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When vy - 1 is small; the pressure and density grad%éé%; beo%?\”-w
large at the shock fromnt and very small a short distance behind,?ﬁyjaho;k\a
Bethe has made use of this behavior in developing a set of analﬁx108} soggi
to the hydrodynamical equations which become more nearly valid as Y approachss
one, In the second section, direct point=by=p01nt numerieal calculations of
Taylor's oquations are carried out for y = 1.2 and 1.1, From these it may be sesn

that Bethe's approximate solutions give very good results for values of ¥ oven

larger than 1.2 o
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TAYLOR®S HYDRODYNAMICS OF STRONG SHOCKS}&?E&IEDITO GASES
SRS Y
BAVING SMALL VALUES OF y-1'¢', 7 > A
*{‘?.‘:'p’«}f{.‘n, %
ot NN
Go I, Teylor has developed a theory for the hy%;&ﬁ miés”
DL 0 3
20 A
shoock waves arising from a point explosion (BM-35;3 RC-210)°4§5Q@%‘tre§ o
' 2 p A
similarity, i.e. the pressure, density, and material velocity bgh

. CN N
are funotions of the radius of the shock wave and the ratio of tfie fﬁdius-gf the

point under consideration to the radius of the shock weve. When y-1 is small,J
the pressure drops from its value at the shock front to approximately half this
value and the density goes from its value at the shock front to almost zero in a
very short distance beshind the shock front. Thus the problem may be divided into
a consideration of the thin shell in the neighborhcod of the shock front and a
sonsideration of the central core in which the oconiltions msre relatively simple,
We obtein approxiﬁate solutions to the Taylor equationé whioch become good for
small values of y-1, The Taylor conditions in the neighborhood of the shock front
may be used even when the conditions in the central core are quite different from
those arising from the point explosion, i.e., the simple similarity conditions
which Taylor assumes are no longer valid,

I. LIMITING FORM DEVELOPED BY BETHE OF TAYLOR'S . HYDRODYNAMICS OF STRONG SHOCKS
IN GASES WITH SMALL VALUES OF y-1

The following eguations were obtained by Taylor for strong shock waves

in gases having any value of y-1:

v =r/k ' (1)
/oo =y = i‘_?.(R.g_’ (2)
o/po = ¥V (3)
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?
u= AR':S/?' ﬁ’k?]) /‘,-.
U = AR-3/2
5 1
Egot = 4npgh g [(1/2)‘/’12’ * ~——-—-—]=, 2am
o Y(Y" ) P .
/v} ':\/.::L \?\ t!.’
»V 7 \
Hore r is the radius of a point in questiony R 1is the radiuaP\of.‘C%)le skg %

R
fronty the subsoript zero refers to the undlsturbcd atmosphere or\coﬁq_itiona \in

front of the shock wave; p 1is the pressure; p is the density; o is the velocity
of sound, c® = Yp/p 3 u 1s the material velocity; U is the shock wave velocity
or dR/dt; Biot 15 the total energy of the explosiony A is e constant %o be
determined in terms of the ‘otal energy of the explosion, the velocity of the

shoock wave, or the shock pressure when the shock reachss a particular value of the

radius; f » Z, and ¢ are functions to be determined by the following differential

aquationss
£ s(p-f) + (v/f2) -2y (7)
T -y
po= D0 - 38/ (8)

7 -

v = B +28/y

v TE (9)
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At the shock front,n=1, f,  , and ¢ have the values:
[

£(1) = 2y/(x+1) (10)
1) =2/(y + 1) (11)
¢(1) = (v + 1)/(y-1) (12)

And substituting (10), (11), and (12) into Egs. (7), (8), and (9) we obtain for

the values of the derivatives f* , #* , and ' at the shock fromts

pe(1) = 2y(242 + 7y <3)

(y-1) (v + 1) (1)
gy =2 (14)
¢ = Sy +13
ye (1) o (18)

In the ocore, i.e, for sufficiently small values of y (for gamma less

than 1.2, )= .9 is already sufficiently small):

f £ constant (18)
#2n/v (17)
p o ' (18)

