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I

ABSTRACT
I

We ccmsiderthe growthof a smallrippleon a cylindricalor

sphericalfluidsurfacewhich is subjectto arbitraryradial.mo-

tion. Differentialequationsfor the amplitudesof the ripples

as functionsof time are derivedunderthe assumptionthat the

motionIs irrotationaland of smplitudesmallcomparedto tbe wave-

lengthof the ripple. The liquidmay be compressible.Two

furtherassumptionsproveconvenientthoughnot necessary,namely:

that the wavelengthof the disturbanceis small.comparedto the

thicknessof the cylindricalor sphericalshell,and that the den-

sitiesof the fluidsborderingthe shellare negligiblysmall.
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UNCLASSIFIE~=

We derivethe equationsin a very simple manner. Sincethe mo-

tion is irrotational,thereexistsa velocitypotential,@, which

sati8fief3Lapl.aceslequation,72$ = 0, if the matteris incompres-

sible,or)forcompressiblematerial,@ satisfiesa Poissont~
.

ecption,v2$ = - P/p. [Note: throughoutwe take

not the

ditions

more customary

at the surfaces

equaticnsof motion

-v#=t] We then invoke

of the shellto determine @.

the differentialequationsfor the

directly.

A note on the M.rgeamplitude

for thin shellsare also noted.

developmentof the

case is appended.

I. CYLINDRICALSURFACE, INCOMPRESSIBLEFLUID

~#=iibnd 8

boundaxycon-

From the

(1)

rippleemerge

M3difications

In cylindricalcoordinates (r,0, z) the equation ~ 2@ . 0

has the form

If @ is independentof z, (1:

$ =A1lnr+B1.

(2)

(3)

-.
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UIiCLA$SIFIE~”

(4)

(W tgnare the sln k e solutionas addingnothingnew.) If @

1s independentof e:

#“ (A#o(i*) + B3 #)(@) =0S k z. (5)

In general we may have

d ,= cm

order ~ ; but as computationwithWith Z~ any Besseltunctionof

arbitrary& vouldbe tedious,ve have takenour rippleindependent

ofeor~ shays. Presumablyripplesindependentof e are of

greatestphysical.interest.

be givenby Ro(t).

a) Rlppl+on InsideSurfaceIndependentof z

Let the positioncd!the unrippledsurfaoe

Thi8 corresponds to vhat comes out of a SEAC calculation.Let the

actual rtppledsurfacebe givenat any tlue by Ro(’t)+ b(t) cos k f3.
●

Our problemis to f~ b(t) in termsof Ro, Ro, ~o, and k.

Wedenm.ndthat V2#=0 and that

($4) = ;0 + i)(t) COS k e. (6)
Ro+b(t)cosk e

For the other

the outermrface,

I
boundarycondition,ve shouldpresumablyconsider

I

Rl(t)s8nd demandthat M@r)R = ;3. However,
1

-5” IICLA$WIEfl
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if’ (Ro/R3j*IB smstl.1cqed to one,

B2 = Q inequatton (4). ThUSV@ llErelY

‘ U’NCCAW!-
this =ounts to setting

demandthat the distur-

banced~ to tiherippledecrea8eat large r. Thesethrq~condi-

tionsare satisfldiby

@* Ro;o &r-

Sincethis 1s a md.1

sq=es of b(t). We

● Rk+l

(;(t)+b(t)>)~ COS k e.
o kr

amplitudeapproximation,we al.way~ignore

Bee that

(7)

so that
●

●

R
a
(#l

“+
+ ;(t) cos k e + b(t) :coske

r x%Ro+b(t)cosk e o
0

= ;0 -1-i(t) COS k e.

~us we see that @ satisfiesthe requirements.To get the equations

● 2 k-1
;oR~+k RoRo

- b(t)L k # 1 COS k 6.

‘l’heequationsof motionhave the form

-6--
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I&ltttmww

At the interface P ts -n to be a co~t~tp ~=nden~ of e-

Eqt@Mg the termsIndependentof e at r = R. + b(t) cos k e,

we havenmely a firstintegralof the equatim -
d
& - F“;, How-

ever$equatiw the termsproportionalto cos k 9 and using

b(t) C08 k 6
ln(Ro+b(t) coske)=ln Ro+ R. #

we have:

whence

(k-l)b(t)9:0- ;(t) R. -2 ~(t) :0 * O (8)

ThIe 1s the differentialequatkm for b(t). It is easilyinter-

pretedin simplecases. U the wavelengthof the disturbanceis small

comparedto the radiusof curvature,Rot one expectsthe solutionfor

a plane”to emrge. IIIWwavelength,;& - Ro/k, and for R~> % we -Y

write our equationes

+ b(t);0 - ;(t) -2 ;(t)

The last tem will us- be unimpo@antfor large R. and the

plameeohltion

b(t) M e-

113,indeed,fomally val.td.

