
i

LA-4822

a. /

The Notion of Complexity

For Reference

Not to be taken from this room

Lb:10s a Iamos

of the University of California
~!

LOS ALAMOS, NEW MEXICO 87544
I \

UNITED STATES

ATOMIC ENERGY COMMISSION
CONTRACT W-740 S-ENG. 36



This report was prepared as an account of work sponsored by the United

States Government. Neither the United States nor the United States Atomic

Energy Commission, nor any of their employees, nor any of their contrac-

tors, subcontractors, or their employees, makes any warranty, express or im-

plied, or assumes any legal liability or responsibility for the accuracy, com-

pleteness or usefulness of any information, apparatus, product or process dis-

closed, or represents that its use would not infringe privately owned rights.

This report expresses the opinions of the author or authors and does not nec-

essarily reflect the opinions or views of the Los Alamos Scientific Laboratory.

Printed in the United States of America. Available from

National Technical Information Service

U. S. Department of Commerce

6285 Port Royal Road

Springfield, Virginia 22151

Price: Printed Copy $3.00; Microfiche $0.95



k“-
LA-4822
UC-32

ISSUED: December 1971

*

:
.

10s alamos
scientific laboratory

of the university of California

LOS ALAMOS, NEW MEXICO 87S44

The Notion of Complexity

.—

by

W. A. Beyer
M. L. Stein

S. M. Ulam

ABOUT THIS REPORT
This official electronic version was created by scanning
the best available paper or microfiche copy of the 
original report at a 300 dpi resolution.  Original 
color illustrations appear as black and white images.

For additional information or comments, contact: 
Library Without Walls Project 
Los Alamos National Laboratory Research Library
Los Alamos, NM 87544 
Phone: (505)667-4448 
E-mail: lwwp@lanl.gov




THE NOTION OF COMPLEXITY

by

W. A. Beyer, M. L. Stein, and S. M. Ulam

ABSTRMX

The notion of the arithmetic complexity Inl of an integer n
is defined in terms of the minimum number of additions,
multiplications, and exponentiationa required to combine
1’s to form n. The value of [nl ia calculated for n< 210.
n is called complicated if Inl > Inll for every nl < n,
Of the first 19 complicated numbers, 14 are prime. A con-
jecture about a relation between complexity and entropy is
proposed. Some computations are presented to support this
conjecture.
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I. INTRODUCTION

In this report we discuss notions of complex-

ity in some algebraic structures. These notions

are also applicable to more general combinatorial

situations that perhaps lack any algebraic pattern

in the classical sense. We concentrate on a few

special cases for which we studied and calculated

a special notion of complexity. Essentially, we

examined a special notion of complexity for ordinary

integers with a little excursion on such a notion

for integers modulo a p~,

The notion of complexity, in our view, is

separate, though associated with the idea of the

amount of information or entropy of a system. Me

mention briefly a possible axiomatic approach to

defining a real number called complexity for ele-

ments of a aet or of a class on which certain ~-

ationa are performed. These could be binary opera-

tion; our set could be a set of integers, and the

operations could be addition, multiplication, and

exponentiatlon, for example. It is this case that

was examined on a computing machine and to which

most of this report is devoted.

Another case would be a clasa of subsets of a

given set, with allowed operations being the -

Boolean operations of union and intersection or

union and complementation. One could add other

operations, for example, the direct product of acts

and also projection. This would correspond to

allowing quantifiers in our theory. One can study

a notion of complexity for vectors in a countable

space or even in the continuum. An important study

would be that of a relative complexity; that is to

say, complexity of elements or “expressions” when

the complexity of certain symbols is normalized to

1. In what haa been sometimes called “speculation”

on constanta in physical theories, for example, the

whole art seems to depend on the success of at-

tempts to define some known important numbers, e.g.,

the dimensionless ratios

proton/”electron = 183’” 11” ““
M

and
2

e Ihc = 137.1. ..

by use of only a few artificially introduced con-

stants which should be as “simple” as possible.

