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ment sponsored work. Neither the United States, nor the
Commission, nor any person acting on behalf of the Com-
mission:

A. Makes any warranty or representation, express
or implied, with respect to the accuracy, completeness,
or usefulness of the information contained in thisreport,
or that the use of any information, apparatus, method, or
process disclosed in this report may not infringe privately
owned rights; or

B. Assumes any liabilities with respect to the use
of, or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in this
report.

As used in the above, “person acting on behalfof the
Commission’f includes any employee or contractor of the
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ABSTRACT

T h ed i f f u s i o napproximation,a s i m p l i f i e dformulation
o ft h ee q u a t i o n so fr a d i a t i o nt r a n s p o r t ,i sinvestigatedf r o m
t w op o i n t so fv i e w .F i r s t ,considerationi sg i v e nt od e r i -
v a t i o no ft h eapproximation,t o g e t h e rw i t hd iscuss iono f
s o m eo ft h eassumptionsi n v o l v e da n dl imitat ionso fv a l i d i t y .
S e c o n d ,m e t h o d sa r ee x a m i n e df o rs o l v i n gt h ed i f f u s i o ne q u a -
t i o nb yf i n i t ed i f f e r e n c eapproximations. I nt h i ss e c o n dp a r t ,
p a r t i c u l a ra t t e n t i o ni sg i v e nt ot h ep r o b l e mo fp r o p e rs p a c e
differencing,a n dn u m e r i c a le x a m p l e sa r ep r e s e n t e ds h o w i n g.
r e s u l t so fv a r i o u sprocedures.
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INTRODUCTION

T h et r a n s p o r to fr a d i a t i o nt h r o u g hm a t t e ri saccompaniedb ya v a r i e t y
o finteract ionphenomenaw h e r e b yp h o t o n sa r es c a t t e r e d ,a b s o r b e d ,a n de m i t -
t e d .A d e t a i l e ddescriptioni nc o m p l e t eg e n e r a l i t yi se x t r e m e l ycomplicated,
s ot h a tv a r i o u sapproximatetreatmentsh a v eb e e np r o p o s e df o ru s ei ns p e c i a l
s i tuat ions.T h i sp a p e ri sc o n c e r n e dw i t ho n eo ft h e s e ,t h eW f f u s i o na p p r o x i -
m a t i o n , ~ ~w h i c hh a sb e e nu s e dw i d e l yf o rt h es o l u t i o no fp r o b l e m s .

I nP a r tI ,w er e c o r ds e v e r a lo ft h em e t h o d sb yw h i c ht h ed i f f u s i o n
e q u a t i o nc a nb ed e r i v e d .T h ee x a m p l e sh a v eb e e nc h o s e nt oi l l u s t r a t et h e
n a t u r eo ft h eassumptionsa n dt os u g g e s tw a y si nw h i c hs i m i l a r ,b u tl e s s
restr ict ive ,assumptionsc o u l db ee m p l o y e d .

I nP a r tI I ,w ep r e s e n tr e s u l t so ft h en u m e r i c a ls t u d yo ft h i se q u a t i o n .
T h i se x t r e m e l yn o n l i n e a r ,p a r t i a ldifferentiale q u a t i o nh a sn o tb e e ns o l v e di n
c l o s e df o r me x c e p tf o ra s m a l ln u m b e ro fh i g h l yspecia l izedsi tuat ions.A p -
p l i c a t i o nt om o r ecomplicatedp r o b l e m so fi n t e r e s tr e c @ r e ss p e c i a lt echn iques
t h a tg e n e r a l l yr e s u l ti na d d i t i o n a le r r o r sb e y o n dt h o s ein t roducedb yt h ed i f -
f u s i o nassumption.

Specifically,i nP a r tI I ,w ep r e s e n tr e s u l t so ft h es t u d yo fc e r t a i n
p r o b l e m sr e l a t e dt oo n eo ft h enumerical-solutiontechniques,t h a ti nw h i c h
t h edifferentiale q u a t i o ni sr e p l a c e db ya f i n i t ed i f f e r e n c eapproximation.
T h ep r o b l e mo fp r o p e rs p a c edifferencingi so fp r i n c i p a lc o n c e r n ,a l t h o u g h
s o m em e n t i o ni sg i v e nt ot h em a t t e ro ft i m edifferencing.

A l ln u m e r i c a ls o l u t i o n sw e r eo b t a i n e db yu s eo fI B ME l e c t r o n i cD a t a
Process ingM a c h i n e s ,t y p e7 0 4 .
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P A R TI .T H EDIFFUSIONAPPROXIMATION

A .B a s i cD e r i v a t i o n

T h efundamentale n t i t yi nt h et r a n s p o r te q u a t i o ni st h eW n t e n s i t yo f
r a d i a t i o n ,~ ~I F ,i $v , t ) .T h i si sd e f i n e ds ot h a t

I @ ,~ ,v ,t)dasdusdvdt

i st h ea m o u n to fe n e r g yo ff r e q u e n c yv ,a tp o s i t i o n~ ,a n da tt i m et w h i c h
p a s s e si nt h ed i r e c t i o no ft h eu n i tv e c t o r3 t h r o u g ha na r e ad a sn o r m a lt o
3 ,t it h es o l i da n g l ed w a ,i nt h ef r e q u e n c yi n t e r v a ld v ,a n di nt h et i m ei X l -
t e r v a ld t .A sw r i t t e n ,w eh a v ei n d i c a t e dn odist inct iona st opolarization
components. I nt h ef o l l o w i n g ,w en e g l e c tpolarizatione f f e c t s( w h i c h ,i nc e r -
t a i nc a s e s ,m a yb ee x t r e m e l yimpor tant )b ya s s u m i n gt h a tt h er a d i a t i o np r o -
d u c e db ya n yinteract ioni sunpolarized.

O t h e rq u a n t i t i e se n t e r i n gi n t ot h et r a n s p o r te q u a t i o na r e

c =

A V , t )=

A 2 ( Y ,V , t )=

J 1 @ ,~ ,v , t )=

J 2 ( f j ~ ,v , t )=

v a c u u ms p e e do fl i g h t

t h es c a t t e r i n gm e a nf r e ep a t hf o rr a d i a t i o no ff r e q u e n c yv

t h eabsorpt ionm e a nf r e ep a t hf o rr a d i a t i o no ff r e q u e n c yv

t h er a t eo fscattering-energy product ionp e ru n i tv o l u m e ,
p e ru n i ts o l i da n g l e ,p e ru n i tf r e q u e n c yr a n g e ,p e ru n i t
t i m e

t h er a t eo femission-energy product ionp e ru n i tv o l u m e ,
p e ru n i ts o l i da n g l e ,p e ru n i tf r e q u e n c yr a n g e ,p e ru n i t
t i m e

a n dt h ee q u a t i o ni t s e l fi s

.

( 1 )
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T w ou s e f u lq u a n t i t i e sw h i c hm a yb ed e r i v e df r o mt h er a d i a t i o ni n t e n s i t y
f u n c t i o na r et h ed e n s i t yo fe n e r g yp e ru n i tv o l u m ep e ru n i tf r e q u e n c yr a n g e ,
u ( ~ ,v ,t ) &a n dt h ef l u xo fe n e r g yp e ru n i ta r e ap e ru n i tt i m ep e ru n i tf r e q u e n c y
r a n g e ,F & ,v ,t ) .T h e s ea r e *

u @ ,v ,t )= :
J

I ( i ? ,~ ,V ,t ) d u s ( 2 )

T h einterpretationsa r em a d ep l a u s i b l eb ya considerationo ft h er e s u l to f
integrat ingE q .( 1 )o v e rs o l i da n g l e :

( 4 )

T h et e r m so nt h er i g h ta r et h es i n ka n ds o u r c et e r m st ot h er a d i a t i o ne n e r g y
f i e l d ;i ft h e yv a n i s h ,t h e nt h ee q u a t i o n ,w i t ht h ea b o v einterpretations o fu a n d
F ’ ,b e c o m e st h eu s u a lexpress ionf o re n e r g yconservation.

W ea s s u m et h ec a s eo fconservatives c a t t e r i n ga n di n t r o d u c ea p h a s e
f u n c t i o np ~ ,~ ’) s u c ht h a t

T h ef o l l o w i n gnormalizationo ft h ep h a s ef u n c t i o n

( 5 )

a s s u r e st h a tt h e r ei sn on e ts o u r c eo rs i n kt ot h ee n e r g yi nE q .( 4 ) .
T h ef i r s td r a s t i cassumptiono ft h ed i f f u s i o napproximationi st h a tt h e

m d i a t i o na n dm a t t e rf i e l d sb e h a v ea te v e r yi n s t a n ta st h o u g ht h e yw e r ei n
equilibriuma ta temperature,0 ( ? ,t ) ,s ot h a tt h ee m i s s i o nr a t ef r o mt h e

*se c~drase~ar, ~ ~tr~uct.iont ot h estudy o fs t e l l a rS t r u c t u r e ,C k p -
t e rV ,U n i v e r s i t yo fC h i c a g oP r e s s( 1 9 3 9 ) .S e ea l s oS .Chandrasekhar,
R a d i a t i v eT r a n s f e r ,p a g e s2 - 5 ,O x f o r dU n i v e r s i @P r e s s ,L o n d o n( 1 9 6 0 ) .
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m a t t e rf i e l dc a nb ew r i t t e n *i nt e r m so fa nequilibriumi n d u c e d
a n da spontaneouse m i s s i o nd e s c r i b e db yt h eP l a n c kf u n c t i o n :

e m i s s i o n

h v
e x p— ~ ( )

1 – e x p– ~
J2(~,i$,V,t) = ~ I ( F ,~ ,V,t) + B ( u ,t ) )( 6 )

2
A 2

w h e r e

T h u s ,w r i t i n g

) .
At = 2
2 1

( )
h v

– e x p– ~
( 7 )

w em a yp u tE q .( 1 )i n t ot h ef o r m

+ (
2

T h es e c o n dd r a s t i cassumptioni n v o l v e st h edirect ionaldependence. I f
t h ei n t e n s i t yf u n c t i o ni sp r o p e r l yb e h a v e d ,t h e no n ec a ne x p a n di ti na d o u b l e
p o w e rs e r i e so ft h ecomponentso fE a l o n gt w of i x e d ,or thogona lu n i tv e c t o r s .
T h eassumptionh e r e ,h o w e v e r ,i st h a ta l lt h et e r m si nt h i se x p a m i o nv a n i s h
e x c e p tt h o s es u c ht h a tt h ei n t e n s i t yc a nb ee x p r e s s e da s

I ( F ,~ ,v , t )= 1 0 ( F ,v , t )+ & ~ l ( ~ ,v , t ) ( 9 )

w h e r e~ a n d~ a r et ob edeterminedb yr e q u i r i n gt h er e s u l t i n ge q u a t i o nt o
b ea ni d e n t i t yk 2 .