- rAPPRO\/ED FOR PUBLI C RELEASE
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0.7/‘)" Y AVAN /
(7), (8), and (9) which are valid for small values of ¥y uo%:, and sufPichegrtly

simple soc that these equations may be integrated for valueS‘ﬁgmi?gea:\g

First, we must establish the following propositions:
1)e < # is always proportional to (y-1)

A% the shook front, - g = (y=1)/(y+1) (19)

In the core, y-f = 7(7:-1)/7 (20)

Therefore it may bé assumed that the proportionality applies for all values of %.
2). £* =3y | (21)

At the shock front where )+ 1 ¢ o, . 2¢(2y% + 7y - 3) Y/

(v + 15 (22)

If y ¢ 1, Bqo (21) is exaotly satisfied at the shook fronty if y = 1,2 , at
the shock front, £' = 1,866 ¢, (23)

In the core, using Egs. (17) and (20), Eq. (7) becomes:

+ (3/%)9 (y-1) =p/2 +2 Yy
() = [(0/v) (v-1)]°

£r/e=

1o

(¢/1) [KZ/Y - 1/2 + (3/) (‘Y=1))] 2 (3/2) 7 §/¢  (24)

\

Agein the proposit:\ on (21) is exactly satisfied 1f y = 1 and very nearly satisfied
i1f vy = 1.2 . Thus we can assume that the proposition is approximately true for

all values of yo

30, (¢/r) (-$1% 11 (25)
At the shock fronts
(/J/f) (9-#)% = (v-1)/2v (26)

.  APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

Thus we assume that this guantity is always smallo

. _ e
S Y A
4). fa /v ’«'o;%}@ (293
At the shock front, @ = 2/(y + l)o If vy is exactly one, thi@,ﬁgﬁaes w.

o " by
proposition (27), otherwise it differs by terms of the order of‘){(‘y-i& %33 v

example if v = 1.2 , the }d = ,909 instead of .833 as expeoted from (27). In the
core, Taylor hag shown that (27) is an excellent approximation for any value of .
At the shook front, ¥ = (y + 1),'/y- 1) and is very large for small

values of vy , . it rapidly becomes smaller with deoreasing 7 and approaches
zero in the core, In practically all of the interesting region of the shock shellg
 is greater than unity. In ‘f:his region, 7 is pro'.otioally unity., By the
proposition (25), the denominators of the right hand sides of Eqs. (8a) and of

. (9a) are both unity, also the third term in the numerator of Eq. (9a) is small

compared to the first two. Thus the Egs. (8a) and (9a) becomes

’jl

T e

-2 #/9 + 3/x * (3/2) B (¢/1) (p-m
= 1/v+°"7 % -#)

1+ (3/2) (p/8) (9-9) (8b)

o

Ba st @QY)

Yo - *

3/(9-9) + (3/2) ¢/t (sb)

The justifioation for the 1astAapproximntion in obtaining Eq. (8b) depends on ;/’
bring larger than unity., The third equation necessary to solve for f, 7!, and ;0

in the shock shell is Eg, (21):

£ 2 (3/2) 4 (21v)
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It is oconvenlent to let:
9 = 1= (y-1)x
7-f=(v-1)w

Then tgs, (8b), (%b), and (21bv) become:

dw/ax = 1 - fr =& (3/2) (y-1) (¢/f) w
d log ¢/dx = 3/w + (3/2) (#/f) (v-1)

dr/dx = (3/2) (y=1) ¢

Combining Eqs. (8c) and 21c):

dw/dx = = (w/f) df/dx
or

wdf _ 1= d log £

faw d logz w

And integrating:
log £ = = log w *+ constant
or

fw = oonstant = f(7=l) w(7=1) = (;%%i ) -$%T % 1/2

Then combining Eqs (9¢) and (21c) and making use of 5q, (32):

d log ¢/dx = 6f + d log f/dx
Now let: :
z= [(v=1)/2) /e
Then:

d log Z/dx = 6f
" And Eq. (21c) becomes:

d log f£/dx = 32

(31)

(32)
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Combining Fgs, (35) and (36):

& log 2 _ fdZ
d log £ Z4r

=2 £f2

or
6z/df = 2

So that on integrating:

£ = (1/2)2 + constant
Since r(7=1) = 2v/(y + 1) = 1 and z(g= 1) 8[(y«=]¥2][2/(y=1)] F(r=1) = 1
Thus:

