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ment sponsored work. Neither the United States, nor the
Commission, nor any person acting on behalf of the Com-
mission:

A. Makes any warranty or representation, expressed
or implied, with respect to the accuracy, completeness, or
usefulness of the information contained in this report, or
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ABSTRACT

A time-dependent solution to the radiative transport equation is ob-
tained which is valid for an optically thick medium. Its principal value
is that it can be used to determine, for a given value of JT/dt in the
case of the energy density or dp/dt, (¥)/(VT), and 3T/t in the case of
the flux, the approximate boundary of the region of matter temperature T
and matter density p for which the radiation remasins in local thermody-
namic equilibrium with the matter, Nﬁmerical results for the radiation
relaxation time, c'lAt, for hydrogen in the temperature range 1 kev < kT
< 16 kev are obtained. These results can be transformed to apply to new
temperatures or different elements. The upper range of velidity of this
method is thought to be p :lO3 g/cm? and kT ~ 64 kev. However, the
transformation equations can be used to obtain a rough estimate of re-
sults for higher densities and temperatures. Although it might be ex-
pected that peAt would go as p in the low density limit where Compton
scattering is expected to be dominant, it is found that for low densities
p?&t4>const': pzAa/250, where p2Aa is the high density value for p?A

t

due to absorptive processes alone,
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GLOSSARY OF NOTATION

a = 87r5k4T4
150E hE

a
n

A
b(kT)

B(v,T) \

[0 0)
T
B(T) =/; B(v,T)dv = 31?7-
B

c

E
E
m
E(v) = ¢t [ I(v,s)dn
v C \/; VS
(e 0]
€ = E(v)dv
0

£' = -hnc”A 3B(T)/dt

E(P,t)

AE(P,t )

radiation constant, Egs. (23) and (26)
expansion coefficient defined by Eq. (36)
constent defined by the first of Egs. (49)
quentity defined by Eq. (59)

Planck intensity, Eqs. (3)

Egs. (22) and (23)

constant defined by the second of Egs. (49)
velocity of light

electron kinetic energy in units of mc2

matter energy density

energy density of radiation of frequency v,

total radiation energy density, Eq. (22)

first order time-dependent correction to
the radiation energy density

total radiation energy density at the spe-
cific point P and time t_, Eqs. (61) and
(63)

the part of E(P,'to) coming from x > x  when
no boundary exists at X, Egs. (617 and (63)
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A'E(P, )

Fn(v) =\/;B . §I(v,§)d9

[0 o]
F_ =k/; E_(v)av

Fl

2
gff(Zi/kT,u)

E”"bfn(Zg/kr']?’u’)
h

I(v,s)

k

K

L(v)

2 (v)
ZP(V)
!q(V)

c-llt(v)

the part of E(P,t,) coming from x > x, when
account is taken of the boundary at x,,
Eq. (61)

flux of radiation of frequency v in direction
n, Egs. (1), (28), and (30)

total radiation flux in direction n,
Egs. (29) and (35)

first order time-dependent correction to
the flux

free-free Gaunt factor
bound-free Gaunt factor
Planck's constant

specific intensity of radiation of frequency
v traveling in direction s

Boltzmann's constant

to be consistent with the notation of other
authors, we use Kg in this report to designate
conductive opacity. Unfortunately, in S, we
used K. to designate opacity due to Compton
scattering

mean free path for photons of frequency v

coefficient in the solution for I(v,s) which
is shown to be spproximately equal to £(v)

coefficient in the solution for I(v,s) which
is shown to be approximately equel to £(v)

coefficient in the solution for I(v,s) which
is shown to be approximately equal to £(v)

relaxation time for photons of frequency v,
also equal to the time equipartition of
energy between photons of frequency v and
the matter

=10~



2'(v) = zt(v) + £(v)

J!*(v) defined by Eq. (15)

2 direction cosine, Eq. (S,18), Egs. (37) to (42
m mass of an electron

Mi atomic weight of element i

n(v,s) occupation of the radiation oscillator cor-

responding to frequency v and unit bropagation
vector s, Eq. (6)

n(v,T) the occupation of the radiation oscillator
corresponding to frequency v when thermal
equilibrium exists at temperature T,

Egs. (3)

n expension nunber, Eq. (36); also principal
quentum nunmber (57)

n unit vector

N(P) density of electrons with momentum P

1 (eo) o
N = 2x f as f N(P)Pap density of electrons
-1 0

P magnitude of electron momentum; also & par-
ticuwlar position

P momentum of an electron

a{E,n,T,u - u,) degeneracy factor, Eq. (66)

Q(n,T) corrective factor to account approximately

for the effect of electron degeneracy on
the Compton opacity, Eq. (67), Tsble 3

e}

Position relative to point P

unit vector in the direction of photon
propagation

n

-ll-



X
n

Yy = u!t(V)

2y

Q=+ mcz/kT

symbol denoting an earlier paper by the
author (Sampson, 1959)

time

relaxation time for electrons, Eq. (5-26),
page T8 of Spitzer (1956)

time of equipartition of energy between
electrons and ions, Eq. (5-31), page 80
of Spitzer (1956)

a specific value of time t

matter temperature

aversge radiation temperature, second of
Eqs. (26)

temperature of radiation of frequency v,
first of Eqgs. (26)

reduced frequency
speed of an electron

local macroscopic velocity of the matter

probebility that a photon with random direc-
tion located at P at time ty will be a dis-
tance r from P at time ty + 3c~lAy, Eq. (62)
distance along the x axis from P of the

boundary of a region of appreciably dif-
ferent temperature, density, or composition

a quantity defined by Eq. (L48)
Eq. (50)
atomic number of element i

1/kT times the relativistic chemical po-
tential

-]l2-



,

i
B = v/e
y = hv/m.c2
&{u,T)
)

|
14]
A, = h/me
A
A

a
A, = l/ch
Ay

c-lAt
pé(v)
phe(v)

it e(v)
p.(v)

mole fraction of element i

a second order term defined by Eq. (45)
symbol indicating partial differentiation

1/kT times the nonrelativistic chemical po-
tential for electrons

scattering angle, polar angle
Compton wavelength

average photon mean free path given by the
Rosseland mean of £(v)

Rosseland mean of [p;(v)]-l

equivalent mean free path arising from
electronic heat conduction

Rosseland mean of [ps(v)]-l

average photon relaxation time or relaxation
time for the total radiation; also equal to
the time of equipartition of energy between
radiation and matter. It is given by the
Rosseland mean of c-llt(v), Eq. (24)

absorptive contribution to fi(v) and 2(v).
It is the usual ebsorption coefficient re-
duced by the factor [1 - exp(-u)] to take
into account induced emission and is defined
to exclude Compton scattering

contribution to pL{v) due to free-free
transitions, Eq. ?h6)

contribution to p!(v) due to bound-free
transitions, Eq. ts7)

qu?ngity shown to be approximately equal to
p (v
s

-13-



up(v)
uq(v)
e (v)

e (v)

Q

quantity shown to be approximately equel to

ng(v)

quentity shown to be approximately equal to
n (v)
s

contribution to l(v)-l due to Compton scatter-
ing

contribution to !t(v) due to Compton scatter-
ing

frequency

matter density

scattering cross section
Thomson scattering cross section
summation sign

azimuthal angle

solid angle

~1h=



I. INTRODUCTION -

We define local thermodynamic equilibrium to exist between matter
and radiation of frequency v at a point P whenever the vector flux and

radiation energy density at P are given with sufficient accuracy by the

equations

F(v) = - 5*-3’-‘ £(v)¥B(v,T) (1)
and

&(v) = 2% p(v,m), (2)

respectively, in which £(v) is the photon mean free path, T is the tem-
Dperature of the matter in the neighborhood of P, and B(v,T) is the Planck

intensity given by

B(V,T) =

(3)
n(v,T) = [exp(%) - l]-l-

-15-




Ordinarily, whether or not the radiation field is in local thermo-
dynamic equilibrium with the matter is determined by whether or not the
system is optically thick. In this report, we consider a different sit-
uation, one in which the system is optically thick, but the time rate of
change of the matter temperature T is so great that the radiation field
may not remain in thermal equilibrium with the matter. It is thought
that the results obtained might be of particular interest in a detailed
theoretical treatment of the most rapid stages of stellar evolution.

For most material densities at very high temperatures, a large fraction
of the energy density and energy flow is radiative. Thus any appreciable
departure of the radiative flux or energy density from their equilibrium
values will have a significant effect on the matter temperature and rate
of energy production.

First we obtain an explicitly time-dependent solution to the equation
of radiative transport. From this, we get first order time-dependent cor-
rections to expressions (1) and (2) for the radiative flux and energy
density. These results can be used in borderline cases to extend the
conventional treatment of radiation. However, the range of conditions
for which first order time-dependent corrections are both significantly
large and valid is fairly narrow. Thus our principal purpose in obtain-
ing these results is that they can be used for given values of the time
and space derivatives of matter density p and matter temperature T to
determine the approximate boundary of the regions of p and T for which

the radiation stays in locel thermodynemic equilibrium with the matter.