* s e eS .Chandrasekhar,A nIntroductiont ot h eS t u d yo fs t e l l a rs t r u c t u r e ,
p a g e2 0 6 ,U n i v e r s i t yo fC h i c s g oP r e s s( 1 9 3 9 ) .

- 10 -



W ea s s u m et h a tt h es c a t t e r i n gi n t e n s i t yf r o ma ne v e n ti sa f u n c t i o no f
t h ea n g l eb e t w e e nt h ei n c o m i n ga n ds c a t t e r e db e a m s .T h e nt h ep h a s ef u n c -
t i o nc a nb ee x p a n d e d ,

w i t ht h enormalizationc o n d i t i o nb e i n g

0x a 2 n
2n + 1 = 1

n = O

F o rconservativeT h o m s o nscat te r ing ,f o re x a m p l e ,

( l o )

( 1 1 )

T oe v a l u a t et h ei n t e g r a li nE q .( 8 ) ,w eo r i e n tt h ec o o r d i n a t es y s t e ms o
t h a t~ p o i n t sa l o n gt h ez a x i s ,a n dsuperimposea s p h e r i c a lc o o r d i n a t es y s -
t e mw i t ha z i m u t h a la n g l e~ a n dp o l a ra n g l e@ .T h e n ,i nt e r m so ft h ec a r -
t e s i a nu n i tv e c t o r s ,

A f t e r

8
~! = s i n

d u a, = s i nZ / l

s o m emanipulation

s i n
A

+ k COS

d # d @

o n ef i n d s ,f o rt h em o r ecomplicatedo ft h ei n t e g r a l s ,

1 Ji & ) d u a ,=
A ma 2 n + l

z k n~ 2n + 3

a n dE q .( 8 )b e c o m e s

- 11 -



S i n c et h i si st ob ea ni d e n t i t yi nS t of i r s to r d e r ,

/
j%

~ 810
— —

1 (c at = –T2 ( 1 2 )

( 1 3 )

T h ef i n a ld r a s t i cassumptioni nt h ed e r i v a t i o ni st h a tt h er a d i a t i o nf i e l d
v a r i e ss os l o w l yt h a tt h et i m ederivat ivesc a nb en e g l e c t e di nE q s .( 1 2 )a n d
( 1 3 ) .T h e n ,

1 0= B

i l= - - M 7 1 0= – A V B
}

w h e r e

(
m

1 1 1
I

a 2 n + l

)

1— ~ ——
A A

1
2n + 3 + %

n = o

( 1 4 )

( 1 5 )

T h r o u g hE q s .( 2 )a n d( 3 ) ,t h e s er e s u l t sc a nb ew r i t t e n

- 4 7 r
u ~ B

T h e
w i t h

i n t e g r a lc a nb ee v a l u a t e db yt h es a m ec o o r d i n a t es y s t e ma sb e f o r e ,n o w
V Ba l o n gt h ez a x i s .T h e n

- 12 -



J
Ir

~.–~~ 2 C O S 2 *s i n? @ *
o

a n dt h er e s u l ti s

( 1 6 )

F i n a l l y ,t h ee q u a t i o nf o r0 ( % ,t )c a nb ef o u n db yr e q u i r i n go v e r - a l lc o n -
s e r v a t i o no fe n e r g y .L e tE m ( 0 )b et h em a t e r i a le n e r g yp e ru n i tv o l u m e .
T h e n

T h ef i r s ti n t e g r a li st h ee n e r g yd e n s i t yo fr a d i a t i o n :

J4X *
J

8rh -
B ( v ,O ) d v= —

v 3 d v= 8 r 5 k 48 4~ ~ @ 4—
c

o C 3
( )
h v

O exp ~ – 1 ~ 5 h 3 c 3

w h e r ea i s
introducing

t h er a d i a t i o nd e n s i t yc o n s t a n t .T h ef l u xi n t e g r a l
t h eR o s s e l a n dm e a no ft h em e a nf r e ep a t h ,X ( 8 ) ,

f

m

J
m

~(V,t ) )VB(V, e ) d v- V O ~ B ( v ,o )d vX(U,e) ~.
o 0

T h u s

ra
~ B ( v ,dvA(u, 0) ~.

x(e) = 0
Jm8 B ( v ,6 )d v

o 8 0

( 1 7 )

i st r e a t e db y
a sf o l l o w s :

( 1 8 )

- 13 -



Thedenominator c a nb ei n t e g r a t e dt og i v e( c a / r ) 0 3 .Combin ingt h e s er e -
s u l t sa n di n s e r t i n gt h e mi n t oE q .( 1 7 ) ,w eo b t a i n

[ 1[ 1~E m ( 0 )+ a 0 4= V -~ ~ ( f 3 )V 0 4 ( 1 9 )

T h i si st h ed i f f u s i o ne q u a t i o nf o rw h i c ht h er e s u l t so fn u m e r i c a ls t u d i e sa r e
p r e s e n t e di nP a r tI L

I ts h o u l db en o t e dt h a ti ft h em o t i o no ft h em a t e r i a lw e r econsidered,
a na n a l o g o u se q u a t i o nc o u l db ed e r i v e di nw h i c ht h em a t e r i a le n e r g yp e ru n i t
v o l u m ei st h es u mo fi n t e r n a la n dk i n e t i ce n e r g yp e ru n i tv o l u m e ,b o t ho f
w h i c hd e p e n do nd e n s i t y ,a n dt h ee n e r g yf l u xi st h es u mo ft h ew o r kf l u x
a n dt h er a d i a t i o nf l u x .T h el a t t e ri st h es a m ea si nE q .( 1 9 )e x c e p tt h a tt h e
v a l u eo f~ d e p e n d sa l s oo nm a t e r i a ld e n s i t y ,p. W r i t i n g- ( c ,0 )s m a t e r i a l
i n t e r n a le n e r g yp e ru n i tm a s s ,T -
r a d i a t i o np r e s s u r e ,a n dS - e n e r g y
w eh a v e

f l u i dv e l o c i t y ,~ ( p ,0 )-
s o u r c ep e ru n i tv o l u m e

m a t e r i a lp l u s
p e ru n i tt i m e ,

4 +
w h e r et h et o t a lt i m ed e r i v a t i v em e a n st h et i m er a t eo fc h a n g ea l o n gt h ep a t h
o ff l u i dm o t i o n( d / d t- t l / M+ % v ) .

B. A l t e r n a t eDerivationsa n dDiscussiono fAssumptions

W es h a l ln o td i s c u s st h ef i r s td r a s t i cassumptioni nt h ed i f f u s i o na p -
proximationd e r i v a t i o n- -t h a to ft h ethermodynamicequilibriumo fr a d i a t i o n
a n dm a t t e rf i e l d s .I ti sm o s ts e v e r e l yv i o l a t e di nt h ev i c i n i t yo fr a p i ds p a c e
o rt i m ev a r i a t i o n si nt h ef i e l d ,b u tm a yb e c o m ev a l i df o rp r a c t i c a lp u r p o s e s
f a rf r o mt h e s evar ia t i ons .

S o m einformationa st ot h ev a l i d i t yo fa p p l y i n gt h eo t h e rt w oa s s u m p -
t i o n si so b t a i n e db yconsideringc e r t a i na l t e r n a t ederivationso ft h ed i f f u s i o n
e i q y a t i o n .F o ro n ee x a m p l e ,w ea s s u m et h eequilibriumc o n d i t i o na n ds p e c i a l -
i z et oT h o m s o ns c a t t e r i n go n l y .W ef u r t h e ra s s u m ea plane-parallel a t m o s -
p h e r ei nw h i c ht h edirect ionaldependencer e d u c e st odependenceo na s i n g l e
a n g u l a rparameter ,c h o s e nt ob e~ ,t h ec o s i n eo ft h ea n g l eb e t w e e n& a n dt h e
p o s i t i v ex a x i s .E q u a t i o n( 8 )t h e nb e c o m e s

- 1 4-



(l a

)
— — + p ~1 ( X ,# ,v ,t )
c o t

{

1 ,
I ( x ,# ,v , t )- & j [

3= - — 1~1 + @ i f ) 2I ( x ,/ ! r ,v , t ) d u ~ ,
‘ 1 1

[
-+ I ( x ,f l ,v , t )– B ( v ,6 )

2 }

T h eintegrat ionc a nb ep e r f o r m e do v e rp o l a ra n g l e :

(~8 )1 ( x ,P ,c o t , -
V ,t)

. -i

t

J.

= – + 1 ( X ,/4,V , t )– %
J [

3 – p 2+ p?2 ( 3 p 21–1 )I ( x ,# ~, v , t ) d # ~
1 - 1 ~

{
- + I ( x ,p ,V,t)– B ( u ,0 )

2 1 ( 2 0 )

I n t ot h i se q u a t i o no n ec a ni n t r o d u c ea sb e f o r et h ee x p a n s i o n

m

I ( x ,p ,v , t )- z I n ( x ,V,t)~n

n = O

a n do b t a i na ni n f i n i t es e to fc o u p l e dequa t i ons .T h eassumptiont h a t~ ~ O
f o rn = 2 l e s d s ,e x a c t l ya sb e f o r e ,t ot h ed i f f u s i o ne q u a t i o n .

