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COMPARISON OF CALCULATIONS WITH INTEGRAL EXPERIMENTS

FOR PLUTONIUM AND URANIUM CRITICAL ASSEMBLIES

C. C. Cremer, R. E. Hunter, J.-J. H. Berlijn, and D. R. Worlton

ABSTRACT

Results of comparisons of calculated and experimental values of

integral expefiments involving neutron cross sections of

238y, 239py, ang 240

Pu are presented.

235,
’

These comparisons were

made in an effort to obtain microscopic neutron cross sections

that would yield correct results when used in neutronics calcu-
lations of fast critical assemblies.

I. INTRODUCTION

In this report, we present the results of com-
parisons of calculated and experimental values of
integral experiments involving the neutron cross
sections of uranium and plutonium isotopes. The
purpose of the progrem was to evolve sets of micro-
scopic cross sections for 235U, 238U, 239Pu, and

Pu that when used as input to neutronic calcu-
would yield
correct values of the assembly parameters.

lations of fast critical assemblies

The results of these calculations were used to
adJust the "best fits" to the microscopic neutron
cross sections, and these new "best fits" were then
used to recalculate the various integral experiments.
In nearly all cases the adjustments made in the
course of these iterations were well within the ex-
perimental errors of the microscopic data. The
notable exception is the final choice of the radi-
ative capture cross section for 238U which is dis-

cussed in detail in several sections of this report.

Integral experiments used in these comparisons
were bare and reflected critical assemblies, spec-
tral indices, neutron leakage spectra, and central

core replacement measurements. We tried to produce

"best fits"” to the microscopic data so that a rea-
sonable agreement was obtained for all of these

types of integral results.

Calculational procedures and studies of con-
vergence of the numerical equations and approxi-
mations used in the calculations are discussed in
Sec. II.

The final choices of microscopic data were

Except for

238U, those

presented in two earlier reports.l’2
the radiative capture cross section for

curves are not reproduced here.
II. CAICULATIONAL PROCEDURES

The one-dimensional Boltzmann transport

equation can be written as
d®(,,r,E,t) -
S(E;ruwt = % dt + Vo [ CD( u:r:E:t)Q

(1)
+ U(r’E)Cp( wsT,E,t),
where v is the neutron speed at energy E,
¢{u,r,E,t) is the time-dependent neutron flux,
@ 1s the direction vector of the neutron
velocity,
w 18 the cosine of the angle between the

neutron veloeity and r, and




g is the total macroscopic cross section.
S(E,r,,,t) is the neutron source function, and can
be written as a sum of terms representing fission,
elastic and nonelastic processes, and a source in-
dependent of the flux:

S(E,r,u,t) = Sf(E’r’t) + SS(E,I',”,,t) + SO(E’r’u’t)°
(2)
The first three terms on the right-hand side of
Eq. (2) can be written in terms of various micro-

scopic quantities. The fission source is given by

Se(E,r,t)= % J‘m W(E',r)3(E',r,t) o (E',r)X(E'SE)QE",
o
(3)

where \((E',r) is the average number of neutrons per
fission at energy E',
af(E',r) is the macroscopic fission cross
section,
X(E'E) is the probability that a fission
occurring at energy E' gives a final-

state nesutron at energy E, and
#(E',r,t) = [oly,r,E',t)dy. (L)

The neutron-scattering source term can be written as
+1 o
SS(E;r’lut) = j‘l j‘E CD( w,T,E' ’t) OS(E' ’r)

(5)
PS(E' su'> E,u)dE'dy!,
where PS(E',u'—) E,;) is the probability that a
scattering process occurring at energy
E' and scattering angle whose cosine is
u' results in a final-state neutron at
E and .

The scattering source term represents elastic
and nonelastic collisions including (n,n'), (n,2n),
(n,3n), (n,n'f), and (n,2nf). For elastic scatter-
ing, the transfer function, P:, is defined as

5 (E,u.) E'(a2+2a] +1)
PE(E';H."9 E,u) = —,e;;'(fu)i' 4| E - "TA:?%%— »(6)

vhere Ug and L-Lo are cosines of the scattering angles
in the laboratory and center-of-mass
systems, respectively,
A is the atomic mass of the nuclide,
ne( E,uo) is the differential scattering cross
section, and

oe( E) is the total scattering cross section.

For nonelastic processes we have not attempted

to include any energy~-angle correlation. Thus, the

transfer function is defined as
P:(E' su'E,u) = fi(E"'E)S(E' u'ru) . (n
g is an angular distribution function that holds for

all secondary neutrons, independent of their final

energy .

S8 can be expanded in terms of Legendre poly-
nomials to give

SS(E’r’u’t) = _r: US(E"r)lgo @e(E"r’t)
/ (8)
FS(E',E)Pz(u)dE',
where Pﬁ(u) is the Legendre polynomial of order [,

and
+1

e rt) - J, olutsmt0Rua . (9)

It can be shown that the scattering coeffi-
cients, Fs, are
2

7 ' £l L ¢

Fy (E',E) = 5 J.l PS(E s *E;u)P[(uo)duo- (10)
We now integrate Eq. {1) with respect to E

between E; and E;, which are the energy group

boundaries, yielding

dop (u’r’t)
Sg( u,r,t) = b_g -%E—— +V [lpg u,r,t)ﬁ]

(1)
+ Og(r)tpg( wsTst),
where
4
8
f qa( u’r’E’t)dE
B
v, = 8 (12)
g s ’
1
‘r & v Cp( usT,E,t)dE
&
g ..
E+
@ (u.;l';t) = J‘g Y
g _ ol usT,E,t)dE, (13)
Eg .
E+
.r & ol u’r’E’t)U(E’r)dE
B
o) = % , (1)
s
I & ool p,r,E,t)dE
B
8
and -
Sglusrst) = [ € S(E,r,yu,t)dE. (15)
=
8



Bquation (15) can be written as
b

S (o]
S =8 s” +8 (16
g~ g %" g’ )

+
1]
st =18 ¢ j‘g WE',r)s(E',r,t) 0(E',r)
= ' _
g 8=l g
g g
(17)
X(E'->E)4E'4E.
G is the number of energy groups; the group
index begins at g' = 1 for the highest energy group.
Bt
st = & s (E,u,r,t)dE

Os(Eyr) $ §£(E',r,t)
=0

(18)
Ff( E' ,E)P[( uw)dE*dE.