~16-




For the energy density of radiation of frequency v, we Tind that this
boundary is determined by a knowledge of lt(v) or for the total radiation

by A,e The quantity c-llt(v) and its Rosseland mean velue c A, can ap-

t
propriately be called the relaxation times for photons of frequency v and

the total radiation, respectively. For the radiative flux, this boundary

is a function of £(v) as well as lt(v).

When scattering is not treated explicitly, it is a trivial matter to
determine zt(v). It is simply equal to the photon mean free path £(v).
The motivation to carry out this work came when, by treating scattering
explicitly, we obtained the integral equation [Eq. (9), section II] for
pt(v), the scattering contribution to 2t(v)-l. As a consequence of the
omission of the cos@ factor which occurs in Eq. (10) for ps(v), the
scattering contribution to z(v)’l, it vas imnediately seen that p, (v)
<< ps(v). Thus when pé(v) << ps(v), where pé(v) is the absorptive con-
tribution to l%l(v) and l-l(v), it is apparent from Egs. (8) of section II
that £,(v) >> £(v). Since the condition n!(v) << n (v) applies for most
densities at high temperatures, it was thought that possibly at high tem-
peratures the photon relaxation time c-llt(v) would be large enough that
in some cases with large OT/dt the radiation would not remein in local
thermodynamic equilibrium with the matter,

Much of the theory and many of the equations we use are identical
or similar to some of the theory and equations in an earlier paper

(Sampson, 1959) in which the time-independent transport of radiation

-17-



is considered and results for £(v) are obtained when Compton scattering
is dominant. We shall refer to this earlier paper as S, and equation n

of S will be designated Eq. (S,n).

II. A TIME-DEPENDENT SOLUTION TO THE RADIATIVE TRANSPORT EQUATION

If one adds a term.c-lal(v,g)/at to the left-hand side of Egs. (S,5)
and (S,10), they are also valid for the time-dependent case. The latter

equation can then be written

OI(v,s)

.

n(v,g)[} + n(vz,ge)]

. do(vy5,6,P) 3
-/ f N(P)dB | ——g—— |do, Eh‘é P,
E 02 2 c

nlvprg )1 + nlvsg)|exlu, - w)

(&)

where the reduced frequency u is defined by

(5)

c
n
5lE
.

and the occupation of the radiation oscillator corresponding to frequency

v and unit propagation vector s is defined as

2
c

2hv3

n(V,E) =

I(V’E)o (6)

-18-



In Eq. (4), ui(v) is the absorption coefficient multiplied by the factor
[1 - exp(-u)] and defined to exclude Compton scattering, which is teken in-
to account by the integral term; the subscript 2 refers to the final state
of photons with initial intensity I(v,s) after being scattered through an

2
is the differential scattering cross section; and N(P) is the relativistic

angle © by collisions with electrons of momentum P; [do(v, 556,P)/ 692]69

Maxwellian electron distribution function. The only assumptions made in
writing the radiative transport equation in this form are that the matter
has distribution functions characteristic of thermal equilibrium at tem-
perature T, and electron degeneracy can be neglected,

Assuming the medium to be optically thick and the space and time
derivatives of T and p to be sufficiently small, we can expand the eque~
tion for the intensity sbout the Planck distribution, Egs. (3)e In making
the expansion, we choose terms of order (n + 1) » Which involve derivatives
of order (n + 1), to be given by the nth order terms after they are acted
upon by the operator (c-la/ g+ g V) and multiplied by unknown coeffi-
cients li(v). Writing explicitly only those second order terms which
give first order time-dependent corrections to the flux, we have

I(v,s) = B(v,T) - £(v)s « VB(v,T) - C-llt(v) aB(E!T)

dB(v,T)

v o, (g + g1 + 20y | o)

+ c'lzp(v) [_Qgéy_) s « VB(v,T) g—%

oL, (v)
+ c-llq(V) [ %p } [aBg“é’T)]g . Zpo (7)

~19-~



Byy‘T

acting on a quantity, we mean that we determine the space gradient
of the quantity only through its dependence on T or the time derivative
of T, i.esy, we hold p constant. The last three terms in Eq. (7) arise
from the quantities c-la/at[l(v)g . gB(v,T)] and c-l§ . g[zt(v)aB(v,T)/at]
after they have been rearranged as three separate terms proportional to
(s » VI)(3T/3t), (s * VT)(3dp/dt), and (s + Vp)(JT/dt), respectively, each
one multiplied by a different coefficient,

When we substitute Eq. (7) into Eq. (4), the zero order terms cancel
on the right-hand side, and we find by similar arithmetic to that used in

S

[t
[, 00]™
[t 0]

nlv) +  (v);

ni(v) + (v (8)

w(v) + n (v);

etc. In these equations,

do 14 (~u) velt(v2
hy(v) -/;fn N(P)E oy % [1 - :g(-ﬁz)][l T RON A
~ 72

and ps(v) is given by the same expression if the quantities in the brackets

are replaced withl

Imis 1s the seme result for ng(v) as was obtained in S; however, Eq. (S,16)

is not quite logically correct, because one should meske approximations
(s,A) and (8,B) before replacing (vpsy « VI){vg ¢ YT)-1 with v,(v)-Llcose.

=20=~



1 - exp(-u) vt (vplg, - ¥F V2
[l - exP(-uz):l [l T vi(v)s . VT = 1 - —= cosé. (10)

In writing the expression on the right-hand side, we have made spproxima-
tions (S,A) and (S,B) and have used the result obtained in the appendix
of S that (v2-§2 « V) (vg ° y;r)"l has an effective value ve(v)-lcose.

The expressions for pr(v), pp(v), and pq(v) are only slightly more
difficult to obtain. Neglecting for the moment second order terms in-
volving products of first order derivatives of B(v,T) or n(v »T), we obtain

the following equation in lr(v) analogous to Eq. (S,14) in £(v):

5 . Y.T["(V) %&]: ri(v)e _(v)s « ¥ [ BTEV&]

ROTREAITS ééglzz%]Jf\jp M) - an,
e 3

1+ n(ve,T)[l - exp(u2 - u)]

2

>,
£ (vy)s, « v l2'( olon(v,,T)/3t

- rve'ﬁe «ll‘[ v nvg’ / :][-n(v,T)+{l+n(v,T)}exp(u2-uil
L ¢ (v)g * [ (v)an(v,T)/at]

(11)

vhere

1 (v) = lt(v) + 2(v). (12)

Assuming we cen write T = g(x,y,z)f(t), it is apparent that

Y (g%) - Hgm & (13)



Then using Eqs. (3) and (5), we obtain

59 [l'(v) only T)] -4 exp(u) Fv)(s 21985 > (1)

~T t 2 [exp(u) - 1]2
in which
P =m0 ,.<v>{u[g_g%;;%] -} (15)

Substituting this result into Eq. (11) and again using the second of

Egs. (3), we can reduce the part in the large braces to

~

*
1 - exp(-w) ), [ Yelelve)t () [52 ) Y,T} . (16)
1- exp(—uz) v!r(v)l*(v) s YT

Then solving Eq. (11) for lr(v) and using Egs. (8) and (16), we get the
* *

same result for pr(v) as was obtained for ps(v) if 2 (ve)/z (v) is re-

Placed with unity., Similarly for pp(v) and pq(v) s we get the same result

as we got for ps(v) except that I:z(ve)'%2 . ZI']/[!(V)E' . Y,T] in Eq. (10)

is replaced with

1,(vp)ot(v ) /e 5, + T
IP(VBZ(V)/BD s < YT

and

2q(v2)8lt(v2)/8p 5, ° Yp
zq(v)Blt(v)/ap s «yp’

respectively. Since the theory given in the appendix of S is obviously

equally applicable if Y,T is replaced with ) the approximations

22w



*
2 (v,) . oe(v,)/3p _ 32, (v,)/3p N -
2 (v) =3tV — o1 (v)/3p —

lead to

Zr(v) ~ lp(v) ~ Zq(V) ~ 2(v). (18)

When these approximations are made, Eq. (7) for the intensity can be re-

written as

I(v,8) = B(v,2) - ¢ le (v) 2L (g g[B(v,T) - b () a—BS;%'T—)]
+ i) 2 t)g - D]+ e (19)

For temperatures below the kilovolt region, approximations (17) are very
good because v ~ Voo For higher temperatures, they become increasingly
worse as temperature is increased. Even at very high temperatures, they
are still good if l*(v), d2(v)/dp, and alt(v)/c)p vary slowly with fre-
quency. It turns out that this is the case {(with the exception of a few
low frequencies unimportant in determining frequency averages) for the
densities at which we are able to obtain results for &£ 1‘_'(v).