£f=1/2(2 + 1) : (40)

Substituting this back into Eq. (35):

az/dx = 3z(z + 1) (41)

And integrating:
sx=\_92 __ = log 2/(2 + 1) + constant 42
S 2(z + 1) / )

Aad at the shock front x =0 , Z =1 so thats

. 22
3x =2 10€.° Z re 1 (43)

ox
Z 2 ¢3%X/(2.¢%%) (44)
These oquations then detqrmflne £, }d » and ¥ . The complete solution to Taylor's
egquations for small valués of y=1 in the resion of the shock shell can be obtained
from the followinz expressions for f , § , and y’:
£ = 1/(2-63(y=1)/(x-1)) (25)
g =9-(y-1) [1-(1/2)e®(3-1)/(v-1)] (46)

‘”gzgs(ynl)/(yol),/% - BS(-1)/(x-1)]?
¥-1

(47)
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From Eq. (45) it appears that f approaches the ve °Q 0’,’50 in the Q~ore° This
<.'\’\'

%
)

$ “
rasult migtt be questioned since the approximations ’Q\?ﬁd‘lgre uQ 1e
{.

I B .
5,
the core, However, direct numerical integratnons for &gﬁm gaquh t

B, % %
indicate that in the core £ & 0,50 -(y-1)%/y - ¢°o‘<“~"'0
' # %
11, NUMERICAL SOLUTION OF TAYLOR®S EQUATIONS WITH y = 1.4

Weo made a straizht point-by-point numericel integration of Taylor's
equations for vy = 1.2 and 1,1 . The values of f, # and J so obtained are
given in tables I and 11, and shown in Figs. 1 and 2. The following values were

obteined for the soluticons of the equationms,

ok
Y=1°4 'Y=102 Y=191

S xmz\) 24 0,185 0,2374 0.2673

(v}

1

S £yfay 0,187 0.1766 0.1736
] (3)

1

Y . o .

S £ ”‘724\7 0.219 0.1941 0.1847

)

1 ] .

g ¢-72d ) 0.3335 0.,3275 | 0.3167

* 111 values for y = 1.4 were taken from (BM-35; RC-210) by G.I. Taylor.
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- 11 -
Y B €
ergs tons TNT
¥ 2 <16, a2 4. ..
1.4 5.36 pA 1,2808 x 10”"% A -8
1,2 10,742 2.,5668
1.1 21,620 5.1422
Y t L
P/bo sev ckin/Eint
L ) 3 95 5/2:= %
1.4 5,677 x 109R=3£(»)e|.1626 x 10"IRV ="K 2774
1.2 5,2466 »2302 .1613
1.1 . 1,768 -3258 » 0847

(A convenlent unit for energy is the "ton of INT" equal to 4.185 x 1016
ergs.)

Here P, has been taken as one atmosphere and Po = 1.29 x 10’3gms/bm§ o

In calculatiﬁg the energy loss we should point out an error in
Taylor‘s paper (BM-35; RC-210) which was first noticed by ¥illiam Penney. The
energy in the system after the blast wave has passed should be estimeated from the
enthalpy instead of the internal energy and therefore Taylor's energy lossges,
Ey » should be multiplied by gamma., With this in mind, we obtain for the fractionm
of energy lost up to the time that the blast pressure is y1 = p/bo :

¥y = 1.4

El (corrected)/E = (}/&1) (1.341 y1(1/1°4) = 2,282)

#All values for y = 1.4 were taken from (BM-35; RC-210) by G.I. Taylor,
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- 12 - %
A

¥y =1.2

Ey (corrected)/E = (1/y,) (1,152 y(ll/ 1.2) .2,090)

v = 1.1

By (corrected)/ E = (1/y;) ( 1.084 y§1/1°1) - 1,937)

undisturbed gas. If we intend to use these relations for hot air, then 1t is
clear that the intrinsic energy of the initial cold undisturbed air corresponds

to v 2 1.4, In this casef

1.2 (hot air)

Ej{corrected)

= (1/yy) [10152 yll/loz - 10241]

w.
I~

v = 1,1 (hot air)

Ly {corrected)
B

= (1/y;) {10084 y1°9% - 00649}

The results are shewn in Table IX1, The energy loss becomes larger as gamma
becomes smaller, Eelow 20 atmospheores shock pressure, the shock can no longer bhe

considered as strong and the Taylor solutions no longer are valid.