Equation (18) can be rewritten by interchanging

orders of integration and summation to give

3

‘Pg = J\-S 3(E',r,t)aE", (23)

E
g

+

[ & WE,0)8(E ,r,t) o (E',r)aE!

E
(vog), = & > (24)
*g
and
1 G E;
Xg=g————— = W(E',r)e(E',r,t) o B’ ,r)
g':.-l -
E
ool (voglgrtgs g
(25)

E+

I € x(E'>E)AE| aE'.
-

3

For ca}culation of ohl,g’ Xg, and (\;of)g, the
functions §*(E',r,t) and 3(E',r,t) appearing in
Eqs. (21), (24), and (25) were replaced by a single
weighting function, W(E).

The Boltzmann transport equation, Eq. (1l1),
can then be written as

dep_( sT5t)
1 Pg Q. [“’g( u,r,t)?}] + og(r)cpg( usT,t) =

dt
& 2f+1 [ Ji ] Ji Vg
- v £ == ()} ax(r,t)Pp( ), (19) G
g 2 c’h,g h /3 g L 2041
h=l =0 ] xg g}':;-l (\;of(r))g,qsg,(r,t) + h§1 [Eo %“_ O,{g(r)
where
J
80, 8)Pp(w) » (26)
‘I‘g(r’t) = J.Eh @z(E',r,t)dE', (20) " !
E; where cg’g(r) is the scattering matrix, including
and
- +
a%:i I-g J.i:h OS(E’r)‘EI(E"r’t)Ff(E"E)dE'.dE
55
[c£ g(r)] = & M (21)
’ s

&f( r,t)

The [ohﬂg(r)]s are the ,Zth momente of the group-
I

scattering cross sections, with 3

weighting function.

serving as the

Equation (17) also can be rewritten as

(22)

(VOf)ggégl ’

where

both elastic and nonelastic contributions. When
all terms higher than {= L are dropped, Eq. (26)

becomes the nontransport-corrected "L-approximation.”

To derive the transport correction to the

Boltzmann equation, we subtract the term ¢ L4'1( r)

q,g( u,t) from both sides of Eq. (26):

)




1 dv.gs( u,T,t)

g V- [wg(u,r,t)a] ¢ [ o) -

. P i ol (DB pA 2 o

h 1 l—o
B 0L+1(r)~ ® 2£+1

where we have used the relation

G
L+1
L) | pglurrt) =xg =

irug L,

£ [t f)]g.fgi (x,%)

EOTICROE T @7)

2. 'The zeroth moment of the weighting flux ob-

mg(u;r,t) - £ 2£+l Qé(r,t)P?(p). (28) taided in the Legendre expansion of ¢{y,E,r,t)
-0 was used to obtaih group cross sections of
This yields higher moments.
&p (u,T,t) G
i 877 . 2
vg 4t + v [fog(u’r,t)ﬂ] + [o (r) - o (r)] wglusTst) =X, g}':—l{vof(r)]s' 11 (75t)

(29)

+ h_l /:o _L J(r t;)c:h g(r)P’e( w + Z§ 2£+l [og’g(r) - d::;(r)jlpé(r,t)?‘e( ) .

The transport-corrected L-approximation is
made by dropping all terms higher than L in Eq.
(29). Note that the "in-group” term [ last term in
Eq. (29)] for /= L+l is zero and that the terms
dropped by the L-approximation are given by

7S o ) - e | .

J=1+2

Note also that the terms dropped are propor-
tional to gg. Thus,
on the anisoﬁropy of ‘the true flux.

the error introduced depends
It is inter-
esting to examine the ratio of the terms dropped
with the transport-corrected to the nontransport-

corrected case:

@ 2/+1 1\ .7
R l§L+2 E ( g,8 GL: ) Pl( 2 (30)
2L+3 I+l L 2f+1
7 dtt;':s Qsd?lﬁl( W+ [g 3 g gt gpl(“)

R is greater or less than unity depending on the
rate of convergence of oé,g; if convergence is

rapid, the transport-corrected expression in the
numerator of R is larger, term by term, than the

denominator, owing to the presence of the quantity
L+1

g g that appears in every term in the numerator.

Let us review the assumptions made in the
calculational procedures used in this report.
1. A single weighting flux is adequate for gen-
erating group cross sections for all radii.

“that the term S

3. Energy-angle correlations are retained only in
elastic scattering and are approximated there
by é.Legéﬁdré eiparsfgh of thé.scaftering
matrix. S ; ’ v

The group cross sections dgsgr;bed are gener-
ated by a computer code, SIGMA, which utilizes the
set of equations given. The weighting flux, micro-

scopic cross sections, and angular scattering co-

~efficients serve aslinput.

The group cross sections then serve as input
to a computer code, MODERN, which utilizes the dis-
3k

crete Sn approximation to the transport equation.

Most of the calculations performed in this
report consist of computing the reactivity, K, of
a given assembly. K 1s determined by requiring
produce” a “stationary solution’
Thus 1/K is the value
by which the fission source must be scaled to bring

the cglgulated assembly to critical.

£/K
to the Boltzmann equation.

