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COMPARIWN OF CMX!UMTIONS WITH INTYIXAL EXPERIMENIW

FOR PLUTONIUM AND URMTUM CRITICAL ASSEMBLIES

.

.

by

C. C. Cremer, R. E. Hunter, J.-J. H. Berli.jn,and D. R. Worlton

Results of comparisonsof calculatedad experimentalvalues of
235U

integral experiments involving neutron cross sections of ,
238U

239Pu, and
240m are ~re5entedo

) These comparisonswere

made in an effort to obtain microscopic neutron cross sections

that would yield correct results when used in neutronics calcu-

lations of fast critical assemblies.

I. INTRODUCTION

In this report, we present the results of com-

parisons of calculatedand experimentalvalues of

integral experiments involving the neutron cross

sections of uranium and plutonium isotopes. The

purpose of the program was to evolve sets of micro-

scopic cross sections for
235U 238U 239fi and

, ,
240

Pu that when used as input to neutronic calcu-

lations of fast critical assemblies would yield

correct values of the assembly parameters.

The results of these calculationswere used to

ad~ufitthe “best fits” to the microscopic neutron

cross sections, and these new “best fits’”were then

used to recalculatethe various integral experiments.

In nearly all cases the adjustmentsmade in the

course of these iterationswere well within the ex-

perimental.errors of the microscopic data. The

notable exception is the final choice of the redi-

ative capture cross section for
238u which is ~is

cussed in detail in sweral sections of this report.

Integral experimentsused in these comparisons

were bare and reflected critical assemblies, spec.

tral itiices, neutron leakage spectra, and central

core replacementmeasurements. We tried to prcduce

“best fits” to the microscopicdata so that a rea-

sonable agreement was obtained for all of these

types of integral results.

Calculatlonalprocedures and studies of con-

vergence of the numerical equations ati approxi-

mations used in the calculationsare discussed in

Sec. II.

The final choices of microscopic data were
1,2

presented in two earlier re~rts. Except for
238U those

the radiative capture cross section for ,

cirves are not reproduced here. ,

II. CALCULATIONALPROCEDURES

The one-dimensionalBoltzmann transport

equation can be written as

(1)
+ o(r~@cp(ujrjE~t)j

where v is the neutron speed at energy E,

&u,r,E,t) Isthetlme-dependent neutron flux,

~ iS the direction vector of the neutron

velocity,

~ is the cosine of the angle between the

neutron velocity and r, and

1



u is the total macroscopic cross section.

S(E,r,lL,t)is the neutron source function, and can

be written as a sum of terms representingfission,

elastic and nonelasticprocesses,and a source i.n-

depemdent of the flux:

S(E,r,u,t) = Sf(E,r,t) + S~(E,r,,~,t) + So(E,r,u,t),

(2)

The first three terms cm the right-hand side of

l?q.(2) canbe written in terms of various micro-

scopic quantities. The fission source is given by

Sf(E,r,t)= ~ f“’~(Et,r)$(E!,r,t)uf(E~,r)X(Ef+E)dE1,
o

(3)

where ~E1,r) Is the average number of neutrons pr

fission at energy E’,

of(E’,r) iS the macroscopic fission cross

section,

X(E!+E) is the probabilitythat a fission

occurring at energy E! gives a final-

state neutron at energy E, ati

@(El,r,t) = &(u,r,E!,t)du. (4)

The neutron-scatteringsource term can be written as

transfer function is defined as

P~(E’,u’~E,,~)= fi(E~+E)g(E1,u’+u). (‘7)

g is an angular distribution function that holds for

all.secondary neutrons, IndepetientOf their final

energy.

S5 canbe expanded in terms of Legenire polyn-

omials to give

S5(E,r,u,t) = ~m os(E’,r)~ ~~(E’,r,t)
E 1=0

1
(8)

F5(E’,E)P~(~dE’,

where PI(U) is the Legetire polynomial of order ~,

and

1
+1

@ (E’,r,t) = j’ O(u’,r,E’,t)P~(u’)du’. (9)
-1

It canbe shown that the scattering coeffl-
l’cients, F=, are

We ncw integrate Eq. (1) with respect to E

between E; ani E+g, which are the energy grcup

boundaries, yielding
+1 m

S5(E,r,l,,t)= f ~ g(u,r,E’,t)05(E’,r) %g( u,r,t)

-1 E v, ~+v”[’@@)~]
Sg(u,r,t) =~

(5)
P5(E’,u’~E,u)dE!dul,

(U)
+ Ug(r)Cpg(lL>r>t)$

where P5(Et,u~+E,lL)is the probabilitythat a
where

scatteringprocess occurring at energy

E’ and scatteringangle whose cosine is
~E; 9(u,r,E,t)dE

u! results in a final-stateneutron at

E and ~. ‘E =&l

The scatteringsource term representselastic

and nonelastic collisionsincluding (n,n!), (n,2n),

(n,sn), (n,n’f), and (n,2nf). For elastic scatter-

ing, the transfer function,P:, Is defined ass
Oe( E,uo)

[

E’(A2+2A@)

‘:(E’’’’’+E’”) ‘~~ ‘- (A+l)21,(6)

where “,0~ ‘% are cosines of the scatteringangles

in the laboratory and center-of-mass

systems, respectively,

A is the atomic mass of the nuclide,

~e(E,%) is the differential SCt3tteriILgcross

section, and

Ue(E) is the total scatteringcross section.

For nonelastic processes we have not attempted

to include any energy-anglecorrelation. Thus, the

‘g 1
f ;cp(u,r,E,t)dE

.E-
g

Vg(u’r’t) ‘.fE;@(u,r,E,t)dE,
E-
g

+

fEg @(u,r,E,t)O(E,r)dE

and
+

Sg(u,r,t) = ~Eg S(E,r,u,t)dE.

E-
g

( 12)

(13)

( 14)

.

.

(15)

2
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Equation (15) can be written as

Sg=s; +s:+ s;,

where

s: =

‘g ‘6’

X(E’+E)dE’dE.
(17)

G is the number of energy grcups; the group

index begins at g’ . 1 for the h~hest energy grap.