* 1f we let EI/E = (1/&1) ay]_]'/Y 5/3] s then ,a/yl is just the heat content
of the air within the sphere of radius R divided by E. Or
£ _ (1,4)anpR°
yl 3(04)EY]_
3 = A2 = 2
But R /y1 = A2£(9 =1)/c%

So that .
Al T 29.322/ [(Y +1) (E/Azpo)]

APPROVED FOR PUBLI C RELEASE
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¥=1.2
f g
1.2303 0.9091
1.0806 0.9080
1.0706 .. 0.3079
1.0c08 70,9060
1.0514 0.%050
1.0:13 1. 0.2040
1.0326" " 0.803)
1.90333 2.20%0
1.01=8 0.90190
1.0052 0.2099
3.7278 J.3990
0.98¢3 !~ 0.8730
0.%316 0.8270
0.5737 | 0.5230
0.3850 ' 7D, 8750
0.7583 0.8940
0.2508! - 0.8330
0.90435 0.3520
0.5324 0.8910
0.9224 ... 0.33900
0.9275 0.84990
0.9153 0.8830
0.2092 0.8879
0.9027 0.8960
0.8983 0.8350
0.8901 0.8840
0.8640, . 0,21231
0.8730 0.8822
0.5721 0.3813
0.86¢3: - 0,38204
0.8606 ~--0.8795.
0.8550  0.8786
0.8495 0.8777
© 0.8441 . 0.8768
" 0.8383!% Q.8759
0.8338i+2.0,8750
0.8285 -0.8741
0.3235  0.8732
0.8185°  0.3723
0.8132:: . 0.3714
0.8091. 2.8735
0.8045 0.3696
0.7993..  0.8:97
0.7354 .  0.3873
0.7210' ~0.8889
0.78¢7 -.0.8380
0.7824 . 0.8651
0.7782 0.8¢42 .
- 0.7741 " U.8633
0.7700 T 0.8524
0.76¢0. 0.8615
0.7621 '+ 0.8606
. 0.7582 - 0.85397
0.7544" ; 0.8589
. 0.7507 | 0.8581°
0.7470" 1 0.85%3
0.7434 | 0.8565
0.7598_ | 0.8557
0.736% 0.8549
S fEL
R T 10 RSP
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TABLE I )
L o @ BPAE
N N P g
11.0000 .a705 D788 0. dek
10.7¢25 L9709 0,768 .. 2. 0, 2587 §
10.5322 L9675 0.72802 .. ~0.55%5,
10.3057 L9840 D.7227% Q. 3517}
10.0%18 .I68E5 0.7135 'z ".0.280%
'g,8813 L2220 0.7183 ¢ QTE501%
9.6787 378 0.7132 20,3453 "
9.4777 .9875 C0.7121 Q#8435
9.28472 .9545 0.7279 Q857
§.0051 .96 0 9,749 QI
8.9134 .3E55 0.7919 2L
T TELPRED 2259 0.3581 *0.5%5'%)
5.873% .GC45 0.:952 0..%.5
3.3R82 L9€49 J0.R324 0.8437
T, 0322 L2235 9. 0.3429
8.073% L3530 2.:%8% 0.3421
7.9191 .2625 J.73492 5.8213
7.7655 L2229 3.£8215 0.2408
7.3219 0515 D.6733 0.2337
74721 .3C10 0.6753 0.23:%
713400 .7505 J.:737 2,222
7.2045 :
7.0725 .37 9.2712 0.3373
6.9435 .359 0.3782 0.°753
5.8184 052 3.7 14 0.3743
6.6961 .357 0.6367 0.5722
6.5769 . 256 0.3521 0.8313
8.46086 .985 0.2277 0.5298
5.3471 .254 0.31434 0.3253
5.2363 .333 0.23%2  0.8285
6.1281 .952 0.8351 0.3255
6.0224 L2851 - 0,631l 0.8241
5.91392 .25D 10,8272 0.8227
5.3184 .949 0.5234 0.S213
5.7290) LG43 0.3197 0.8139
5.6238 .947 0.8131 0.8185
5.5228 .346 0.:126 9.38171
5.4379 .945 0.6232 0.8157
5.3481 .044 0.3059 0.8143
5.2603, .43 0.3027 0.3130
5.1743 .922 . 0.5976 0.5117
5.090. .241 0.59:6 | 0.8104
5.2086 .940 0.5736 ' 0.3091
4.3254 .933 9.5907 0.8078
4,347 .938 0.5579 0.38055
4,773 .37 0.5852 0.8052
4.6980 .933 0.5825 0.8039
4.6245 .935 0.5797 0.8026
4,5528 .934 0.5774 0.2013
4.4322 .833 0.5743 + 0,8000
. 4.4133 1,932 0.5725 0.7987
4.3458 .931 0.5701 0.7975
4,2797
4.2150 .930 0:5678 0.7933
14,1318 .928 0.5633 0.7939
1.0894 .926 0.5590 0.7915
4,0285 .924 0.5549 - 0,7891
3.9688 .922 0.5510 | 0.7867
3.9103 .920 0.5473 0,.7844 .
~