7---
4
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The lastterm in (8) is pectiiarto the cyMndricalmotion. Ite

influenceis easiJyseenI’or;O = O. Witha rippleon an unacceler-

ated plane, one has b(t) = b. + bit. On the cylinderthe solutionof
~/

(8) is b(t) =~+ b;. IW nde that the mass of the material.displaced

in the ripplefs”proportionalto b Ro so that the displacedmass be-

‘Ves as b. +blt2 JuBt as in the planecase. This suggeststhat

the equationsin ~grangeen coordinatesmightbe simpler.

Equation(8)

b(t) = c(t)/RoiS

takeeon a much simpler formwhen the substitution

auwied through:

k c(t) ;0 - :(t) R. = O
1

(8a)

b(t)* c(t)/Ro.

We see thatthe growth of the amplitude c(t) is Justthat for a plane

ripple of variablewavelength.

If one wishedto derivethe differentialequationfor a rippleampli-

tude whentlm densitiesof’the media or eitherside of the interfaceare

comparable,then one wouldhave to set downthe velocitypotentialsin

bothmedia. One would inferfromTaylortstreat-t that this would

‘1-‘2leadto somethingI.ikemultiplyingthefirstterm in (8a)by— where
‘1+”2

‘1 d f’2 are the densities.

b) RQ@e on O@sMe SurfaceIndependentof z

The methodgoesexactlyas before. Now
●

(9)

-8-
A --------- -- -- a-, ? ,,

~uilwfm ‘
— — — —— ——
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Ullclhssm‘

leads to

b(t) (k+l);o +;(t) R. +2;(t) ;0

If’wesubstitute b(t)M c(t)/Ro we findthe

= o.

convenient

●

kc(t) -Ro+ c(t)Ro= O“

~d the int@Z’pIX?%aiZIOni6 jUSt es before.

c) InsideRippleIndependentof e

Becauseof the

-f- ; (i(t) ..+

involvement

ferentialequationIs more

:2

;
b(t) # COS kz

o

H(l)(ik r)o

‘1‘l)(ik Ro)”

(lo)

equation

(lea)

of the Eesselfunctions,the resultingdif-

complicated:

+1

(

(H.)

‘o
k;(t) ;O+k b(t) ~ + b(t) k;.

o
. .

A R H(l)&k.Ro)

I

;(t) +2;(t) ;+b(t) # “
~i ko 0 R.)

i

+ kRob(t) +kb(t) #
{o,

‘~)(i k Ro). . ~:1” Ho

(1)(1 k Ro)1‘1
In many practicalcasesone will have

H(l)(ik Ro)
o
(

‘1l)(ik Ro)

H(l)(ik Ro)

(’ )

o

‘1l)(ik Ro)

k Ro>>l, in

+a&*----

1:1
‘-l+m ~+-- ‘“

2

= o.

which casewe have

UsinglM?8eexpansions,we fMl to lowestorderin l/k RO:
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(13)

i
;2

:;(t) +b(t) k;. - ;(t) # + b(t) -$= O.
. 0 R.
R

In the planeapproximation,# = O, and the properbehavior,

rk;. t
b(t)- ~ prevails. When “;.=0, b(t) = b#Ro + b; R. which

Wows R. b(t) to behaveas b. + blt + b2t2. JustWhy the qued-

ratictimebehaviorarisesis not at presentunderstood.Herethe

substitutionc(t)= Rob(t)leadsto

R
c(t) k*;o-“:(t) + ;(t) + o

a I
(1>)

The solutionto this for 10= O can also be writtenc(t)= co +

)c1 o

Ro(s) ds.

To the next orderin l/k Ro, we have

.:;(t) (1 -2+) +b(t) k~o(1 y+-) -i(t) >
0 0

+W$p+-]”o.
o

.

d) OutsideRippleIndependentof e

Herethe voldcitypotentfal.
.

yieldsthe differentialeqktlon:. ..

-10.

(14)

(15)
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. .
kRo b(t) + kb(t) # + b(t)

o
.

.R
+i(;(t)+2 b;+

o

(-+k;.

