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The ideal problem of a detonstion wave yropagating_along the inter-
face between two sami-infinite explosives has becen “reated in the case when tho
point of initiation is infinitely distant. In e coordinate system in which the
detonation {ronts are stationary, the pressure, density and material velocities
bohind the front are functions only of the angle with the detenation front, For
8 given ratio of noimal detonation velocities, three cases arise; (1) The ;ngle
betwooa the detonation fronts assumes its "normal" value (1.0, its cosine is the
detonation velocity ratio), and there is a rarefaction behind each front, {2) For
sufficiently great ratic of density of faast explosive to slow, a shock is sent
from the fast to the slow explosive, which forces it to travel with greater than
its normal velocity, thus reducing the "refractive index", {3) For suffisiently
small ratio of densities, the opposite occurs, i.e. the fast explosive is speed-
ed up, thus increasing the "refractive index." Graphs have been plotted show=
ing tho limiting values of density ratio at which cass (1) goes over inte cases
{2) and (3) respectively, as a function of normal refraction angle. This has
been done asauming (a) an adisbatic index f = 3 for reaction praducts of both
oxplesives, (b) ¥ = 2, (¢) § = 2 for slow and -f = 3 for fast explosive. Graphs
have also becen plotted chowing the Jeviation from normal refracting angle as a
function of density ratio for some special cases. In a typical case, assuvming a
aormal rofractive index of 2, i.e., rofracting argle =:60°, the deviation is zero
from density ratio .08 to .55; above .55 it falls slowly to «5.6° deviation

at density ratio 2,0,
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PROPAGATION OF DETONATION WAVES ALONG THE INTERFACE BETWEEN TWO EXPLOSIVES

l. We consider here the problem of two semi-infinite explosives bounded by -
a plane, detonated an infinite distance away. We expect the detonation front
" in the faster explosive to he & plane perpendiculer to the interface, and that
in the slower explosive to be a plane making an angle o with the normal to
the interfrce, where in tho absence of persistence effscts we should have
cos a = ratio of normal detonation velocities in the tww media. We shall
investigate in particular under what circumstances this is true, and also
attempt to caloulate a in cases where this is not true.
2, If we transform to a system of coeordinates in which the detonation
fronts are at rest, we have a stationary phenomenon, #ith the assumptions
stated above the problem contains no constent of the dimension of a length,
and hence all quantities (pressure, density, material velccity, ete.) can
depend only on the angle & measured from the plane of the fast explosive
detonation front, with the orligin et the intersection of the detonation
front a and the interface, If we denote the radirl and tangential components
of material velocity by u, and “6 respectlively, the equations of motion

become:ii)

u, - dur/da =0 ' (1)

ug (due/de + u.) =-i- % (2)

1). Cf. 1A-165, Seotion 12°.8 3 § ' i 3%
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and the continuity eyuation becomoes:

du

o L, . % @

' 2
Hore p and p depote preassuro and density respectively, Using dp/dp =0,

vhers o is sowmd velocity, (2) beoomss:

au
S = 1.2
Y6 (de T j=- 50 gg_ (2a)

Combining this with (3) we have:
2 2
(ue - Q) dp/de =0 ()

Eqo (L) has two solutions: A} p = constant, which leads %o

uy =C cos (@ +s), u, =C ain (2 + 5), which clearly moans constant material
velocity, B) ug = + ¢ where the sign is to be chosen 8o that ¢ ie positive, If
wd now wake the further assumption that the reaction products of the explosive

Y.

oboy an adiasbetic law with index vy :p,\-p?,, so that 02r.,'p
dp/p = [2/(7 - 1)} do/o = @/(Y - 1] dug/ue, ege (2a) becomes:

1‘0 and hence

du.? o
1 du
L e + = - © e
T W ToYet FIT O 5ot

+1 v
°FTT @ th O
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With eg. (1), this ylelds:

’,

w,=C o fir + /Gr = 1) sin «\/9 SE oD/ D +o) ()

+e =u,.!_,_=Ccos(e \/(yai)/(y + 1) .).5) (6)