I nt h i sa l t e r n a t eder ivat ion,h o w e v e r ,w em u l t i p l yE q .( 2 0 )b y( 1 / 2 )@
a n di n t e g r a t ef r o m- 1t o1 0L e t

j

1
P n ( x ,V , t )= ; p % ( x ,p ,v ,t ) d p

– 1

a n d

{

1 n e v e n
6 ~
n eo n o d d

( 2 1 )
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T h e n

1
8 P ni 3 P n + 11

{

3 6 W
— ——
c 8t + 8X ‘–~ ‘n– 4 ( n+ l ) ( n+ 3 )[

+4 ) P 0+ f 1 2

N o t et h a tf r o mE q s .( 2 )a n d( 3 )

U ( x ,V , t )= : P o ( x ,V , t )

F ( x ,V , t )- 4 7 rPI(x,v,t)

E q u a t i o n( 2 2 )g i v e sa ni n f i n i t es e to fc o u p l e de q u a t i o n sw h i c hc a n ,i np r i n -
c i p l e ,b es o l v e da sa c c u r a t e l ya sd e s i r e d .I f ,n o w ,w ea s s u m eP n~ O f o r
n 2 3 ,t h e n

1
8 P 2

- = - ~% p z - f i * ) - * ( ’ 2 - : )
1—

C 8t (

( 2 3 )

( 2 4 )

( 2 5 )

T h ed i f f u s i o napproximationi sn o wo b t a i n e db ys e t t i n gb o t hs i d e st oz e r oi n
E q s .( 2 3 )a n d( 2 5 ) ,a n db ys e t t i n g8 F / 8 t= O i nIZq. (24). Then

4 Tu c ’= —

P 2= ~ B
1

( 2 6 )

1 4 7 ra ’
A A F = – ——— + ~ J
1 2 3 ax

J
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T h e s ea r et h es a m ea st h er e s u l t si nE q .( 1 6 )i fw ed e f i n e

1A=l ~

— + ~
‘1 2

w h i c h ,i nt u r n ,i st h es a m ea sE q .( 1 5 )f o rT h o m s o nscat te r ing .T h ee q y a -
t i o n sa sn o wd e r i v e d ,h o w e v e r ,a l l o wa s l i g h t l yl e s sd r a s t i cf o r mo ft h ea s -
s u m p t i o nt ob eintroduced.W ed r o pt h erequirementt h a t~ F / 8 t= O i nE q .
( 2 4 ) .T h e nt h ee q u a t i o n sb e c o m e

– + E =o& l
a t8 x 1

~ + C2 au CF— — =
8 t3 ax A /

I nt h i sf o r mw es e et h a t ,a sX - -= ( v a c u u mconditions),t h ee q u a t i o n st h e n
a p p r o a c ht h ew a v ee q u a t i o n sf o rw h i c h ,h o w e v e r ,t h es p e e do fpropagationi s

( 2 7 )

( 2 8 )

c / f ii n s t e a do fc .
A sa s p e c i f i ce x a m p l eo ft h ef u r t h e rt y p eo f

c o n s i d e rt h ec a s ei nw h i c hA i sa f i x e dc o n s t a n t .
c a nb ee l i m i n a t e dg i v i n g

C 8 UC2 a2u &— ——
A at = 3 ~ – #

a n a l y s i st h a tc a nb em a d e ,
F r o mE q .( 2 8 ) ,t h ef l u x

( 2 9 )

Alternately,i nt h ec a s et h a t8 F / Mh a db e e nn e g l e c t e di nE q .( 2 8 ) ,t h ee l i m i -
n a t i o no fF w o u l dh a v eg i v e n

O uC A8 2 U— = — —
8t 3 8X2

( 3 0 )

T h e r ei sa fundamentald i f f e r e n c eb e t w e e nt h e s et w oequa t i ons ,t h ef i r s t
h a v i n gt h ee s s e n t i a lf e a t u r e so fa w a v ee q u a t i o na n dt h es e c o n db e i n ga d i f -
f u s i o ne q u a t i o n .[ N o t et h a tE q .( 3 0 )i si d e n t i c a lt ot h eone-dimensionalf o r m
o fE q .( 1 9 )i nw h i c hv a r i a b l echaracteristics o ft h em a t t e rh a v eb e e ns e t
c o n s t a n t . ]

Consideredf r o mt h ep o i n to fv i e wo fa n

- 17 -
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p r o b l e m ,a d i f f e r e n c eb e t w e e nE q .( 2 9 )a n dE q .( 3 0 )i st h a to n ea r b i t r a r y
i n i t i a lp r o f i l ei sa l l o w e df o rE q .( 3 0 ) ,w h e r e a st w oa r ea l l o w e df o rE q .( 2 9 ) .
T h u s ,t h ei n i t i a le n e r g ydistributioni ss u f f i c i e n tt o% t a r t ? ’a s o l u t i o no f
E q .( 3 0 )w h i l eo n ec a ns p e c i f y ,i na d d i t i o n ,t h ei n i t i a lf l u xi nE q .( 2 9 ) .

T h ed i f f e r e n c eb e t w e e ns o l u t i o n so ft h et w oe q u a t i o n si ss o m e w h a ta
m e a s u r eo ft h ee r r o rin t roducedb yt h ed i f f u s i o nassumptions. W ec o n s i d e r
t h ee q u a t i o n

C2 2
C 8 Ua u~ 8 2 U— — = — — ——
A 8t 3 8X2

8 t 2
( 3 1 )

w h i c hr e d u c e st oE q .( 2 9 )o r( 3 0 )a c c o r d i n ga se = 1 o r6 = O .A s s u m ea
F o u r i e ri n t e g r a ls o l u t i o no fE q .( 3 1 ) :

m

J J

m

U ( x ,t )= + a ( k ,u ) eh e i u td w d k
. -- a

T h i ss a t i s f i e st h ee q u a t i o np r o v i d e d

[

C % 2i c u
a ( k ,( 0 ) 1=C @ )aC ( J 2–~-—

A

w h e r et i ( x )i st h eD i r a cd e l t af u n c t i o n .T h u s ,t h eg e n e r a ls o l u t i o n

u(x,t)=&e~~-&)~~ eik[al@)e~(&~~)

‘02@~e.@~~)]dk

i s

( 3 2 )

f i p p o s e ,n o w ,t h a tt h ei n i t i a lc o n d i t i o n s( w h i c hd e t e r m i n ea la n da 2 )a r e
s u c ht h a tcontributionst ot h ei n t e g r a la r eo fimportanceo n l yf o r( 4 / 3 )( A k ) 2< <I .
T h i sm e a n st h a tt h ei n i t i a lp r o f i l eh a si m p o r t a n tF o u r i e rcomponentso n l yf o r
w a v en u m b e r sm u c hs m a l l e rt h a nt h er e c i p r o c a lo ft h em e a nf r e ep a t h ,o r
t h a tt h er e l a t i v ec h a n g eo ft h ee n e r g yp r o f i l ei si n i t i a l l ys m a l lo v e ra m e a n
f r e ep a t h .T h e nt h es q u a r er o o tm a yb ee x p a n d e d~ d

- 18 -



1

( u

C ’ * i k x
+ % ‘ w– Z u 2 ( k ) ee x p

( )
+ A k ’ c td k( 3 3 )

- 0 0

T h ef i r s tt e r mi se x a c t l yt h es o l u t i o no ft h ee q u a t i o nw i t he = O ;t h es e c o n d
t e r mi sa correct ion.T h ec o e f f i c i e n to ft i nt h es e c o n dt e r mi sdominantly
n e g a t i v ef o ra l lF o u r i e rcomponentso fimportance,s ot h a tt h es e c o n dt e r m
d e c a y sw i t ha h a l f - l i f ew h i c hi sapproximatelye q u a lt ot h et i m er e q u i r e d
f o rr a d i a t i o nt ot r a v e lo n em e a nf r e ep a t ha tv a c u u ms p e e d .

T h u s ,w eh a v es e e nt h a tt h ed i f f u s i o ne q u a t i o ni sn e a r l yv a l i d( a sm e a s -
u r e db ycomparisonw i t ha l e s sd r a s t i capproximationt or e a l i t y )w h e nt h e
m e a nf r e ep a t hi ss m a l lc o m p a r e dw i t hd i s t a n c e so v e rw h i c ht h ei n i t i a le n -
e r g yp r o f i l ec h a n g e sappreciably,a n d ,m o r e o v e r ,t h a tu n d e rt h e s ec i r c u m -
s t a n c e s ,t h es o l u t i o no ft h ed i f f u s i o nf o r m( 3 0 )i sapproachedb yt h a to ft h e
m o r en e a r l ye x a c te q u a t i o n( 2 9 ) .T h a tt h e s econclusionsa r ea p p l i c a b l et o
r e a lp r o b l e m so fi n t e r e s ti sc o n f i r m e db yt h ew o r ko fB a r f i e l d *w h od e m o n -
s t r a t e db yn u m e r i c a ls t u d i e st h ea p p r o a c ho fd i f f u s i o na n dt r a n s p o r ts o l u t i o n s
a sb o t happroacheds t e a d ys t a t e .

A sa s e c o n de x a m p l et oi l l u s t r a t ep r o p e r t i e so ft h ed i f f u s i o ne q u a t i o n ,
w ed i s c u s sb r i e f l ya n o t h e rder ivat ion.T h i st i m e ,w es t a r tf r o ma ne v e n
s i m p l e rf o r mo ft h et r a n s p o r te q u a t i o n ,t h a ti nw h i c ht h e r ei sn osca t te r ing ,
a n dt h eabsorpt ionm e a nf r e ep a t hi sa f i x e dc o n s t a n t .W ea s s u m et h ee q u i -
l i b r i u mn e c e s s a r yf o rP l a n c ke m i s s i o na n dw r i t et h ee q u a t i o nf o ra p l a n e -
p a r a l l e latmosphere:

(l a
)

A 1 ( x ,y ,v , t )=– — + p 8X - ~[ 1 ( x ,M ,V,t)
cat

– B ( v ,0 ) ]

W i t hA independento ff r e quency ,w ec a ni n t e g r a t eo v e rf r e c p e n c ya n dp u t

J47r *— B ( u ,6 ) d v= a 1 3 4= @ ( x ,t )c
o

r
47r m— I(X,/.4,v , t ) d v~ R ( x ,y , t )c o 1

( 3 4 )

* w .D. B a r f i e l d ,L o sA l a m o sS c i e n t i f i cLabora toryR e p o r tL A - 1 7 0 9( J u n e ,1 9 5 4 ) .
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T h e n

(1 8
)

— — + ~ & R ( x ,p , t )= -
c o t – O ( x ,t ) ] ( 3 5 )

~ i se q y a t i o nc a nb es o l v e df o rR ,

w h e r ef l ~ , t- ( x / # c ) ]i sa na r b i t r a r yf u n c t i o no fi t sarguments.S u p p o s e ,f o r
e x a m p l e ,t h a tt h eb o u n d a r yc o n d i t i o n ss p e c i f yt h ef u n c t i o n sR ( ~ ~ p ,t )f o r
p > 0 ~ dR ( x l ,p ,t )f o rp < 0 ,w h e r ex 1> x o .T h e n ,f o rX 0~ x ~ x l