III. CRITICAL ASSEMBLIES .-

Calculations were made on various integral
quantities obtained from measurements on three bare
homogeneous critical assemblies. These are as
follows:

A. Lady Godiva’

Lady Godiva is a bare uranium sphere, measured




to be delayed critical with a mass of 52.25 kg at a
density of 18.7L g/cm3, corresponding to a radius
of 8.736 ecm. The measured isctopic composition of
the enriched uranium (Oy) was 93.71 wt$ 23511, 5.25
wtd 23811, and 1.04 wt$ 231‘11. The assembly was found
to be prompt critical, i.e., without the delayed
neutrons, with the addition of AMc = 1.27 kg of Oy

on the surface of the sphere.
B. Jezebel6

Jezebel is a bare plutonium sphere, measured
to be delayed critical with a mass of 16.45 kg at
a density of 15.818 g/cm3, corresponding to a radius
of 6.285 cm. The measured isotopic composition of
the plutonium was ob.134 wth 239Pu, 4.8L8 wtd 2*Opy,
and 1.018 wt% gallium. The assembly was found to
be prompt critical with the addition of 113.5 g of

plutonium on the surface.
C. Dirty Jezebel

"Dirty Jezebel" is the name given to a critical
assembly of so-called dirty plutonium; that is,
plutonium that contains a relatively high percentage
of 2h0Pu. The assembly in question used plutonium
with an isotopic composition of 75.24 wt® 239Pu,
20.79 wtd 2l‘opu, 2.97 wtd E“Hm, and 1.00 wt$ gal-
lium. The delayed critical mass was measured to be
18.82 £ 0.06 kg, at a density of 15.76 g/cm3.

In addition to these homogeneous assemblies,
two reactor assenmblies of low enrichment uranium
were used. They were pseudospherical assemblies
studied under the ZPR-III program8 and designated
6F and QA. Each consisted of a low enrichment core

with a natural uranium reflector.
D. Assembly 6F

In the 6F configuration, the core composition
was 14.0 vol% 235U, 15.9 vol% 23811, 31l.4 vol$ alum-
inum, 12.3 vol% stainless steel, and 26.4 vol% void.
(The stainless steel was represented in the calcu-
lations by iron.) The mass of 235U in the core wes
specified as 131.1 kg. A uranium density of 18.7S
g/cm3 gave a total core mass of 372.6 kg. The
density of the core material was calculated to be
10.14 g/cm3, giving a core radius of 22.852 cm.

The core was surrounded by a reflector con-
sisting of 0.19 vol% 23511, 83.30 vol% 23811, 2.27
vol% aluminum, 7.3l vol$ stainless steel, and 6.93

vol% void, at 17.73 g/cm3 density. The reflector
thickness was effectively infinite with respect to
For calculation, thick-
nesges of 30 and 50 em were used with no significant

reactivity measurements.

variation in the calculated reactivity.
E. Assembly 9A

The core material in the 9A assembly was speci-
fied as 11.70 vol% 235U, 38.00 vol% 23811, 21.50 vol%d
aluminum, 14.22 vol$ stainless steel, and 14.58 vol%
void. 235

The mass of U in the core was given as
146.2 kg.

A uranium density of 18.75 g/cm3 gave a total
core mass of TWO.5 kg at 13.01 g/cm3 density, corre-
sponding to a core radius of 25.15 cm.

The reflector composition was given as 0.19
vold 23511, 83.30 vol%d 238U, 7.31 vol$ stainless
steel,and 9.20 vol% void. The density was calcu-
lated to be 18.10 g/cm3. The thickness was taken
to be 30 cm. .

IV. CONVERGENCE CALCULATIONS
A, Convergence

To determine the degree of convergence of the
10-group calculations, the reactivity, k, of Lady
Godiva {where k = 1.0 for a critical system) was
computed for n = 4, 8, 12, and 16, where n is the
These calculated values

can be compared with the results given by Lee3 for

number of angular zones.

a one-group test problem for which the exact solu-
tion is known. The curve of k vs n for the Sn
calculations, normalized to the test problem at

n = 8, is given in Fig. 1. The convergence patterns

T T T 1 1 T T 1 T T T T
® ONE-GROUP TEST PROBLEM
A = LADY GODIVA
r oo A Be-REFLECTED Oy
2
-
<
= 10051~
e EXACT-\
1.000 L1 i 1
0 4 8 12 16 20 24
n
Figure 1. Reactivity vs the number of angular

zones in the Sn calculations.

for the 10-group calculations of Lady Godiva and a

beryllium-reflected Oy assembly are essentially the
This
strongly suggests that the numerical accuracy of the

same as those for the one-group test problem.

5




calculation should be of the order of the accuracy
of the test problem.

The convergence wes tested as a function of
the order of the Legendre expansion of the angular
dependence of the scattering matrix. A set of cal-
culations was performed for Legendre expansions up
to fourth order. In addition, the effect of trans-
port corrections was studied for PO and Pl calcu-~
lations. The results for Lady Godiva and a beryl-

ium-reflected Oy assenbly are plotted in Fig. 2.

T T T T T T
1,008+ e LADY GODIVA n
A Be~REFLECTED Oy
1004} —
>
- [}
> A .
= 1000 < & -
Q
q
w
® 0996 A .
[ ]
0992 4 .
L ] | 1 i ]
o] | 2 3 4 5 6
n
Figure 2. Reactivity vs the order of the Legendre

expansion of the angular dependence of
the scattering matrix.

Because the curve is flat above the third order,

we assumed that the calculation has converged by
that point and scaled the curve to k = 1.0 at n = 3.
Because transport correction for n = 1 ylelds a
calculation intermediate between n = 1 and n = 2,

we arbitrarily plotted this calculation at n = 1l.5.
The Sn convergence was checked as a function of the
order of the Legendre expansion. The Sn convergence
pattern for Ph calculations wes not noticeably dif-
ferent from that given in Fig. 1.

Because of the requirements of ocur production
codes, we normalized the cross sections used in
this work to SB’ Pl transport-corrected calcula-
tions. It can be seen that the calculational bias
on SS is about +#0.003, while that on Pl’ transport
corrected, ranges from -0.0005 to -0.0038. Thus,
the cross sections (for uranium, at least) are
normalized low; an exact calculation of Lady Godiva
using the cross sections presented in Refs. 1 and
2 would presumably yield a reactivity of 0.9975.
This emounts, for example, to an implied 0.25%
change in y.

0O

The number of radial zones in the assembly
material was studied. Calculations of Lady Godiva
were performed using 30 and 50 radial zones. The
change in reactivity was 0.0000l.