This is the familiar Prandtl-Meyer nclution for the problem of supersonic
' flow around a cormers
3.0 Under certain ciroumstances a solution of the problem exists of the
following nature: behind the detonation front in each explosive thers
-is an expunsion (l.e. a Prandtle Meyer region} which goes over at a cortain
angle into & region of con-iant density, materiel veloolty, ete., (of. Figes 1;
dotted 1ines indicate cxzpansion region I end IV). The angular width of each
expansion rsgion,and the angle at which the mte?faoe between the two
explosives moves off, can be determined by requiring continulty of material
velocity und pressure at the boundary of each expansion region, and cono
tinuity of pressure at the interface between the two media, 'One also
obviously requires the vanishing of the tangential material velocity com-
ponent at the interface; in order to avoid mixing of the two media; tho
radial component may however be discontinuous (i.e. the interface may be &
"slipstream”) o
Ve shall now write down the solutions explicitly, Letﬁ be the angle

at which the expansion region behind the fast-explosive detonation froni ends;

let # be the angle at which ¢ o moves off; let /8 ? be the angle at
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which the expansion region of the slow explosive ends; the slow-explosive
detonation front is at the angle M - a, Now at the fast-explosive detonation
front we have, from the Chapman-Jougust ocondition, that the material velocity
1s 1/(v + 1) end the sound velooity in v/(y + 1) in units of the detonation
velocity; in our system of eo-ordinates (detomation fromt at rest) this means
a material velocity of /(v + 1) ; since this is normal to the front, we have
that for 6 = 0, ug =¢/(x +1), u, =0, and o =+/(¥ +1). We have therefore
in region I, (0 < @ < f)

o e e (/R (m

In region II, /( e <L ﬂ, wo have constant pressure and velocity;

the requirement of continuity gives:

eyp = ?{;T cas (/9 ,%f:.;:%.) (8a)

w =45, siz (@ - 647 {80)
where
A= L 2 2 -
5 SR s Y A =T sin ( /;é_;%) (84)

511 =

F—% t&n(/g \/m ] | (8a)

- _..."‘P o:o o000 oo
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Similarly at the detomation front of the slow explosive, we have the

material velocity equal te cos a/(y + 1), since we nre assuming
here that the slow detonation front is at its "normal™ position. Transforming
to our system of co=ordinates, we find that at the detonation front we have

LI (¢ cos a)/(y +1), u =sing, o= (v cos a)/(¢ +1). This gives the

following solution in region IV, (p" <9< o aq)

v
N 2 '
W—\/%—-}Ttanl["(m’rl tan g (90)

In region IIX (ﬂf <8< ﬂ') we have imnediately, from the

requirement of continuity at @ = /3 v:

[+] = Y 1 e Sinaa . t o - -
III m / Ya Cos8 Eﬁ ll/"‘ a “) ’: = X ] (10&)

v, =Aprg 008 (8 = 5yyy) (10b)

ur =:1lIII Sill (% Lad GIIJ) (100)
A = ¥ 1 . sinac'. 1+ 2 1 2 VW N A - {
111 ‘?:'TT -;?-c- ‘?E:T sin [(6 =\ T Q- ) "‘_:Tﬂi !
{104} :
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6III = ﬂv o o tan"l( /%{-% tan [(/B" =W+ 0 - 19 %%_%.] (10e)

The condition that u, = 0 at the interfuce, 6 = d, leads to the condition

£ = 51‘)’. =4 - dy11 = R/2-, hence we must have 677 = Sx11° This gives ome
squation between /9 and /8 "2 the other equation must come from the continuity
of pressure at & = #. Ve shall find the rela’.tion necessary between Sry and
®I11 in order bthat the pressure be continuous, From 02 =‘fp/p, we have,
assuming Y the same in cach medium (OII °III)2 = pIII/pIP Further, in each
medium, we have p = pc(p/.pe)y whexre P, and p, are the Chapman-Jouguet values
of pressure and denslty, respectively. Using Pg = [('\,’ + 1)/Y]pon where p,

is the normai density, and p° = vy + l)ﬁc/pq, where D is the normal detonation

veloclty, this becomes:

: 2
. T)Y D ¥
+ +1 \y F 1/ T -1 °
. Po

Continuity of pressure therefore requires:

(9111/ prD” = (py/| Pz')Y -1 (Di"/D,;)a (11)

Hemco oyy/cyyp = (pu/pf\ (r=1)/2 (1/cos a) 1/.., (11a)

vhere p, and Py meen the normal density of the slow and fast explosive
respactively,

Lis If we now consider the special case Yy = 3, we have

®111 %11 ° 3/ (/) cos a (11v)
.‘:' .E. E:. .E. E:. E.:

APPRCVED °F PUBLY C *RELEASE
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or using Ba and 1Ca:

i {ain a)a cos [(/? #{-P a = “)//2-] =W coa(ﬂ/\/é-)

’ (22)

vihere Wa 2 tan 1[‘/5/3) tan a;]

The condltion 6 III gives:

1 [ﬁtan (IB/{/Eﬂ =,E =ﬂatan1(/2ta.n n"‘/“_:’_+a° n) (13)

