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ABSTRACT

Using sum rules frcm na-relativistic q,,tum mechanics, five upper

limits on the Rosseland mean opacity are calculated. One of them was

obtained earlier by F. J. Dyson.
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In two reports frcm

derives a maximum vslue

GenersJ.

for the

Attic (GA.MD-469 and GA-848), F. J. Dyson

Rosseland mean opacity. In this paper,

some more upper limits to the opacity will be derived.

The Rosseland mean opacity, ~, is defined by

1

-r

Wt (U) du=
E o K’ (v) ‘

where

Wt(u) = = ‘4 ‘u j u = hv/H,

(T
4Yr4 l-e” 2

=d K’(v) is the absorption coefficient corrected for induced etission.

Schwarz?s inequality gives

J
co

f’ -[ 1
2

Wt(U) du . ‘tiw~f du “U1 d(v) du>
o K’(v) o o“

The integral on the right side of the inequality is easily evsluated. For

some values of 1, the second integral on the left can be evsluated by the

use of sum rules. Dyson did this for 1 = O. We will repeat his derivation

in somewhat greater detail than in the GenersJ.Atomic reports snd slso do

the cases 1 = 2 and -2.
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The absorptia coefficient, K’(v), is

~
where Ni and N3 are nurribersof atoms per unit volume in states i snd j,

p is the mass density, snd Ci~ (v) is the cross-section of an atom in state

i for absorption of a photon of frequency v with the atcm ending in state

S* The sum is over all states of the atom with EjX3i and over all in+tial

states i.

In the non-relativistic electric dipole apprwimation

‘ij
(v).@.

m=cv
+Ej-Ei-hv).l &En)ij 12.

This may be written using the well b- dimensiodess oscillator strengths

.
m

lji = : Pij Xji = ~2
( )1‘rEi ‘ji

dk12 =-f‘iii E-E
ji

ij$

x=x~.a,p=z~.gn.
n

aij (v) = %% +j-;-fiv) fji*

r
The evaluation of K’(v) du proceeds as follows:

o

r ()

ze2hK’(v)du+ XN-N .;o=f
o j>i i 3 ji”

The terms being summed are symmetric under the interchange of i and j

(( )
N-N f
ijji

))
= ‘j-Ni ‘ij ‘

and the following is immediately obtained:
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where

The result is



f

co
K’(v)du=&*l*~* z

o 2kTp ij ()‘i-Ns ‘Sin

‘I’hesummation is now uver all i and j; the i . j term can be included

since it is zero. Using the sum rule

Zf .Z
~ ji

(see the Appendix), we easily get

and

Thus

f

co ()e2bt2
o K’(v) du= 2Y? ~ ●

The case 1 = 2 is handled similarly:

Nz h—* ~aoe
P

f
‘2 1
U K~ (v)du= —

() ()
z Ni-Nj .: .* Ej-Ei2 fji.

o (kT)s j>i

The smmation may again be extended to &l j ad i by the use of the

symmetry under interchange of j and i:

f
Omu%’(v) du=+ ● ~ .

‘X Pi-Nj) kj-Ei)2 ‘ji”2(kT)3 p m ij

The sum rule

()
~E-Ei2f
JJ ji =

4~%2&8(:n-Q)ii

is used where, as explained in the Appendix, an average over propagation

5



directions ad polarizaticms has been performed. The sums

and

are done, and there results

When 1 = 72,

f’ ()U-= K’(v)du= kT& N.-N. ● :
()

● + E.-E ‘2 fo j>i = J Ji ji “

By the use of symmetry the sum may be extended to sll states for which

Ej+Ei :

f ()o-@ K’(v)du= ~ ~ ● ~’ N.-N ●Lc @?
j,i ~jpmc ()‘j-Ei -=fji “

is now used with the result that

f

--2* uaokT
U K(v)du=2#—.

o ez

It should he noted in the preceding that the use of Schwarzts

requires that K’(v) ~ O. This will be true only if Ni ~ N when
3

inequality

Ei~E. .
J

This means that the state of the matter must be such that the lower

6



6nergystates are more hi@y occupied than higher energy

wise there is no restriction on the state of the matter.

states. Other-

Ozxiinarilythe Rosseland opacity is used when

thermodynamic equilibrium with the radiation. If

the matter is in locsl

tiis is the case, then

‘J. Ni e-hv/m ,

and

()K’(v) = ~ Ni l-e-u ● ~ ● Uif(v)
if

= e ()‘u e“-l K(v) .

The last equation defines K(v). The Rosseland mean opacity may then be

written

1

f

_ . %(u)du

i O K(v) ‘

where

The Schwarz inequality gives

The second integral on the left cannot be evskated exactly by sum rules

as before, but an upper limit can be found for it.

First consider the case, 1 = 1. Then

f“uK(u)du=~ xN.~
()

●*E-E
o (Is!JyJ>ii p j i ‘Ji”

The sum can now be extended to states with Ed ~ Ei and an inequality

7



dbtained:

The right side of the inequality may be substituted for the integral in

the Schwarz inequality, and the inequality will be preserved.

The sum rule

is now used, and one obtains

When 1 = -1 the integral

which is less than

-t

to be

Zz
j>i

-1

considered is

xe2h 1Ni. &-— mc E.-E.
JI

f ji

This time the sum rule

is employed to give

The five limits on the Rosseland mean opacity can be summarized.

Writing K < ~ , we have
-1
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The constants S1 are

S2= ~ US e-u/2 du

f
— s 19.u2,

28 0 l-e-u

s .m5

Y’

~5/2 ~-u/2
l—

28 0 b-e:uJ’/2 = 7*704,

. . i!@ u2 e-ui’-&-. ~ 502,
0 r ●

28 () l-e-u

1.741,

s mr ~ e-u/2 du
-2 = —= 0.9682.