The appropriate expansion8

i(t:

for

b(t)

+k

k ;0

n

R.

)

JO(l kRo)

~ Jl(i k Ro~

2

large k R are:

Jo (i kRo) “
i
‘1 (i k Roj ~’*+ ● o*“1+2k Ro

o

(
Jo(i kRo) 2

Jl(i k I?o))
..(l+~+~+.. o),

and we have the lowemt order :n l/kR
R i2

b(t) k;o +”;(t) +;(t) ~-b(t) -$ = o.
0 R.

To next order

●.

(16)

(17)

.

c(t) k:. +;(t) - :(t) >= O
0

(17a)

we have
.

b(t) kRo [1+

;2

-b(t) ~
R.

+-] +“h) [M&j--]’

[
1

l+% 1
= 0.

●

b(t) >
0 (18)

.

II. CYLINDRICAL SURFACE, COMPRESSIBLE FLUID

Now the velocity potential no longer satisfies V2$“ 02
.

but rather V2 @ = - ~/# . Let us first consider the simple

case -f/P = F(t) , i. e., indepmdent of position within ,
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wlcuwrn
the fluid. A velocitypotentialof the form

satisfies V*@ = F(t). The radialvelocityis then

●
✎

TO see that this is the correctform let R. = 0, in whichcase

.??2-r2
Vr = ;/p o

2r 9

But ~rpvr is the flux per unitlengththrougha cylindricalsur-

faceat r. AU30 W(f - r2) is the rate ofchangeof mass per unit

lengthinsidea cylindricalvolumeof radii R. and r. Hence V is
r

indeedthe correctvalueto insurecontinuity.

‘ One can now devisea velocitypotential ~ which satisfies
. .

1) ~2@= F(t), “!2)g) = R. i-b(t) C06 k: , and
Rob(t)cosk:

3) has a disturbancewhichfor an insiderippledecreasesfor increas-

ing r or for an outsideripple decreasenfor decreasing r.

One cannot, underthe presenttheory,take intoeccountvariations

of densitywith r insidetheliquid. Thereis no difficultyin find-
00

ing solutionsof ~2~ =
L

rn~ (t)= F(r,t) and incoiprating
o

thesesolutionsIn the equationsof motionto find the differential

equationfor b. The difficultyarisesfr(xnthe factthat in a small
●

amplitudetheory,onlythe value of F and F near the interface

(r = Ro) can affectthe solution. Physicallyone wouldexpectthat

an initialrippleof the form cos k e in materialof unifom density

-12-
~.... lluwY#n#3
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UiICKtASSIFIEO

couldnot maintainthis form If one portionof the materitiwere

compressed.Sinceour formalismallowsonly ripplesof form cos k 0,

it must be unaffectedby variationsof P with r at Ro. All

this emergesif one carriesthroughthe theorywith I’(r,t). Per-

hapsby takinga more generalform of F, involving 8, one could

improvethis.

a) InsideRippleInde~ndentof z

Our threeconditionsare satisfiedb;’

R: =2
@= lnr[Ro~o-~ F(t)] +zF(t) +

●

+ ~ [~(t) + b(t) ~ -

Rk+l

b(t) F(t)l COS ke ~— ●

o r

The differentialequattonfor b(t) becomes

(k-1)b(t) ;0 -;(t) R. - 2 ~(t) ;O + & (b R. F(t))= O.

The substitutionb(t) = c(t)/pRo leadsto the simplerequation

.,

(19)

(20)

● ☛
✎

c(t)~Ro -;(t) + :(t)* = 0.
0& -1

(20a)

Here,of course,we have used F = @Q . -Jf ;0 * 0, the Solu.
Pt

tion is c(t)= co + c1j P(.)~.
o
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LMKfASSIFIED

.
b) OutuideRippleIdlependent of z

1?’ ~2
#=lnr[Ro~o-~F’(t~ +~ ~(t)

.

+ ~[h + b(t) > -
k

b(t) F(tj ~- COS k ~
o R.

letiuto the equation

b(t) (k+l)”;o+“;(t)30 + 2 i(t) & -$ (Fb Ro) = 0. (22)

In termsof c(t)= P(t) Ro(t)b(t),thisbecomes

(21)

c(t) ; ;O+:(t) - :(t) -$- = o.
0

1

“ c) InsideRippleIndependentof O

2R
@=l.nr[Ro~o-#F(t)l

,:F(t)

.