B. Energy Group Spacing

Because the cross sections are averaged over
energy groups with a weighting flux, we studied the
question of group spacing. To take an extreme case,
a beryllium-reflected, enriched-uranium assembly
(see assembly No. 7, Table VI) was studied, as well
as Lady Godiva. This was done to study the effect
of five-group spacing over the beryllium resonance
between 1 and 4 MeV.

Table I
STANDARD ENERGY GROUPS

Lower Upper
Group Energy Boundary Energy Boundary
(¥ev) {MeV)
1 10.0 1.0
2 6.07 10.0
3 2,231 6.07
b 1.353 2,231
5 0.4979 1.353
6 0.1832 0.4979
T 0.06T4 0.1832
8 0.0248 0.067h
9 0.00912 0.0248
10 0.00016T 0.00912
Table II
TEST ENERGY GROUPS
Lower Upper
Group Energy Boundary Energy Boundary
(MeV) (Mev)
1 10.0 14,0
2 6.07 10.0
3 k.00 6.07
4 3.30 k.00
5 2.90 3.30
6 - 2.60 2.90
T 2.20 2,60
8 1.70 2.20
9 1.353 1.70
10 1.10 1.353
11 0.4979 1.10
12 0.1832 0.4979
13 0.0674 0.1832
b2 0.0248 0.067h4
15 0.00912 0.0248
16 0.00016 0.00912




The standard 10-group set used in the body of
this study is listed in Table I. A 16-group test
set was constructed as shown in Table II. The
changes in reactivity for Lady Godiva and the re-
flected assembly were +0.0001 and +0.000L4, respec-
tively. This is an order of magnitude less than

the correction due to Sn and Pn convergence .

In the limit of infinite groups, the weighting
function cancels from the equations. From the above
calculations, we feel that the particular choices
of group spacing and weighting functions are not
significant for the calculations in this report.

v. CRITICAL ASSEMBLY COMPARISONS

Using the cross-section data and experimental
critical assembly configurations given, we calcu-
lated the reactivities of the assemblies, using
the MODERN program. The calculations were performed
for both the delayed-critical and prompt-critical
configurations. Calculations of %Rossi weresa;so
made. Table III summarizes the experimental”’” and
calculated values for these quantities. Significant
figures are quoted to the limits of experimental

error.

Table III
REACTIVITY AND 0R0SST COMPARISONS

Assembly Parameter Experimental Calculated

Kk

delayed:
Lady Godiva 1.000 * 0.001 1.000
Jezebel 1.000 £ 0.001 1.000
Dirty Jezebel 1.000 * 0.001 1.000
ZPR-III, 6F 1.000% - 0.995
ZPR-III, 9A 1.000% 0.996

kprompti
Lady Godiva 1.000 ¥ 0.001 1.000
Jezebel 1.000 + 0.001 1.000
Dirty Jezebel 1..000°

%Rossi (us-l):

Lady Godiva -1.06 % 0.03°  -1.19
Jezebel -0.65 + 0.00%  -0.64
Dirty Jezebel -- -0.62

Ao experimental uncertainties are quoted;
nonsphericity and inhomogeneity effects are
estimated to give an uncertainty of roughly
0.0l in k.

b. For calculated prompt critical mass of 1&.945 kg.
C. Ref. 5
d. Ref. Q

All experimental values except %Rossi at de-
layed critical mass are obtained by definition from
a determination of the delayed and prompt critical
configurations. The quoted experimental errors in
reactivity are calculated from the experimental

errors in the critical messes.

The agreement between calculated and measured
reactivities (kdelayed

The implied overall discrepancies in cross sections

and kprompg is very good.

and other reactor parameters are less than 0.1%.
This agreement is due in part to normalization,
since the delayed critical reactivity was used in
each case as the normalization point of the cross

sections.

The disagreement between calculated and meas-
ured values for %Rossi for Lady Godiva is not undeia
stood, but has been noted in previous comparisons.
In an effort to understand this discrepancy, we
studied the behavior of ¢ as a function of the ex-
cess reactivity above delayed critical. Mass was
added to the critical Lady Godiva assembly in incre-
ments up to AMc, at which point ¢ is zero. The
calculated values of y vs these mass increments

(given in cents) are plotted in Fig. 3.

Also plotted in Fig. 3 are values of g at 51.9¢
and 73.9¢ which were measured with the betatron
technique by Bendt et a.l.,ll and a set of data
obtained by Peterson5 using passive detectors.

The data were fitted with a curve which gives
o = -1.06 u,sec-l at 0.0¢. The provbable experimental
errors quoted by Bendt et al. are about * 6.

The calculated and experimental curves deviate
uniformly, and do not agree within Bendt's quoted
probable errors. This graph serves largely to
confirm the lack of understanding of this disagree-

ment . ‘

The calculated fluxes in the assembly cores
are given in Fig. 4. These fluxes were used as the
weighting functions for computing group-averaged
cross sections for use in the calculations. They
were obtained by assuming a weighting function and
calculating an assembly. The calculated flux was
then used as the new weighting function. Successive
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iterations were performed until a stationary flux
The changes in calculated results

due to these iterations were negligible.

wag obtained.

It should be noted, with respect to the cross
sections used in these calculations, that the sen-
sitivity of the calculations to variations of the
cross-section curves is a function of the neutron
flux.
tions is higher in the central energy region (0.l
to 6 MeV) than at either extreme.

Thus, the confidence level in the cross sec-

The leakage spectrum for Lady Godiva has been
measured by Frye et al.,lz
This spectrum and the calculated leakage

using a nuclear emulsion
technique.
spectrum flux for Lady Godiva are compared in Fig.
5. Because the computer calculations are performed
with group-averaged cross sections, the leakage
spectra are given in terms of averages over the

The calculated curve agrees with
the measured fluxes within experimental error. All

various groups.

data are normalized to one neutron per square centi-

meter over the six energy groups for which experi-

Rossi alpha vs excess reactivity for Lady Godiva.

mental data were given.

The leekage spectrum from a bare sphere of en-
riched uranium has also been measured by Procfio
et al.,l3 using a time-of-flight technique. A
pulsed linac provided a source of photoneutrons at
the center of the sphere. The sphere multiplication
Neutrons above about 1.5 MeV were
detected by a liquid scintillator. Below 1.5 MeV,
a boron capture detector was used. The absolute
efficiency of each detector is believed to be

known to % 15%.

was about 20.