REIET 12 O 12 10 o~ 31 G
O S J OO0 DU D)

2.58584
2.792¢
2.7132
2.8452
2.5795
2.5131
2.4:83
2.32€9
2.3270
2.2290
2.2123
2.1583
2.1055
2.0543
2.0047
1.9566

1.9102

1.8848
1.2210
1.7785
1.7372
1.6970
1.6579
1.5199
1.5530
1.5471
1.5122
1.4783
1.4253
1.4132

1.3820
1.3219 .
1.2647
1.2102
l.1582
1087

£
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LomeCER T eyl
V L. o ,b ‘
B . -
‘ ,918 0.5438
; .9186  0,.5404
-~ .914 | 0.5372
- .910 1 0.5312
.908  0.5283
.908 : 0.5257
.904 . 1.9.5231
o 0902 M l .O‘ 5206
' .900 0.5182
.896 0.513%7
0892 v OQ 5096
.888 ! 0.50858
.8e4 0.5023
.880 0.4991
.876 0.4962
.872 0.4935
: .868 0.4910
" .864 0.4887
.860 0.486¢
856 | 0.484%
; .852 0.4830
' .848 0.4815
.844 0.4801
.840 .1 0.47875 .
.832 0.47627
e .824 0.47419
- .816 0.47245
T .808 0.47099
e .800 ..0.46976
: 792 . (.46873
- 784  0.46757
B 776 0.46715
? 768 ' 0.46655
" .76 - 0.46605
: .74 0.46501
.72 0.46441
.70 0.46407
.68 0.46388
.66 0.463774
.64 0.463717
.82 0.463687
.60 0.463671
.58 0.463664
.56 | 0.463661 !
.54 1 0.463659 -
.52 0.463658
) Q.463658
o3 1 0.463658
.2 0.463658
.1 0.463658
0 0.463658

FOR PUBLI C RELEASE

¢

0.7821
0.7798
0.7775
0.7752
0.7730
0.7708
0.7686
0.7664
0,7643

0.7622
0.7580
0.7538 !
0.7497
0.7457 |
0.7417
0.7478
0.7339
0.7301
0.7263
0.7225
0.7188
0.7151
0.7114
0.7078

0.70419
0.69702
0.58993
0.68292
0.67597
0.66907
0.66221
0.¢5539
0.64860
0.64184

0,63510
0.61829
0.60158

. 0.58483 |

0.56831 '
0.551719 |
0.535145 |
0.518586
0.502041
0.485509 .
0,468080
0.452484
0.435991

0,419512
0.337317
0.266597
0.167918
0.088407

TABLE Y~~-CONCLUDED

g

1.0617

1.0171
0.9747
0.3343
0.8958

. 0.8591

0.8241
0.790%7
0.7589

0.7286

. 0.6705

0.6174

; 0.5688

0.5244
0.4837
0.4464

0.4121 ¢

0.3806
0.3515
0.3248
0.3001
0.2773
0.2563
0.2369

0.21900
0.18580
0.15759
0.13360
0.11318
0.09579
0.08098

© 0.06837
. 0.05764
. 0,04852

0.0497"
0.02433
0.01434
0.00828
0.00488
0.002584
0.001351

0.000728
0.000369 :