Let us now consider the effect of neglecting second order terms of
the type l(v)lt(vg)[f, . ga(v,T)] [8B(v2,T)/8t:,. No terms of exactly this
form appear on the left-hand side of Eq. (4) when Eq. (7) is substituted
for I(v,g); however, these terms are proportional to (g ° ZT)(&T/at), S0
they should obviously be included in the equations involving Jlr(v). This

adds to the part in the large braces in Eq. (11) a term

-23-



{!t(va)!(v)[g . zn(v,T)]an(vz,T)/Bt + Zt(v)l(ve)l;%2 . zn(v,T)]an(v,T)/at}
2 (v)s z-l'(v)an(v,T)/at]

. [l - exp(u2 - u)],

which we must show is small compared with unity, the approximate value of
the part which has already been included. We rewrite this with the use

of Egs. (3), (5), and (14) as

lt(vz)!(v) I:]_ lt(v)l(vz)'%2 . ZT] u, exp(uz)

el B 1 - exp(u, - u)
2*(V)lr(v) Llvp)ilvlg e YT exp(u,) - 172 [ =P u]
2. (v,) (u,)
. ;‘;’ v2 U~2 exp Uy 5 {l - exp(u2 - u)} , (20)
£ (v) [eXP(ue) - l]

where in writing the right~hand side, we used approximations (18) and
have neglected the second term in the large brackets on the left-hand
side, because it goes approximately as cos® and thus has an effective
value near zero, Noting that 3£'(v)/dT is always positive and that the
quentity in the braces of Eq. (15) is equal to or greater than unity, we
see from Egs. (12) and (15) that £ 1h(v) is always smeller (usually much
smaller) than l*(v). For large u, the remaining part on the right-hand
side of Eq. 20 has the small value ue[exp(-uz) - exp(-u)}, whereas for
smell u, it has the value [u/u2 - l], which, according to the analysis

of section IV, is sbout kT/mc2 when the integrations over angles and

~2h-



and electron energies are performed. The part in the braces of Eq. (20)
is generally small enough that the whole quantity is also small for in-
termediate u, i.e., u~ 1. Thus we conclude that neglecting these terms

is valid for all frequencies until very high temperatures are reached.

I17I. TIME-DEPENDENT EXPRESSIONS FOR RADIATIVE ENERGY DENSITY AND FLUX

Multiplying Eq. (19) by ™ and integrating over solid angle and

frequency, we get

c

t(v) = ¢t Ll(v,g)dn = b [B(v,T) - C-llt(v) aB(“t-,, T)] (21)
and

o 4 -1 aB(T)
z:fo e(v)ay = 21 [B(T) Y T] (22)

for the radiative energy density of frequency v and the total radiative

energy density, respectively. Here
e caTu'
B(T) = fo B(v,T)dv = = , (23)

and At is the Rosseland mean value of lt(v):

-2
At = -j‘ﬁ ‘/(:)oolt(v)uu exp(u)[exp(u) - l] du. (24)

-25-



Using the epproximations OE(v)/dt ~ ll-yrc'laB(v,T)/ ot and dE/ot
~ ll-frc-laB(T)/at, which are valid if the form given by Egs. (7) and (19)
for the intensity is valid, we see from Egs. (21) and (22) that ety t(v)

and c"lA can appropriately be called the relaxation times for photons

t
of frequency v and the total radiation, respectively. With these ap-

proximations, we can rewrite Egs. (21) and (22) as

Ot(v) _ ll-:rc"'lB(v,'.I:') - &(v) ,

ot c-l!t(v)
(25)
1 e ™1B(T) - ¥
3t T 1) .
t
Defining the radiation temperatures Tr(v) and T by the equations
3 -1
8rthv hv
0222 s+ it}
(26)
£ = al_,
we get for small T - Tr(v) and T - T
a‘I‘ (V) [T - Tr(V)]
r _ ,
JGE c-l!t(v)
(e7)
or (T-1T)
r - r’
3t c-:LAt



From Eqs. (27), we see that c-llt(v) and c-lAt are the times of equi-
partition of energy between matter and radiation of frequency v and
total radiation, respectively, analogous to the teq of Spitzer [ 1956,
page 80, Egs. (5-30) and (5-31)], in which teq is the time of equipar-
tition of energy between electrons and ions. The fact that energy
equipartition times and relaxation times for the radiation are equal
arises from the fact that the photons interact only with the matter,

not with each other.2

Again using Eq. (19), we get for the flux of frequency v across a

surface with unit normal n

F (v)

[2- smpa
Q

AB(v,T)

43“ £(v)3n o Z[B(V,T) - c-llt(v) ——&l—]

- 6% [c‘lz(v)g . ZB(V,T)]}. (28)

When p_(v) << p!(v), we see from Eqs. (8) that £(v) ~ ps(v)-l. Then, as
seen from the results in S, d32(v)/dp ~ -p-ll(v) and 3£(v)/dT ~ 0, Fur-
thermore, 2(v) is a very slowly varying function of v. Hence it is a
good approximation in integrating Eq. (28) over frequency to remove £(v)

from the integration of the second and third terms and replace it with

®In this paper, "relaxation time" refers only to the time it takes quan
tities of a given kind to reach their characteristic thermsl distribution,
For ions or electrons, this time is the t, of Spitzer (1956, p. 78).
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its Rosseland mean, A. We obtain

(e o}
F o= fo F_(v)ay

12

L -1, 3B(T)
- —3-"-{1\5 . g[B(T) - T, 'Et_]

-1
- 0‘1A2[4 - P_ﬁ’l_aﬁ] 1 9T, ZB(T)} s

7131/ 3t Tt~

Aa.
= >> 1, (29)

s

-1 -1
vwhere A and A, are the Rosseland meen values of [ps(v)] and [p;(v)] s

respectively. In obtaining the term proportionel to A2, we used Egs. (13)
and (23). For densities a little lower than the highest for which Eq. (29)
applies, one can replace A everywhere with A_. Also unless i(p'lap/at)
/(T'laT/at) >> 1, we can neglect the term proportional to A2 because,
as noted in the latter part of the Introduction, zt(v) >> 2(v) when
ps(v) >> pé(v). Under these conditions, one can also neglect the last
term in Egs. (19) and (28) for I(v,s) and Fn(v). Then we have the same
results for radiative intensity, energy density, and flux as in the time-
independent case, with the exception that B(v,T) and B(T) have everywhere
been replaced with [B(v,T) - c-l!taB(v,T)/at] and [B(T) -c” AtaB(T)/at],
respectively.

For higher densities and lower temperatures, both ps(v) and pé(v)
are significant in determining 2(v); however, pt(v) can usually be neg-

-1
lected in determining £.(v), i.e., £.(v) ::[pé(v)] . Before proceeding
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with the derivation of the spproximate expression for the total flux

vwhich is valid in this case, it is convenient to rewrite Eq. (28) in the

following way:

F (v) =- 53-"- 2(v)n » B(v,T)

( ]

(250 + z(v)]{u[%’gg-((—g}-‘_'_ll.] - 1}+ T g [20) + 20) .

© *l - 2:.%?&,

t

v T+ ¥p  35(y) TR/ )

L TPTR mevr P Ty R‘T;'SE

(30)

where we have again used Eq. (13). We also used the relation

3%B(v,T) .-l (u) + 1\ 3B(vy,T)
Bln . () =g

which is easily derived from Egs. (3) and (5). We assume that pé(v) is
the free-free sbsorption coefficient given by Eq. (46). (See section IV.)

Then we have

oz, (v) ke (v)
P~ ~28,(v); Ty <1 (32)
a
and
(v)
T2 [lt(v) + z(v)] ~T 2 [la(v) + l(v)] ~ 0 ;;:'(‘:T < 1. (33)
Also
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dL(v) 1 12(v)
p apv = - 5 [ps(v) + 2pa(v)] = -2(v) - i;xﬁj' ) (34)

[0 + wy0)]

-1
where £ = [pé(v)] . Approximation (33) mey at first seem invalid if
one is used to seeing Za(v) written as a function of u rather than v as
in Eq. (46); however, in the case of hydrogen, approximate values for

2, ()™

Taza(v)/am at u = 8 are 0.28 and 0,23 for temperatures of 0.25

and 1 kev, respectively. This gives a contribution only about 2 or 2.5%
ol the contribution of the first term in the large parentheses of Eq. (35).
Substituting these results into Eq. (30), we have an expression which is

a function of £(v) and 2a(v). These quantities are generally known quite

well from opacity work. Integrating over frequency, we obtain

—_— « Vp
e {12t uwp(w+zw) SR L ]- (”’W)_—Tﬁ

- [1 (v )+£ (") %p 8911 } 7\3:1 (35)

in which a bar over a quentity means that the Rosseland mean of that

quantity has been taken. At very high densities, ps(v) is negligible,
and £(v) can be replaced with la(v) everywhere in Eq. (35). If the
terms in the large parentheses in Eq. (35) nearly cancel, approximation