When the data from the two detectors (integra-
ted over all angles) are plotted together, a serious
discontinuity is seen to exist where the measure-
ments overlap (Fig. 6). Since the absolute effi-
ciency of the two detectors is much more uncertain
than the relative efficiency as a function of encrgy
in each individual detector, we applied an arbi-
trary scaling factor of 0.72 to bring the two meas-
urements together in the overlap region. The data
with the scale factor applied are shown in Fig. T.
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Note that the scaling could be applied to either
detector or both. Correspondence with Russelllu
revealed an error in detector calibration. He
agreed that our scaling was a reasonable treatment

of the data.

The data of Profio et al.l3 are compared with
those of Frye et al.? in Fig. 8. Note that the
two experiments agree very well when the scale
factor is applied to the data of Profio et al.
Calculations indicate that the difference in spec-
tra between a critical assembly such as Lady Godiva
and a sphere with a rmultiplication near 20 should
be very small.

10

Leakage spectrum for Lady Godiva for first six gro:gs.
calculated spectra are normalized to 1.0 neutron/c

Both experimental and
over all six groups.

The data of Profio et al.l3 have been inte-
grated over the energy groups used in a 10-group
Sn calculation. The calculated and observed spec=-
tra are compared in Fig. Q.

We mentioned above that the sensitivity of the
calculations to variations in the cross sections is
a function of the neutron flux. In addition, the
flux spectrum is a very accurate indicator of such
crogs-section changes, and flux measurerents pro-
vide one of the more sensitive tests of the rela-
tive merit of a given fit to cross-section data.

As an 1llustration of the usefulness of flux *
13

spectrum measurements, the data of Profio et al.,

—,J
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100 particularly at lower energies, required us to change
(J EXPERIMENTAL our specification of the final-state energy distri-
0 CALCULATED 7 bution for inelastic scattering to obtain the agree-
* 8ol Z— ] ment shown in Fig. 9. After renormalization to the
= Lady Godiva assembly, the final set of cross sec-
% 2 tions as presented in Ref. 1 gave rmuch better results
x or 2 7 in a number of other integral experiments.
E 60— % -] The comparison of Jezebel .lea.kage spectra with
gé % Stewart'sls experimental data is shown in Fig. 10.
; 50— 9 n The usage of plutonium of varying isotopic
> _ % Z— compositions is increasing. Since it is of interest
3 401 Z 2 2 — to understand the reactivity properties of plutonium
- 7 2 2 as the .composition is varied, we made a set of re-
g 30— ; % 9 ] activity calculations at different compositions.
a 7 2 7 The results are given as the calculated delayed-
2 201~ é 4 ] critical mass vs isotopic composition.
ol 2 A é ] The concentration of each isotope for a given
% ; reactor exposure time is not a fixed value, being
(o] Zﬂ % [ % Al dependent on such quantities as the fuel composi-
! 2 3 gNER;Y GSROUI':S 8 $ © tion and the neutron flux. For calculation, we
Figure 9. Leakage spectrum for enriched uranium, took concentrations from data obtained by Barbieri

given in arbitrary units. Data of Ref. et al.16 in studies of the Calder Hall reactor. We

om] t ulat
ige:::'u;. pared to calculated leakage added 1% of gallium to each sample. The six
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compositions chosen are:

1.

19.9% 239Pu
14.99 2%0p,
3.7% 2&1Pu
0.5% 21‘2Pu
1.0% gallium

65.4% 23%py
23.3% 21‘°Pu
8.0% 24lpy,
2.3% 2¥2py

1.0% gallium

3. s1.u% 239y
23.8% 2l‘opu
15.9% 24py

7.5% 2&2Pu
1.0% gallium

b, 46.3% 239y
21.6% 2l‘opu
15.1% 21‘%1
16.0% 242py

1.0% gallium

5. L2.9% 23y 6. 39.7% 23pmy
19.9% 2hoPu 19.2% 2l‘opu
1413 2Mpy 13.9% 24hpy
22.14 2%py 26.24 242py

1.0% gallium 1.0% gallium

These compositions make no allowance for the decay
of 21ELP'u., which has a l3-year half-life.

These calculations must be regarded as approx-
imate, owing largely to the uncertainty in the
2haPu cross sections and, to a lesser extent, the
21ELP'u. cross sections. The 21ELP'u. cross sections
were taken largely from the compilation of Stehn
et a.l.l7 Where data do not exist, we based the
cross-section curves on our recommended curve52
for 239Pu.

13




The only data available on 2h2hl are fission
cross sections reported by But;lerlJ8 and Fomushkin
et a.l.l9 Other 2&291 cross sections were taken to
be similar to the recommended curves for 2lK)Pu
The calculated delayed critical

masses for the six isotopic compositions given above

given in Ref. 2.

and for a constant density of 15.8 g/cm3 ares

1. 17.97 kg
2. 19.68 kg
3. 21.17 kg
L, 23.02 kg
Se 24 .57 kg
6. 25.83 kg
VI. CENTRAL CORE REPLACEMENT COMPARISORS

The reactivity contributions of a number of
materials placed inside different critical assem-
blies have been measured experimentally. These
contributions were measured by placing the materials
in cavities in various locations in the assemblies.
A control rod calibrated in units of mass added to
the surface of the assembly is adjusted to bring
the assembly to delayed critical. The reactivity
contribution of a substance placed in the cavity is
then determined from the amount of surface mass
that must be added to obtain criticality.
face mass that must be added to a delayed critical
assembly to make it prompt critical is defined as
one dollar (1%).
fined as one cent (1¢).

The sur-

One percent of this mass is de-

The change in reactivity of a system for a
given change in the assembly mass was studied for
For both Lady Godiva and Jezebel
the calculated change in reactivity was found to be
proportional to the change in surface mass of the
assembly.
in mass on the order of 1$, with the system very
near critical.) Thus the dollar can be defined

central cavities.