(cf. the attempts by Eddingtonl and some very re-

cent ones by Good2 and Wyler. 3,

Considered “genetically,” a mathematical

theory resembles a tree in that one obtains from a

given number of symbols corresponding to “variables”
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and from a number of allowed operations, expressions

that elongate by branching, The simplifications

and abbreviations may then reduce the length of the

expressions.

One could try to define complexity in a math-

ematical structure by postulating certain of its

properties, somewhat like postulating properties of

a measure.

Let the structure, S, consist of elements x,

Y* .... It may be finite or infinite. We have in

the set S a number of, say, binary operation R ,
1

‘2’ ““” ‘n”
We want to assign a number c(x) > 0 to

each element xof Sand to eachRi (i= 1 ... n) so

that the following properties should hold.

a.

b.

c.

If z = Ri(x, y), then c(z) = c(Rf(x, y))

<c(x) + c(y) +c(Ri) i = 1 ... n.

For each element z, if z = Rj(x, y), we

should have for one case at least,

c(z) = c(x) + c(y) + c(Rj).

Z(xo) = 2(x1) = ... Z(xn) for some pre-

assigned elements X. ... Xn.

Needless to say, one can define analogous desiderata

for the caae in which the operations are more gen-

eral than binary ones.

Obviously, in the case to which our exercise

is devoted, these postulates are satisfied. More-

over, they define the complexity uniquely if, as

must be the caae in general, the complexity was

normalized for some elements. (In our case, we as-

sume the complexity of the integer O to be equal to

1. We hope to study this notion more thoroughly

for the more general case and also to perform ex-

periments to determine complexity functions for the

case in which S is a class of setsj Ultimately,

one would wish to discuss the complexity of genetic

codes and biological organisms quantitatively.

(“Integer” always means a positive integer.)

II. ARITHMETIC COMPLEXITY OF IWTEGERS

The arithmetic complexity [nl of an integer n

is defined as the fewest number of operators: +, x,

xx (sddition, multiplication, and exponentiation)

which combine 1’s to form n. Thus, Ill -o; 12[=

lsince2= 1+1; and 151 =4 since5 = (l+l)xx

(1+ 1) + 1 and not fewer than four operatora with

1’s will form five. Obviously, for a and b inte-

gers, la + bl, lab], and]abl are each not more than

Ial+lb[ +1. For an infinity of integers n, the

relation In+ 11 = [nl + 1 holds.

For the purpose of calculating the complexity

of some integers, all correct formulaa (up to some

number of operators) involving +, x, xx, and the

number 1 were enumerated using parenthesis-free

notation on a computer. It required one hour of

computer time to enumerate the integers with com-

plexity < 6. Ralph Cooper made the following ob-

servation. Each correct formula involving n P O)

operators is the composition of two formulas, one

formula with nl operators and one formula with n2

operatora such that n = n
1
+nz+l. One generates

the integers of complexity n by first generating

tables of integers of complexity < n. One parti-

tions n - 1 into nl + n2 in all ways and combines

the integers of complexity nl with the integera of

complexity n2 to produce integers of complexity not

larger than n. This method is considerably more

efficient than the previous method. Table I lists
10

the complexity of all integers < 2 .

From the above construction, one sees that
.

an upper bound !?.~(k)to L(k), the number of inte-

gers of complexity k, ia given by the solution of

k
L1(k+ 1) =

z
L1(j) R1(k - j) ,

j =0

with !?l(0) = 1. The solution to this equation is

given by

-02k
z-k

R1(k) = k~l k ,

which implies that

!?(k) < &+ o(2k k+’).

Two

considered

additional forms of complexity have been

and calculated.

a. Complement complexity. TO mske complexity SYW

metric in O’s and l’s, we introduce a slightly

different complexity, the complement complexity

K(yl n) . Define the complement operation C by

C(xln) = 2n - 1 - x. ~(yln) is defined as the

feweat operations of addition, multiplication,

exponentiation, and complementation that combine

1’s to form y. In the count of operations, the

2



TAELE I.
10

COMPLEXITY OF INTEGERS < 2 .

Complexitylntecer

o

!

2

3

b

5

6

?

b

9

to

11

la

13

!k

15

16

17

1

2

3

.