(33) should not be made.
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IV. METHODS OF CALCULATING THE RELAXATION TIMES c™t2 t(v) AND c‘lA

t

Solutions to Egs. (8) and (9) for ¢ 1:_'(v) are obviously very difficult
to obtain in general., Here we obtain an approximate solution by fitting
lt(v) to a polynomial and expanding in powers of y = hv/mc2 and B = v/c,

where v is the electron speed. We assume

ult(v) = E a.nun (36)

n

and substitute this expression for ult(v) into Eq. (9). As in S, we find
it convenient to perform the integration over solid angle 692 in the
primed system in which the electron is at rest, because in that system
the differential scattering cross section is exially symmetric., The re-
lationship between cross sections in primed and unprimed systems is given
by (S,19). Using that equation and choosing do) end dP as in Egs. (s,22)

and (S,24), we get

pt(v) = —zi?—)- a u fooI\I(P)PadP fl % 2xd§p' fl(l - B2)d{cose!')
W\ 1 Jo -1 0 -1

o) s, 61
where approximation (S,A), [l - exp(-u)] [l - exp(-uz)]-l ~ 1, has again

been made, Making use of the well-known relation between initial and

scattered frequencies in the primed system,
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Y2 1 (38)

v L+ y'(1 - cos@) ?

together with Egs. (S,18) relating frequencies and direction cosines in

primed and unprimed systems, one obtairs

w\" 1+ )™ - gn)"
(2) - 2 -, (39)
n
(1 - g% [1 + Y7L - cose')]
in which
1 "1/2
IR R -V TG WS- B (40)
mc

Combining the last of Egs. (S,18) with the first of Egs. (S,21), we have

1/2
2é = {—E—g—i coso!' + sine'[l - ({—E—g—l—)z] cos(q);c -o0'). (41)

We substitute the Klein-Nishina formula, Eq. (S,17), for do'/dné into
Eq. (37); use Egs. (39), (40), and (k1) to express all angular functions
in terms of £, cos6', and @'; and make an expansion in powers of B and 7.
After integrating over @', cos6', and ! and performing some tedious al-

gebra, we get the following result to order Bu, 527, and 72:
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1y, rox 1 g us\
J:- = deop! (l - Bl)d(COSQ EQ—é 1l - (—1—1-)

1 0 -1
82| 1 2 2 g2
=05 {|7 - (3+n) 5 |-55|(Tn+35)7" - (1n + 8im + 137) 5y
3 2 54
+ (7n” + 42n° + 85n + 66) sCARL (42)

in vhich o is the Thomson cross section (8n/3)(e2/m02)2. The only
tricky part in obtaining Eq. (42) is in the evaluation of the contribu-
tion of various powers of Blé arising from the expansion of Eq. (39).
Hence we will give the results for those quantities., Using Eq. (41),

2
we find after integration over ¢' that Bzé and (B 2é) have the values

Blé = Eé;::ggl cose';

(Bl')2 _ 62(1 - 5)2 (3 cosg' - l) + (1 - gosee) 62,
2 2
(1 ~ pe)

whereas (Blé)3 gives no contribution to order Bu because it is odd in
cos@', After performing quite a bit of arithmetic and integrating over
cos@' and £, as well as @', one finds that the effective value of (Blé)u
is simply 6424 to order Bu.

Using a relativistic Maxwellien distribution function for N(P), we

find



Combining Egs. (37), (42), and (43), we finally obtain

1 kT n
pt(v) = RO No, > I? na, u [u-(n+3)-58(uD)+ ..], (L)
8(u,1) = —<L [(7n + 35)u2 = (14n2 + 8in + 137)u

10 me

+ (70 + ben + 60n - 9)] . (45)

We assume that lonization is complete and that it is permissible to
neglect all absorptive processes other than free-free transitions. Then
if we neglect electron degeneracy and insert numerical values, the usual
expression for the free-free absorption coefficient in units of cm.-l be-

comes

[1 - exp(-u)]

' ' -5(k )-7/2 2(kT)-7/2
ni(v) ~ ppo(v) = |:2.782 s mo::s’ :, e %

u

(? aizi) 2,2
. (E:M_i)_é 2 0y25800(2/KT50), (46)
1 1



where kT is in kilovolts and p is in g/cmB. Here Z,, M,, gﬁ,(Zg/kT,u),
and o, are the atomic number, the atomic weight, the Gaunt factor for
free-free transitions, and the mole fraction for element i, respectively.
Using these same units in Eq., (44), substituting Egqs. (44) and (46) into

the second of Egs. (8), multiplying through by 2t(v), and using Eq. (36),

we get
LaX =1; (47)
- 2
Xn = A Bu(n 4)[1 - exp(-u)]? aizggff(zi/KT,u)
(n-1)
+ nu [u-(n+ 3) - 8(uT) ¢, (48)
where 5
.z,
-4 em® g *1
A= (7.8)4-3 x 10 m) pkT E——M— 3
Al !
(49)
B =| 3.547 x 107 (kev)9/2°m;] 2
¢ moles (kT)9/2 T oM. *
; 14

These equations can then be solved numerically to obtain the a . In do-
ing this, we took a finite number of terms (usually 7 or 8 with values of
n between -0,5 and 1.,25) on the right-hand side of Eq. (36), evaluated
the corresponding X of Eq. (48) for specific values of u between 0.l
and 30, and used Eq. (47) to make numerical fits for the an and hence

Zt(v) on an IBM 704 computer,



If we neglect the second order scattering term, 5(u,T), and combine
Egs. (8), (36), (44), and (46), we cen also obtain the second order dif-

ferential equation

2
iy 4y dy [(1 - exp(-u)] 2 2 1
;f% =Q-3Pg+s 5 2 0y2180,(25/KTy0) ¥ = 75
0 u 1
(50)
y= ult(V) .

This equation can then be solved by numerical integration. We decomposed
it into two simultaneous first order differential equations as described
by Margenau and Murphy (1943, pe. 473) and used the Runge-Kutta method of
numerical integration. Before discussing the results obtained by these
methods, we derive some transformetion equations which considerably de-

crease the quantity of results needed,

V. TRANSFORMATION EQUATIONS

When 8(u,T) in Eq. (44) is neglected, results pi[!t(vl)] for one
1
temperature, Tl’ and density, Py» can be transformed to results pg[!t(ve%
2

corresponding to a new temperature, T,, and density, Poe We consider T

1
and p2.

2}
and T2 fixed and transform between "corresponding densities," oy
By "corresponding densities," we mean that Py is chosen such that the

ratio of absorptive to scattering contributions to !t(v)-l for a given

value of u are the same at Py and T, as they were at Py and Tl, then the

2
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lt(v) versus u curves for the two sets of densities and temperatures

have similar shapes. From Egs. (36), (47), (48), and (49), we see that

9/2 Z o, 2% . (25/KT, )
polvy,) = pl< > 3

2 2 3
iZigff(Zi/ KTpu)

Py Ty .
[Zt(vz)]e = 32—(—‘;-)—,1.—2— [lt(vl)] l: (51)
T v
21
Vo = T

Combining these two equations, we get the more convenient relation for

our purposes

p2(v )[lt(vz)] = <?r'2'> 5 pf[lt(vl)] 5
22 2 1 Z OtiZigff(Zi/kTe,u) 1
i
(52)
Tovy
V2 = Tl .

Similarly, one can calculate results for one mixture (subscripts 2
and j) from those for another mixture (subscripts 1 and i). In this case,
it is best to choose T2 = Tl so the relative contribution of the second
order scattering term, 5(u,T), is the same for both mixtures. We get
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5 Z oM, ° ? a2 | | 2 o Zigff(z 2/r,0) 5
"2(")[’1-,(")] =| < 1 5 5 pl[!t(V)] » (53)
2 ? oM, ? 4z ? aﬁzjgff(zj/kT,u) 1

2 2
Z oM, Z 2 8 p(25/KT,0)

J
pz(V) = pl 2 4
? oM, Z a, ngff(Zj/kT,u)
(54)
T, =T,="Ts

The frequency dependence of pe(v ) and p2(v) is very small and can
be eliminated by a slight adjustment of the results for p2(v)[ (v i]
and p2(v)[£ (vi] » respectively, without introducing much error. If the
appropriate avergge values are used for the Gaunt factors, Egs. (51) to
(54) also apply with the frequency dependence of P, removed end !t(vz),

lt(vl), and lt(v) everywhere replaced with A We find empirically from

£°
the results in the next section (in Table 1) that the value of u for which
the Gaunt factors equal their appropriate average values increases from
slightly less than 0,5 in the low density limit to about 7.5 in the high
density limit., The exact value used isn't very critical, because the
ratio of free-free Gaunt factors varies so slowly with frequency.,

For frequencies above all absorption edges, the contribution to the
absorption coefficient due to bound-free transitions, uéf(v),has almost

the same frequency dependence as the free-free contribution, p%f(v).