(The study was performed with changes

equivalently as the reectivity change produced by
the addition of the amount of surface mass, AMc s
required to bring the delayed critical assembly to
prompt critical.

One can calculate the reactivity of an assem-
bly at prompt critical, but including delayed neu-
trons. Then AMc contributes an amount, Akc’ to the
reactivity, where gk, = k(prompt-critical mass) -

k(delayed-critical mass). We can then define

1

Ak, = 1$. Since, by calculation, pk is linear with
AM, we can calculate the reactivity contribution of
a sample by calculating the change in reactivity
when a void in an assembly is filled with the sample
material.

Experimentally, the reactivity contributions
were measured using cylindrical samples 0.5 in. in
diam. and 0.5 in. long. Because spherical symmetry
is required for MODERN calculations, these samples
were represented by a sphere of equal volume. The
flux in such a small volume does not change rapidly,
so the error introduced by this approximation should
be small.

Table IV
REACTIVITY CONTRIBUTIONS
Exp. Cale.
Material Assembly (¢/g-wole)  (¢/g-mole)
Oy (93.74 23%)  Ledy Gaatva  135.5 138.6
oy (93.44% 23%)  Jezever 676.9 T07.1
u(x) Lady Godiva 21.9 17.5%
. 20.3°
u(N) Jezebel ol.Y 86.9%
91.9°
Pu (95.3% 2pu)  Jezebel 1424° 1429
239 Ledy Godiva  279.6 281.9
2!‘°Pu Lady Godiva 168 + 17 181
Beryllium Lady Godiva 6.7 5.8
Beryllium Jezebel 13.1 8.8
Carbon Lady Godiva 2.2 2.7
Carbon Jezebel -5.8 -5.6
Iron Lady Godiva =01 0.7
Iron Jezebel -18 .1. -17.5
Tungsten Lady Godiva -3.6 -7.9
Tungsten Jezebel -60.9 -71.0

2
85011d curve for Ops Ys 3aU, Fig. 11.

bl:)tatt'.ed curve fOr ou, Y, , Fig. 11.

SCcorrected for gallium.

Table IV shows a comparison of the calculated
reactivity contributions in the Lady Godiva and
Jezebel assemblies with the experimentally observed

values given by Engle et a.l.ao
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Figure 11 shows the radiative-capture cross
238U, as presented in Ref. 1. The solid
curve was used to obtain the values labelled by
superscript "a" in Table IV. The calculated re-

activity contributions of normal uranium are much

section of

lower than those measured. The dotted curve of
Fig. 11 was used to calculate the values labelled
by superscript "b," giving much better agreement
with the experimental values of the reactivity

contributions.

Agreement with experimental data is reasonably
good, with the noticeable exception of the reac-
tivity contribution of Oy in Jezebel. Many calcu-
lational studies were performed to gain insight
into the source of this discrepancy, but without
success. Although a calculational bias cannot be
completely ruled out, it is considered unlikely in
view of the mumber and widely varying types of
materials reported in Table IV.

VII. SPECTRAL INDEX COMPARISONS

We define a spectral index by the quantity

foel B, (4,2,8)a8

J‘cpc( E) °n,x2(A' ,2',E)aE

(n,xl) and (n,xz) can be any reaction. (A,Z) and
(A',2') may or may not be identical. The average
is taken over the central flux of the assembly, so
that a spectral index is dependent both on the
cross sections involved and on the system flux.
Experimentally, a spectral index is obtained by
measuring the relative reaction rates of small
samples located in the center of a critical assem-
bly.

Experimental measurements of a wide range of

9

spectral indices are summarized by Hansen,’ Long

et al.,8 and Grundl and Hansen.21 These measure-
ments were performed in a variety of fast reactor

assemblies, including Jezebel, Lady Godiva, ZPR-III,

15




Table V

COMPARISON OP SPECTRAL LDICES

Spectral
Index Flux Spectrum
235 Fission Lady u(3) Reflected ZPR-TTT ZPR-TTT
Spectrum Jezebel Codiva oy Assenbly 6F Assecbly 9A
o, t(235u) Exp.:  4.08  Expe: 5.9  Exper 6.37  Exper 6.0 Exp.: bl Exp.: 19.61
an'!.( 3 G) Calc.: k.48 Calce: 5453 Calce: 6.84 Calec,: 7.53 Calc.: 14.44 Calc.: 20,14
o, t(239?u) Exp.: 1.54 Expe: 1.7 Exp.: 1.42 Expet 1.2 Expes 1.2%
a, t( 356) Calc.: 1.45 Calc.: 1l.ko Calce: 1037 Calc.: 1l.35 Calc,.: 1.24 Calc.: 1.20
’
(23811) Expes 0.476 Expes 0.53 Exp.: 1.217
gELI_EEE;__ Calc.: 0.575> Calc.: 0.67% Cale.: 1.47* .
Gg, el 0) Calce: 0.27°  Csle.: 0,38° 0.503° 0.58° 1.333° Calee:  1.96
(2380) EXpe: 0.075 EXpe: 0.0766 ExXpe: 0.084
E"‘LEB'S" Calce: 0.084% Cale.: 0.0869% Cale.: © .102: \
0y, V) Calc.: 0.060° Cales: 0.068° calc.: 0.07T8° Cale.: 0.0766° Calce:  0.092 Cale.: 0.0
PRNGL™) Exp.: 1.7  Expe: 0.96  Expe: 0.82  Expe: 0476
a, !.( 356) Calce: .03 Cale.: 0,90 Calc.: 0.8 Calce: O0.75 Calc.: 0.51 Calce: [RS8
’ 0
a, t(237N9) Exp.: 4,28 Expes 4.6 Expes 5.22 Expes 5.24
o, t( 3 ;) Calc.: L.64 Calc.: 4.97 Calce: 5.53 Calc.: S5.6% Calce: 7.36 Calce: 8.31
’
“s014d curve for g 234, Fig. 11.
bl)o(:(:ed curve for a“rY' , Fig. 11,
and a natural uranium [U(N)] -reflected Oy assembly. except for spectral indices imnvolving o, (238U) for

235

Measurerments were also reported for a U fission
spectrum. The U(N)-reflected Oy reactor was a
near-critical assembly containing approximately

8 in. of U(N). Averages of the experimental values
and the calculated spectral indices are given in
Table V. (The 237Np fission cross sections were
taken from the data of Schmitt and Murray.aa) The
calculated values are given only for the final rec-
ormended cross-section curves as presented in Refs.
1l and 2, except for the case of spectral indices
involving qn’v for ?38U. Two sets of calculated
indices involving this cross section are presented
to show further the discrepancy between the experi-
mental data on this cross section and the integral
experiments. Again, the calculated values labelled
"a" in Table V were based on the solid curve for
qn’vﬁ238U), whereas those labelled "b" were based
on the dotted curve for this cross section (See

Fig. 11).

