408
. 0422615
.0310124

-1.9418€E-03

.0501901
.0182078

.9660000
.9360000

8632711
.2189325

.0243283
.05718C0

.0000000
.0000000

.0360000
.5790000

. 0443297
.0139586
4.6074E-03
017436
.0155953
3.8928€-03

.0214493
. 0642294
.0587874
. 0618756
.0767111
.0781 164

~.0287643
.0277731
. 0289244
.0488347
.0303270

-9.6838€-03
. 0391 144
.0143229

3.0770000
13.0850000

2.7011093
8.8873395

-.0322987
_.0723512

2.0000000
12.0000000

1.8900000
8. 1620000

. 0157052
. 0408046
.0190418

2.0938E-03

. 0249387
.0102388

.0211411
. 0523606
. 04418686
.0676281
. 0306415
.0722109

.0370710
. 0265363
0443757
.0357108
. 0383958

. 0175304
.0362921
.0150736

TABLE D-II (cont)

.03668902 0506580
.0442735 .0510019

. 0304896 .0301480
5.0696E-03 .0201999
.0266620 8.3809€-03
7.6953-03 6.8171E-03
.0108164 7.3735€-03
0494413 . 0521565
.0389667 .0478801
073120 .0789251
.0979018 . 0924366
.0677309 .0645750
-2.4413-03 .0339889
. 0408029 .0563073
.Q438780 .0327126
.0186946 .0312657

. 0466726 .0438292
1.0142E-03 .0250104
.0404069 . 0450386
.0180380 .0240013

TABLE D-III

DATA FOR FIG. 10

.0400000
.9520000

. 3716753
. 3884743

0334175

. 0825768

.0000000
.0000000

.6060000
.7390000

S.
15.

0840000
1030000

0397414
10.

0571085

.0520862
. 1014629

.0000000
.0000000

.2840000
.3130000

6.
15.

10.

1110000
9660000

. 7089438

55881 1u

.0297757

1171155

.0000000
.0000000

.9350000
.8830000

.0782076
. 0589089
.0133178
.0227377

9.3608€-03
4.2414£-03

. 0202626
.056211e
.0657419
. 0848303
.0792956
. 0582461

. 0447916
. 0506346
.02758391
. 0403253

.0516082
. 0495066
. 029384

.9380000
.8450000

.2100785
. 05393462

. 0355014
. 1239377

.0000000
.0000000

.5660000
.4510000

.1021624
.0637139
4.8308€-03
.0158373
.0152231
9.6974E-03

. 0475266
.0604166
. 0807658
.0891804
.0696838
0436043

.0582367
.0402701
.0244071
.0372370

. 0746061
.0510560
.0271672

8.0270000
18.0110000

5.87684855
11.7282395

-.0187342
A3M107

7.0000000
17.0000000

5.1810000
11.0170000

. 1065934
.0619842
2.4094£-03
.0119070
.0210690
.0157689

*.07795e8
.0662185
. 0838259
. 0876448
. 0697648

. 0794868
.0393027
.0205303
. 0486487

. 0863296
.0495138
. 0228887

9.1180000
18.8820000

6.5473170
12.2297152

8.62756-03
. 1502397

8.0000000
18.0000000

5.7910000
11.5790000

.0963739
0563888

6.9419€-03
9.7784€-03

12

.022™93
.0171889

. 0972221
.0731660
. 0756043
.0782277
.0766162

. 0759096
.0315236
. 0284609
. 0482688

.0831533
. 0ueB632
.0138507

.9720000
20.

0550000

.0483681

8980085

.0135933

. 1609621
.0000000
.0000000

. 3950000
. 1430000




1%

HEMP DEL T
0
11 -.0609651
2l 2.71%4E-03

LLL EXPT T
0
11 6.9800000
2l 12.6800000

LLL EXPT X
0

11 10.0000000
21 20.0000000
LLL EXPT DEL T

0
11 -.0709651
2l -.0262246
LASL EXPT T
0
11 7.0913000
2l 12.7750000
LASL EXPT X
0
11 10.0660000

2l 20.0170000
LASL EXPT DEL T

0
11 2.1889€-03
a1 . 0592486
MAGEE T -.2200000
1 . 7800000
21 1.7800000
31 2.'800000
MAGEE X .0143000
1 . 7277900
21 1.8365400
31 3.1709000
LASL EXPT T
0
1 .2814300
21 .5633000
3 . 8442900
4l 1.125%400
51 1.4073700
61  1.6888000
71 1.9704500
81 2.2512100
LASL EXPT X
0
1 . 2550800
21 .4889800
3 .7151800
ul .9924000
51 1.3561700
61 1.6921700
71 ¢.0232900
81 2.4150500