R ( x ,p , t )= e x p
(-xi:O)R(x@~$t-xi:O) 1

T h einterpretationo ft h e s er e s u l t si sa sf o l l o w s .R i sc o m p o s e do fa na t -
t e n u a t e dp r i m a r yb e a mf r o mt h eboundaries,p l u st h es u mo ft h ecomponents
p r o d u c e db ye m i s s i o na l o n ga l i n ei nt h ed i r e c t i o no ft h eb e a m .T h ec o n t r i -
b u t i o n sa r e?~retafied’?i nt h emathematicals o l u t i o n ,correspondingt oa f i n i t e
t i m eo ft r a v e l ,a n dh a v eb e e nat tenuatedb yabsorpt iond u r i n gt h a tt r a v e l .
T h u s ,t h ee f f e c to fn e g l e c t i n gt h et i m ed e r i v a t i v ei nE q .( 3 5 )( a c h i e v e db y
p u t t i n gc - m )i st h es a m ea sn e g l e c t i n gt h eretardation.T h i si sa v a l i d
p r o c e d u r ep r o v i d e dt h a tt h ev a l u eo f@ d o e sn o tc h a n g em u c hi nt h et i m e
r e q u i r e df o rr a d i a t i o nt ot r a v e la m e a nf r e ep a t ha tv a c u u ms p e e d ,i na g r e e -
m e n tw i t ht h ep r e v i ous l yd e r i v e dc o n d i t i o nf o rd r o p p i n gt h et i m ed e r i v a t i v e
t e r m s .
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T h ed i f f u s i o ne q u a t i o ni sd e r i v e db yn e g l e c t i n gt h e s eretardationsa n d
a l s ob ym a k i n ga T a y l o re x p a n s i o no f@ ( x ? ,t )a b o u tt h ep o i n tx .T h ei n t e g r a l s
c a nt h e nb aeva lua t ed ,h i g h e ro r d e rt e r m sd r o p p e d ,a n dt h ef l u xa n de n e r g y
d e n s i t ydeterminedf r o mt h er e s u l t i n gexpress ionf o rR .T h ep r o c e d u r es u g -
g e s t sw a y si nw h i c hh i g h e ro r d e rcorrectionsc a nb ea d d e dt ot h ed i f f u s i o n
e q u a t i o n .A na n a l o g o u sp r o c e d u r ec a nb ec a r r i e dt h r o u g hf o rt h em o r eg e n -
e r a lf o r m no ft h et r a n s p o r te q u a t i o n .
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P A R TI LNUMERICAL

A .M e t h o d so fS o l u t i o n

SOLUT IONO FT H EDIFFUSIONEQUATION

T h ed i f f i s i o ne q p a t i o n ,E q .( 1 9 ) ,h a sb e e ns t u d i e di nt h eone-dimensional
f o r m

[ 1 8 F~ E m ( x ,O )+ a 0 4= – ~

( 3 8 )

F 8 0 4= - ; A ( X $e )~
J

E ma n dX a r ee x p l i c i tf u n c t i o n so fp o s i t i o ni ns o m eo ft h es t u d i e si no r d e r
t h a tt h ep r e s e n c eo ft w od i f f e r e n tk i n d so fm a t t e rc a nb erepresented.
(ThroughoutP a r tI I ,h w i t h o u tt h eb a rr e p r e s e n t st h eR o s s e l a n dm e a no ft h e
m e a nf r e ep a t h . )

I nt h ep r o b l e m sw eh a v es t u d i e d ,a w a l li sp l a c e da tx = O a c r o s s
w h i c ht h ef l u xo fe n e r g yi ss p e c i f i e da sa f u n c t i o no ft i m e .I n i t i a l l y ,t e m -
p e r a t u r ea n dm a t e r i a lp r o f i l e sa r es p e c i f i e dt ot h er i g h to ft h ew a l l ;i na l l
cases, O-- 0 as x + 030

T os o l v et h ep r o b l e m snumerically,w eapproximatet h eder ivat ivesb y
f i n i t edifferences.T h es p a c et ot h er i g h to ft h ew a l li sd i v i d e di n t o! I c e l l s ? ?
o fw i d t h6 x ,e a c ho fw h i c hh a sa temperaturev a r y i n gw i t ht i m e .T h ec e l l s
a r el a b e l e dw i t hi n d e xj a n dt h e i rboundariesw i t hi n d e xj + & A f i c t i t i o u s
c e l l ,# O ,i sin t roduceda tt h el e f to ft h ew a l lf o ru s ei na p p l y i n gt h ei n p u t
f l u xc o n d i t i o n .T h ecalculat iona d v a n c e st i m e - w i s ei nf i n i t es t e p s ,& .
T h e s ea r ec o u n t e db yi n d e xn i ns u c ha w a yt h a tt h et i m ea tt h ee n do f
c y c l e# ni st n= n & .
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__Ill~~~o I 2 j j + l. —— — -
1 / 2I 1 / 22 1 / 2 ” j - 1 / 2

T h et i m eadvancementi sb yt h ee x p l i c i tm e t h o d ,

[

n - l - l

1[
E m ( x ,8 )+ a t 1 4- E m ( x ,8 )+ a O

j
j ; = - g( ~ + , -

T h u s ,t h ep a r t i a ldifferentiale q y a t i o ni sr e d u c e d

j+1 / 2j + 3 / 2

u s e dthroughout:

( 3 9 )

t oa s e to fa l g e b r a i c
equa t i ons ,o n ef o re a c hc e l l ,f r o mw h i c ht h etemperatures a tt h ee n do fe a c h
t i m ec y c l ec a nb edeterminedi nt e r m so fk n o w nq u a n t i t i e sa tt h eb e g i n n i n g
o ft h ec y c l e . *

V a r i o u si m p l i c i tt i m edifferencingm e t h o d sh a v eb e e np r o p o s e d ,b u ti t
i sn o to u rp u r p o s et oinvest igatet h e s e .I nt h et e s tp r o b l e m s ,w eh a v er e -
q u i r e d& t ob es m a l le n o u g hs ot h a ta n yf u r t h e rd e c r e a s ew o u l dp r o d u c e
n e g l i g i b l ed i f f e r e n c ei nr e s u l t s .I na l lc a s e st e s t e d ,i tw a sf o u n dt h a t&
w a ss m a l le n o u g hi ft h ee q g a t i o n sw e r es t a b l e - s e eA p p e n d i xI .

I O u ra i mw a st oinvest igatet h er e l a t i v em e r i ta m o n gv a r i o u sm e t h o d s
o fw r i t i n gF n~ ,a l lo fw h i c hf o r m a l l yr e d u c et ot h edifferentialexpress ionj + ~
a s6 X- -0 .A c c e p t i n gt h ev a l i d i t yo ft h ed i f f u s i o ne q u a t i o n ,w ew a n t e dt o
f i n da satisfactorym e t h o df o rs o l v i n gi tnumericallyi na sm a n ys i t u a t i o n s

* w eh a v ez l v e dt h ee q u a t i o n sb ysuccessivelyi t e r a t i n gw i t hN e w t o n ’ sm e t h o d .
A na l t e r n a t eprocedure ,i nw h i c ht h el e f ts i d eo fE q .( 3 9 )i sr e p l a c e db y

p r o d u c e ss i m p l e re q l a t i o n st os o l v eb u tc a ni n t r o d u c ef a i r l yl a r g ei n a c c u -
r a c i e su n l e s sM
f o r mi nE q .( 3 9 )

i sv e r ysmall-smaller t h a no t h e r w i s er e q u i r e d .T h e
r i g o r o u s l yc o n s e r v e se n e r g y .
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a sp o s s i b l e .O n eo ft h em e t h o d st e s t e d ,E q .( 4 1 )b e l o w ,a p p e a r st ob ea t
l e a s ta sa c c u r a t ei ns o l v i n gt h ed i f f u s i o ne q u a t i o na st h ed i f f u s i o ne ~ a t i o n
i si nrepresentingt h et r u er a d i a t i o nt r a n s p o r t .h t h o s ecircumstances
w h e r et h ed i f f u s i o napproximationi t s e l fi sm o s tn e a r l yv a l i d ,t h em e t h o d
g i v e st h eb e s tapproximationt oi t ;i nc e r t a i no ft h ecircumstances i nw h i c h
t h ed i f f u s i o napproximationi squestionable,t h em e t h o ds t i l lg i v e sa g o o d
s o l u t i o ~i no t h e r s ,t h em e t h o db e c o m e sp o o r ,b u tt h equa l i ta t i vee r r o ri s
r a t h e re a s i l ye s t i m a t e d .

I ng e n e r a l ,a n yf i n i t ed i f f e r e n c ep r o c e d u r eu s e dt os o l v eE q .( 3 8 )w i l l
y i e l dr e s u l t sw h i c hd i f f e rf r o mt h et r u es o l u t i o n .T h u s ,o u ra i mc o u l db e
p h r a s e da sf o l l o w s :G i v e nt h et a s ko fs o l v i n gE q .( 3 8 )t oa p a r t i c u l a rd e g r e e
o fa c c u r a c y ,w h a tm e t h o do fs p a c edifferencingw i l la l l o wo n et ou s et h e
l a r g e s ti n t e r v a l s ,d x?

T oa n s w e rt h i sq u e s t i o n ,a c r i t e r i o no fa c c u r a c yi sr e q u i r e d .I nc e r -
t a i ncircumstances, a r i g o r o u ss ~ l u t i o no fE q .( 3 8 )c a nb eo b t a i n e d ,a n d
d i r e c tcomparisono ft h i sw i t ht h en u m e r i c a ls o l u t i o n si sp o s s i b l e .F o r
m a n yp r o b l e m so fi n t e r e s t ,h o w e v e r ,n os u c hcomparatives o l u t i o n sh a v e
b e e no b t a i n e d .F o rt h e s e ,w eh a v eu s e da sa c r i t e r i o no fa c c u r a c yt h er e l a -
t i v einsensitivityo ft h ev a r i o u sn u m e r i c a ls o l u t i o n st ov a r i a t i o n si n6 x .T h e
v a l i d i t yo ft h i sc r i t e r i o nd e p e n d su p o nt h econvergenceo ft h en u m e r i c a ls o -
l u t i o nt ot h et r u es o l u t i o na s6 X- -0 ( w i t h& a l w a y sb e l o wt h es t a b i l i t yl i m i t ) .
P r o o fo ft h i sconvergenceo ro ft h ev a l i d i t yo ft h ec r i t e r i o nh a sn o tb e e na t -
t e m p t e d ;exper i encew i t hi t su s e ,h o w e v e r ,h a ss h o w nt h eo r i t e r i o nt ob ea c -
c e p t a b l ei nt h ec a s e st e s t e d ;s e v e r a le x a m p l e sa r ep r e s e n t e di nt h i sr e p o r t .

T h es p a c edifferencingm e t h o dw h i c hh a sp r o v e dm o s tsatisfactoryi n
p r o d u c i n ga c c u r a t es o l u t i o n si sb a s e do napplicationo ft h eassumptiont h a t
b e t w e e nt h ec e n t e r so fa n yp a i ro fc e l l s ,t h einstantaneoustemperatured i s -
t r i b u t i o ni st h a tg i v e nb yt h es t e a d ys t a t es o l u t i o no fE q .( 3 8 )w i t ht h ec e l l
temperatures a sb o u n d a r yc o n d i t i o n sa tt h et w oc e n t e r s .S i n c et h es t e a d y
s t a t ee q u a t i o ni so fs e c o n do r d e r ,t h et w otemperatures comple te l ys p e c i f y
t h es o l u t i o n ,a n di nt e r m so ft h e m ,t h ef l u xi sdetermined.W h e nt h ef l o w
i sn o ti nl o c a ls t e a d ys t a t e ,t h ecalculat ionb a s e do nt h i sassumptionw i l lb e
i ne r r o r ,b u tt h ed i r e c t i o no ft h ee r r o ri su s u a l l ye a s i l ye s t i m a t e d .U n d e r
t h e s ec i r c u m st a n c e s ,h o w e v e r ,t h ed i f f u s i o napproximationi t s e l fi so fq u e s -
t i o n a b l ev a l i d i t y .