.
k

5

7

b 8 9

10 16 27

!2 17 16 2s

lb 15 !9 20
729 IC2L

22 30 >“ 3.2
289 Jzk 343 5\k

3! 35 39 ho
130 !fis !63 16k
515 576 626 676

hz LI, ke 53
1!2 !23 !31 ! 32
25a 260 ?86 29!
6a7 6h6 677 666

!47 6* 62 69
lib !So t 5) 160
26! 2*2 26L 265
Los &J5 li3rlkk2
676 667 6.26 722

92 93 95 105
!75 S.ll!1#1 !85
?60 263 293 29k
377 379 381 366
l19z Sc,l 502 Sok
656 6“15 679 689
@kk ~65 866 66?!

32 36 6k 81

26 29 33 37

2S6

k9

512

5k 65 82 100 125 ?28 a16 tk3 a57

k’b
625

k5
f69
73!

59
$J5
300
7Ja

70
167
270
k50
733

!06
!90
296
386
507
690
.270

72 63

67
zas

73
aks

?k 75 6L 96 93 102
’250 259 290 325 3kk 361

lob 122
\oo k3a

60 63 66 76
lk6 1 L7 165 166
326 >k5 362 375
769 771 78.9 eka

77 79 46 66
168 171 !60 $69
a92 301 303 320
kb5 k89 k90 500
770 77a 77k 787

115 !!7 Ife !19
199 205 206 206
29’? 302 30k 306
390 393 39k bo3
519 52a 52b 53o
723 72k 73b 73S
bA2 902 962 968

!Sb 159 !73 177
Z?k 27$ abt Zb.k
352 365 367 369
kk9 k53 i5k k55
5k0 Skk 5b8 566
639 633 63k 6h!
7k$ 7k7 759 752
669 879 872 67>
1006 !009

2!0 2!a 230 236
3J5 350 353 356
k62 L65 k66 k?a
5k9 550 560 56\
6b6 65b 660 605
7k0 7L3 7k6 7kb
bls 816 621 bZ5
91b 92k 9as 92I3

?6
170
36k
900

bO
!93
kol

100Z

$1
f9b
3a6
5!b
8k3

137
222
329
k06
567
73b
97k

lba
296
380
k6k
5b3
653

b5 67 9? 99 103
!95 197 2:: zoa 219 a26
k33 k3k bk! kbk kb7 kb.z

!09 !10
2k2 2k6
5~6 577

it
191
251
578

69
19k

10k !13 Ilk 116 12k 133
ao3 aob zao azk 227 ak7
338 >k6 363 376 37b 3b5
5a0 521 5’29 S79 5b0 626
b6k 667 90! 96! 972 !003

141 !k9 15! Isa 15L I56
azb z)a 23k aka 255 263
)>0 332 333 339 340 3k7
k10 k37 lb36 kL3 kk6 As!
5bl 562 5b5 5.3b 600 629
750 756 773 775 7“{7 766
975 976 !OOk

\06 !b7 191 207 ao9 223
30S 307 306 309 322 33!
:;: 3b9 391 395 396 k07

k9J b911 k95 ky.2 503
5bk 566 5b9 59! 59a 593
6s5 6s7 66b 660 69! 692
:;: ~:: 7b0 7b3 7b9 790

396 903 909 963

!Jb 136
ak9 259
3b7 39a
6k9 650

25&
bo2
651

327
517
boo

! 20
2al
321
kok
539
737
973

!61 \ 72
266 27!
3t.o 36$
k52 k59
6k0 652
60! 802

Q.!
a33
3J7
h15

! 07 !J13 !hz 155 ! 57
?35 2k0 267 a66 273

178
295
370
L60

229 a31
33k 336
kOb kfl
505 506
59k 60!
700 7oa
79a ‘?93
969 970

3bt 3tz Jh6 3k9 35i
lIf6 IA25 h39 kho kkk
510 523 5?k 53! 537
603 6u5 602. 61a ~JO
720 725 726 736 739
60k 606 bft baO 6t5
97b 900 999 1005 !006

th3 179 163 !bh \&b
312 3!5 316 J19 323
k20 k26 kk5 kS6 k6!
536 534 Skl 5L2 5k5
6!j 6J2 635 637 6k2
707 7!5 721 7a7 7zb
?95 605 606 b09 .212
866 802 69’t Vok 9!0