E+
S; = fg S~(E,u,r,t)dE

n-

Equation (18) canbe rewrittenby interchanging

orders of integrationand summation to give

(23)

+

*g= fEgdE’,r,t)dE’,
E-
g

+

~ v(E’,r)@(E’,r,t)fJf(E’,r)dE’

(Vof)g= ‘g > (24)
?!

ard ‘6

xg.G
1 ;=lf;’v(E’ ,r)@(E’,r,t)o(Et,r)

g& (Vaf)g,$g! g’

[1~;X(E!+E)dE dE!.

E-
g

(25)

For calculation of ~~,g, Xg, and (VCJf)g,the

functions @ (E!,r,t) and $(E’,r,t) appearing in

Eqs. (21), (24), and (2’j)were replaced by a single

weighting function,W(E).

The Boltzmann transport equation, Eq. (11),

can then be written as

where

Q
$h(r)t)

and

~ %g(w)t)

7- dt +V”
t% [ 1cpg(ujr,t)t + ug(r)cpg(u,r,t) -

( 20)
( 26)

where cfg(r) is the scatteringmatrix, including

[1<,g(r) =
s

‘e M3ds are ‘he~th m-~ 0’ ‘he ‘rmp- both elastic and nonelastic contributions. When
scatter& cross sections,with ~ serving as the all terms higher thanl.L are dropped, Eq. (26)
weighting function. becomes the nontransport-corrected“L-approximation.”

Equation (17) also can be rewritten as To derive the transport correction to the

G
f3,3)

Boltzmann equation, we subtract the term u
S:=x (Vuf)g,$g, >

g g:=l
( 22)

Vg(w,t) from both sides of M. (26):

where

3



(2’7)

~ k~g(u,rjt)

[ 1[
+

+V. tpg(u)r,t)o + ‘+r)]%(u,r,t) =Xg :1iv dt
ag(r) - Ug,g

[ ‘1wr(r) ~l?gl(r,t)
g

+ ’115 **{(r,t)~,g(r)p~( d+&*l~g(r)~(r,t)p~(p)
h=l &O

21+1 t$(r,t)pl(p),afi(r) “1~~
.’, .,

,.

where we have used the relation 2. The zeroth moment of the weighting flux ob-

“pg(u,r,t) = 5 * t$(r,t)pj(p). (28)
“taidedin khe Legetire expansion of &p, E,r,t)

&O was used to otitaitigroupcross sections of

This yields
higher moments.

~ ci~g(~,r,t)
+V” [ 1[cog(w~rjt); + ‘?r)] rpg(u,r,t) =Xgag(r) - Ug,g

‘$ ‘t ‘:=l[vuf(rl~ ‘l?(r>t)
(29)

g-1
+ x

[ 1:%~(r>t)f,g(r)p’(w)+j$*cf~,g(r)-~(r)$(r,t)pj(1h=l .0

The transport-correctedL-approximationis

made by dropping all terms higher than L in ~.

(29). Note that the “in-group”term [last term

Eq. (~)] for~= L*1 iS zero ah that the te~s

dropped by the L-approximationare given by

Note also that the terms droppad are propor-

!tional to *g. Thus, the error Introduceddepends
-.

on the anisotropy of the true flux.””It is inter-

esting to examine the ratio of the terms dropped

with the transport-correctedto the nontranaport-

corrected case:

R is greater or less than unity depefiing on the

rate of convergence of Olg; if convergencei.

rapid, the transport-correctedexpression in the

numerator of R is larger, term by term, than the

denominator, owing to the presence of the quantity
L+l

that appears in every term in the numerator.
%,g

Let us review the assumptionsmade in the

calcul.ationalproceduresused in this report.

1. A single weighting flux is edequate for gen-

erating group cross sections for all.radii.

3. Energy-anglecorrelationsare retained only in

elastic scatteringati are approximatedthere

by ;Lege”&e e&&ai’& of the”scatterhg
..!.

matrix.

The group cross sections described are gener-
..

ated by a cqter code, SIGMA, which utlllzes the

set of equations given. The weighting flux, micro-

scopic cross sections, ati angular scattering co-

efficients serve qs input.

The group cross secticns then 8erve as Input

to a computer cede, kK)DERN,which utilizes the dis-

crete Sn approximationto the transport equation.3,4

Most of the calculationsperformed in this

report consis-tof computing”thereactlvfty,K, of

a given assembly. K is determined by requiring

‘that‘he ‘eti ‘f/K ‘r~uce-a’”stetio- 601ution
to the Eioltzmannequation. Thus l/K is the value

by which the fission source must be scaled to bring

the c$@J.@ted assembly to critical..

Calculationswere made on various integral

quantities”obtained from measurements on three bare

homogeneous critical assemblies. These are as

follows:

A. Lady Godiva5

Lady Godiva Is a bare uranium sphere, measured

.

.

.
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,

to be delayed criticalwith a maas of 52.25 kg at a

density of 18.71 g/cm3, correspotiingto a redl.u~

Of 8.736 cm. The measured isotopic compoeitlonof

the enriched uranium (Oy) was 93.71wt~ 235U, 5.25

Wt$ 238U, and 1.04 wt$ 234U. The assembly was fcn.uii

to be prompt critical, i.e., without the delayed

neutrons, with the addition of AM . 1.27kg OfOY
c

on the surface of the sphere.

B. Jezebe16

Jezebel is a bare plutonium sphere, measured

to be delayed critical with a mass of 16.45 kg at

a density of 15.818 g/cm3, correspondingto a radius

of 6.285 cm. The measured isotopic cmnposition of

the plutonium was Q4.134 wt$ 23%, 4.848 wt~ 2%1,

and 1.o18 wt$ gallium. The assembly was found to

be prompt critical with the addition of 113.5 g of

plutonium on the surface.

c. Dirty Jezebe17

“Dirty Jezebel” is the name given to a critical.

assembly of so-calleddirty plutonium; that is,

plutonium that contains a relatively high percentage
of 240fi

. The assembly in question used plutonium

with an IS:CIC composition of 75.24 wt$239Pu,

2’Q-FU,ami loo ti% gal-20.79 wt$ Pu, 2.97wt$

lium. The delayed critical mass was measured to be

18.82 * 0.06 kg, at a density of 15.76 g/cm3.

In addition to these homogeneous assemblies,

two reactor assemblies of low enrichmenturanium

were used. They were pseudosphericalassemblies
8studied under the ZPR-111 program and designated

6F and 9A. Each consisted of a low enrichment core

with a natural uranium reflector.