I na c e r t a i ns e n s e ,t h i sm e t h o do fdifferencingi st h e% e s t t tp o s s i b l e
o n e .T h ec r i t e r i o no f% e s t ~ ~i st h a tt h em e t h o dg i v e st h er i g h tr e s u l t si n
t h et !average ! to fa l ls i t u a t i o n s( s i n c enonsteadinessc a no c c u ri nt w od i f f e r e n t
d i r e c t i o n sf r o msteadiness)a n dt h a tt h ef l u xi sdeterminedb yt h em i n i m u m
n u m b e ro fr e q u i r e dd a t a( o n l yt h et w oa d j a c e n ttemperatures). Corrections
t oi n c l u d et h el o w e s to r d e re f f e c t so funsteadinessm u s tnecessarilyr e q u i r e
t h eu s eo fa d d i t i o n a ld a t a ,e i t h e ri nt h ef o r mo ftemperatures i nt h en e x t
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a d j a c e n tc e l l so rtemperaturec h a n g e si nt h ea d j a c e n tc e l l s .
T h em e t h o di sa p p l i e da ta c e l lb o u n d a r ya sf o l l o w s .I nt h es t e a d y

s t a t en e a rt h i sb o u n d a r y ,F o fE q .( 3 8 )i sa c o n s t a n t ,a n dw em u s ts o l v e
t h edifferentiale q u a t i o n

4
F . – ~A ( x ,6 )& ( 4 0 )

s u b j e c tt ot h ec o n d i t i o n st h a tO = O na tx = – i 3 x / 2 ,a n d0 = @ na tx = 6 x / 2
j j + l

( w h e r ew eh a v etemporarilyp u tt h eo r i g i no fx a tt h ec e l lboundary ) .T h e
r e s u l ti sa nexpress ionf o rF n~ a sa f u n c t i o no fO n ,@j + ~ j j+l’ d ax”

T oa p p l yt h i sspecifically,a na d d i t i o n a lassumptioni sn e e d e d .‘ l % i si s
t h a te a c hc e l li shomogeneousw i t h i ni t s e l fi ns u c hcharacteristics a sd e n s i t y
a n dm a t e r i a lk i n d .I fa m a t e r i a ldiscontinuityi sp r e s e n t ,i ts h o u l db el o c a t e d
a ta c e l lb o u n d a r y( a si su s u a li nt h eLagrangianf o r mo fhydrodynamicc a l -
cu la t i ons ) .I ft h i si sn o tp o s s i b l e ,t h e na modificationo ft h i sm e t h o dc a nb e
c a r r i e dt h r o u g h .G e n e r a ld e r i v a t i o no ft h em e t h o di sg i v e ni nA p p e n d i xI I .

A sa s i m p l ee x a m p l e ,c o n s i d e rt h ec a s ei nw h i c hA = A lO mi nt h ec e l l
a tt h el e f ta n dA = A 2 0 mi nt h ec e l lt o
( 4 0 )i s

t h er i g h t .T h e nt h es % l u t i o no fE q .

3 ( : a : 4 ,[em+4-@m+j=-Fjx *
- ( 6 x / 2 )

( )

ax x= ——
F 2 A 1 + ~

X < o

( )

6X xs -—
% A 1 + q X > o

A p p l y i n gt h ec o n d i t i o na tx = 5 x / 2 ,w eg e t

Steady-StateM e t h o d

F ~ + A= – 4 a c(“lA2J~;+Jm+4-~;)m+4]3 d x ( m+ 4 )A l+ A ( 4 1 )
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F o rm o s tr e a lm a t e r i a l st h emean-free-path f o r m u l a sa r econsiderablym o r e
complicatedt h a nt h es i m p l ef o r m su s e di nt h ee x a m p l e .E x t e n s i o nt ot h e s e
g e n e r a lf o r m si sp o s s i b l e ,h o w e v e r ,b e c a u s ea f i r s ti n t e g r a lo ft h es t e a d y -
s t a t ep r o b l e mc a na l w a y sb eo b t a i n e d ,a n dt h er e s u l t i n ge q u a t i o nt os o l v e ,
E q .( 4 0 ) ,i so ff i r s to r d e r .F u r t h e rd iscuss ioni sg i v e ni nA p p e n d i xI L

T h ed i f f e r e n c ef o r m( 4 1 )c a nb ee x t e n d e dt oc o r r e c tf o rt h ef a c tt h a t
t h el o c a lconfiguration~ yn o tb ei ns t e a d ys t a t e .Representingt h e1 0 0 a l
e n e r g yc h a n g er a t eb yE ( -O i ns t e a d ys t a t e ) ,w ew o u l dh a v e

w h e r e~ i sn o wa s s u m e dt ob ea c o n s t a n t ,determinedf o rt h ec y c l eb y

i n= -
F ; + :– ‘ %

2 6 X

H e r ei ti si m p l i e dt h a tt h ef l u xcontributionst ot h ec o r r e c t i o na r eca l cu l a t ed
b yE q .( 4 1 ) .T h e n ,w i t hx = O a tt h ec e l lb o u n d a r yi nq u e s t i o n ,w eh a v e ,
a n a l o g o u st oE q .( 4 0 ) ,

( 4 0 ’)

T h i sdifferentiale q u a t i o ni st ob es o l v e ds u b j e c tt ot h eb o u n d a r yc o n d i t i o n s
o fa d j a c e n tce l l - centertemperatures, a n da n e wexpress ionf o rf l u xi so b -
t a i n e dw h i c hr e d u c e st om ef o r m( 4 1 )i ft h el o c a lconfigurationc o m e st oa

(s t e a d ys t a t eF ns = F n
)j+~ j-+ “

T h u s ,i nt h ee x a m p l el e a d i n gt oE q .( 4 1 ) ,

E x t e n d e dSteadv-StateM e t h o d
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F o rcomparisonw i t hr e s u l t sf r o mt h ea b o v edifferencingm e t h o d ,w e
h a v et r i e ds e v e r a lo t h e r s ,I no n eo ft h e s e ,w ew r i t e

A - A v e r a ge .M e t h o d

w h e r et h em e a nf r e ep a t h sa r eca l cu l a t edi nt e r m so fq u a n t i t i e sa tt h ea d -
j a c e n tc e l lc e n t e r sa n da v e r a g e d .

A n o t h e rm e t h o di sd e r i v e d ,i na s o m e w h a td i f f e r e n tm a n n e r ,f r o mt h e
assumptiono fc o n s t a n tf l u x .T h u s~ ~ + ii sdeterminedb y

f r o mw h i c h

~j+z 2AJW+A+J
1= Lo +A

j(j) o
j-l-l‘j+l

a n d

~acitv-Averaze M e t h o d

“ + ’ =’43)
T h i sf o r mi ss a i dt ob ereasonable,b e c a u s eo n ei sa d d i n go p a c i t i e sf o rt h e
t w oc e l l s .T h i si sa g o o dp h y s i c a la r g u m e n t ,b u th a sl i t t l emathematical
v a l i d i t y ,e s p e c i a l l yw h e nt h em e a nf r e ep a t hi sv e r ys m a l li no n eo ft h ec e l l s .

A v a r i a t i o no ft h i sl a s tp r o c e d u r ei sd e r i v e db ys e t t i n g

I

Aj(’j+,)[ - =$+l(6’j+Jf+#’;-@]=+, J+l-6:]
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H e r et h es o l u t i o ni s ,i ng e n e r s l ,s o m e w h a tm o r ed i f f i c u l tt oo b t a i n ;w ee x -
h i b i ti tf o ra s p e c i a lc a s e ,t h a ti nw h i c hA = A I O mt ot h el e f ta n dX = A 2 0 m
t ot h er i g h t .I nt h i sc a s e ,

l—l
m / 4

2 A 1 A 2A 04 + A 04
l j2 j + l

‘ j ~= A l+ A 2A l+ A 2

a n d

M o d i f i e dOpacity-Average M e t h o d

I nt h ec a s et h a tA l= A q ,A a tt h eb o u n d a r yi ss i m p l yca l cu l a t eda sa f u n c -
t i o n ,f o rt h a tm a t e - t i a l ,; ft h ef o u r t hr o o to ft h ea v e r ~ eo ft h ef o u r t hp o w e r s
o ft h ea d j a c e n tce l l - centertemperatures. T h i si st r u ei nt h i sm e t h o df o r
a n yf o r mo ft h emean-free-path f o r m u l a ,a sl o n ga si ti st h es a m ef o rt h e
t w oa d j a c e n tc e l l s .T h er e s u l t ss u g g e s ta v a r i e t yo fo t h e rw a y si nw h i c h
b o u n d a r ym e a nf r e ep a t h sc o u l db eca l cu l a t edf r o mv a r i o u ss o r t so ft e m -
p e r a t u r ea v e r a g e sw h e nt h et w oc e l l sa r eo ft h es a m em a t e r i a l ;w eh a v e
tivestigatedn o n eo ft h e s e .

A f i n a lm e t h o dw h i c hw eh a v einvestigatedi so b t a i n e df r o mt h e( d i f -
ferent ia l ly )e qu i va l en tf l u xexpress ion

T h i sf o r mi so f t e nconven ienti ni m p l i c i tt i m edifferencings c h e m e sb e c a u s e
t h er e s u l t i n ge q u a t i o n sa r el i n e a ri nt h eu n k n o w ntemperatures. A w i d e
v a r i e t yo ff o r m sc o u l db eu s e df o rt h ea v e r a g eo f0 3 Aa tc e l lboundaries;
w eh a v einvestigatedo n l yt h a tw h i c hl e a d st ot h eexpress ion

Linear-Difference M e t h o d

‘ ~ +( A e(e;)l’45)
- 2 8 -



B .T h eT e s tP r o b l e m s

W ec h o o s ep a r t i c u l a r
qua l i ta t i vef e a t u r e so fr e a l
t i o n .T h u s

E m ( x ,6 )= K ( x ) 6
1

f o r m sf o rE m ( x $0 )a n dA(x, 0) which show the
m a t e r i a l sb u ta r er e l a t i v e l ys i m p l ef o rc a l c u l a -

A ( x ,0 )= A ( x ) 0 3J

w h e r eA ( x )a n dK ( x )a r ec o n s t a n t s
t i o n sf o rtwo-materialp r o b l e m s .