Thus at low temperatures, one can include the bound-free contribution by
meking another transformation similar to those described ebove. In this

case, we get

)T
p2( V) = pl[:l + ;E%‘-;{I 3 (55)
and
, . w (V]
e[ 1] = o2 )]| 1+ |
(56)
Tl = T2 = T,

where for ugf(v)/u%f(v) we use the approximate equation

=3 k4 2 o
ugf(v) 2 Rydifhn Q&Zigbfn(zi/kT,u)exp(Zi Ryd/nsz) .

Here quantities with subscripts 2 and 1 refer to results with and without
wlo(v) included, respectively; gbfn(Zi/kT,u) is the bound-free Gaunt fac-
tor for element i in initial bound state with principal quantum number nj
and Ryd designates 1 Rydberg. These transformation equations also apply
with A, replacing lt(v) and p,, constant when an average value is used for

the slowly varying function uéf(v)/p%f(v). Equations (55) to (57) are



valid only for frequencies with energies greater than the ionization

energies of all levels, Thus the integrated form of these equations
applies only when this includes all frequencies important in detemmining

A The range of conditions is small for which this is true and also for

t.
which uéf(v) is significantly large; however, this transformation is still

useful for low temperatures, because the correct results for p2A and p

t
always lie between those obtained with and without its usage.

Of course, for most of the relatively low temperature region for
which bound-free and bound-bound absorption is important, scattering is
not important. Then Atf: A= l/pK, where K is the Rosseland mean opacity.
Even vwhen scattering makes a significant contribution to K, one can usually
meke the epproximation A, ~ 1/oK', where K' is the opacity with the scat-

tering contribution omitted, because pt(v) is of the order ps(v)kT/mce.

VI. RESULTS

In view of the existence of these transform equations, there is no
need to compute results for more than one element or for temperatures be-
low that for which &(u,T) in Eq. (44) becomes insignificant. This occurs
at ~ 1 keve Using the first method described in the last section, results
were calculated for hydrogen at various densities in the temperature range

1 kev < kT < 16 kev,

=40m



As a check, some of the results obtained this way were used as ini-
tial starting values for y = ult(v) in integrating inward on an IBM 70k
to solve Eq. (50) by the Runge-Kutta method. The latter method gives
more accurate results when applicable but consumes more computing machine
time, even though a double precision code was used in obtaining resultis
by the first method. When u is large, y ~ constant. Thus dy/du is very
small, and its starting values are not needed with great accuracy. We

used the equation

1 1 u
ay ~= - . (58)
large u A[u - & (u - 4)3]

If the initial values of y were chosen slightly too large (or small), y
became large in magnitude and positive (or negative) for small u. By
this method, one could obtain accurate results only down to the values
of u tor which ¢/ 11_'(v) began toldecrease rapidly as u was decreased and
approached the value [p;(v)]- o At kT = 1 kev, it was found by this
differential equation method that, with the exception of very low fre-
quencies, pzlt(v) was equal to 2.522/u, 2.351/u, 2.324/u, and 2.321/u

-11

for the densities 107/, 10-9, 10", and 10713 g/cm> , respectively. Thus

we conclude that

b(kT)
u

3 u# 0, (59)

lim pelt(v) =
p>0

where the constant b(kT) has the value 2.32 when kT = 1 kev. A comparison

41




of results for different temperatures indicated that b(kT) has essen-

tially the same temperature dependence as peAa, the Rosseland mean of
=1
2 1
P [ua(v)] .

The final results for pz(kT)-7/?A 2

 in units of . kev'7/2/cm are
given in Table 1. It 1s expected that the numerical errors in these re-
sults are within 2, 3, 4, 6, and 8% for kT values of 1, 2, 4, 8, and

16 kev, respectively. For low densities, the error is probably less
than this. The numbers in parentheses were obtained with the second
order scattering term 8(u,T) of Eqs. (44) and (48) neglected,

The results cbtained for pelt(v) in units of gz/cms are presented
in Table 2, The error arising from the numericel methods vhich were
used is less than 5% (usually much less) with the exception of the points
u=0.1, p= 10-4 g/cm3; u= 0.2, p= 10°2 g/cm3; u= 0k, p= 1072 g/cmB;
and u = 0,6, p = 1072 g/cm3 vhich have uncertainties of 40, 60, 20, and
10%, respectively.

The results given in both tables for p > co were simply obtained by
setting lt(v) = [p;(v)]-l. Since Eq. (46) was used for p;(v), degeneracy
was ignored, Table 1 is not complete on the high density side for kT 2:4
kev, because in this region the electrons are partially degenerate,

In obtaining the results given in Table 2, the second order term,
&(u,T), was neglected. Its maximum effect is to increesse 2t(v) by about
10 or 12% at the points p = 1 g/cm3, u= 30 and p = 10 g/cm?, u = 30;
however its effect is usually much less than this. The approximate mag-

nitude of the effect of 8(u,T) on pelt(v) is indicated in Figure 1 where

=l 2a



Teble 1

Values for pg(kT)-7/2At for Various Temperatures and Densities

of Hyﬁrogen*
kT (kev)
o)
(g/ca’) 1 o 4 8 16
o 158. 171. 181. 189. 195.
10° 91.1 31.0 7.75
(85.4) (26.9) (6.34)
10° 1082 39.4 10.09 2.8
(101.6) (37.0) (9.09) (2.53)
10t 11k, 51.2 13.73 3.61 1.k4eo
(49.8) (13.10) (3.40) (1.347)
10° 63.6 19.1 b7k 1.68 0.982
(0.957)
1071 26.3 6.56 2.0k 1.05 0.813
1072 9.11 2.58 1.156 0.83k
(1.152)
102 3.35 1.34 0.867
n
10 157 0.910 0.755
107 0.989 0.764
10'6 0.782
1077 0.700
0 0.644 0.664 0679 0.691 0.703

¥
Entries in parentheses have been computed with the effect of the second

order term 5(u,T) omitted. A, is in units of cm.
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Table 2

Values for pel t( v) for Hydrogen at a Temperature of 1 kev

- o (g/ca)
u - —
kT . 10% 10° 1071 1072 107 107t 107 107

0.1 2.02x1070  2.02X10™  2.02x10™0  2.02x10™  2.02x1070  2.02x107  h.o0oxi0™F  1.05x107  2.25x10%
0.2 1.00x10™2  1.00x102  1.00x1072  1.00x10"2  1.00x1072 & 00x1072  k.01x20° 1.20 1.33
0.4 5.38 5.38 5.38 5.38 6.30 1.81a0°  7.30 7.92a0°  6.93x10°
0.6 1 .5o><:Lo‘l 1 .50x10‘l 1 .50xlo‘l 1 .50x1o‘l hoox10”t 4 55 6.76 5462 L.67
0.8 3.9 3.19 3.19 3.19 1.62x10°  6.05 5.81 431 3.50
1.0 5.84 5484 5484 6.40 3453 6.58 4,98 3.49 2.81

L 1.2 9.71 9.71 9.71 1.3!+xlo° 5455 6.61 4,33 2.93 2434

¥ 1 15bac®  1swac®  1swac®  2wsk 7.31 641 3.82 2.53 2.0
1.6 2.23 2423 2.95 4,35 8.67 6.13 3.4 2.22 1.76
1.8 3.16 3.16 3436 6.62 9.67 5.82 3.07 1.98 1.56
2.0 4,35 4 .35 4.86 9.25 1.03xlol 5450 2.80 1.78 l.h1
2.2 579 579 T.00 1 .21xlol 1.07 5420 2.57 1.62 1.28
2.4 T.63 763 9.50 1.48 1.10 4,93 2.37 1.k9 1.17
2.6 9.8 9.82 1.25x10%  1.76 1.1 467 2.20 1.38 1.08
2.8  1l.bxiol  1.280°  1.59 2.00 1.11 bk 2.05 1.28 1.01
3.0 155 1.61 2.00 2.02 1.10 .22 1.92 1.19 9.kox10™*
3.2  1.91 2.03 2.49 2.4 1.09 %.03 1.81 1.12 8.81
3.4 2.33 2.47 3.02 2.58 1.08 3.85 1.7 1.06 8.29
3.6 2.8 3.00 3.59 2.73 1.06 3.68 1.62 9.97x10™F  7.83