101L 1016

213 2tk 239 277 27b
k23 kzk k27 k29 k&6
5L6 5>! 555 562 570
659 661 662 663 66?
7L9 7A(I 76J 76k 766
t.!#o61,8 85! b5k b55
9fa 9t3 919 9z0 926

996 10!1 !012 10!5 !017

356 t19 kaa Lab k30
571 5’/2 573 596 6!7
797 799 6!8 819 623
916 917 921 922 930
996 10!3 1019 \Oa\ 102a

553 5.6k 6a3 71O 7!9
959 99b 995

57k
6L5

753
875

602
7ob
603
97Y

!39
3$0
kt7
~3z
4!0
?05
79k
+es

to!c)

211
h21

5b3
6k’t
7bh
a37
?!!
990

-23?
357
k75

23b 2hl 269 276 279
)71 372 383 397
k60 b96 k99 509
575 5b7 59o 595
661 68a 6bk 685
758 ::: 769 762
633 bk7 bk9
96b 971 979 961

a62 205
39b 399
5tl 525
60L 607
69J 69k
765 7Y9
65o ’27t
962 98k

286 299
3ib
k77

&09 kii
5a6 5a7

566
666

569
672
755
b3z
96o

60B 609
?Ol ‘?03
761 79!
676 660
965 !007

75b
b30
936

22. -I
kL7
596
66b
7b2
b57
927
1016

311 3!3 31k
k57 k5b b63
S97 599 619
670 673 67k
796 ’196 807
85b 677 b7b
929 931 935

!020

317
k66
6!k
6b3
blJ
b“f9
937

318
k69
615
695
elk
6bf
9k5

35k 355 357 373 3“(k kf3
k70 k73 k7b k81 k63 k97
616 61b 621 62k 636 6J6
696 69b 706 708 71k 7!6
b17 8aa bzb 826 6z9 b31
bb7 b39 889 b93 696 905
950 95a 957 965 963 9b6

b!k k!3
5J3 53k
6!+3 6kk

7k2 7k3
63k 636
906 908
9b7 966

5!i7 552 556 557 556 S59
697 699 709 711 71a 713
b56 659 b61 69o b9k 899

954 95a 966 967 969 99\

215
565

k67
6!9
627

932
1023

471 k7k k79
620 62a 639
b26 635 636
93b 9kb 9k6

L82
669
b5z
951

53s
671
653

953

563 56k
717 716

767
915
997

907 91A
992 993

‘i

.

b39 b60 66il b9.5 923 933 939 9k0 9kl 9t2 9k7 9k6k31
956

9k9 95+
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b.

first three are given the value 1 and the last

is given the value zero. Thus ~(yln) =

I(2n - l-yin). Table II gives the values of

I(yln) for y <210 and n = 10.

Modulo a = p complexity. In addition to— .

the operations of +, x, and xx, the operation

of mod is allowed and is defined by modp(x) =

x- p[~/p] where p is a fixed prime and [] de-

notes the greatest integer. Table 111 gives

tbe modulo - p = 137 complexity for inte-

gers < 137. Table IV gives the modulo -

p = 1009 complexity for integers < 1009.

111. COMPLICATED NUMBERS

One defines n to be a complicated number if

lnl>ln~l foreverynl <n. Thecomplicatednum-

bers< 210 are 1, ~, ~, 4 5 7 11 13 21, ~,s —~ —$ _~ —~

%, ~> ~s 949 .!& ~, 215, Q, and=.

(Those underlined are also prime.) Obviously,

there are an infinity of complicated numbers. We

propose the following conjectures.

a.

b.

c,

IV.

There exists K such that all complicated

numbers K1 > K are prime.

Every sufficiently large integer n is the

sum of k < log n complicated integers.

There exists c such that every sufficiently

large n satisfies lnl < c + =.