For a given detonatinn veloolty ratio and density ratio of two explosives,
therefore, (12) wnd (13) may be solved for ﬁ and /8"0

Fig. 1 shows the flow lines in a typical case®; the dotted lines
indicate the regions of rarefaction behind the detonation fronts. In that -
case, which corresponds to a detonation velocity ratio 1.6 and density ratio
055, ane obtains P = 19:55°, & = 9hi.8°, g = 121.25°, @ = 51.3%,
5. For certain ranges of valucs of pf/ptsp it turns out that egs. (12) und
(13) have no solution, In fact, if, keeping a fized, one varies pr/ps, one
finds that as the ratio is increasged, /3 and ﬁ" both increass, ic.e., the

expansion region im the fast explosive increases and that in the slow

explosive decreases, until finally /gv = = a (the slow explosive expansion

region disapnears) ; and similarly, if pf/p8 is decreasod, /3 and ﬁﬁ decrease
until fimllyﬂ:: O (the fast explosive expansion region disappears), That
this should be the case is plausible on physical grounds; a fast explesive

of great density tends to push inte the slow=sxplosive region, and one of

small density is itself proyestcy frpm 8xito3ding by a dense slow explosive,

APPROVED O PUBL] C RELEASE
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The limiting valucs of pf/b8 for wiich a solution of the type discussed above
can be found, ure casily calculated from equations (12} and (13) by sett‘;ing

£ = 0, and eliminating B’ (low density ratio 1imi%) or '.Dy setting

13° = Mo q and eliminating /9 (high censity ratio limit), The resulting
curves in the case y = 3 in both explosives are shown in Fig. 2, curve No. 1o
Curve No. II1 gives similar 1imite for the case when ¥ = 3 in the fast explosive
and v = 2 in the slow, The calculation for ¥ # 3 everywhere ia cxactly the
same as in the original one, excopt that the form of the condition requiring

continuous pressure at & = ﬂ is somewhat more complicated, One has in fezot,

instead of (11b) the following condition:
2
sppn = @735 (cos®a) (pg/bg) o177 (L)

Eqo {13) is changed only by inserting ﬁ in place of \/-2_ on the rightzhand
side |

There have been inserted in Fige 2 points corresponding to several
~real explosives, JSince not teo much ia known about the value of y to be
Aa.ssigned to these explosives - i1f in fact tho assumption of a vower law of
that type is itself at all wvalid - one camnot draw wmany conclusions; it sescms
however that Baromal used with either pentolite or compositiom B should
probably behave “no.rmily"‘-, the other combinations may be a little outside
the allowed regions.
6. In case the density ratio pf/ps is outside the allowed region one may

calculate what hapoens in the following fashion: Since too high values of

pf/ Py apparently mesn that the fast explosive is "pushing into" the slow
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explosive, i.0. the high pressura behind the fast explosive is forcing the
pressure behind the slow explosive above ite normal valus, ons may assume
that the slow erplosive detonation is forced to travel faster tham ita normal
veloolity, i.80, @ is reduced. In the opposite cmse, (pf/p8 too low) one could
argue similarly that the fast explosive is forced to travel faster then normal;
but this sceme doubtful physically, In this case one probably has to know
more about the structure of the detomation fronkt itself, in order to say what
happens at the intersection of the frontes in the fast and slow explosives,
Since however the lower liwmlits of pf/bﬁ a8 shown in Fig. 2 are se small, the
question 1s of 1ittle practical importance, and we shall not attempt te
treat it further here, but will 1limit ourselves to the first case (pf/ba
too high),

The eauation of the Hugoniet curve (i.e. the curve of possible

pressure - density conditions benind the detonation front) can be written:
p = po/[(? + 1) v/vo - (y - lﬂ (15)

where p, is the normal, Chapman-Jouguet detonation pressure, v is the
specific volume, and v, the normal specific volume of the explosive. From

the Hugoniot conditions, we have further that the detomation velocity D

i
is given by:

2
D¢ =pv /(2 - v/v,) (16)
Since the normal detonation velooity D, is:
2 .
Dy~ = (¥ + Upyv, (17

APPROVED FOR I.:’UBL.I C.hELEASE
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tle have for the slow explosive:

(0,/b,0)° =

(¢ +1)(1 = v/v,) Elf[(«,» +1) v/v, - (v - 1)] (18)
The new value of a is therefore given by:
c0sa = (Dg/Dp) % = (B/D, )2 o (Dy/Dp,)”
- 0052 0q (19)

DA =)l + 1) v, - - 1)]

where ¢, is the "normal™ refractive angle. Similarly we have the sound

velocity at the slow detonation front o2 = ‘Yp/p ors
02 = YPgV
(v +1) v/vo e (¥ = 1)