D. Assembly 6F

In the 6F configuration,the core composition

was 14.0 Vol$ 235U, 15.9 vol~ 238U, 31.4 v01$ alum-

inum, 1.2.3vol$ stainless steel, ati 26.4 vol% void.

(The stainless steel was represented in the calcu-

lations by iron.) The mass of
235U in the core-

specified as 131.1 kg. A uranium density of 18.75

g/cm3 gave atotd core mass of 372.6 kg. The

density of the core material was calculated to be

10.14 g/cm3, giving a core radiua of 22.852 cm.

The core was surroundedby a reflector con-

sisting of 0.19 Vol$ 235U, 83.3o V01$238U, 2.27

vol~ aluminum, 7.31 vol$ stalnlesa steel, ati 6.93

3vol$ void, at 17.73 g/cm density. The reflector

thickness was effectively Infinite with respect to

reactivity measurements. For calculation,thick-

nesses of 30 ard 50 cm were used with no significant

variation in the calculated reactivity.

E. Assembly 9A

The core material.In the 9A asaembly was swci-

fied as 1.1.70vol$ 235U, 38.cx)vol$
238

U, 21.50 VOl~

aluminum, 14.22 vol$ stainless steel, and 14.58 vol~
235U In the core WSS gfven as

void. The mass of

146.2 kg.

A uranium density of 18.75 g/cm3 gave a total
3core mass of 740.5 kg at 13.01 g/cm density, corre-

spomiing to a core radius of 25.15 cm.

The reflector compositionwas given as 0.19

VO1$ 235U, 83.30 VO@
238

U, 7.31 vol$ stainless

steel,and 9.20 vol$ void. The density was calcu-

lated to be 18.1o g/cm3. The thickness was taken

to be 30 cm.

n. CONVERGENCE CALCULATIONS

A. Convergence

To determine the degree of convergence of the

10-group calculations,the reactivity,k, of Lady

Godiva (where k = 1.0 for a critical system) was

ccmputed for n . 4, 8, 12, and 16, where n is the

number of angular zones. These calculatedvalues

can be compared with the results given by Lee3 for

a one-grcup test problem for which the exact solu-

tion is known. The curve of k vs n for the Sn

calculations,normalized to the test problem at

n = 8, is given in Fig. 1. The convergencepatterns

1 I I 1 I I I I I I I I

● ONE-GROUP TEST PROBLEM
● LADY GODIVA

* 1.010-
L i A B.-REFLECTED Oy

n

Figure 1. Reactivity vs the number of angular
zones in the Sn calculations.

for the 10-group calculationsof Lady Godiva and a

beryllium-reflectedOy assembly are essentially the

same as those for the one-grcatptest problem. This

strongly suggests that the numerical accuracy of the

5



calculation shcmld be of the order of the accuracy

of the test problem.

The convergencewas tested as a function of

the order of the Legendre expansion of the angular

deperxienceof the scatteringmatrix. A set of cal-

culations was performed for Lege*e expansionsup

to fourth order. In addition, the effect of tranB-

port correctionswas etudied for PO and P1 calcu-

lations. The results for Lsdy Gcdiva and a beryl-

lium-reflectedOy assembly are plotted inFlg. 2.

I I I I I I I I
1.008

t

● LADY GODIVA
A BQ-REFLECTED Oy1

l.Qo4l- -1

1+
0.996

‘t

A
●

i
.— A

0.992 -A
1 I I 1 ! I

0 I 2 3 4 5 6
n

Figure 2. Reactivityvs the order of the Legendre
eXPSnsion of the angular depetience of
the scatteringmatrix.

Because the curve is flat abwe the third order,

we assumed that the calculationhas convergedby

that point and scaled the curve to k . 1.0 at n = 3.

Because transport correction for n = 1 yields a

calculation intermediatebetween n = 1 and n = 2,

we arbitrarilyplotted this calculationat n = 1.5.

The Sn convergencewas checked aa a function of the

order of the Legendre expansion. The Sn convergence

pattern for Pk calculationswas not noticeablydiff-

erent frcinthat given in Fig. 1.

Because of the requirementsof our production

codes, we normalizedthe cross sections used in

this work to S8, PI transport-correctedcalcula-

tions. It can be seen that the calculatione.1bias

on S8 is about tO.003, while that on PI, transport

corrected, ranges frcm -0.0005 to -0.0038. Thus,

the cross sections (for uranium, at least) are

normalized low; an exact calculation of Lady Godiva

using the cross sections presented in Refs. 1 am

2 wculd presumably yield a

This emcunts, for example,

change in V.

6

reactivity of 0.9975.

to an implied 0.25$

The number of radial zones in the assembly

material was studied. Calculationsof Lady Godiva

were performed using 30 ard 50 radial zones. The

change in reactivitywas 0.CX3001.

B. EnergyGroup Spaci~

Because the cross sections are averaged wer

energy groups with a weighting flux, we studied the

question of group spacing. To take an extreme case,

a beryl-1.ium-reflected,enriched-uraniumassembly

(see assembly No. ~, Table VI) was studied, aswell

as Lady Godiva. This was done to study the effect

of five-grwp spacing wer the beryllium resonance

between 1 arxi4 MeV.

Groap

1.

2

3
4

5

6

7

8

9

10

Group

1

2

3

4

5

6.

7

8

9

10

Il.

12

13

14

15

16

TableI

STANDARDENEUIYGROUPS
,.

Lcwer Upper
l?nergyBoundary IhergyBauxlary

(lteV) (h!eV)

10.0 14.0

6.07 10.0

2.231

1.353

0.4979

0.1832

0.0674

0.0248

0.00912

0 .cxm6’r

TableII

~T 2NER.3YGR~

Lower
EaergyBoumlary

(F.%@

10.0

6.07

4.00

3.30

2.90

2.60

2.20

1.70

1.353

1.10

0.4979

0.1832

0.0674

0.0248

0.00?12

o.m16’

6.07

2 .e31

1.353

0.4979

0.1832

0.0674

0.0248

0 .00g.2

Upper
EnergyBmuxlary

(XeV)

14.0

10.0

6.07

4.00

3.30

2.90

2.60

2.20

1.70

1.353

1.10

0.4979

0.1832

0 .06T4

0.0248

0 .c@2

.