-.0146603
-.0476411

1.1000000
7.5700000

1.0000000

11.0000000

. 0493397
-.0566411

1.1541700
7.6539000
13.3380000

1.0357100
11.0160000
21.0300000

.0701619
. 0180845
0547110

-. 1200000

.8800000
1.8800000
2.8800000
.0303100
. 8060500
.9610300
3.3295000

.0286700
. 3096600
.5915300
.8723000
. 1541700
4356000
.7170300
.9982400
.2TH400

N — = -

. 0288800
.2822900
.5130400
. 7373200
.0357100
. 3995600
. 7210500
. 0608300
2.4564400

M) o= o= o=

-.0250118
. 0362337

1.8700000
8.1500000

2.0000000

12.0000000

-.0450118
-.0482337

1.9704500
8.2448000
13.8730000

2.0232900
12.0240000
22.0030000

. 0367265
. 0328891
.ouu8le8

-.0200000
.9800000
1.9800000

. 0585500
.86861700
2.0871600

. 0566800
. 3378300
.6195400
. 9005300
. 1824000
.4636100
. 450400
. 0264700
. 3076800

NN — — —

.0567900
. 3080200
5342200
. 7534600
. 0655500
4265100
. 7531800
. 0845200
.4978300

NN = = =

TABLE D-III (cont)

-.0716169
0277766

2.6000000
8.7300000

3.0000000

13.0000000

-.0776169
-.0367766

2.6735800
8.8355000

3.0185800
13.0480000

-.0175318
. 0414960

.0800000
. 0800000
2.0800000

. 1033300
. 9755600
2.2145700

. 0846300
. 3661200
. 6473300
. 8287600
2104100
4916200
. 7732700
. 0544800
. 3359100

NN — ——

.0818200
. 3291900
553700
. T167800
. 1079000
4573100
. 7893900
. 1320600
.S5401900

NN — — —

4.

-.094 02684
.0200348

3.2700000
9.3000000

%.0000000

0000000

. 1080284

-.0330348

3.3487000
9.3983000

.0119400
.0350000

0374138
. 04S4801

. 1800000
. 1800000
2. 1800000

. 1676400
. 0783600
2.3418300

. 1123200
. 3343500
.6757800
. 9567700
.2386400
.5196300
.8015000
.0827100
. 3641400

NN = = =

. 1010700
. 3523000
.5775300
. 7983200
1. 1435200
1.4881100
1.8211600
2.1753800

-. 1028065
0145772

.9300000
.8700000

Ow

5.0000000

.0000000

. 1078065
.0275772

0240400
.9612000

.0322500
.0190000

0345232
.05a9102

2800000
.2800000
2.2800000

. 2506600
. 1963800
2.4680600

. 1411600
4223600
.7040100
9850000

mm-—-—-—
o
:

NN — e —
v

-. 1038782

-9.8289%-03

16

4.5600000
0.4400000

6.0000000

.0000000

-.1098782
-. 0208289

.6431400
.5240000

.0121300
.0070000

.0342725
. 0532320

. 3800000
. 3800000
2.3800000

. 3476900
. 32300
2.5343700

. 1691700
4506000
. 7320200
. 0134500
.2951000
. 57956700
.857M00
. 1389500
4203800

MM = o= oo o

. 1530500
3985000

.6237400
.8557100
.2176300
.5603000
.8914200
.2533400
.6653200

NN = = =

-. 1015054  -,0902091
-6. 10RSE-03 -5.6551E-03 -2.6487E-03

5.1810000
11.0000000

7.0000000

17.0000000

-. 1015054
-.0231085

5.2904700
11.0870000

7.0603500
17.0050000

-.0285170
.0610821

.4800000
4800000
2.4800000

.4507900
4549500
2.7246800

NN = e o -
o
o

! .g:"'""'
g

5.7900000
11.5600000

8.0000000

18.0000000

-.0912091
-. 0246551

5.6815600
11.6500000

8.0325300
18.0040000

-.0189380
. 0630939

NN — o -

NN — — —

.5800000
.5800000
.5800000

.5515800
.5850200
.8637000

.2es4100
.5070600
.7882700
.0697000
.3511200
.6321100
.9139800
. 1949700
4768400

2089500
4418100
.6651300
. 9221300
.2927100
.6226700
. 9568800
.3351600
. 442500

- . 0747988

6. 3900000

12. 1300000

19.

6.
12.

9.0000000

0000000

0797988
0156487

5004400
2120000

.0701700
.0070000

.0103554
. 0624260

.6800000
1 .6800000
2 .6800000

. 6442600
.7119100
3.0133000

.253200
.5352900
. 8162800
. 0979300
.3791400
.6605600
.9422100
2232000
.5050700

MM o= o= e o

. 2300500
4558800
.6901500
. 9596700
.3273700
6556000
.9876200
. 3733500
. T798600

NN ==
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