COMPLEXITY AND EWTROPY

Kolmogorov
4,5

has introduced the notion of com-

plexity of a finite string over a given alphabet.

For simplicity, suppose the alphabet to be {0,1}.

Let A be an slgorithm that transforms finite binary

sequences into binary sequences. By an algorithm

is meant any of the various equivalent concepts

used in logic. For a binary string x, one defines

the complexity by

KA(x) =

{

min l.(p)
A(p)=x

m

if no p exists such that A(p) = x,

where L(p) denotes the length of the binary string

P. Analogously, one defines conditional complexity.

Let A(p,x) be an algorithm defined from pairs of

binary strings to binary atrings. Put

KA(YIX)-

[

min J?(p)
A(p,x)=y

[

m

if no p exists such that A(p,x) = y.

KA(YIX) is called the conditional complexity of y

with respect to x. Kolmogorov regards complexity

as analogous to entropy. We nake the following con-

jecture.

Conjecture. Let a discrete binary informe-
/

tion source S in the sense of Shannon” be given

with entropy H = -p log P-(1-P) log (1-P) where

probability (0) = p and probability (1) = 1 -p;

O<p<l. Let {xl, X2, .... x2n} be the set of

all binary strings of length n arranged in Order

of decreasing probability. Let k(n) be the least
k(n)

integer ao that
z

prob (xi) > r where 1/2 <

i-1
r<l. Then asymptotically for large n,

1

–z

k(n)

‘= k(n)
KA(xi[n).

i=l
(1)

(In Eq. (l), KA should be normalized so that when

p = 1/2,

1–z k(n)

k(n)
K (x {n) = 1.

~=1 A i
)

In other words, the most likely sequences from A

have complexity approximately equal to the entropy

of s.
In order to test the conjecture expressed in

Eq. (l), we replaced KA(xiln) by A~(yln), where A

is selected so that when p = 1/2,

1 x k(n)

m
,lk(xiln) - 1.

i=l

Graphs of HI = -p log p - (1 - P) log (1 - P) and

1–z n

‘2 = k(n)
AI(xiln)

1=1

when n = 10 and r = .75 are shown in Fig. 1



TABLE II. COMPLEMENT COMPLEXITY OF INTEGERS <210.

complement
CO~lexlty I!ltOCOr

o

1

2

3

i

5

6

?

b

9

10

11

12

13

1A

o \ 1022 !023

a loal

3 1020

k 1019

S63 9 101L !0!5

7 tO 16 27 996 100?

IS 17
9;i 9:; 998 !005 to:: 10$:

Ot? 1018

OIJ 10I6

a6 :8 S2 )6 6k 81 SS6 51t 518 767 952 959 967 991
Ofl Iota

19
257
990

33
766

look

so
217
728
9$0

63
89b

b2 100 125 !26
9:: 9:: 9L3 9sb 96o 969

216
97&

21 22
12L 126
398 509
69k 396
993 !000

23
127
514
897

1001

52 53 55 56
225 2>9 242 2k&
730 73k 765 769
9k$ 951 957 961

61
254
779
9b7

2:: 2i; 2;; 2:; 3:: H
?bl ?8k 798 bo6 b04 861
968 970 971 973 97s 93s

39 ho 45 h7 5! S7
! 20 !22 123 130 !k3 !&s
2*O 2$1 2ks 2s0 2S3 2S9
h32 i35 bk7 k86 508 S15
727 731 ::; 735 ?6k 770
8s9 86o 863 .578 2.80
953 9S6 962 965 966 912

kl k2 Lb i6 S9 60
107 109 !!0 1!! !12 119
lb3 98Y !91 !93 195 !97
260 267 29! 297 300 322
k33 k3& k36 L3T khl klbs
s36 539 Sk5 573 575 577
67b 678 662 666 69k 697
80L 8!0 82! 622 sat 62S
877 68! 68a 886 891 892
9>6 938 91J6 9b7 95k 955

i3 66 66 89 9! 9a
!s7 t67 !71 I 80 !6k t66
26! a62 26k 245 a70 286
339 3h0 350 359 363 36k
bab k29 k38 k39 hto k&2
k95 500 soa 503 sok 505
Sib 5k6 5k7 5716k6 572 57k
6k0 6h2 61,5 6h7 6k9
696 7oa 703 71? 720 72a
803 81! 815 819 820 829
8f17 889 890 905 907 909