.

.

.
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The standard 10-group set used in the body of

this study is listed in Table I. A 16-group test

set was constmcted as shown in Table II. The

changes in reactivity for Lady Gcdlva and the re-

flected assembly were +0.0001 and +0.0004, respec-

tively. This Is an order of magnitude less than

the correctiondue to Sn and Pn convergence.

In the limit of infinite groups, the weighting

function cancels from the equations. From the above

calculations,we feel that the particular choices

of group spacing and weighting functions are not

significant for the calculationsin this report.

v. CRITICAL ASSEMBLY COMPARISONS

Using the cross-sectiondata and experimental

critical assembly configurationsgiven, we calcu-

lated the reactivitiesof the assemblies,using

the LODERN program. The calculationswere performed

for both the delayed-criticaland prompt-critical

configurateions.
calcdations ‘f ‘%Ossi ‘ere ‘so

made. Table III summarizesthe experimental5,9 ad

calculatedvalues for these quantities. Significant

figures are quoted

error.

REACTIVITY

Assembly Parameter

k
delayed:

Lsdy Gcdiva

Jezebel

Dirty Jezebel

ZPR-111, 6F

ZPR-111, 9A

k
prompt:

Lady Gcdiva

Jezebel

Dirty Jezebel

%0ss1 (us-l):

Lady Gcdiva

Jezebel

Dirty Jezebel

to the limits of experimental

Table III

‘~ %0SS1 COMPARISONS

Experimental Calculated

1.OQO * 0.031

1.000 * 0.001

1.000 * 0.001

l.OOOa

1 .Oooa

1.000 k 0.001

l.coo * 0.001

-1.06 k 0.03C

-0.65 f O.old

--

1.000

1.000

1.000

0.995

0.996

1.000

1..000

1 .Ooob

-1.19

-0.64

-0.62

%Jo experimentaluncertaintiesare quoted;
nonspheri.cityand inhomogeneityeffects are
estimated to give an uncertainty of roughly
0.01 ink.

b. For calculated prompt critical

c. Ref. 5

d. Ref. 9

All experimentalvalues except

layed critical mass are obtained by

mass tiflU.948

%0ss1 at ‘d-
efinition from

M.

a determination of the delayed and prompt critical

configurations. The quoted experimentalerrors in

reactivity are calculated from the experlmen’cal

errors in the critical nasses.

The agreement between calculated and measured

reactivities(k
delayed

and kprmp~ Isverygocd.

The implied overall discrepancies in cross sections

and other reactor parameters are less than 0.1$.

This agreement is due in part to normalization,

since the delayed critical reactivity was used in

each case as the normalizationpoint of the cross

sections.

The disagreementbetween calculated and meas-

ured values for aRossi for Lady Godiva is not ucder-
10

stocd, but has been noted in previous comparisons.

In an effort to understand this discrepancy,we

studied the behavior of a as a function of the ex-

cess reactivity above delayed critical. Mass was

added to the critical LadyGcdlva assembly in incre-

ments up to ~Mc, at which point ~ is zero. The

calculatedvalues of a vs these mass increments

(given intents) are plotted in Fig. 3.

Also plotted in Fig. 3 are values of oat 51.9$

and 73.9+ which were measured tith the betatron

technique by Betit et al..,
U.

and a set of data
5obtained by Peterson using passive detectors.

The data were fitted with a curve which gives
-1

~ = -1.o6 ~sec at O.0~. The probable experimental

errors quoted by Bendt et al. are about i 6$.

The calculatedand experimentalcurves deviate

uniformly, arxldo not agree within Berxlt!squoted

probable errors. This graph serves largely to

confirm the lack of understanding of this disagree-

ment. ,

The calculated fluxes In the assembly cores

are given in Fig. 4. These fluxes were used as the

weighting functions for computing group-averaged

cross sections for use in the calculations. They

were obtainedby assuming a weighting function and

calculatingan assembly. The calculated flux was

then used as the new weighting function. Successive

7
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Figure 3. Rossi alpha vs excess reactivity for Lady Godiva.

iterations were performeduntil a stationeryflux

was obtained. The changes in calculatedresults

due to these iterations were negligible.

It should be noted, with respect to the cross

sectionsused in these ceil.cul.ationa,that the sen-

sitivity of the calculationsto variations of the

cross-sectioncurves is a function of the neutron

flux. Thus, the confidencelevel in the cross sec-

tions is higher in the central energy region (0.1

to 6 MeV) than at either extreme.

The leakage spectrum for Ledy Gcdiva has been
12

measured by Frye et al., using a nuclear emulsion

technique. This s~ctrum and the calculatedleakage

spectrum flux for Lady Gcdlva are compared in Fig.

5. Secause the computer calculationsare performed

with grcmp-averagedcross aectlons, the leakage

spectra are given in terms of averages over the

varicus grcups. The calculated curve agrees with

the measured fluxes within experimentalerror. All

data are normalizedto one neutron per square centi-

meter wer the six energy grcups for which experl.-

8

mental data were given.

The leakage spectrum from a bare sphere of en-

riched uranium has also been measured by Prcfio
13

et al., using a time-of-flighttechnique. A

pulsed linac provided a source of photoneutronsat

the center of the sphere. The sphere multiplication

was abcut 20. Neutrons abcve about 1.5 MeV were

detected by a liquid sclntill.ator.Below 1.5 MeV,

a boron capture detector was used. The absolute

efficiency of each detector is believed to be

known to * 15$.

When the data fras the two detectors (integra-

ted over all angles) are plotted together, a serias

discontinuityIs seen to exist where the measure-

ments overlap (Fig. 6). Since the absolute effi-

ciency of the two detectors is much more uncertain

than the relative efficiency as a function of energy

in each Individualdetector, we applied an arbi-

trary scaling factor of 0.72 to bring the two meas-

urements t~ether in the overlap region. The data

with the scale factor applied are shcm?nin Fig. 7.

.

.
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Figure k. Assembly fluxes, normalizedto 1.0 neutron/cm2-MeVat 1.7 MeV.
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Figure 5.
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Leakage spectrum for Lady Gcdlva for
calculated spectra are normalizedto

the scaling ccu.ldbe applied to either

detector or both. Correspondencewith Russell
14

revealed an error in detector calibration. He

agreed that our scaling was a reasonabletreatment

of the data.