I ti sconven ientt oi n t r o d u c e
a sf o l l o w s :

O~ a T

A ( x )4 ~ L ( Y )

K ( x )~ y Q ( y )

t + T z

x 4 { y1

( 4 6 )

f o rone-materialp r o b l e m sa n ds t e pf u n c -

dimensionlessv a r i a b l e sf o ra l lc p a n t i t i e s

( 4 7 )

w h e r et h eG r e e ks y m b o l so nt h er i g h ta r ec o n s t a n t sw h i c hc a r r yt h ed i m e n -
s i o n so ft h eq u a n t i t i e so nt h el e f t .T h e nE q .( 3 8 ) ,w i t hE q s .( 4 6 )a n d( 4 7 )
i n s e r t e d ,c a nb ew r i t t e n

( 4 8 )

T h ev a l u eo fq i sc h o s e na c c o r d i n gt ot h er a n g eo fv a l u e so fQ a n dT ,
w h i c hi nt u r na r ea r b i t r a r i l yc h o s e nt ob en u m b e r si nt h er a n g e0 - 1 0 .T h i s
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m e a n st h a ta v a l u eo fq = O . 1a l l o w sa s t u d yo fs i t u a t i o n sw h e r ee i t h e r
r a d i a t i o no rm a t e r i a ls p e c i f i ch e a tdominates.S i n c et h er a d i a t i o nd e n s i t y
c o n s t a n t ,i nu n i t sappropriatet om a n ysituat ions,i s

a = 1 3 7e r g s

c m 3v o l t 4

w eh a v ec h o s e nq = 0 . 1 3 7throughoutt h ep r o b l e m s .
I na s e n s e ,t h ev a l u eo fg i si m m at e r i a l ;a sl o n ga s~ ya n d6 2a r e

s m a l le n o u g h ,t h er e s u l t so fa calculat iona tt h ecomplet iono fa c e r t a i n
r e l a t i v ec h a n g eo fconfigurationa r eindependento fg .T h i sf o l l o w sf r o mt h e
f a c tt h a t ,h a v i n gp i c k e dt h er e l e v a n tp h y s i c a lparameterso ft h es y s t e m( w h i c h
d e t e r m i n et h en a t u r eo ft h econfigurationc h a n g e s ) ,a t i m eo rs p a c es c a l ec a n
b ec h o s e nt op r o d u c ea n ya r b i t r a r yd e s i r e dv a l u eo fg .T oi n t e r p r e tt h er e -
s u l t si nt e r m so fs p e c i f i cp h y s i c a lparameters,h o w e v e r ,g m u s tb es p e c i f i e d .
W eh a v ec h o s e ng = q = 0 . 1 3 7throughoutt h ep r o b l e m s .

T h er e s u l t so ft h et e s tp r o b l e m sa r ea r r a n g e da c c o r d i n gt ot h et y p eo f
p r o b l e ms t u d i e da sf o l l o w s .

1 .A R i g o r o u sComparisonS o l u t i o n

T h eflux-difference f o r m( 4 1 ) *h a sb e e nt e s t e dw i t ha r i g o r o u ss o l u t i o n
o fE q .( 4 8 ) .W ei n t r o d u c ea s i m i l a r i t yv a r i a b l er - y – v za n da s s u m et h a t
T i sa f u n c t i o no fr a l o n e .Q a n dL a r et a k e nt ob ef i x e dc o n s t a n t s( o n e
m a t e r i a lo n l y ) .T h ecorrespondings o l u t i o ni s

3
r ( T ). Z & -

( )
I n1 + g . * ( v z- y ) ( 4 9 )

T os o l v et h ep r o b l e mnumerically,i ti sn e c e s s a r yt od e v i s ea w a yo fd e v e l o p -
i n gt h ep r o p e ri n p u ta tt h ew a i l .T h i si saccomplishedb yu s i n gt h ec o n d i t i o n

8 r ( T )3 q 2 v— = - —
a y4 g L Q

a n dapproximatingt h i sb y

* N a m e so ft h e
e n c e .

flux-difference f o r m sa r esummarizedo np a g e4 0f o rr e f e r -
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= +3
I Ut h i sm s n n e rw es o l v enumerically( i t e r a t i n gw i t hN e w t o n t sm e t h o d )f o rT ;
e a c hc y c l ea n d ,i nt e r m so fi ta n dT ; ,c a l c u l a t ea w a l lf l u xa c c o f i i n gt ot h e
f o r mi n1 3 q .( 4 1 ) ,a s s u m i n gt h a tc e l l# Oh a st h es a m ev a l u eo fA ( o rL )a s
# 1 .T h ev a l u ec h o s e nf o rv i sv = 2 . 6 .

T h er e s u l ti ss h o w ni nF i g .1 f o ra t i m eb yw h i c ht h er a d i a t i o nw a v e
h a dt r a v e l e da l i t t l eo v e r3 0c e l l s .A tt h i st i m e ,t h et o t a le n e r g yw a sa b o u t
1 . 5p e rc e n th i g h e rt h a nt h ec o r r e c t

A s i m i l a rt e s tw a sm a d eu s i n g
w e r ee q u a l l yg o o d ,s h o w i n gt h a tt h i s
i shomogeneous.

a m o u n t .
flux-difference f o r m( 4 2 ) .T h er e s u l t s
f o r mi sa l s ou s e f u lw h e nt h em a t e r i a l

2 .A S e to fOne-Material P r o b l e m s

, I nt h i ss e to fp r o b l e m s ,w eh a v eb u to n em a t e r i a lf o rw h i c hL ( x )s Q ( x )
~ 1 .T h ew a l lf l u xi sident i ca l l yz e r o ,a n dt h etemperaturei sp u ti ni n i t i a l l y
a sa s t e pf u n c t i o n ,h a v i n gt h ev a l u eT = 1O f r o my = Ot oy = 5 0 ,a n dT = O
therea f t e r .

T h ef i r s ts e r i e so ft e s t su s e da w e i g h t e da v e r a g eo ft h eflux-difference
f o r m s( 4 2 )a n d( 4 3 ) ,t h ew e i g h tf o r( 4 2 )b e i n ga a n dt h a tf o r( 4 3 )b e i n g( 1– a )
T e s t sw e r ep e r f o r m e df o rv a r i o u sv a l u e so fo !f r o mz e r ot oo n e .F o ra = O
t h econfigurationn e v e rc h a n g e s .I nt h ef i r s tc e l lf o rw h i c hT = O ,A a l s oi s
z e r oa n d( 4 3 )g i v e sz e r of l u xa ti t sl e f tb o u n d a r y .

A s e r i e so ftemperaturep r o f i l e sf o r~ y= 1 0a ta t i m ez = 1 0 0i s
s h o w ni nF i g .2 f o rv a r i o u sv a l u e so fa .T h em o s tn o t i c e a b l ee f f e c to fd e -
c r e a s i n ga i st h a tt h er a d i a t i o nw a v ef r o n tb e c o m e sm o r ea n dm o r ea b r u p t l y
t r u n c a t e d .S i n c et h es y s t e mi sr i g o r o u s l yconservativeo fe n e r g y ,t h et e m -
p e r a t u r eb e h i n dt h ef r o n tb e c o m e ss l o w l yl a r g e r ,b u tt h ec h a n g ei nt h a tr e g i o n
i sr e l a t i v e l ys m a l l .

S o m eo ft h ep r o b l e m so ft h es e r i e sw e r er e p e a t e dw i t hs m a l l e ro r
l a r g e rc e l ls i z e st os e ei ft h ecalculat ionr e s u l t sc o u l db ei n v a r i a n tf o ra n y
p a r t i c u l a rv a l u eo fm A m e a s u r eo ft h ec h a n g eo fconfigurationw i t hc e l l
s i z ei sg i v e nb yt h ec h a n g eo fr a d i a t i o nf r o n tp o s i t i o n .T h e s ev a r i a t i o n sa r e
s h o w ni nF i g .3 .I ti ss e e nt h a tf o r0 . 7~ a ~ 1 ,t h e r ei sn e a ri n v a r i a n c e
w i t hi l y ,a n dt h er e s u l t sa r eg i v e nw i t hf a i r l yg o o da c c u r a c yh t h a t .r a n g e .
O nt h i sb a s i s ,t h etemperaturep r o f i l ei nF i g .2 f o ra = 1 i scons ideredt o
b ec l o s et ot h ec o r r e c tf o r m .T h econvergenceo fo t h e rm e t h o d st og i v et h i s
p r o f i l ea sc S y
c r i t e r i o nt h a t

b e c a m es m a l lw a s
b a s e dt h ev a l i d i t y

f u r t h e rverif icationo ft h ev a l i d i t yo ft h e
o fa s o l u t i o no ni t si n v a r i a n c ew i t hd y .
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T h i ss a m ecalculat ionw a sa l s op e r f o r m e dw i t hflux-difference f o r m
( 4 5 ) .T h er e s u l tw a si no l o s ea g r e e m e n tw i t ht h ep r e v i o u sr e s u l t sf o ra = 1 ,
a n ds ot h i sf o r ma l s os e e m saccep tab l ef o rone-materialp r o b l e m s .I ft h e
m e t h o di si ne r r o r ,i ti si nt h ed i r e c t i o no fcalculat ingt h er a d i a t i o nf l o wt o
b es l i g h t l yt o of a s t .

L i k e w i s e ,flux-difference f o r m s( 4 1 )a n d( 4 4 )w e r ea p p l i e dt ot h es a m e
p r o b l e m s ,a n dt h er e s u l t sa p p e a re q u a l l yg o o d .I na l lc a s e s ,t h er e s u l t s
w e r eg o o da ta l lt i m e s .

T h econc lus ionf r o mt h i ss e r i e so ft e s t si st h a tt h e r ei sa w i d ev a r i e t y
o fm e t h o d sf o rper formingt h ef l u xs p a c edifferencingt h a tl e a dt ov e r yn e a r l y
t h ec o r r e c tn u m e r i c a ls o l u t i o ni nt h i sr a t h e re x t r e m eone-materialp r o b l e m .
T h eapplicabilityt otwo-materialp r o b l e m s ,h o w e v e r ,i sb yn om e a n su n i v e r s a l
a st h ef o l l o w i n gt e s t ss h o w .

3 .A S e to fTwo-Material P r o b l e m s

T h ew a l li so p a ~ e ;e x t e n d i n gf r o mi tt oy = 1 0 0i sa m a t e r i a lf o r
w h i c hL ( x )= 0 . 0 0 1 ,Q ( x )- 1 0 ;b e y o n dt h a tm a t e r i a li sa s e c o n do n ef o r
w h i c hL ( x )- Q ( x )- 1 .I n i t i a l l y ,t h ef i r s tm a t e r i a li sa ta temperature
T = 1 0 ;t h es e c o n do n eh a sT = O.