+; [~(t) +b(t) >
0

b(t) F(t)] coskz

(22a)

. . ..__ . ..—.,-— -. . .... .... . .. -.— . - —— ----- .

leadsto the equation:
R2

kb(t) Ro+k b(t) ;+ b(t) kio-k b(t) ioF
o

(23)

H(l)(ik r)o

‘~)(tk Ro)‘1

+
H(l)(ik Ro)

z

[( ]

o

‘1l)(ik Ro)
[k

-14-
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For k R>>l, we use the asymptoticexpansionson page 9 and

find: ●

R
“2
R

-;(t)+b(t) k;. - ;(t) +~b(t) -$ i-~ b(t) F(t)
o R.

The substitutingb(t) = c(t)/~(t)Ro(t) gives

= o*

(25)

(25a)

so that In this casealso the compressibilityleadsto a term G f/P.
. .

The solutionfor R. = O is now c(t)= co + c1 ~f’(s)RO(S)ds.
o

d.) OutsideRippleIndependentof e

~2

@=~r, [Rofio& F(t)] +; F(t)

+ ;[~(t) + b(~)$-
Jo(ik r)

b(t) F(tjj COS k Z ~ ~ kR

o 11 0)

lead6 to
~2

kb(t) ilo+k b(t) # +b(t) k;. -kb(t) fioF
a

(26)

!
.

“i i?
i-f b(t) + 2b(t) }+b(t) ;- b(t) F -b(t) i -b(t) F ; i

i o 0 0!

Jo(lkRo)
—+

[~d
‘(i k :0) 2 [k b(t) ~.+ k b(t) :- k b(t) ~. F]=

Jl(lkRo) J1i o 0

(2’7)

For k 9.>>1 we use the asymptoticexpansionon page llto find:

R fi2

“i)(t)+b(t) kRo+fi(t) ;-b(t) -$-b(t) F -b(t) j(t) = Cl. (28)
o R.

-15-

o.

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



-

~ UNCLAHIFIEB..

/In this casethe substitutionb(t) = c(t) P(t)Ro(t),leadsto

. i
c(t)k“fio+c(t) - c @ ~) = 0,

0
I

t

Againfor Ro= O, c(t)= co+ c1 ~ P(s) R. (s)de.

o

111. ‘SPHERICALSURFACES

We wish solutionsof Y 2@ = O in sphericalcoordi~tes. To

avoidconfusionwe callthe azimuthalangle~, insteadof the customary

@ whichwe reservefor the velocitypotential. If @ is Independent

df e, y:

@(r)=Al~+B. (29)

If @ ia independentof ~:

@ = (J&z + B r-l-l)pX (COBe). (30)

For genefal @,

d= (A rg + B r-y-l)P? (COS0) cos m ~.

In developingour formulaewe shalltake m = O for

thatany spherewill have an axis of symmetry. Also

pendenceof @ ie independentof m, so thereis no

it seemslikely

the radialde-

real 10ss of gen-

eralityas thoseresultswhichhold

P~ (COSe) will hold as well for a

cos m ~.

for a rippleproportionalto

rippleproportionalto P~m(c0t30)

The equation ‘Qz#= F(t) has a particularsolution

$@ F(t).
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We are now in a position to proceedexactlyas before.

a) InsideRippleIncompressible

This functionsatisfiesv2#. o and

~1+2

+
Pz(cose). (j2”)-

*<.

the boundaryconditions,for

‘)r=R+b(~)~(co~e)=i‘%(t)~(’one).
o

0

We obtain:

b(t)

We try the

RO(61) -b(t) R. - 3b(t) &o= O.

substitutionb(t) = c(t)/R~ to obtain

(33)

I

- .&l
R

c(t) R. ~ - :(t) -1-E(t)# = o. (3*)
“o o

The simplificationis not marked,but the equationstronglyresembles

our previousones suggestingthat the factor R~2 in

is correctfor spheres. For ;O = O, c(t)= co + c1

bj OutsideRippleIncompressible

F&. %Ob(t)
~“-~ ~ )~~(cose).+ ;(ti(t)+~

R.

TMs gives
R

b(t)%oZ~+ b(t) + ~: = o.

‘2In termsof c(t)= Rob(t), this i::

the substitution

~!?o(S) ds.
o

R
c(t) Ro+- + a(t) - t(t) += o.