The data of Profio et al.
13

are compared with

those of Frye et al.E in Fig. 8. Note that the

two experiments agree very well when the scale

factor is applied to the data of Profio et al.

Calculationsindicate that the difference In spec-

tra between a critical assembly such es Ledy Gcxiiva

atxia sphere with a multiplicationnear 20 shmld

be very small.

first SIX grou s. Both experimentaland
1.0 neutron/c~ over d, six groups.

The data of Profio et al.
13

have been inte-

grated over the energy groups used in a 10-group

Sn calculation. The calculated and observed spec-

tra are compared in Fig. ?.
.

We mentioned abwe that the sensitivityof the

calculationsto variations in the cross sections Is

a function of the neutron flux. In addition, the

flux spectrum is a very accurate ifii.caterof such

cross-sectionchanges, and flux measurements pro-

vide one of the more sensitive tests of the rela-

tive merit of a given fit to cross-sectiondata.

As an illustrationof the usefulness of flux

spectrum measurements,the data of Profio et al.,
13

.

10
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Figure 6. Leakage spectrum for enriched uranium, given in arbitrary units. Data are from

Ref. 13, integrated over all angles.

Figure 7.

1000 _ I I I I I I II I I I I I I II I I I I I I IL

(n
~

z
3
>
CIZ
2
~

:

● BORON CAPTURE DETECTOR
= LIQUID SCINTILLATOR X 0.72
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ENERGY IN MeV
Leakage spectrum for enriched uranium, given in arbitrary units. Data are from
Ref. 13, integratedwer all angles; data for liquid aclnti.llatorare scaled by
a factor of 0.72.
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ENERGY IN MeV
Figure 8. Leakage spectrum for enriched uranium, given in arbitrary units. Data of Refs. I-2

and 13 are CODIpared,with scale facto; ~f O.v applied to the liquid sclntil.later
data of Ref. 13.

1001 I

0J
123

❑ IEXPERIMENTAL I
❑ CALCULATED

1

7890

ENERGY GROUPS

Figure 9. Leakage spectrum fcr enriched uranium,
given in arbitrary units. Data of Ref.
13 are ccmpared to calculatedleakage
spectrum.

particularlyat lower energies, required us to change

our specificationof the final-stateenergy distri-

bution for inelastic scattering to obtain the agree-

ment shown in Fig. 9. After renormalizationto the

Lady Gcdlva assembly, the final set of cro8s sec-

tions as presented in Ref. 1 gave much better results

in a number of other integral.experiments.

The comparison of Jezebel’leakagespectra with

Stewartf515 experimentaldata is shown in Fig. 10.

The usage of plutonium of varying isotopic

compositions Is increasing. Since it is of interest

to understarxithe reactivity properties of plutonium

as the “canpositionIs varied, we made a set of re-

activity calculationsat different canpositions.

The results are given as the calculateddelayed-

critical mass vs isotopic composition.

The concentrationof each isotope for a given

reactor exposure time is not a fixed value, being

depetient on such quantities as the fuel composi-

tion and the neutron flux. For calculation,we

took concentrationsfrom data obtained by Barbieri

et al?6 in studies of the Calder Hall reactor. We

added 1$ of gallium to each sample. The six

.

.

.
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compositionschosen

1. 79.* 239m

14.9$ 2~Fu
~ ~ 24&
.

0.5$
242m

1.0$ gallium

2. 65.4% 239PU

23.3$ 2%u

8.0$ 24%u

2.3$ 2%

l.@ gallium

I .0 10 I 00

ENERGY IN MeV
spectrum for Jezebel for first six groups. Both experimentalarxlcalculated
are normalizedto 1.0 neutron/cm2 over all six groups.

are:

3.

4.

51.4$ 239PU

23.8$ 2bPU

15.9$
2b~

7.%4 242PU

1.0$ gallium
46.3$J 239PU

21.64 2’%u

15.1% 241’Pu

16.@ 242PU

1.0% gallium

5. 42.* 239PU 6. 39.7$ 23%

19.+
240W

19.2% PU

14 1% 2%1. 13.* ::h

22.1$ 2% 26.* 2%

l.@ gallium 1.0$ gallium

These compositionsmake no allowance for the decay
24% ~tch haa a 13-yee.rh~f-life-

Of 9

These calculationsmust be regarded as approx-

imate, owing largely to the uncertainty in the
242

Pu cross sections and, to a lesser extent, the

24%u cross sections
24~ Croaa sections. ‘e

were taken largely from the compilation of Stehn

et al;7 Where data do not exist, we based the
2

cross-sectioncurves on our recamneded curves

for 239h .

23



The only data available on 2% are fission

cross sections reported by Butler

et al.lg Other 2% cross secti~~~~~~o

be similar to the recanmendedcurves for Pu

given in Ref. 2. The calculateddelayed critical

masses for the six isotopic compositionsgiven above

and for a constant density of 15.8 g/cm3 are:

1. 1’7.97kg

2. 19.68 kg

3. 21.17 kg

4. 23.02 kg

5. 24.57 kg

6. 25.83 kg

VI. CENl?RALCORE REPLACEMENTCOMPARISOIW

The reactivity contributionsof a number of

materials placed Inside different critical assem-

blies have been measured experimenteJly. These

contributionswere measured by placing the materials

in cavities in various locations in the assemblies.

A control rod calibratedin units of mass added to

the surface of the assembly is adjusted to bring

the assembly to delayed critical. The reactivity

contributionof a substanceplaced in the cavity is

then determined fran the amount of surface mass

that must be added to obtain criticality. The sur-

face mass that must be edded to a delayed critical

assembly to make It prompt critical is defined as

one dollar (1$). One percent of this mass is de-

fined as one cent (l#).

The change in reactivity of a system for a

given change in the assembly mass was studied for

central cavities. For both Lady Gcdiva ati Jezebel

the calculatedchange In reactivitywas fourrito be

proportionalto the change in surface mass of the

assembly. (The studywaa performed with changes

in mass on the order of 1$, with the syetem very

near critical.) Thus the dollar can be defined

equivalently as the reactivity change produced by

the addition of the amount of surface mass, AMC,

required to bring the delayed critical assembly to

prompt critical.