In the f i r s ts e r i e so ft e s t s ,w eu s e dflux-difference f o r m( 4 2 )e v e r y -
w h e r ee x c e p ta tt h em a t e r i a li n t e r f a c e( w h i c ha l w a y sl a yo na c e l lboundary ) .
T h e r ew eu s e da w e i g h t e da v e r a g eo ff o r m s( 4 2 )a n d( 4 3 )w i t hw e i g h t sa t :
( 1– a ? ) ,respectively. T h er e s u l t ss h o wt h a tt h eb o u n d a r yf l u xb e c o m e s
s m a l l e ra sa tdec r eases .S e v e r a lo ft h ep r o f i l e sa r es h o w ni nF i g .4 .

T od e t e r m i n ew h i c hv a l u eo fa tg i v e sb e s tr e s u l t s ,w ep e r f o r m e ds o m e
o ft h ecalculationsa g a i nw i t hl a r g e ro rs m a l l e rv a l u e so fd y .C u t t i n g6 Yt o
h a l fi t sv a l u e ,f o re x a m p l e ,r e s u l t e di na g r e a t e rf l u xa tt h eb o u n d a r yf o r
t h ec a s ea ~= 0 . 0 0 1a n da s m a l l e rf l u xf o rt h ec a s ea ?= 1 . 0 .D o u b l i n g~ y
p r o d u c e dj u s tt h eo p p o s i t ee f f e c t s .T h u s ,i ts e e m e dp o s s i b l et od e t e r m i n ea
v a l u eo fa tw h i c hw o u l dg i v et h ec o r r e c tr e s u l t .T h i sp r o v e dn o tt ob et h e
c a s e .

T h ec r i t e r i o no fi n v a r i a n c ew i t h6 yw a sa p p l i e dt ot h et o t a le n e r g yt h a t
h a df l o w e di n t ot h es e c o n dm a t e r i a lb ya g i v e nt i m e .T h u s ,w ec o u l df i n da
v a l u eo fa ts u c ht h a tt h ee n e r g yw o u l db en e a r l yindependento f6 Ya t ,s a y ,
t i m ez = 1 0 0 .U s i n gt h i sv a l u eo fa tthroughoutt h ep r o b l e m ,h o w e v e r ,w e
d i s co v e r edt h a tb e f o r et h et i m ea tw h i c ht h ee n e r g yw a sc o r r e c t ,t h e r ew a s
t o ol i t t l e ,a n da f t e rwardst h e r ew a st o om u c h .I no t h e rw o r d s ,f o ra n yf i x e d
a ! ,t h e r ew a sa ni n i t i a ld e l a yi nf l u xp a s s a g e ,b u tt h i sw a sg r a d u a l l yo v e r -
c o m eb yt o og r e a ta f l u x ,a n d ,eventual ly ,t h ea m o u n to fe n e r g yw h i c hw a s
ca l cu l a t edt op a s st h ei n t e r f a c es u r p a s s e dt h ec o r r e c tv a l u ea n dc o n t i n u e dt o
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c l i m bb e y o n di t .T h e s er e s u l t sa r es h o w ni nF i g .5 ,w h e r ew eh a v ep l o t t e d
t h ef i x e dv a l u eo fc u tr e q u i r e dt oe n s u r et h a tt h ep r o p e re n e r g yh a dg o n ei n -
t ot h es e c o n dm a t e r i a lb ya g i v e nt i m ez ,a sa f u n c t i o no fz .O nt h eb a s i s
o ft h e s er e s u l t s ,i tw a sc o n c l u d e dt h a tn of i x e dcombinationo ff o r m s( 4 2 )
a n d( 4 3 )w a sa d e q u a t e .A t t e m p t sa td e v i s i n ga v a r i a b l ew e i g h t i n go ft h e m
w e r eabandonedi nf a v o ro fo t h e rm o r ep r o m i s i n gm e t h o d s .

T h es a m et e s t sw e r ep e r f o r m e du s i n gflux-difference f o r m( 4 4 ) ,a n d
t h e s eg a v ee x t r e m e l yp o o rr e s u l t s .T h er a d i a t i o nd o e sn o tf l o wn e a r l yf a s t
e n o u g ha c r o s st h ei n t e r f a c e .

L i k e w i s e ,w eo b t a i n e dr e s u l t sf o rt h es a m ep r o b l e mu s i n gflux-difference
f o r m( 4 1 )everywhere. T h er e s u l t so ft h et e s t ss h o w e dt h a tf o ra n yf i n i t e
v a l u eo f6 y ,t h e r ei sa ni n i t i a ld e l a yi ng e t t i n gt h ef l o ws t a r t e d ,b u to n c e
s t a r t e d ,t h ef l o wt h e r e a f t e rp r o c e e d sa tt h ep r o p e rr a t e .T h ei n c o r r e c tf l o w
o c c u r sd u r i n gt h et i m ew h e nc o n d i t i o n sn e a rt h ei n t e r f a c ea r ef a rf r o m
s t e a d y .I nm a n yp r o b l e m so fi n t e r e s t ,f l o wa ta ni n t e r f a c ed i f f e r sf r o m
s t ead ines sf o ro n l ya s m a l lp a r to ft h et o t a lt i m eo fi n t e r e s t .

I nN g .6 i ss h o w nt h et o t a le n e r g yw h i c hh a sp a s s e da c r o s st h ei n t e r -
f a c ea sa f u n c t i o no ft i m ef o rt w od i f f e r e n tv a l u e so fd y .

W ea l s ou s e dt h eflux-difference f o r m( 4 1 ? )w h i c ha l l o w sf o ra c o r r e c -
t i o ni ft h es i t u a t i o ni snonsteady.T h ec o r r e c t i o nd i d ,i n d e e d ,g i v ea ni m -
provement,h a v i n ga ne f f e c td u r i n gt h ee a r l yn o n s t e a d yp h a s eo n l y ,a se x -
p e c t e d .I tr a i s e dt h el a t e rf l u xf u n c t i o nt oa s l i g h t l yh i g h e rv a l u ep a r a l l e l
t oi t sf o r m e rs e l f .E v e n ,s o ,t h e r ei ss t i l la s m a l ll a gi ng e t t i n gt h ef l o w
s t a r t e d .

c. Conclusionsf r o mt h eN u m e r i c a lT e s t s

T h er e s u l t so ft h et e s t si n d i c a t et h a ti na one-materialp r o b l e m ,o r
o n ef o rw h i c ht h em a t e r i a li sn e a r l yhomogeneous,s e v e r a lm e t h o d so fc a l -
c u l a t i n gg i v eg o o dr e s u l t s .T h em e t h o do fo p a c i t ya v e r a g i n g( 4 3 )i s ,p e r -
h a p s ,p o o r e s t .

F o rp r o b l e m si nw h i c ht h e r ei sa s t r o n ga n dp e r s i s t e n tm a t e r i a ld i s -
cont inuity ,s e v e r a lo ft h em e t h o d sg i v econsistentlyp o o rr e s u l t s .T h em e t h o d
w h i c hh a sm o s tn e a r l yu n i v e r s a lapplicabilityi s( 4 1 )[ o r( 4 1f) f o rpersistently
n o n s t e a d ysituations],s i n c et h ee n e r g yf l u xasymptotically approachest h e
c o r r e c tl a l c a lv a l u ea sl o c a lc o n d i t i o n sa p p r o a c hs t e a d ys t a t e .T h eo f t en-used
m e t h o d s( 4 2 )a n d( 4 3 )o ra f i x e dcombinationt h e r e o fa r eo fquestionablev a -
l i d i t y ,a st h ei n t e r f a c ef l u x e sm a yb ei ne r r o re v e na ss t e a d ys t a t ei sa p -
p r o a c h e d .
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A P P E N D I XI

M A T T E R SR E I A T E DT OT I M EDIFFERENCING

T h ereplacemento fa differentiale c y m t i o nb ya finite-difference a p -
proximationt h e r e t or e s u l t si ns o l u t i o n st h a td i f f e rf r o mt h ee x a c ts o l u t i o n s .
T h ee r r o r sm a yb es m a l la n dr o u g h l yproportionalt ot h et i m ea n ds p a c e
i n t e r v a l s .A na n a l y s i so fs u c he r r o r si sc a l l e da na c c u r a c ys t u d y .T h e
e r r o r so a n ,i nc e r t a i ncircumstances,b e c o m e
g r o ww i t h o u tbound-evenu n d e rcircumstances
w o u l dp r e d i c tdecreas inge r r o r s .A na n a l y s i s
s t a b i l i t ys t u d y .

s u d d e n l yv e r ylarge-indeed,
s u c ht h a ta na c c u r a o ys t u d y
o ft h e s ee r r o r si sc a l l e da

1 .S t a b i l i t y

A s o l u t i o no ft h ed i f f u s i o ne q p a t i o n( 1 9 )i sO= 0 0s c o n s t .L i k e w i s e ,
o n ec s nf i n da s o l u t i o no = 6 . ( 1+ c ) ,w h e r eC ( X ,t )i sa f u n c t i o nw h o s em a g -
n i t u d ei severywheres m a l lc o m p a r e dw i t h1 .B yk e e p i n gl o w e s to r d e rt e r m s
i na ne x p a n s i o ni ne ,w eo b t a i ni np l a c eo fE q .( 1 9 )

8 E-
m

D V 2 C

w h e r e

4ca f33 A(@o)
D=

/3

[
~ Em(flo) i- aO~
o 1

S i n c et h ee q u a t i o nf o rc i sn o wl i n e a r ,i t sg e n e r a ls o l u t i o nw i l lb ea s u mo f
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a l ls p e c i a ls o l u t i o n s .I npart icular ,i tc a nb ea s u mo ft e r m so ft h es o r t

w h i c hi sa s o l u t i o np r o v i d e du = — D k 2 .T h u s ,s i n c eD > 0 ,t h edisturbance,
e ,w i l ld a m pf o ra n yw a v en u m b e rk .

T h i ss a m ea n a l y s i sc a nb ea p p l i e dt ot h ed i f f e r e n c ee q u a t i o nw h i c hi s
( hone-dimensionf o rs imp l i c i t y )

T h et r i a lf u n c t i o n

i sa s o l u t i o np r o v i d e d

(0
1

2 m t
e = —— 2 (1 - COS k )

a x

T h em o s te x t r e m ec a s ei st h a tf o rw h i c hc o sk = – 1 ,i nw h i c hc a s e ,e “> – 1
o n l yi f

T h i sc o n d i t i o n ,t h e n ,m u s tb es a t i s f i e df o rs t a b i l i t y ,f o ri fi ti sv i o l a t e da n d
e ~< – 1 ,t h e nt h eperturbationo s c i l l a t e sw i t hin c r ea s inga m p l i t u d er a t h e r
t h a nd a r n p i n ga si ts h o u l d .