0 0

(3b)

(35)

(35a)

.
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c) In8ideRippleCompressible

~:

d :[=- -R:j + ~ F(t); + ~ F(t) (36)

●

-~)[~w +- - b(t) F(t]
o

e)

Made to

(37)b(t)fiou-l)-“i(t)R. - 3 ~(t) fio+~(Ro(t) b(t) F(t)) = o. . . . . . .
>,. .... .
-’--

The substitutionb(t) = c(t)/R~~ produces

..
● ,

c(t):o~+ -
1

:(t) + t(t’)’”(~+f) = o
0

which Is the formwe by now ex~ct.

(38)

+$[G(t)+** ] R=:-b F(t) -n ~ (cof3 e)

o 0

leads to

~~ 4-i(t)
o

substitute

“o 1
- ~ -j+ @o(t) b(t) F(t))+ $(t) ~ o

0

b(t) = c(t)/R~P we find

= 0.b(t) Ii.

},Menwe

(39)

(39a)

-18-
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When the finalformulaeare collectedas expressed

UNCLASSIFIE@

in termsof the

proper c(t) s, greatregularityis noted. In the followingtables

“In”denotesa rippleon an insidesurface,’’Out”denotesa rippleon an out-

sidesurface, z(or0) meansthe rippleis indewndentof z(ore), I de-

notes incompressibleand C denotescompressible.

TABLEOF FORMULAE

cYLmDgRs

In

out

In

out

In

out

In

out

.

z

z

e

e

z

z

e

e

I

I

I

I

c

c

c

c

b = C/R.

b = C/R.

b= c/R.

b = c/R.

b = C/fRo

b . +RO

ii
kc$-;=O (8a)

o

“R
kc$+E=O (lOa)

o

R
kc R. - E + k~= oR.

I

(1*)

kR>>1
i

kcRoi-&6$=0 (17a)
o

5
kc$- ;+;$..O (20a)

0
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SPRERES

In I

out I

In c

out c

ul{CLASJIFIED

TABLEOF FORMULAE

●
✎✎

ho
—=
R. 0

=0

*

-20-

(3*)

(35a)

(37a)

(39a)
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NOTE ON LARGEAMPLITUDEAPPROXIMATION

Taylor’stheoryand experimentsindicatethatfor rippleson a plane

fluidsurfacesubjectto a constantaccelerationof -509, the smplitude

growsexponentiallywith time until b(t)-.4% afterwhich it approaches

a constantvelocityapproximatelygivenby C1~~ where a is the

accelerationand Cl is a numberslightlylargerthan unity. If one were

to extrapolatethis to cylindricaland sphericalsurfacessubjectto much

greateraccelerations,one wouldprobablyassumethat c(t) increasedac-

cordingto the smallsmplitudetheoryup to c(t)-.h~ titerwhichtime

c(t)+ cl@q’z It followsthat at any giventime that ripple is de-

velopingmost rapidlywhich is justreachingthe end of its exponential

phase. As the acceleration,ripplesof longerwavelength,will catchup

with and devourthoseof smallerwavelengthand roughlythe most dangerous

waveswouldbe thosewhichat that instantwere reachingthe end of their

exponentialor smallamplitudegrowth.

I’?OTEON THIN Smm

When the wavelengthof the disturbanceis of the samenagnitudeas

the thicknem of the shell,we expectsomemodificationsin amplitude

growth, G. I.

slabof liquid

will appearon

Taylor*has analyzedthis problemin detailfor a plane

underconstantacceleration.He findsthat the ripple

both surfaceseven if initiallyone surfaceis completely

flat. If we confineour attentionto rippleswhichhave grownto many

*
Proc.Roy. Sot. A 201, 1950,page 192 (especiallyequations~ and
28).

-21-
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APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



timestheirinitialampli;ude,

have the sanetimebehavioras

unstablesurface

unstablesurface

of the rippleon

il!NCLASSIFIED

we findthat the rippleson both surfaces

one wouldcalculatefor a rippleon the

of a thickshell. The amplitudeof the ri@.e on the
.

‘“ * tinesgreaterthanbefore,but,.because

the stablesurface,the thicknessof the liquidis

greaterthan before,i. e., the decreasein its thicknessIs lessby

the factor

Here h is the initialliquidthickness,A the disturbancewavelength.

Thistellsus that a disturbancelong comr.xmedto the liquidthickness

may growto a substantialamplitude

shell. If one is interestedin the

1s likely,it appears-thats~cific

portant.

withoutgreatlythinningthe material

time at whichruptureof the shell

thin shell.effectsare not very im-

For cylindricaland sphericalshells,one might

conclusionsto hold,althoughdifferentfactorswill

-22-

expectthe same

be involved.
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