‘n-’o l-e-u

h example in which F2 gives . much better l~t on tieopacity than

~. is shown in the table. The values for K are taken from GA - 848 and

omit the contribution frc%nlines. The correct values should be somewhat

9



larger.

It should be noted that care must be used in calculating matrti

elements such as
()
5(z) ii” For unbound states the results from the

correct Coulomb wave functions may be rather different from those using

plane waves.
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. . -—
upaclty of Hydrogen

P

qms

3 ● tklo-s
6.52do-4
2AOXI.0-4

5.74fio-5
2.28XL0-5
5.67x10-6

7.4oxlo-3
1.66XI.0-3
6.50-0-4
1.61A0-4
6.41A0-5
1● 6oxlo-5

1.95xlo-2
4.6ao-a
1.83ao-s
4.‘j4Xlo-s
1.8M0-4
4.53ao-5

?3?

ev

K

/
cm2

~

5

5

5

5

5

5

10

10

10

10

10

10

20

20

20

20

20

20

9.71xlo4
3.39xlo4
1.47xlo4
3. 85A_03

1. 55xlo3

3. goxloz

8.09tioa

2. 25fio3

9.21xlo2

2 .33xlo2

9 .34xlo~

2 .34il.ol

704

186

75.4

19.0

7959

1.90

K2

/cm2
g

54.6X3.04
19.0xlo4
8.21x104
21.4xlOs

8.6&ao3
21.7fio2

26.5tie=
7.3xlo3
29.8flo2
7.5XI.02
30.1Xlol
7.5Xlol

2270
591
239
60
24
6.0

1.2.XI.06
le2xlo=

1.2XI.0=
1.2xlo6

1.2xlo=
l.ale=

6e2a05
6.2fio5
6.2XIO5

6.2fio5

6.2XI_Os

6.2XI.05

3xlo5

3xlo5

3xlo5

3xlo5

3xlo5

3xlo5
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APPELNDIX

The Sum Rules.

The evaluation of sums of the form

Sl=zf
()

4
~ ba %“Ea

where the la are the dimensionless oscillator strengths:

. .

‘ba = ~ ~P~ ab%a = - ~ ‘ab%a

may be found in the

included here.

literature. For the sake of completeness they are

The sums S1 diverge for 1

integrsl values O, *1, and *2

methcxis.

First, the definitions of

p=z
n

<-2andl>+2, and

that t&e suuw can be

it is only for the

evaluated by slgebraicsl

p and x should be put down

where ~ is a unit polarization vector which

the x axis. Also we tite

may be in the direction of

The positions

We can assume

Next, the

of the nuclei of the atoms are I& and are regarded as fixed.

that ~ I& = O.
m

equations for the rate of change of p and x are

E



dx~=;(~-ti)=~~d~-i dt - ; (HP-PH)=-g ●m

These will SMO be used. Let us take up the five cases in order.

1 = -2.

me eq~tion for ~ gives ‘iis ‘latiOn be-en Pab ‘d ‘~:

“(%); Pab = 2 ‘a- ‘ab “
h

Using this

The sum excludes states for which ~=Ea. (%tis the polarizability Of an

atan which can be measured or, in principle at least, evaluated by vari-

ational methods. The sum itself cannot be further reduced.

1 = -1.

Fran the matrix relation used in the 1 = -2 case it is easily seen

that

S.1 =

me terms where Ea=~ give x*=O

= 2 x*2$a.
ii2 b

except for accidental degeneracies like

those in the hydrogen atom. Including ell states b, the completeness

relation gives

13



( )=: J s“3~ az~t ~“

On averaging over polarization vectors ~ or over states a which differ

frm each other only in the magnetic quantum number, one obtains

F.l=$(-Z,Zn.;n$aa.

This form of the sum rule is used in the opacity Muits.

1 0.=

This is the well.known Thcmas - Reiche - Kuhn

titularly simple. One uses the definition of the

and the commutation relations:

sum rule, and is par-

osciKLator strengths

So=zf ~~2i
( )~ ba = 2 b ~ ‘ab%a.- ‘a,b%a

= &x-w?)= .(Q $=

L)
= z,8m, = z .

aa
.

( %)
Since pab = ~ Ea- X* vanishes for Ea=~, these terms may be included

k

or dropped as one pleases. This is the case also for 1 = 1 and 2.

Y 1.=

We have

= fyiix-pm)
aa

14



using completeness. But the equation for ~ gives us

Sl=:(pp) aa

The ssme aversge that was performed in the csse of 1 = -1 gives

Returning to ‘thefirst equation in this section, we can write

.: (~-HPX)aa.

Now, using the equation for ~, one has

The potentisl for a my ata system is

The inter-electron terms in V vanish when all the derivatives are taken.

There remains

Cn.n=-2Ze2 Z
? )‘“rn’‘“ynEn:%laa

=~’(if‘“Anti.-’)u”.’’’)u”
15



The average vslue of S1 is

The two values for S1 and for 31 must, of course, be equal although

their formsare rather different.

1 2.=

This case is a little more complicated.

We have

and d.SO

= : (@--P-f-Px@aa

= ~ (PHP-PPH)aa

()

. 2* w
—l?= ~>m

s*=-
(% )

Z ~ Xab -Ea 2 ha
bh

= -: @H~-2HxH@H2@aa

~ (Hpp-pHp)~a=--

(

2ill W=-_
ma

Ccmibiningthe last ~ressions for S2

S2=A ?YJ
(

~P~-

)P aa”

gives

)%%a

16



The definitions of -& and V are now used to further reduce the ex-

pression for S2:

When the aversge over c is taken, there results

)aa●
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