One can calculate the reactivity of an aesem-

bly at prompt critical,but includingdelayed neu-

trons. Then AMC contributesan ama.mt, Akc, to the

reactivity,where Akc = k(prcmpt-criticalmass) -

k(delayed-criticalmass). We can then define

Akc = 1$. Since, by calculation,Ak is linear with

AM, we can calculate the reactivity contributionof

a sample by calculatingthe change in reactivity

when a void In an assemb3y is filled tith the sample

material.

ExperimentaJJy,the reactivity contributions

were measured using cylindricalsamples 0.5 in. in

diam. and 0.5 in. long. Because spherical symmetry

Is required for M3DERN calculations,these samples

were representedby a sphere of equal.volume. The

flux in such a snd.1 volume does not change rapidly,

so the error Introducedby this approximationshould

be small.

TableIV

REACTIVITYCON1’RIBUIXONS

Vaterial

Oy (93.7$ 235U)

Oy (93 A4$235U)

U(N)

U(N)

l% (95.34 239R)

239m

240m

E-xyuium

Beryllium

carbon

Carbon

Iron

Eon

Tungsten

Tungsten

AssembW

LsdyGcdlva

Jezebel

LsdyGoilva

Jezebel

Jezebel

r.adyGcdlva

LadyGcdiva

LadyGcdiva

Jezebel

LsdyGodiva

Jezebel

LadyGodiva

Jezebel

LadyGcdlva

Jezebel

( f!/~&e)

135.5

676.9

21.9

94.4

1424C

279.6

l& * 17

6.7

13.1

2.2

-5.8

-0.1

-18.1

-3.6

-60.9

aSolidcurvefor an, y, %, Fig. Il.
b
Dottedcurvefor Un, y, 2%, Fig. U.

corrected forgallium.

Calc.
(d/f3-mle)

MS .6

707.1

17. 5a

20.3b

86 .ga

91 .9’J

142!3

281.9

181

5.8

8.8

2.7

-5.6

-0.7

-17.5

-7.9

-n .0

Table IV shows a comparison of the calculated

reactivity contributionsin the Lady Gcxlivaand

Jezebel assemblieswith the experimentallyobserved
20

values given by En@e et al.
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Figure Il. Radiative-capturecross section for

238U frm ~ef ~
. . Solid curve is best fit

to experimentaldata; dotted curve is re~ommended on the basis of calculations
given in present report.

Figure 11 shows the radiative-capturecross

section of 238U, as presented in Ref. 1. The solid

curve was used to obtain the values labelled by

superscript“a” in Table IV. The calculatedre-

activity contributionsof normal uranium are much

lower than those measured. The dotted curve of

Fig. II was used to calculatethe values labelled

by superscript“b,” giving much better agreement

with the experimentalvalues of the reactivity

contributions.

Agreement with experimentaldata is reasonably

god, with the noticeableexception of the reac-

tivity contributionof Oy In Jezebel. Many calcu-

lational studies were performed to gain insight

into the source of this discrepancy,but without

success. Although a calculationalbias cannot be

completely ruled out, it is considered unlikely in

view of the number and widely varying types of

materials reported in Table IV.

VII. SPECXRAL INDEX COMPARISONS

We define a spectral index by the quantity

.bc(E)On,% (A,z)E)dE
.

JPc(F’)on,%(A’,Z’,E)dE

(n,~) and(n,~) can be any reaction. (A,Z) and

(A’,Z’) may or may not be identical. The average

is taken over the central flux of the assembly, so

that a spectral index is depenient both on the

cross sections involved and on the system flux.

Experimentally,a spectral.index is obtained by

measuring the relative reaction rates of small.

samples located in the center of a critical assem-

bly.

Experimentalmeasurements of a wide range of

spectral indices are summarizedby Hansen,9 Long
8 21

et al., and Grundl and Hansen. These measure-

ments were performed in a variety of fast reactor

assemblies, including Jezebel, Lady Gcdiva, ZPR-111,

15



TableV

cal.llusxsoxOFsFscrluL12mIC=

Fluxspectrum .

.

23’%Fission
spectrum

sm.: ~.o$

CalC.: bs!a

*.: 1.54

Calc.: 1.45

Calc.: 0.2-?

Calc.: 0.Oab

ExP.: 1.17

Cak .: 1.03

%’.: b.28

Cdc.: 4.6

w U( :1) Reflected

Jezebel Oaiiva OY
Zm-rrx

Aweubl.v6P
zFR-rrx

Assecbl.y9h

m.: “

CJlc.:

m.:

Cd.c.:

m.:

Calc.:

5.09

5.53

1.47’

1.40

m.:

CdC.:

6.37

6.84

w.:

Calc.:

6.9

7.53

m.:

Calc.:

Ca.lc.:

m.:
WC.:

sm.:
Calc.:
Calc.:

Calc.:

Calc.:

14.kg

14.h4

1.2k

1.217

1.lb?l.

1.333b

o .0%4

o.losa
o.0?2b

o.51

7.36

19.61

20.14

1.25

1.20

1.96b

o.10b

0.41

8.31

m.:

Cs.lc.:

1.42

1.3?

%.:
Calc.:

1.42

1.35

m.:

Ca.lc.:

0.4T6

0.575”

0 .503b

m.:
Calc.:

0.53
0 .6?

o.!d

m.:
CdC.:

0.3PCalc.: C8J.c.:

sm.:
Calc.:
Cdc.:

0.075

0 .c04a

o.074b

m.:
Calc.:
Ce.lc.:

0.0766

O.cactv’

o.0766’Jo .OdJ

o.g6

o.W

4.69

4.97

Cdc.:Calc.:

m.:

Calc.:

m.:

Cdc.:

0.76

0 .T5

m.:

CdC.:

0.02

0.81

w.:

Calc.: Ca.lc.:

w.:

Calc.:

5.22

5.53

w.:

Calc.:

5.24

5.64 Ca.lc.:

%lid curveforu %, Fig.u.
b nay‘
Dottedcurve for .S 2%, Fis. 1-1.

n, Y’

except for spectral indices involving u (238U) for
n.v

and a natura3.uranium [U(N)]-ref3ected Oy assembly.