Sb
160
a86
S37
773
893
976

66
!3!
198
3a6
Lh6
5721

701
826
90!
963

9k
188
29b
372
4b3
506
579
650
?2b
333
9!0

61
!61
a90
576
776
900
97b

69
f 32
!99
3a9
$k~
562
7a3
826
9!1
96L

lt3
190
299
373
kit
5!7
580
6%1
725
.335
929

1 Si
235
316

67 71 73
163 1:: 169 !82

7b
192

?5 ‘?~ 64 96 98 !02
!96 aoo 2\k 2\~ 22b 226
3k\ 3k6 Yk6 361 397 399
662 67s 677 679 689 6913
bos b09 823 82? 631 bhl
92? 939 9L5 9k3 9L9 950

106
238
400
700

65k
952

292 296 3t) 32S jka
S68 591 623 62k 6a6
782 783 785 797 799
901 903 915 921 925
963 95i

76 77 6S 87
135 !kl 142 IL6
201 202 213 2!9
337 3kl 345 3k9
k50 k78 k8k k85

5b6 5b7 509 59o
726 7>2 736 763
63o b32 63k bkO

912 9!3 9!k 9!6
97? 979 96! fat

tli !t6 l!b 133
19k 203 aoi 208
30! 303 306 32o
37k 376 377 378
ik9 b51 k52 k76
S!b S!9 520 521
561 583 56b S8s
6S9 660 66k 673
737 753 758 759
637 639 6k3 b52
931 9ja 93k 935

$0
lk7
223
360
k37

592
77!
6k2

9!7

93 9s 97 10> !Oi 10s
158 !59 16S 166 966 170
227 237 2b6 2kb 2J9 25!
362 375 36k 396 kOf k30

168 k9L S07 516 S29 s3S
593 6a2 6a7 639 6k6 661
772 77k 775 777 766 796
8S3 b55 6S7 856 86k 66S
916 919 920 926 926 930

!06
181
252
i3f
536
663
600
b76

933

136 \3b lkO 1k6 150 153
220 222 a26 229 a3k 236
327 328 33o 331 33S 336
383 3b5 387 392 395 k02
k79 b80 kb2 b63 k139 k90
5?6 530 533 53k 5ko skl

595 616 62! 628 631 636
68k 685 667 668 692 693
762 776 7b7 769 79k 795
666 867 870 5“/3 875 bb3
9b0

156
ak7
33b
kOS
k93
S83
636
695
801
885

jbl
477
523
59k
683
761
856
937

1!5 117
2!0 211
285 302
m; 380

k7k
567 569
652 65k
739 7k0
61b 616

137
22!
Job
3ba
h7s
570
456
711t
017

139 \k9 !5! 152
230 231 232 a33
305 307 309 315
386 366 390 391
Lb! !i91 L92 k96
596 597 600 607
657 654 665 672
7i3 7k4 7S0 751
blh 636 63b bkt

1SS 172 17L 17S
263 266 267 269
3!6 319 332 333
J9k k03 kOk k06
\99 501 S22 52t
697 619 620 629
69o 691 70k 705
7Sk 7S6 757 ?60
Bbb 8k9 b51 66b

176
271

33b
810
525
630
707
7b8
469

179 lb5 167 205 206 207
272 273 279 abO 262 263

ao9
2bk
371
b56
S6&
6kk
738
6!3
906

351 358 36S 366 367 369
k16 k23 b26 427 453 hSb
52? 531 532 5k2 5kb 5k9
63a 633 63S 637 6kl 6k3