3.8  3.37 3.60 ka9 2.8k 1.0k 353 1.5k 9.45 Tol2




Table 2, Continued

hy [o} (8/ ij )
u E—J——ay
kT o 10+ 10° 107t 102 107 107* 107 1076

ho o kooxiot  kJoxiot  hBnaot  2.95xa0%  1.03xa0%  3.39a0°0  1.47x100  8.98x10-L  T.oma0->
4.5 5.95 6.35 6.32 3413 9.77x10° 3.08 1.3 T.99 6.27
540 8.48 8.90 T3 3423 9.30 2.8 1.18 T.19 5 o6k
5.5  1.a7x10°  1.21x10°  8.98 3.07 8.84 2.61 1.08 6.5k 5.13
6.0  1.57 1.58 1.00x00°  3.28 8.ho 2.h2 9.94x10°F  6.00 4,70
6.5 2.06 1.98 1.09 3.27 8.03 2.26 9.20 554 Y34
7.0 2.65 2.39 1.16 3423 T.67 2.12 8.56 5.15 4,03
L 7.5 3436 2.81 1l.22 3.19 T3k 2.00 8.01 4,81 3.76
¥ 8.0 4.9 3.2 1.27 3.1k 7+03 1.89 753 k.51 3453
8.5 5416 3460 1.30 3.08 6.75 1.79 T7.10 4 o4 3.32
9.0 6.29 3.97 1.33 3402 6.49 1.70 6.7 4,01 3.14
10.0 9.01 k.62 1.36 2.90 6.03 1.55 6.06 3.61 2.82
110  1.2510°  5.16 1.37 2.79 5.63 1.43 5.50 3.08 2.57
12.0 1.69 5059 1.37 2.67 5.28 1.32 5.08 3.01 2.35
13.0 2.22 549k 1.36 2457 4,98 1.23 4,70 2.78 2.17
1k4.0 2.86 6.20 1.35 2.47 Y71 1.15 4,37 2.58 2.02
15.0 3464 6.2 1.33 2.38 byt 1.08 4,09 2.41 1.88
20.0 9.8 6.80 1.2 2.01 3.57 8.3210°%  3.09 1.81 1.4
2540 2 .15x1ol’L 6.70 1.10 1.74% 2.99 6.79 2.48 1.45 1.13

30.0  3.98 6.25 1.00 1.53 2.58 5.74 2.07 1.21 9.4ox1072
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Figure 1 A plot of cp2 times the photon relaxation time, c'lzt(v) , versus u for various den-
sities and a temperature of 8 kev. Here fi(v) is in units of em and p is in g/em3.
Results are for hydrogen.




Deft(v) versus u is plotted for various densities at a temperature of

8 kev, The results with and without &(u,T) included are represented by
solid and dashed curves, respectively. As one would expect from Egs. (44),
(45), and (48), it was found that for "corresponding densities" defined
above Eq. (51), the megnitude of the contribution arising from &(u,T) to
either pelt(v) or peAt increases approximately linearly with temperature
from zero at kT = O. Thus in obtaining results for palt(v) or p2At for
new temperatures, one should apply Egs. (51) and (52) to the results in
Table 2 or Teble 1 with S(u,T) omitted and then add the appropriate cor-
rection, if significant, as determined from inspection of Figure 1 or
Table 1.

In obtaining all results for lt(v) and A,, the numerical values of

t,
Karzas and Latter (1958) for the free-free Gaunt factors were used. Their
results are in good agreement with those of Berger (1956) where they over-

lap.

VII. DISCUSSION

Noting that pé(v) given by Eq. (46) is proportional to p2, while
pt(v) is proportional to p (if the density dependence of lt(vz)/lt(v) is
neglected), and that pé(v) goes as about v-3, while pt(v) has a much
weaker frequency dependence, we interpret our results as follows: At
very high densities, pt(v) is negligible, and we see from the second of

-1
Egs. (8) that lt(v) = [“;(V)] . Then peAt = pzAa, and, insofar as
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electron degeneracy can be neglected, peAt and pzlt(v) are independent

of density. As density is lowered, pt(v) makes a signficant contribution
first at high frequencies and then at lower and lower frequencies. Since
the correct physical solution has positive an and n for the major terms
in Eq. (36), we see from the dominant part of Eq. (44) that pt(v) is
negetive for small u. When the density is low, pé(v) is small except
for very smell frequencies. Thus for low densities, if !t(v) is to be
positive when pt(v) is negative, we see from Egs. (8) that pt(v) must be
very small in magnitude. As seen from Eq. (9), this occurs when u!t(v)
is very nearly independent of frequency. It must also be very large and
proportional to p"2 because ué(v) and u%(v) are nearly cancelling and
“A(V) is proportional to p2. Thus we obtain the result expressed by
Eq. (59). Since this equation applies for all but negligibly small fre-
quencies, we can integrate Eq., (24) and obtain
lim peAt = 0,2776b(kT). (60)
p>0

As seen from Egs. (3), when the temperature is increasing (or de-
creasing), the number of photons of every frequency must increase (or
decrease) if a distribution close to a Planck distribution is to be
meinteined. The total number of photons can be changed only by absorp-
tive and emissive processes, not by scattering. Thus in the low density
region for which Egs. (59) and (60) apply, the controlling factor is the

rate of production or destruction of photons, which is proportional to
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u;(v). This is the physical reason why pelt(v) and peAt again become in-
dependent of density at low densities. Compton scattering redistributes
the photons, This causes the pelt(v) versus u curve to be very different
in shape from the pz[pé(v)]-l versus u curve, but it has a maximum effect
on peAt of only reducing it to about 1/250 times its high density value
peAa.

This is completely contrary to the result one would obtain, for
instence, if he assumed that the radiation had a Planck distribution at
a temperature Tr # To With this assumption, the scattering contribution
on the right-hand side of Eq. (4) becomes independent of ebsorption., It
then goes as p, while pé(v) goes as p2. Thus at very low densities, ab-
sorption can be neglected, and one gets a time of equipartition of energy
between radiation and matter which is proportionsl to 1/p rather than l/p2
as obtained by our method. However, as just pointed out below Eq. (60),
it is inconsistent in a time-dependent problem to assume that a Planck
distribution is maintained by scattering alone.

For high densities, this method leads one to obtain a time of equi-
partition of energy between radiation and matter equal to [dﬁ;(v)J-l rather
than c-lAa as obtained by our method, where'ﬁé(v) and A_ are the Rosseland
means of p;(v) and [u;(v)]-l, respectively. [dﬁ;(v)]-l is always less
than c-lAa unless pé(v) = const, In the case of free-free absorp-
tion by hydrogen at 1 kev, [dﬁ;(v)]‘l'::c‘ Aa/25. For high densities,

the error in assuming a Planck distribution at Tr % T is seen by inspec-

tion of the ebsorptive term on the right-hand side of Eq. (4). We see
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that the time rate of change of the radiative intensity is proportional

to pé(v)[B(v,T) - I(v)] . Thus when I(v) and B(v,T) are nearly equal,
small deviations in I(v) from a Planck distribution are very important.
Now we expect I(v) to be most near to B(v,T) at the frequencies for
which the interaction between radiation and matter is large, i.e.,

2.(v) small. This effect is taken into account in Eq. (19), whereas

it is not by assuming I(v) has a Planck distribution at Tr‘ The reason
for pointing out the fallacy of this approach in dealing with an opti-
cally thick medium is that one might be tempted to use it, because it
makes the energy exchange rate between radiation and matter easy to
compute. Also one might expect it to be valid by analogy to the sit-
uvation where ions and electrons are not in equilibrium. In the latter
case, it is usually a good approximation to assume that ions and elec-
trons each have a Maxwellian distribution, but at different temperatures,
because these particles exchange energy most readily with other particles
of the same kind. On the other hand, photons interact only with the
metter, not with each other, and for this reason tend toward a Planck
distribution only at the matter temperature (the electron temperature
when ions and electrons are not in equilibrium).

It is interesting to note that the form given by Eq. (60) is per-
fectly general in the low density limit regardless of the particular
form of the frequency dependence of p;(v) or whether or not the expan-
sions leading to Eq. (4k4) for pt(v) are valid. However, if the driving

term “;(V) went as a positive power of v, Eq. (59) would hold for all
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but very large rather than small values of u. In this case, the n's of
the dominent terms in Eq. (36) would be small in magnitude and negative,
50 pt(v) would be positive for smell u and n;gative for large u, and

] t(V) would have the limiting value [p;(v)]- at large rather than small
U,

We consider now the validity, for various conditions, of the approx-
imations made in obtaining our solution to the radiative transport eque~
tion.

Our results for radiative intensity, energy density, and flux apply
in the system stationary with respect to the material medium., In a time-
dependent problem, we expect the local macroscopic velocity Y' of the
matter to vary with space and time., Thus, in contrast to the method
outlined by Thomas (1930), the system in which our results apply is not
in general an inertial system. This introduces an error in the higher
then zeroth order terms in our expression (19) for the intensity. The
condition for the validity in this respect of our approach is that the
magnitude of the variation of Y/c must be small compared with unity over
a space or time interval such that T a.nd/or p change by a large fraction
of themselves. Due to the large value of ¢, this condition is probably
always satisfied.