Measorerentswere a3.soreported for a
235U fi==ion

spectrum. The U(N)-reflectedOy reactor was a

near-criticalaasemb3y containingapproximately

8 in. of U(N). Averages of the experimentalveJ.ues

and the calculated spectral indices are given in

Table V. (The 237Np fission cross sectionswere

ta3cenfrcm the data of Schmitt.and Murray.22) The

calculatedvalues are given only for the final.rec-

ormemied cross-sectioncurves as presented in Refs.

1 ad 2, except for the case of spectral indices

involving ~
for 238U

. Two sets of calculated
n>y

indices involving this cross section are presented

to show further the discrepancybetween the experi-

tv?ntaldata on this cross section ati the integral

experiments. Again, the calculatedvalues labelled

“a” in Table V were based on the solid curve for

o (238U), whereas those Iabelled “b” were based
n~v
on the dotted curve for this cross section (See

..,,
the solld curve, where the difference is about 15

to 2C@. Again, the agreement with experiment for

these latter quantities is greatly improvedby use

of the dotted curve of Fig. Il.

We noted that if on3y the more recent values

of Grurniland Hansen are used, differencesbetween

calculated and exmrlmental values are increased

ypJ)/by a few per cent, with the exception of u
— 238 235U fission swctrum where ‘he
‘n.f( U) in the

di~ference Is increasedby @. Further,experimental

accuracy in the recent measurements is improved,

so that discrepanciesmay very well exist in the

spectral index comparisons.

VIII. REFLECIXD ASSR.l13LYCOMPARISONS

A number of critical assemblies in which a

core of active material is surroundedby a reflec-

tor of inactivematerial have been studied experi-

mentally. These assemblies are summarized in

Table VI, using Paxtonts
23

compilation of experi-

mental.data. (Compositionof the graphite used as

the reflector material in assemblies 11 through 14

.

.
Fig. 31.).

Agreement is

values to within

16

obtained d.th all experimental

the experimentalerror (about ii@),



Table VI

REFLECTED ASSEMBLIES
Assembly
Number Core

1

2

3

4

5

6

7

8

?

10

I.1

Composition

93.* :;;U
5.17% ~34:
0.93$

235
93”% 238U
5.17% 2~4~
0.93$

93.%4 ::;U
5.17$ ~3JJ
0.Q3$ u

?3.?% ;;;U
5.17% ~34;
0.93$

93.2$ :;~U
5.7@ 234:
1.047

235
?3 .9% 2 8u
5.17% ~:ku
().93$ u

93.9$ &
5.17%234:
0.93$

?3.6% ::;U
5S4&34;o.?%

93.9$ :;;U
5.17$ ~3b:
0.93$

93.9% :;:U
5.17%234:
0.93$

93.% ;:;U
5.17% 234;
0.93$

93.9$ :;;U
12 5.17$234:

0.93$

93.9% ;;;U
13 5.1’7% 234:

0.93$

93.9% :;;U
14 5.~7% ~34;

0.93$

DensIty
(g/cm3)

18.75

18.75

18.75

18.75

18.62

18.5

18.75

18.6

18.6

18.4

18.7

18.7

18.45

18.75

Mass
(kg)

36.21

26.52

20.45

Q .75

17.86

23.64

23.0

14.0

31.63

27.69

31.52

25.88

22.90

20.77

Material Composition

U(N) 0.73% ;:;;
s .27$

98$ Beryllium
‘W1liw 2$ Oxygen

98% IRWYlliUM
‘ewllim !2$Oxygen

Beryllium
98$ Beryllium
& Oxygen

95.2$ Iron
Iron(cast) 2.55$ Carbon

2.25$ Silicon

95.* Iron
Iron(cast) 2.55$ Carbon

2.25$ SIMcon

99.7$ Carbon
Graphite 0.05$ Iron

0.01$ Aluminum
0.24~ Titanium

99.% Carbon
Graphite 0.05$ Iron

O.01~ Aluminum
0.24~ Titanium

~.fi Carbon
Graphite 0.05$ Iron

0.01$ Aluminum
0.24% Titanium

99.7% Carbon
Graphite 0.05$ Iron

0.01$ Aluminum
0.24$ Titanium

Thickness
(cm)

1.765

4.473

8.954

9.970

18.009

4.699

4.801

11.786

5.08

10.16

5.08

10.16

15.24

20.32

Density

(g/cm3)

19.0

19.0

19.0

19.0

19.0

1.8L

1.84

1.84

7.16

7.16

1.67

1.67

1.67

1.67

17



Table VI (continued)

REFLECTZD ASSFMBL33%S
Assembly
Number

15

16

17

18

1?

20

21

Core Reflector

Composition
Density
(g/cm3)

18.I’5

Mass
(kg) Material

Thickness
Composition (cm)

Density
(i3/cm3)

17.39

17.39

18.92

19.0

19.0

1.83

17.21

.

90$ Tungsten
7$ Nickel 5.08
3$ Copper

25.67 !h.ngsteh

Tungsten

U(N)

U(N)

U(N)

Beryllium

Tungsten

A.mcn!bly
Nwh?r

1

2

3

II

5

6

‘1

8

9

10

11

L?

13

M

15

16

17

10

w

al

21

gc$ Tungsten
7$ Nickel 10.16
3$ Copper

18.75 20.66

94.1$22$;’
4 .9%’
1$ Gallium

4.u815.79 8.48

n.68415.74 6.28

94.2%22~9mF
4.8%
1$ Gallium

94.1%2&J
4.$
l? Gallium

{4$$2:>
.

0.7$ :;;;
99 .27%

‘ 19.60915.52 5.97

g@ Beryllium “ s.~
2.@ Oxygen

15.79 8.48

91.3* Tungsten
5.5$ Nickel 4.699
2.5$ Copper
o.-@ Zirconium

15.79 8.48
1$-Geuium

TableVII

was obtained from Orndoff.24) AU assemblies spec-

ified are critical, so that k = 1.0 to within ex-

perimental error.

The calculatedreactivitiesare given in Table

VII, with the error in core mass expressed as an

error in k. These values depend not only on the

cross sections of the active isotopes,but also on

the cross sections (particularlythe scattering

cross sections) of the reflectormaterials. Thus,

discrepanciesbetween calculatedami experimental

values may indicate errors in the cross sections

of either the active or reflector materials or both.