W eh a v et e s t e dt h i swell-knowns t a b i l i t yrequiremento nm a n yo ft h e
p r o b l e m sr e p o r t e dh e r e ,a n df o u n dt h a ti t sp r e d i c t i o ni s ,i na l lc a s e s ,h i g h l y
a c c u r a t e .

V a r i o u si m p l i c i tdifferencingm e t h o d sh a v eb e e np r o p o s e df o rt h et i m e
advancement. S o m eo ft h e s ea r eunconditionallys t a b l e .T h em e t h o d s
s t u d i e di nt h i sp a p e rf o rs p a c edifferencingc a nb eincorporatedi n t os e v e r a l
o ft h e s ei m p l i c i tt i m e-differencingprocedures.T h eincorporation i sm o r e
conven ienti ns o m ec a s e st h a ni no t h e r s .
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2 .A c c u r a c y

Repeatedly,t e s t sw e r em a d et oe n s u r et h a t& w a ss m a l le n o u g hi n
t h en u m e r i c a lcomputationss ot h a ta n yf u r t h e rd e c r e a s ei ni t ss i z em a d ea
n e g l i g i b l ed f f e r e n c ei nt h er e s u l t s .T h er e s u l to fa l lt h e s et e s t si st h a t
w h e n e v e r& i ss m a l le n o u g hf o rs t a b i l i t y ,i ti sa l s os m a l le n o u g hf o rt h e
d e s i r e da c c u r a c y .T h i sf a c ti so fv a l u ei na p p l y i n ge x p l i c i tdifferencing
m e t h o d s ,b e c a u s et h er e s u l t i n gs o l u t i o ni se i t h e ra c c u r a t e( r e l a t i v et ot i m e
advancement),o re l s et h ecomputationc a n n o tp r o c e e da ta l lo w i n gt oi n s t a b i l -
i t y .T h es t a b i l i t yo fi m p l i c i tm e t h o d sr e m o v e st h i sa u t o m a t i cw a r n i n gs y s -
t e mo fe r r o r ..
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A P P E N D I XI I

F U R T H E RDISCUSSIONO FT H ESTEADY-STATE DIFFERENCING M E T H O D

T h ep r i n c i p l eb yw h i c hflux-difference f o r m( 4 1 )w a sd e r i v e dm a yb e
d i f f i c u l tt oa p p l yw h e nexpressionsf o rm e a nf r e ep a t ha sa f u n c t i o no ft e m -
p e r a t u r ea r ecomplicatedo ra r eo fd i f f e r e n tf o r mf o rt w oa d j a c e n tm a t e r i a l s .
I hs o m ec:lrcumstzmces,t h emean-free-path f u n c t i o ni su s e di nt h ef o r mo fa
t a b l eo fn u m b e r s ,i nw h i c hc a s et h es i t u a t i o ni se v e nm o r ecomplicated. T h e
d iscuss ioni nt h i sa p p e n d i xi sm e a n tt ot i d i c a t eh o ws o m e
m a yb eo v e r c o m e .

C o n s i d e rt h eg e n e r a lapplicationo ft h ep r i n c i p l et o
t e r m i n i n gt h einstantaneouse n e r g yf l u xa ta c e l lb o u n d a r y
t w om a t e r i a l s .

b,

o ft h e s edi f f icul t ies

t h ep r o b l e mo fd e -
w h i c hl i e sb e t w e e n

T h eb o u n d a r y ,b i sp l a c e da tx = O .F o rgenera l i t y ,w ea s s u m et w o
d i f f e r e n tc e l ls i z e sw i t ht h el m o w ntemperatures, 6 -a n d0 + ,l o c a t e da tt h e
c e n t e r s .T h emean-free-path f o r m u l ai sa s s u m e dt ob eo ft h ef o r m

{

? + ( 0 )f o rx > 0
A ( e ,x )=

x - ( o )for x < 0
..
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I ti sf u r t h e ra s s u m e dt h a tF i sa f i x e dc o n s t a n ta n dt h a tOi scontinuousi n
t h er a n g e– 6 x . / 2= x 5 6 ~ 2 .T h e nE q .( 4 0 )c a nb eintegrated,

o r

S i m i l a r l y ,

8 c a
J

o+ 3
F = – —3 6 X +~

6 & ( 6 ) d 0

b

T h i si sa p a i ro fsimultaneouse q u a t i o n sf r o mw h i c ht h eb o u n d a r yt e m p e r a -
t u r e ,~ ,i st ob ee l i d n a t e d ,g i v i n ga nexpress ionf o rt h eb o u n d a r yf l u x .I n
t h o s ec a s e sw h e r et h ea l g e b r a i cmanipulationsa r es i m p l e ,t h ep r o c e d u r ei s
straightforwardt oa p p l y .I nt h em o r ecomplicatedc a s e s ,t h ef o l l o w i n ga p -
proximationp r o c e d u r em a yb eu s e f u l .

I ne a c ho ft h esimultaneousequa t i ons ,F ,cons ideredt ob ea f u n c t i o n
o f~ ,can b ee x p a n d e di na T a y l o r ’ ss e t i e sa o u ts o m etemperaturee o ~a s
y e tn o ts p e c i f i e d :

8 c a[J6F = - —
0 3

‘ax- ~
0 i t _ ( 6 ) d 0+ ( O b– 0 0 ) $ - ( 0 0 )+ . . .1‘+3

F = - &

1

0AJd)de- (eb- eo)e:A+(f30)+ ...
+

‘o

H 1 3 0i sc h o s e nsufficientlyc l o s et ot l b ,t h e no n ec a na c h i e v es u f f h i e n ta c -
c u r a c ye v e nt h o u g ht h es e r i e sb et r u n c a t e db e y o n dt h o s et e r m se x p l i c i t l y
s h o w n .T h e nO bc a nb eeliminated,a n dw eo b t a i n
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J
0 Je+ 3

A + ( 6 0 )0 o 3 & @ ) d 0+ A _ ( @ o )o A + ( e ) d e
e

F =-(%% ““
‘ o

a A + ( e o ) t i x -+ X - ( e o ) d x +

N o t et h a ti fA + ( 8 )= A i f ( 0 )w h e r ef ( 0 )i st h es a m ef u n c t i o nf o rb o t hm a t e r i a l s ,
t h e nt b i sapproximateexpress ionf i e l d st h ee x a c tSOIUtiOnO~ s u c ha c a s e ~
t h er e s u l ti s ,o fc o u r s e ,~dependento f0 0 ,~ dw ec o u l dp u t00 = @+” ~ gen-

e r a l ,i ft h e r ei sa l a r g ediscontinuityi ntransparencya tt h ei n t e r f a c e ,t h e n
O bw i l lb ec l o s et ot h etemperatureo nt h es i d ew i t hg r e a t e rtransparency.
F o rillustration,l e tt h a ts i d eb et h e+ s i d e .T h e ni ts e e m sr e a s o ~ b l et o
approximate0 0= 0 + ,i nw h i c hc a s e

[

A+(e+) , ]J‘+ 3
l ? = o h _ ( 0 ) d 6- ( y )~ + ( ~ + ) ~ x -+ A - ( 6 + ) 6 %f J .

T h i sf o r mi sr e l a t i v e l ye a s yt ow o r kw i t h ,a n dw i l lb ev a l i di nm a n ys i t u a -
t i o n so fi n t e r e s t .T h ei n t e g r a lc a nb ee v a l u a t e dnumericallyi fn e c e s sa r y ,
a n di fo n ei sw o r k i n gw i t ht a b l e so fn u m b e r st or e p r e s e n tt h emean- f ree -

1e3
p a t hf o r m u l a ,t h e no n ec o u l da l s of o r mv a l u e so fo 6 X - ( 6 ) d 0a n dw o r k
w i t hdi f ferenceso ft h e s e .

T e s t so ft h e s eapproximationf o r m sw i t ht h es i m p l ef u n c t i o n su s e di n
t h i sr e p o r tf o rm e a nf r e ep a t hw o u l dn o tb eu s e f u l ,s i n c et h e s eapproximation
f o r m sb e c o m ee x a c tw i t ht h ef u n c t i o n su s e d .T h i sf a c ti sencouragingw h e n
o n ec o n s i d e r st h a tt h e r ei sg e n e r a l l ya qua l i ta t i ves i m i l a r i t yi nmean- f ree -
p a t hb e h a v i o ra m o n gm a n ym a t e r i a l s ,t h edi f ferencesb e i n gc a p a b l eo fr e p r e -
s e n t a t i o n ,approximately,b yv a r i o u smultiplicative cons t an t s .

.
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N O T E

I nt h ef o l l o w i n gf i g u r e s ,a l lq u a n t i t i e sa r ep l o t t e di nt h e i rdimension-
l e s sf o r m sa ss h o w na tt h ec o o r d i n a t ea x e sa n do nt h eg r a p h s :

T s dimensionlesstemperature
Y ~ dimensionless d i s t a n c e
z ~ dimensionlesst i m e

T i c km a r k so nd i s t a n c ea x e ss h o wc e l ls i z e .

T h ed i f f e r e n c ef o r m sa r esummarizedf o rr e f e r e n c e :

( 4 1 )Steady-StateM e t h o d
( 4 1 1) E x t e n d e dSteady-StateM e t h o d
( 4 2 )A - A v e r a g eM e t h o d
( 4 3 )Opacity-Average M e t h o d
( 4 4 )M o d i f i e dOpacity-Average M e t h o d
( 4 5 )Linear-Difference M e t h o d
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460

440

420

400

380

360

340

320

300

F i g . 3P o s i t i o n
d e r i v e d
a n d2 5 .

I 2

3+ LOGIOQ

of the radiation f r o n t( a tT = 1 )a sa f u n c t i o n
f r o md a t as h o w ni nF i g .2 a n da n a l o g o u sd a t a

3

of 3 + loglo a,
for dy = 5
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a’

0.16 I I I I I I I I [ I I I I I

0.14

0.12–

0.10–

0.08–

0.06 –

0.04

0.02 –

o 10 20

F i g .5 T h et i e dv a l u eo f
t o t a le n e r g yw o u l d
f u n c t i o no fz .

30 40 50 60 70

z

~ tr e ~ r ~i no r d e rt oe n s u r et h a tt h eproper

cross the m a t e r i a li n t e r f a c eb yt i m ez ,a sa
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F i g .6 E n e r g ya sa f u n c t i o no ft i m ep a s s i n gt h em a t e r i a li n t e r f a c ef o rt w o
d i f f e r e n tc e l ls i z e s .Flux4iiYerence f o r mi sE q .( 4 1 ) .
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