(6/00)° = (o/b o) (Dyo/Pe)? (20)
e . e
v Y tr +1) v/vg - (r = 1)

and the material welocity u at the slow detonation front :

o )
u = p(vo - V) (21)
2

u = 1 (i- "/,Vc,al cosauo

B, Y+ (¢ F1) v/vg = (t = 1)

APPROVED FOR PUBLI C .F.QELEASE
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Transformin- to our system of co-ordinates, we have, in units of Df:

uy == (vo/v)cos 5, U = 8in a, ¢ =cos a o fy(v/vo) (1- v/vo) at the

slow detonation front, If we assume we have no expansion region behind

the slow detonation front, (which is reasomable since we arrived at this
oase by going beyord the 1imit in which such a region disappeared), we have
three regions instoad of the previocus four., Regions I (0< € < ,3) and

II (/9< 9 < #) have precisely the same solutions as before (i.e., squations

7a, b, snd 8 a to @) For reogion III (f <6< 7o a), we now have:

Uy = Aypq 08 (e = 6111) (22a)
w, =4, 8in (8 = by (22h)
°1112 = Y(V/?o) (1 - v/vo) cosoa ' (22¢)
where AIII = \/1 - (& - {v/vQ) %052 a (224)

=/
ft

=1 tan a
131 = AR (—7‘“7 =) -a (220)

o

o have again the condition § = GIIIO This gives one eguation between

iI
the three unknowns 8, a, v/vo;, Ego (19) gives anotherj; the third must
again come from continuity of pressure at 8 = g, This gives, by a cel-

oulation similar to thet at the end of Section 3,, the following equation:

(r-1)/2¢ vy /2 2]
crp/errr = (Pg/Pp) ° [(coa a) G’% o L :9 E«rﬂ) Q- %-:)]

N (23)
which reduses to (1la) when v/vo = 1’/ (¥ +1), 1.6. the Chapman-Jouguet

value. Inserting the values, of cy5 and (%I;II' we obtein:
L X ] L X 1) L] e o o L]
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3,53, 5,08, 580 UNU[ASS"',H
SIS S O R — —

« v v
Loos(ﬁ 1=1 =(£§=%§}, \/(f“.;“‘;‘(lﬂ-v-:\)cosa
xx) / /ﬁ?’ff’) Pr (c0s a)1A= [%_ . %:g, 1/?@_ ) (1 )} %)]1/&
Q

Q

-

(23a)
and using @g. (19) for cos a and simplifying, we have finally:

o »;15 1- 1/ |
( Bl ) (52)= 222 o) (230)

‘:(Ym %: . 1§I(1/2)(1-=1/v)

7. If we consider aguin the speclal case vy = 3, this equation gives:

- / p . o 2 1/3
c - 8 cCOoS  Q, c
os (B/V2) [-,;-r TN . (23e)

Equation (19) becomes:

2 00820:
ces @, = Q

W1 = v ) v/, - 2) (e

and by = 81171 glvese

ﬂ ® ‘t:a.n‘=1 [ﬁtam (ﬁ/\/?:)] =1 (‘han a.) (2s)

1
|

For given values of a, amd ps/pf {where Ps/pi‘ is to be chosen above the
limiting valus of curve No. I, Fig. 2), these equations may be solved for
a, '5 and v/voo To caleulate the refractive angle o as & functlon of
density, the following scheme is simple: sslect values of v/vo less than
the Chapman-Jougust value 3/14, (corresponding to higher than normal

pressures in the slow detonation front); from these oa.lcula’ce a from (2l);

(25) then rives /g o s.n.d- (2§c)§oma3: b sq?.yed for péq'_?_Flgo 3 gives the

APPROVED FOR PUBLUHWQ
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U= VR *
) o .
result of such s calculation for the case a_ = 60, 1.6. "normal" index of

@

refraction = 2. According to this curve, the angle of refraction decreazes
almost linearly from 60° at pf/ba = .55 to about Bhoh? at pf/ba = 200c
These deviations are therefore quite appreciable and should be observed
experimentaily, if our assumptions about the equation of state of the
explosive roaction products are mnot too far wrong (i.e. equation of
State‘p4ﬂJ95)o

It should also be remarked that in an experimentel setup, these
deviations are to ho expeoted only in the neighborhood of the interfacej
in fact for a distance of the order of the width of the explosives. Beyond
such a distance, the detonation waves will have thelir normal velocitles,
and will be curved, since it is only in the ideal case of infinite extent

of explosive and infinite age of the detonation ymve that the fronts are

all straight lines,
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