As a final comparison of the two curves for

the rtiiative-capturecross section in Fig. U., we

calculatedthe reactivitiesof the U(N)-refleWed

Oy assembliesusing the two different sets of cross

sections. These results are given in Table VIII

ani plotted in Fig. 12. No constant normalization
238U fis

Of any other cross section, such as the

sion cross section, could provide a relatively flat

curve in Fig. 32 when the solid curve in Fig. U.

was being u8ed to represent the capture cross

18

Reflector
Thlckm=m

--(4-

1.765

h.b73

8.g.5b

9.9’70

M.ocfl

4.@

II.001

11.’@

5.08

10.16

5.Oa

10.16

15.24

20.32

5.08

10.16

b.128

11.fm

19.m

3.6S9

k.699

Core

Matcrlnl

OY

w

o-f

OY

Oy

OY

OY

w

w

OY

Oy

Oy

Oy

Oy

Oy

OY

m

ml

RI

m

m

Roflcctor

Matcrinl

W(N)

U(M)

U(N)

U(N)

U(N)

SOrylliu

SOrylllw

SOryllium

Iron

Iron

Oraphite

Graphite

Grwhi ta

Oraphito

~ot.n

Tun2,0ten

U(N)

U(N)

U(N)

S3ryl.llum

l-ungstia

m.
Srror
: 0.001

* 0.C02

*0.003

*O.col

* 0.001

* 0.W2

.

*0,00+

*0.005

* O.coa

t 0.C03

*0.002

*0.003

: o.oob

i O.Co?

.

.

.

i 0.011

&
1.CCO

1.001

1.Oco

0.99$

1.Oco

l.co’l

1.CCJ3

0.995

la

1.026

1.00E

1.015

1.Ols

1.015

1.022

0.9s$

0.996

1.006

0.Bb

1.W7

0.999

.

.
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TableVIII

WP2ARISON OF FW4CllV33’IIZirnR U(N)-~D OY ASSML15

2% Capture
ReflectorThickness(cm)

Cross Sections 1.765 4.473—. 8JlSJ m E&22

Solid Curve 0.9W 0.9W 0.9936 0.9919 0.9906

Dotted Curve 0.9995 1.0015 0 .W? 0.9993 0.9999

section. The results are clearly outside the ex-

perimental errors on most of the assemblies.

However, when the dotted curve in Fig. 33.was

used to represent the capture cross section, the

resulting reactivityvalues are within experimental

error for all assemblies. The dotted curve (or some

equivalentvariation) in Fig. 11 is thus indicated

by a set of integral.experiments.

In the study of reflected assemblies,we found

that the initial best fit to experimentaldata in

the Legendre expansion of the differentialelastic

scattering cross sections should be altered scxne-

what. In particular, the coefficients ofP1(u) and

P2(u) for 235U were reduced to follow the lower

data points, as shown In Fig. 13. The dotted curves

show the original fits, while the solld curves are

the final recommendedvalues as given In Ref. 1.

After renormalizationof the fission cross section

to the Lady Gcdiva assembly, these changes in the

elastic scattering coefficientsreduced the implied

~ by an emcunt of 2.specific errors, 6 to 3.@ in
x’

the cross sections of reflector materials. This

correspondsto a reduction in the reactivity error,

Ak, Of from 0.0030 to 0.0075. The values were ob-

tained for the varicn.wreflecte~ assemblies listed

in Table VI. (It should be remarked that antijust-

ment of the e3astic scattering cross sect%on by a

correspondingamount would have prcduced the same

effect.)

>
t-

>
i=

I .004 I I I I I I I I I I I

LINE OF
I .002 CRITICALITY

0.998 –

———

0.996
t \

0.992

0.990
[

CROSS-SECTION SET, FROM FIG.11
● SOLID CURVE

L ■ DOTTED CURVE
0.988 ~ EXPERIMENTAL DATA

1 I I I I I I I I I I

O 2 4 6 8 10 12 14 16 18 20

REFLECTOR THICKNESS IN cm

Figure X2. Reactivity vs reflector thickness for U(N)-reflectedOY. Upper curve is based on
the dotted curve in Fig. Il; lower curve is based in the solid curve in Fig. 11.
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0.1 Lo 10
ENERGY IN MeV

Figure 13. Vl and kJ2 Legendre coefficients for the differential elastic-scattering cross section
of 235u. Dotted curves are the initial best fits to the data; solid curves are the
recotmnendatlonsfrcm Ref. 1.

The same Legetxlreexpansionwas used for
239m

240
arsl Pu (see Ref. 2), for which very few data

exist.

Ix. sumARY

A wide range of integral comparisonshave been

reported. Based on these comparisons,the ml.cro-

scopic cross-sectioncurves recanmemied for neu-

tronics calculationsof fast critical assemblies
~,ere~~tib1ishcdl,2

for 235U, 238U, 239m ati 2bm.

In view of the range of experimentsand the gener-

ally gocd agreementbetween the calculatedvalues

arxlthe experimentaldata, we feel that the reccsu-

metied cross-sectioncurves can be used with con-

fidence within the limits set by the fluxes of the

systems that were studied.

Obviously a set of cross sections as a function

of energy theoreticallyreprese.~tsan infinite set

of parameters that can be adjusted in an infinite

number of ways to obtain agreement with a finite

set of Integralvalues. That continuitybetween

energy points was required, and that scan-ephysical

theory ad umlerstandingwere applied In making

these adjustments,reduces the number of possible

sets considerably;nevertheless,care sh~d be

exercised in using these evaluations on assemblies

whose fluxes ati neutronic characteristicslie cut-

side the range studied in this report.
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ERRATA FOR LA-3527 AND LA-3528

Since the publicationof the previcus two

reports in this series,IA-3527 and LA-3528, a

number Of typographicalerrors in those reports

have come to our attention. The following cor-

rections should be made to copies of those reports.

LA-3527

P.7- Section H

The third equation for C should read

< = 2.898 + 0.0g8E (MeV),

8.OG E Em r.felj.

p. 8 - 13q. (8) she@.dreed

p. 12 - Table II

an,F at 1,5 MeV should read 0.330.

LA-3528

P. 6 - ECI.(5) should read

-E/T
F(E)=Ee ,;2

p.8- Section K

In the third sentence,23% should be
235U.

p. 25 - Figure 14

-.., ..

The vertical scale should run from 0.01 to

100.0 instead of frcm 0.1 to 1000.0.
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