0.000181
0.000085
0.000038
0.000016

0.000006
0.000000

COO0O0

!
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TABLE II
7 4 &
1.0000 1.0476 0.9524
.0278 1.0293 0.9513
.9990 1.0128 | 0.9502
0985 0.9966 0.9491 ;
.9980 0.9811 0.9480 17.5223 ' Qa7 &y
L9275 0.9662  0.9469 16.5993 2% X
.9970° 0.9520 - 0.945% 15.2177 % % 0
.9%565 0.7384 0.9447 15,5745 A% !
. 9960 0.9253 0.9433 14.9870 o
19955 0.9127 0.9425 . 14,3927
9950 0.9008 0.9414 13,3492
.2945 ~0.37390 0.9404 13,3346
.9940 0.8773 0.9304 12.8452
.9935 0.2571 0.93&4 12.3524
.9930 0.8535 0.9374 11.9216
.9925 0.8468 0.9%34 11.5224
.9920 - 0.8372 0.3354 11.1235
.9915 0.8279 0.9344 10,7435
.9910 0.8190 0.92334 10.3515
.9905 0.8104 0.9324 10.0352
.9900 - 0.8021 0.9314 9.7068
..989 . 0.7860 0.92¢5 9.0777
.988 0.7710 0.9276 8.5037
.987 0.7539 0.9257 7.o797
.G86 0.7437 0.923¢ 7.4975
.985 0.7314 0.9221 7.0551
*.984. 0.7198 0.9203 6.5475
.982 0.6980 0.9185 5.8951
.980 0.6%78% 0.9134 5.2540
.978 0.6616 0.9101 4.7033
.976 0.6464 . 0.9089 4.2271
.974 0.3328 0.903& 3.8125
.972 0.6206 0.9008 3.4492
.970 0.6096 0.8979 3.1292
.968 0.5996 0.8951 2, 8460
.966 2.5906 0.3923 2.5941
.964 0.5324 0.8896 2, 3694
.962 0.5749 0.8870° 2.1681
.960 0.5681 0.8544 1.9871
.958 0.5619 . 0.8819 1.8239
954 . 0.5505 0.8770 1.5289
+350 " 0.5410 0.8722 1.2834
<746 . 0.5331 0.8876 1.0906
.342 0.5264 0.8631 0.9264
<538 0.5208 0.8588 0.7893
<334 0,8160 . 0.8546 0.6740
«?330 0.5120 0.8504 0.5766
.28 0.8086 0.8463 0.4940
22 0.5057 0.8423 0.4238
918 0.5032 ‘ 0.8383 0.3639
B~ 0.5011 0.8344 0.312 s
310 0.4993 0.83G8 0.
- c— B¢ SO . — . . - - . .
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TABLE II-~-Concluded

y=1.a1

m r 2z
.898 9.4950 0.5171

~730 0.4:31 J.8113

832 T 0.4917 Q.02

374 0.4907 0.7%38 -

. 93¢ 0.4900 0.7294

.853 0.4895 0.7525
.850 0.1£92 0.7748

842 0.4520 0.72753
.83 0.453€ 0.7301

528 0.45857 0.759%

813 0.4576 0.745%

310 0.£385 0.7325 0.0039
.794 0.15c4 3,770 0.20152
J77E © 0,47 0.7395 0.9003714
762 0.455L J.6951 0.0007°076
7438 0,454 0.5%03 0.0000722
.70 0.43 4 5.03c4 0

.35 0.4S%4 D.3709 0

.60 0.4834 0.5435 0

.55 0.43%4 0.5230 o)

« 950 . 0.4584 D.4545 0

4 0.4884 0.3336 o)

.3 0.4884 0.2727 0

.2 ' 0.4534 0.1318 0

.1 0.48e4 0.02091 o)
0 0.4824 0 o)

TABLE III

corroctgd Fraction of Energy Lost when Blast Wave Has Pressure n

. Ej(corrected)/E Ej(corrected
21 ¥z1.4 ¥=1.2 Y=1.1 [ %f:t = 1)£E] h;taﬁi
10,000 atm | .097 248 469 097 .248 «469
1,000 .185 <362 576 .185 363 577
100 .336 .54 .693 .336 .522 -706
50 393 558 <721 393 575 747
20 455 .595 728 .455 637 792
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