708 ‘f\b 716 7\b 719 72!
79o 791 792 793 802 612
2.71 872 b7k bbk 6b6 906

393
k96
613
669
752
6k7

278 28! 300 3!0
kf5 117 k!6 k20

312
*2 I
559
4s5
6k6

3tt 317 3S2 353 35k 355
k2a k2k k25 &55 k57 k56

560 563 565 S66 56b 59b
666 667 668 669 67o 671
650

356
k60
599
706

173 177 176 268 27L 27S 276

357 36b 3’1o 389 ko7 ko6 ko9
k6> k6h k65 k66 k72 k73 k97
601 402 603 605 606 606 612

709 711 713 7!5 7k2 7k5 7$6

3~1 313 ::: ::; kl& k19 &61
60k 609 710 712

277
k!!
5’26
61k

7b7

550 551 5.S5 55b
695 616 63k 6S3
‘Sk6 ‘lk9 75S bkS

b66 b67 k69 b?O k71 s52 s53 s5b 556 S57 561 562b6z
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TABLE III. MODULO PRIME p = 137 COMPLEXITY OF INTEGERS < 137.

Complexity

o

1

2

‘4

&

5

*

7

9

10

1!

Integer

1

2

3

7 10

11 12

0 113

91

8 9

17 16 25 26 32 36 6k 61 tol 1!9

1S 19 20 2k 26 29 33 3? hk !+9 50 511 61 65 79 62 92
\ 20

!00
122 125 !2.3

30 3h 38 kl lbS !+b 51 5.5 56 60 62 63 66 66 69 72 77 80
93 99 103 107 109 117 118 12~ !23 ~26 ! 29 ! 30 !32 ! 33

35 39 hO k2 k6 52 53 57 56 59 67 70 73 7k 75 76 ‘Ib
09 9k 96 98 lob 1 H 110 !!! 112 113 1!5 !2k 127 !31 13b f 36

71 65 86 90 95 97 lo5 !1$ 1!6 135

v. COMPLEXITY OF N-TDPLES OF INTEGERS

Matijasevi~7 has proved the following

theorem. There exists s fifth-degree polynomial

Q(Y1, .... Yk; z) with integer coefficients such

that any enumerable set m of natural numbers (for

example, the set of prime numbers) coincides with

the set of natural values of the polynomial

Q(Y1, .... Yk; am) where am is a certain number ef-

fectively constructed for the set m. From the

result, it follows that if one could discuss complex-

ity of n-tuples of integers, then one could discuss

the complexity of enumerable sets of natural numbers

by equating such complexity to the complexity of the

associated polynomial Q.
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TABLE IV. MODLJLO PRIME p = 1009 COMPLEXITY OF INTEI2ERS < 10109.

:ntecer

I

2

3

27

2% 28 32 36 6& 81 256 5!2

29 33 37 kg Sk20 2~ 26
960

65 100 12s 216 2h3 ?s?

55 56 60 66
269 32h 343 383 3::

74
508

83
514

101
519

126

?!0
129
730

12!
62S

39
t 27

ho
4 3n
259
sn9
74h

99h

53
132
2nl
3nn
k3k
573
61,1
77!
462
?79

?1
!72
2?7
3to
374
1,1,2
52!
5?2
4511

~9k
771,
A63

Q?-i
967

fo7
232

hs 51
1 3a lkz
270 271
51S 528
766 766
!00!

59 AZ
lj5 139
20? 203
309 320
i.1$ ill!
529 530
+Ln 663
777 783
866 1301J
986 99!

’77 79
176 178
2i7 2k9
3!3 314
37e 379

52 5? 58 69 67
!b5 lib 163 i6k 170
27b 288 29o 322 32S
538 550 S72 573 S76
762 7a5 7L17 808 8!k

73
!73
3hk
617
829

75
17h
360
626
8k!