Agreement is obtained with all experimental
values to within the experimental error (about +10%

16

the solid curve, where the difference 1s’about 15
to 20%. Again, the agreement with experiment for
these latter quantities is greatly improved by use
of the dotted curve of Fig. 1ll.

We noted that if only the more recent values
of Grundl and Hansen are used, differences between
calculated and experimental values are increased
by a geg per cent,awith the exception of G;j;KE3SU)/
on,f( 3 U) in the 3%y gission spectrum where the
difference is increased by 6%. Further, experimental
accurac& in the recent measurements is improved,

s0 that discrepancies may very well exist in the

spectral index comparisons.
VIII. REFLECTED ASSEMBLY COMPARISONS

A number of critical assemblies in which a
core of active material is surrounded by a reflec-
tor of inactive material have been studied experi-
mentally. These assemblies are summarized in
Table VI, using Paxton'523

), mental data. {(Composition of the graphite uscd as
the reflector material in asaemblies 11 through 14

compilation of experi-



Table VI
REFLECTED ASSEMBLIES
Qz:gr;\:ly Core Reflector
Density Mass Thickness Density
Composition (g/cem3) (xg) Material Composition (cm) (g/cm3)
235 235
93.9% 538U 0. U
1 5.17% ggﬁu 18.75 36.21  u(N) hoS?% 238 1.765 19.0
0.03% =Yy
235 235
93.9% U 0. U
2 5.17% ggiu 18.75 26.52  u(N) Qngﬁ% 238 L.L73 19.0
0.93% “°U
235 235
93.9% v 0. U
3 5.17% ggiu 18.75 20.45  U(N) Qngﬁ% 2387 8.954 19.0
0.93% U
235 235
03.9% 33U o. U
L 5.1;2 ggﬁg 18.75 19.75  u(N) Qngé% 238 9.970 19.0
0.9
93.2% 53U 0. U
5 5.76% ggﬁu 18.62 17.86 (W) Qngé% 238 18.009 19.0
1.04% U
235,
93-9% 5380 Berylli :
6 5.17% ggﬁu 18.5 23.6k Beryllium gg%Ox;ZZn um L.699 1.84
0.93% U
235
93.9% 538U Berylli
7 5.17% ggﬁu 18.75 23.0 Beryllium gg%OXyZZn um 4.801 1.84
0.93% v
235,
93.6% 33U 08% Berylli
8 g.ug ggﬁg 18.6 4.0 Beryllium %%O);gn um 9y 786 1.84
Q
233 95.24 Iron
Q U Q
9 '?132 ggﬁu 18.6 31.63 Iron(cast) 2.222 g:;::gn 5.08 T.16
0.93 U .
235
. U 95.2% Iron
10 2?13: 238, 18.4 27.69 Iron(cast) 2.55% Carbon 10.16 7.16
0.03% 234 2.25% Silicon
233 : 99.7% Carbon
93.9 U
1 5?172 ggﬁu 18.7 31.52 Graphite  0.05% Iron 5.08 1.67
0.93% U 0.01% Aluminum
0.24% Titanium
235
23. U 99.7% Carbon
12 5?132 ggﬁu 18.7 25.88 Graphite  0.05% Iron 10.16 1.67
0.93% U 0.01% Aluminum
0.24% Titanium
235 bo
. U 99.7% Carbon
13 2?122 ggﬁu 18.45 22.90  Graphite  0.05% Tron 15.24 1.67
0.93% “°'U 0.01% Aluminum
0.24% Titanium
235 T% Carbon
93 09% 238U 99- 6
1 U 18.75 20.77 Graphite 0.05% Tron 20.32 1.67
1 3.9§2 23l‘U 4 0.01% Aluminum

0.24% Titanium

17



Table VI {continued)
REFLECTED ASSEMBLIES

Assembly
Number Core Reflector
Density Mass . Thickness Density
Composition (g/cm3) (xg) Material  Composition (cm) (g/cn3)
93.9% gggu 90% Tungsten
15 5.17% 2310 18.75 25.67 Tungsten T% Nickel 5.08 17.39
0.93% U 3% Copper
235
93.9% U 90% Tungsten
16 5.17% ggi 18.75 20.66 Tungsten T% Nickel 10.16 17.39
0.93% “°'U 3% Copper
239
9l.19%, Pu 235
240 0.73% U
17 L.og Pu 15.79 8.48 u(N) 238 4.128 18.92
14 Gallium 99.2T% “°U
239
97.65%,),5” Pu 235
18 1.35% 240py, 15.74 6.28  u(N) 0'721’ 238V 11,684  19.0
1% Gallium 99.27k U
239
ol 2%, 7Py 235
240 0.73% U
19 L, Pu 15.52 5.97 u(N) 238 '+ 19.609 19.0
1% Gallium 99.2Th U
239
91"”’2!;0 Pu
20 k.o Pu 15, 8. 98% Beryllium . .
l%o‘éa.llium 5.79 48 Beryllium 2.0% Oxygen 3.688 1.83
9&.1%912‘39&1 91.3% Tungsten
21 L,og “ " Pu 15.79 8.48 Tungsten 5.5% Nickel L .699 17.21
1% Gallium 2.5% Copper '

was obtained from Orndoff.au) A1l assemblies spec-
ified are critical, so that k = 1.0 to within ex-
perimental error.