Since it has been emphasized that the solution obtained here is
valid only for an optically thick medium, we should specify more pre-

cisely what "optically thick" means., When esbsorption is dominant,
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A= At’ and it is clear that in order to be optically thick, a medium
must not change spprecisbly in temperature, density, or composition
within a distance of a few mean free paths in any direction. The mean-
ing is not so clear when scattering is significant. We consider the
extreme case where scattering is very important. Since then At >> A = As’
we investigate the time-dependent part of the solution to the radiative
transport equation, This indicates that the radiation spectrum at posi-
tion P at time to is determined in the immediately prior time interval

equal to approximately 30'1A where the cholice of the exact factor 3 is

t}
somewhat arbitrary. If it assumed that the boundary of a region with ap-
preciably different characteristics with regard to temperature, density,
or composition 1s perpendicular to the x axis at a distance X from P,

then in order that our solution be valid at P and to’ it is necessary

that the following condition be satisfied:
A'E(P,to) - Aa(P,to) << E,(P,to), (61)

where A'((P,t_ ) and A¥(P,t ) are the portions of the total rediation
energy density E(P,to) calculated to originate from x z_xb when the
presence of the boundary at xo is taken into account and when it is
ignored, respectively., We assume that condition (61) is satisfied for
values of x  such that AE(P,to)/E(P,tO) is small, In order to obtein an
approximate value for Aﬁ(P,to)/E(P,to), we solve the inverse problem of

obtaining the probebility that photons originally at P at time to will be
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at x > xo at time to + 3c'lA An approximate value for this, in turn,

t.
can be obtained from the well-known solution to randonm flight problem
given, for instance, by Eq. (87), page 14, of Chandrasekhar (1943).

Since photons travel with velocity c and have flight lengths A = As’

1z

the number of random flights taken by a photon in time interval 3c” +

is 3At/As' If this number is large (it always is when A ~ As), the

brobability that photons at P at time to will be a distance r from P at

) -1, .
time to + 3c At is
Wir,t + ‘A)—(enAA)’3/2e r’ (62)
Lty * 3 M) = t's xP'QAtAs'
Thus
AE(P, b)) 0o oo x

o -1
oodxw(g,to + 3¢TA)

eyt [ wf af

x -1/2 2
=1 = f-a(: dX(eﬁAtAs) / exp (" QA:AS). (63)

This gives a value 0.05 for AE(P,to)/z(P,to) vhen x = 1.65(AtAs)l/2.
If As is replaced with A, this goes smoothly into the approximate result
expected when A = At' Thus it is probasbly quite accurate to say that
the solution to the radiative transport equation obtained in this report

is valid a distance one or two times (AAt)l/ 2 from the boundary of a

region of appreciably different characteristics, and an optically thick
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medium is one which is a few multiples of (A/\t)l/2 or greater in thick-
ness., We note that in reaching this conclusion, the value of the rate
d¥/dt did not enter. Thus it also applies to the time-independent sit-
vation treated, for instance, in S,

Since the interaction of the radiation with the matter is only
through Compton scattering and free-free transitions (in treating the
latter, the nuclei are assumed stationary), our basic assumption that
the matter has distribution functions characteristic of thermal equi-
librium really only applies to the electrons, For the total radiation,
the criterion for the validity of this assumption is that tc << c-lAt,
where tc is the relaxation time for electrons given by Eq. (5-26), pege
78 of Spitzer (1956). This criterion is met. For, although the curves
in Figure 2 are only approximate in the region of electron degeneracy as
indicated by dashed lines, we see that the curve c-lAt/tc = 10 lies some-
what above the curve AC/A = 10, and much asbove the curve Em/5 = 10, which
indicate the approximate upper boundaries of the regions for which radia-
tion flux and radiation energy density are significant, Here Em is the
kinetic energy density of the matter and Ac is the equivalent mean free
path arising from electronic heat conduction, i.e., A = (ch)-l, where

K, is the conductive opacity treated by Marshak (1940), Lee (1950), and

Mestel (1950).7

3Uni‘ortunately', we used Kc in S to designate the opacity due to Compton
scattering.
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various approx-
imations apply. In treating the radiation, it can be assumed
that the electrons are in thermal equilibrium with themselves
below the curve c-lAt/tc 10 and are also in equilibrium with
the ions below the curve c~lAy/teq = 10. Below the curve
Ag/Ag = 12, a simplification in the time-dependent expression
for the flux is valid. Electron degeneracy can be neglected
below the curve 1 = -1, The radiative energy density and flux
become relatively unimportant above the curves Em/g = 10 and
A /A = 10, respectively,
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1
At/teq = 10, where teq is the electron-ion time

Below the curve c”
of equipartition of energy given by Eq. (5-31), page 80 of Spitzer (1956),
we can assume electrons and ions to be in local thermodynemic equilibrium
with each other, Above this curve, the T in our radiation equations re-
fers to the electron temperature,

Below the curve Aa/As = 12 in Figure 2, the approximation to the
flux expressed by Eq. (29) is applicsble. Usually the term proportional
to A2 can be omitted and A replaced with As. We designate as F' the first
order time-~dependent correction to F, i.e., the part of the flux propor-
tional to OT/JOt and Jp/dt; then along the curve Aa/As = 12, use of Eq.
(29) results in values for F' which are too small in magnitude by sbout
25%, Along a line through the points p = 0.9 g/cm;, kT = 0.5 kev; and
p=25 g/cm;, kT = 1 kev, corresponding to At/Aa~: 0.83, use of Eq. (35)
causes one to overestimate the magnitude of F' by about the same amount.
In the region for which Eq. (29) applies, F'/(F - F') and ¢'/(2 - 2'),
where g' is the time-dependent correction to the energy density given by
the second term in Eq. (22), usuelly have sbout equel megnitudes, whereas
in most of the region covered by Eq. (35), F'/(F - F') is significantly
larger than ¢'/(¢ - ¥') in magnitude. The reason for this is as follows:
The Rosseland mean of a quantity which goes as u? is roughly equal to that
quantity evaluated at u = n + 4, The products of I's occurring in the
large parentheses of Eq. (35) go as considersbly higher powers of u than
£(v) vwhen sbsorption is dominant., Thus they are large relative to Ae,

the rough approximate measure of the comparative importance of %',
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Above the curve 5 = -1, electron degeneracy becomes important.
Neglecting degeneracy along this curve causes one to underestimate the
magnitude of F' by about 20 or 25% and A or At by sbout half that amount.
Here n is the usual chemical potential multiplied by 1/kT. It is equal
to the @ in S minus mcz/kT.

The curves in Figure 2 all pertain to hydrogen. From a study of the
expressions for the various quantities involved, we conclude that for an
element with atomic nunber Z and atomic weight M, these curves should be
shifted spproximately as follows: Considering points at the same tem-
perature for both elements, we shift down the curves c'lAa/tc::'c'lAt/tc
= 10 and Aa/As = 12, so they pass through new densities, p,, related to
the old densities, p,, by the equation p, = Mpl/Zz. For the curves

AC/A = 10 and n = -1, the new densities should be equal to Mpl/Z. In

1
At/teq

= 10 should remain unchenged except that the bend resulting when At de-

the case of the curve Em/e = 10, p, = 2Mpl/(Z + 1), The curve c~

parts app;eciably from Aa should occur at a higher temperature, T
2/5

2
~ (z /M) T,
It is interesting to consider the conditions under which matter is

2

most likely to run away from the radiation, i.e., T becomes much greater

than the average radiation temperature Tr’ defined by the second of

1

Egs. (26). At high densities, c™ A, = ¢~ Ay ~ Ap‘2T3‘6, where A is &

t
constant. At low densities, when Egs. (59) and (60) apply, A~ Aa/250.

Thus from Eq. (23) and the second of Egs. (25) and (26), we get
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L -1_2.0.4 AT | .
3% = LA ap2T - 3 high densities,

(64)

-lapeTo'u %—1: 3 low densities,

g-g ~ 1034
in which AT = (T - Tr). Since the rate of energy production per unit
volume by the matter generally goes as a high power of temperature (un-
til some very large temperature is reached) and as p2, it appears that
runaway is most likely to occur at high temperatures and fairly high
densities .h' However, the effect of runaway is largest at low densities

and high temperatures when most of the energy at equilibrium is in the

T

Of course, the total rate R of energy transfer per unit volume from
matter to radiation equals O%/dt + ¥V ¢ F. We have assumed that J38/dt
>> ¥ ¢ F, In determining this rate when V « F > 9%/dt, one should in-
clude in Eq. (19) for I(v,s) the second order term le(v)g Y

-[!(v)g . gs(v,'r)] = e(v) of Eq. (5,12). For V « F >> 3f/dt, this leads
(if the slight angular dependence of !2(v) is neglected) to R(v) and R
equal to the right-hand sides of Egs. (25) with le(v) z.;ld A} replacing
£.(v) and A, respectively, where A} = fooe(v)dv/j;) [e(v)/!z(v)]dv.
At high densities, 12(v) = lt(v) = [p;(v)T-l, while at low densities,
!2(v) ~ 2(v) << lt(v). When 22(v) depends strongly on v, A} is somevhat
larger than the Rosseland mean of le(v). Thus if V « T > 3f/3t, R is less
for high densities and greater for low densities than it is when Vo F

<< J8/dt for the same AT,
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radiation field. Furthermore, the densities for which the first of
Eqs. (64) applies are unlikely for kT > 8 kev,

Actually, we have been implicitly assuming that the nuclei and elec-
trons are in equilibrium, i.e., that we are dealing with the region beneath
the curve c"lAt/teq = 10 in Figure 2, Above that curve, as seen from Fig-
ure 2, g is usually relatively small. Hence g' = -4nc-2AtaB(T)/8t is
usually not too important. However, radiative flux is usually an impor-
tant means of energy transport in this region, so the time~dependent
correction F' to the flux is important. Since F' is generally negative,
the energy flow rate is less than one might expect. In this region sbove

the curve o+

At/teq_= 10, we should distinguish between the case where the
Processes by which energy is being generated involve a significant amount
of gamma emiscsion and where they do not. In the latter case, the energy
generated first goes into kinetic energy of the nuclei; then it is pos-
sible for the nuclei to run away from the electrons. On the other hand,
in the case of gamma emission, the energy is quickly converted into elec-
tron kinetic energy, principally by Compton collisions, This tends to
make the electron temperature lead the ion temperature. Thus when gamma
emission is dominant, the nuclei cannot run awasy from the electrons. One
might expect the radiation to lead the electrons in this case. At the
high freguencies corresponding to the gamma radiation, it does, but the
remainder of the radiation lags the electrons as indicated by Eq. (21).