80
189
361
63!
8s9

2Jh
192
30s

635
877

96
200
kll
670
898

!02
225
hk9
707
919

88
196
Iloo
640
893

250
!+90

73!
985

b6
!31
19”/
296

b3>
599
636
?69
*81
9?8

70
lhh
2’3k
303
3?a
h36

63
!I13
2!9
323
\l,3

S39
67!
786
896
99s

86
!8!
?55

321
382
k52
533
600
f.s6
7!6
792
f146
q36

996

1!8
2h8

3k2
399
k?!
562
628
718
790
869

9s0

68 76
!lb6 ik7
222 226
324 328
k5n \5!
5k0 551
675 677
788 791
n99 900
999 !002

91 !O!l
187 !91
26! 262

78
!k9
2kl
338

k5k
S55
6136

.35
165
2k6

3h5
k65
SS6
706
809
913

1007

!!3
198
265

89
166
2s!
318
k.31
5s9
709
815
920

90
111
252
362
h52
57h

97
!7s
253
375
hbk
577
7!L
.92k
927

99
177
25h
386
k67
576
715
830
929

105
180
272
ho!

!09
!85
275
bob
k97
609

flo
+86
280
h12
504
6!6
7kl
@6CI
9ks

103
179
260
39k
k88
60S
720
f13s
935

I19!
607

7!2
822
922

726
L3hz
937

732
8k7A05

906
1006

!06
f9i
26k

9h2

l!b
199
268
33h
ko2
h79
S52
6!S
668

1!6
2fJi
269
335
bos

12k
205
273
336
&06
L.35
558
620
673

133
206
276

337
io9
k69
560
623
67k

136
2!0
283
3ko
llt3
h9L
S65
633
681
753
631
901
96k

!bo
2!1
26s
3h6
k!7
k98
S68
63b
66S
756
836
9ok
967

150
212
292
3k9
k!b
500
575
637
487
756
8!+0
907
96A

!3h
20Q
Za!
339
hto
L92
561
628
676
?bb
825
897
959

327 329
3.27 397

33! 332
39S 398

khi
52!
597

&s3 ks5
5Lf 5b2
606 608

h56
Shs
610
66b
727
803
87.9
9k3

lt66
5k6
61!
666

lJ83

557520
59!

53!
5.49 619

672
738
810
88k
951

6J9
693
772
652
921
982

65!
696
778
Rf)h

Q30
9J9

!15
231J
333
396
b67
553
416
700
77s
65A
91L&

65h
706
769
865

93b
992

!17
235
3L1
397
h69
5c&
621
717
779
.368
91!7

661 662
“t?! 722
793 bon
66? 870
936 9hn

fOU3 1008

!19 lhl
263 266

3117 35n
ko3 boy
h72 k73
563 566
629 630

723 721J
79k 797
b71 872
952 95k

‘?35
806
8S3

9L9

7h2
816

7i5
823

887
953

69s
956

151
277
35h
L!&
h93
S67
63o
’72s
799
676
957

152
278
356
&!5
k9s
569
6k3
728
801
880
965

15h
262
357
kt9

h99
57!
6k5

156
293
35A
k?o
502
581
6kf$

! 57
29h
36L
&25
S03
582
652
737
6!1
869
97k

16!
?95
366
h26
501,
5bk
65S
739
.217
902
975

!r3
299
370
IJ37
522
Snh
665
7k6
82o
909
983

188
30k
372
k38
52S
593
667
7k7
826
9!6
986

207
306
377
kkS
S32
598
669
7!+Q
832
9!7
990

182
29.3
36v
k30
505
565
657
71J3
818
905
976

31Y
390

330
393
k63
%k”f

i,flf
5kk
/,4.?
695
76o
hk9
?39

613
697
773
553
9ht

73b
802

736
807
888

969
665
966

! 59
367
k76
69!
633
99b

16k 21S 229
368 371 373
!+90 526 535
696 701 702
(331A 838 8s0

231 233 236 237 ?67
349 391 k08 k16 h27
537 56k 570 S86 587
70k 7110 7kk 75! 752
851 65b 657 673 87k

2?9
k28
589
761
690

305
k39
590
776
691

307
kkO
5911
7.20
903

312
LL7
6!k
795
918

316
kS6
6k7
796
926

3!8
k62
653
798
932

230 236 239

n56

k77 h78 595 596 660 68k 699 703 705 826 839 855 892 933 971
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Fig. 1. Comparison of entropy HI =-~ Pilo13Pi

and complement complexity H2 as defined

and discussed in text.
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