The calculated reactivities are given in Table
VII, with the error in core mass expressed as an
error in k. These.values depend not only on the
cross sections of the active isotopes, but also on
the cross sections (particularly the scattering
cross sections) of the reflector materials. Thus,
discrepancies between calculated and experimental
values may indicate errors in the cross sections

of either the active or reflector materials or both.

As a final comparison of the two curves for
the radiative-capture cross section in Fig. 11, we
calculated the reactivities of the U(N)-refletted
Oy assemblies using the two different sets of cross
sections. These results are given in Table VIII
and plotted in Fig. 12. No constant normalization
of any other cross section, such as the 238U fis-~
sion cross section, could provide a relatively flat
curve in Fig. 12 when the so0lid curve in Fig. 11

was being used to represent the capture cross

18

0.T% Zirconium

Table VII

CAICULATED REACTIVITIES FOR REFLECTED ASSEMBLIES

Reflector

Ruver |  terial  Vateriay (e (e  Beper

b Oy u(N) 1.765 14000 % 0.001
2 oy u(n) k73 1.001 £ 0,002
3 oy u(n) 8.954% 1.000 £ 0.003
4 oy u(N) 9.970 04999 + 0,001
5 oy u(N) 18.009 1.000 + 0.001
[ oy Boryllium 4,699 1.00T t 0.002
7 oy Beryllium 4.801 1.008 -

8 oy Borylium 11.786 0.995 + 0,004
9 oy Iron 5.08 1.008 + 0.005
10 oy Iron 10.16 1.026 % 0.008
11 oy Graphite 5.08 1.008 + 0.003
12 Oy Graphite 10.16 1.015 % 0,002
13 oy Graphite 15.2k 1.012 + 0.003
1% oy Graphite 20,32 1.015 + 0.00k
15 oy Tungsten 5.08 1.002 + 0.002
16 oy Tungeten 10.16 0.999 -
17 Pu u(N) 4,128 0.996 -
18 Pu u(N) 11,684 1.006 -
19 Pu u(x) 19.609 0.99% % 0.011
20 Pu Boryllium 3.608 1.007 -
21 Pu Tungstea 4.699 0.999 -




Table VITI

COMPARISON OF REACTIVITIELS FOR U(N)-REFLECTED OY ASSEMBLIES

2380 Capture Reflector Thickness {cm)

Cross Sections 1.765 4.473 8.954 9.970 18.009
Solid Curve 0.9992 0.9988  0.9936  0.9919 0.9906
Dotted Curve 09995 1.0015 049997 0.9993 0.9999
section. The results are clearly outside the ex-

perimental errors on most of the assemblies.

However, when the dotted curve in Fig. 1l wes
used to represent the capture cross section, the
resulting reactivity values are within experimental
error for all assemblies. The dotted curve {or some
equivalent variation) in Fig. 1l is thus indicated

by a set of integral experiments.

In the study of reflected assemblies, we found
that the initial best fit to experimental data in
the Legendre expansion of the differentisl elastic

scattering cross sections should be altered some-
what. In particular, the coefficients of Pl(u.) and
Pé(u) for 235U were reduced to follow the lower
data points, as shown in Fig. 13. The dotted curves
show the original fits, while the solid curves are
the final recommended values as given in Ref. 1.
After renormalization of the fission cross section
to the Lady Godiva assembly, these changes in the
elastic scattering coefficients reduced the implied
specific errors, A%, by an amount of 2.6 to 3.7% in
This
corresponds to a reduction in the reactivity error,
Ak, of from 0.0030 to 0.0075.
tained for the various reflected assemblies listed
in Table VI. (It should be remarked that an adjust-
ment of the elastic scattering cross section by a

the cross sections of reflector materials.

The values were Ob-

corresponding amount would have produced the same
effect.)
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Figure 12. Reactivity vs reflector thickness for U(N)-reflected Oy. Upper curve is based on

the dotted curve in Fig. 11; lower curve is based in the solid curve in Fig. 1ll.
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Figure 13. W) and Wo Legendre coefficients for the differential elastic-scattering cross section

of 235y,
recommendations from Ref. l.

The same Legendre expansion was used for 239Pu
el
and "hoPu (see Ref. 2), for which very few data
I

exist.
IX. SUMMARY

A wide range of integral comparisons have been
reported. Based on these comparisons, the micro-
scopic cross-section curves recommended for neu-
tronics calculations of fast critical assemblies
vere est::.\bl:i.shcdl’2 for 23SU, 238U, 239Pu and 2lK)Pu.
In view of the range of experiments and the gener-
ally good agreement between the calculated values
and the experimental data, we feel that the recom-
mended cross-section curves can be used with con-
fidence within the limits set by the fluxes of the

systems that were studied.

Obviously a set of cross sections as a function
of energy theoretically represeats an infinite set
of parameters that can be adjusted in an infinite
number of ways to obtain agreement with a finite

20

Dotted curves are the initial best fits to the data; solid curves are the

set of integral values. That continuity between
energy points was required, and that some physical
theory and understanding were applied in making
these adjustments, reduces the number of possible
sets considerably; nevertheless, care should be
exercised in using these evaluations on assemblies
whose fluxes and neutronic characteristics lie out-

side the range studied in this report.
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ERRATA FOR LA-3527 AND LA-3528

Since the publication of the previous two
reports in this series, LA~-3527 and LA-3528, a
number of typographical errors in those reports
have come to our attention. The following cor-
rections should be made to copies of those reports.

LA-3527

pP. T - Section H
The third equation for G should read

9V = 2.898 + 0.098E (MeV),
8.0 ¢ E £ 1) 19V,

p. 8 - Eq. (8) should read

do o
n,n _ n,n (]
i B 1 +1é1 LANO] I

P. 12 - Table II
o at 1.5 MeV should read 0.330.
n,F
LA-3528
p. 6 - Eq. (5) should read

-E/T
RE) = 2 e /,

T2
p. 8 - Section K
In the third sentence, 238U should be 235U.

p. 25 - Figure 1k

The vertical scale should run from 0.0l to
100.0 instead of from 0.1 to 1000.0.
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