Since it appears that it would be desirable to have results for

higher temperatures than those covered in Teble 1 and perhaps for higher
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densities as well, we look into the possibility of obtaining them. The

condition for the validity of the expansions leading to Eq. (44) fur

1/2 1/2

_ (14 B) hv  _ [ ( 2 ) ] oKT

=2 ( =|{E+ 1+ (E°+ 2E == u<l1l (65)
1-8 me? me ’

where E is the electron kinetic energy in units of mce. Choosing

E= 2kT/m02, a value greater than the kinetic energy of most electrons,
we find that the values of u for which 2y! =1 are 2k.9, 11.2, 4.86,
and 2 for kT = 8, 16, 32, and 64 kev, respectively. The values of u
important in determining At very with density. At high densities, the
integrand in Eq. (24) has a maximum at u ~ 7, whereas for very low den-
sities where Eq. (59) applies, it has a maximum at u~ 3. However, in
the low density limit, the size of the constant b(kT) is determined pri-
marily at lower frequencies where pt(v) is negative and there is near
cancellation between p;(v) and pt(v). This is substantiated by the fact
that the inclusion of &(u,T) had essentially no effect on the results

calculated for p2! 1h(v) and p2A at low densities when kT = 8 and 16 kev

t
and also by the fact noted at the end of section V that at low densities
the Gaunt factors equal their appropriate average values when evaluated

at u slightly less than 0.5. Hence, the method used here to obtain re-
sults for At is probebly valid until kT ~ 64 kev as long as p < 103 g/cmj.

This is the upper density for which Eq. (60) approximately holds when
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kT = 64 kev, Accurate Gaunt factors are not available for 16 kev < kT
< 64 kev; however, no more than a 50% error is likely to arise if we
obtain results for this region of temperature and density by applying
Egs. (51) and (52) to the results for kT = 16 kev and choose the ratio
of Gaunt factors equal to unity. Very rough estimates of At can also be
obtained for higher densities and temperatures by use of these transfor-
mation equations,

For temperatures below sbout 12 kev, the condition 27éax < 1 applies

for all frequencies important in determining A, for any density. In this

t
temperature region, the only difficulty at high densities is in the proper
handling of electron degeneracy and screening effects., Some work has been
done on computing the free-free absorption coefficient at high and moder-
ately high densities by Tsao (1954), Zirin (1954), and Green (1958, 1960).
In the discussion section of S, we outlined the changes to be made in the
calculation of ps(v) when electron degeneracy is taken into account, They
are the same for pt(v). For conditions at which positron concentration

is negligible, the only change is that we replace N(P)PedP in the integral

equation (S,25) for ps(v) and Eq. (37) for pt(v) with

(E + 1)(E° + ox) 2ax

(66)
hnBKE[exp(-n + E/T') + 1] [exp(n - E/T" - u+ u2) + l] ’
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vhere, as before, E and T' designate the electron kinetic energy and
temperature in units of mcz, and ho is the Compton wavelength given by
Eq. (S,41). As pointed out in S, the integrations are then very dif-
ficult to perform as a result of the quantity (u - ue) occurring in q;
however, the aversge contribution of this quantity is probably very
small until very high temperatures are reached. If we set (u - ue) =
in Eq. (66), there is essentially no increase in work in calculating re-
sults for pt(v) in the region of electron degeneracy, except that one
must take into account the effect of degeneracy and screening on “;(V)
because pt(v) depends on p;(v) through the factor [l - velt(vz)/v!t(v)]
in Eq. (9).

In the case of ps(v), there i1s no increase in difficulty in obtain-
ing results when the electrons are degenerate if we set (u - ue) = 0 in
Eq. (66), with the exception that one must, of course, calculate results
for each value of n. However, as pointed out in the discussion section
of S, the effect on ps(v) due to electron motion is small except at very
low frequencies, Thus when the electrons are degenerate, it should be a
fairly good approximation in obtaining results for the opacity due to
Compton scattering simply to multiply the results obtained in S with de-
generacy neglected by the factor

Q(q,T) = jnoo (E + 1)(E2 + 2E)l/2
0 [exp(-n + E/T') + 1 exp(n - E/T') + 1]

. f°° (E + 1)(E2 + 2E)l/2 67)
0 [exp( n+ E/T') + 1]
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Results for Q(7n,T) corresponding to several values of 7 and kT are

presented in Table 3,

Table 3

Values for Q(n,T) for Various Temperatures and Degeneracy Parameters 7

- 1
(kev) I 5 -1 0.k 1.6 2.8 i 6 8

0 0.985 0.897 0,737 0,569 0,432 0,336 0,238 0,183
8 0,985 0,808 0.741 0.575 O0Ji40 0,345 0.248 0,193
32 0.98% 0,903 0.751 0.592 0.460 0.368 0,273 0.217
125 0.985 0,915 0,781 0.637 0,51k 0,425 0,327 0.265

The values of the relaxation time c-lAt determined from Table 1

are so small that we conclude that it is fairly unlikely that in any
astrophysical problems dealing with optically thick mediums, the radia-
tion fails to remain in local thermodynamic equilibrium with the matter,
This is certainly true if the density and temperature are nearly uniform
over large portions of the star under consideration. However, during
the rapid stages of stellar evolution, we expect fairly steep gradients
of p, T, and the local macroscopic velocity V to exist. As pointed out
below Egs. (64), the rate of energy generation by nuclear processes gen-

erally goes as a high power of T and as p2. Thus in small regions in

which p and T happen to be appreciably higher than in neighboring regions,
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the critical values of p and T for which some nuclear process proceeds
very rapidly may be reached, Possibly in some instences, these small
sections of the star will then attain very high matter temperatures be-
fore cooling by expansion and outflow of energy flux. The probability
of this occurring is enhanced if the time rates of change are large
enough that the radiation lags the matter appreciably. For then the
portion of energy which goes into the matter increases, thus increesing
the matter temperature and rate of energy production, while the outflow
of radiation flux is less for the same space derivatives of p and T

than it would be if radiation and matter were in equilibrium. Perhaps

in some cases, this is the way in which the very high temperatures needed
for synthesis of such elements as iron are reached, rather than by attain-
ing a very high temperature over large sections such as the whole stellar

interior,

=6l




REFERENCES

Berger, J. M., 1956, Astrophys. J. 124, 550,
Chandrasekhar, S., 1943, Revs. Modern Phys. 15, 1.
Green, J. M., 1958, Rand Corporation Report RM~-2223-AEC, "Free-Free Gaunt

Factor in an Ionized Medium."

Green, J. M., 1960, Rand Corporation Report RM-2580-AEC, "Fermi-Dirac
t4 2 t4 2

Averages of the Free-Free Hydrogenic Gaunt Factor."

Karzas, W. J., and Latter, R.,, 1958, Rand Corporation Report AECU-3T703 =

Rev,., "Free-Free Gaunt Factors,"

Lee, T. D., 1950, Astrophys. J. 111, 625.
Marshak, R. E., 1940, Astrophys. J. 92, 321,

Margenau, H., and Murphy, G. M., 1943, The Mathematics of Physics and

Chemistry (lst ed.; New York: D, Van Nostrand Inc.), P. 473.

Mestel, L., 1950, Proc. Cambridge Phil. Soc. 46, 331.
Sampson, D. H., 1959, Astrophys. J. 129, T3k.

Spitzer, L., Jr., 1956, Physics of Fully Ionized Gases (MNew York: Inter-

science Publishers, Inc.).

Thomas, L. H., 1930, Quart. J. Math. (Oxford series) 1, 239.
Tsao, H. T. H., 1954, Astrophys. J. 119, T70.

Zirin, H., 1954, Astrophys. J. 119, 371.

-65-




