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ABSTRACT

.

Formulae are derived for the asymptatie neutron dtinsityand

emerging from an infinite plane slab (thickness large compared to the

which sustains a uniform

capturing and to acattcr

f~ is a constant, ~ is

production of neutrons. The slab is asenamed

the ourrent

mean free path)

to be weakly

neutrons in accordance with the law: (lflO)(1+ 31’@ where

the cosine of the an@e of scattering. Expressions for the

asymptotic neutron density in the slab and the emerging current in the l$miting cases

fl =0 and/or no capture are also given.———. ... .-...-....
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024WE L!ILNF.PRGBLFN FOR A LARGR PLAN% SUB—.
WITH

COMY1’ANTSOURCE AND ANISOTROPIC SCATT!WING.——

Le consider the followinc problem:

haM-thicknes8 d bounded by vacuum on both

formly distributed throughout the slab. The

an infinite plane elab of material of

c.ideacontains a:source Ois neutrons uni-

neutrona are scattcrcd ani60tropiaally~)

Y&theut change of energy and alBo suffer Qleakcapture. The ha3f4Mcknes~ d is a~=

aumed large compared to the mattering mean free

for a) the asymptotic neutron density inside the

ing either fa~e.

Knmledge of [a) and [b) is useful for

upper bound to the thermal utiMzation of a unit

path. he wish to obtain expreoaiow

slab and b) the neutron current I.exw

various problemsj e.g.O it gives al

cell in a plane pile where the moder~

tor has the same dtmensiona, mean free paths, eta.O as the slab. ‘l’hemoderator @v?s

rise to s roughly constant source of thermal neutrons. ‘l’heuranium pafi of the unit

equivalent to a

the “black”

cell strongly absorbs thermal neutrons and approaches vaouum which is

black absorber. The actual thermal utilization is somewhat lCSE than

utilization.

The tranaport equation governi~g the distribution of neutrons in the slab i;

the case of linear scattering and w~th constant neutrhn production is (cf. Fig. 1):

$’
c)p

F= Wh%&) = [ 1
(14%-) g(z) +3flpk(z) + qo/2 (1)

In E~. (1) th~ origin of the z-axi~ is taken on one face of the slab

p- 3.8 the cosine of the angle between the direction of the neutron w

/“
?z,@~ iS the number of neutrons per unit voltthe positive z-axiss ~

./ wne at the point z ;~ttk~~9@ji& c~s~e bet~,eenp=~p++ di.s t]-(y d
Fig. 1 ratio of the scattering mean free path to the totsd mean free path,

1) W work with linear scattering, i.e., the scattering function is assumed to be e:<-
precsibleiin temna of the zero and.f!i~t-harmoniosjthe general’lzationto a higher
number of harmonics is possible ti~==~:~~-=~~~--~?~ent~
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qO fs the number of neutrons produced per unit ~_-_.—- -a-?.@5~ I* ), 21 ta a...-

—--
measure of’the deviation of the sewttertng funuti,m from isotropy, and firAaUy }~(z)

Pand ~(z) are the zero and first moments of the neutron M$tribution funotionb namely:

(la)

Ikm’ ywAw” 8 (lb)

~(z) iS the n.u~ron d.nd.ty and the negative of fi(z) is the neutron

the

neutron velooity

conditions:

abovee the total mean free path is taken as unit of length and Wne

is set equal to one. Eq. (1) is to be solved subject to the boundary

Condition (A) follows beoauae the vacuum

because of the symmetry of the problem.

for,~o’z) in (B) is wilid as Icingas d>>

for pO [A)

at Z:d (B)

doss not return any neutrons. oondition (B)

The use of the asymp%oti~ part of the solution

1, the opnclitionhemming more severe, the

stronger the capture.

Following the prooedure outlined in !?eportswT-52)and MT-26~)=we take the

Laplace transform of both oidea of aq~ (l). lieget:

j -+!JWW$(W)[I* W]’ + [$.(O 3W9%(’) + 2*

where

1!

$(*,p)= m hi+ e“sz d%
o

t. r.

(2)

$.(8) = I‘ ‘$(s@d&

I

$l(s)= ‘ ti(%p)dp
-1 -1

Integrating both sides of (2) over d~from =1 to 1, we find:

2) (BM_llO; h?l!-~)G. Plaozek and X. Seidel - “Milne@s Problem

3) (BM-225; MT-26) ~. mrk- “Milne’s Problem for ?misotro~ic

tn Transport Theory”.

Soatterinrr’.
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where we have made use of boundary condition (A). Substituting for $l(s) into (2).

dividing by (1+.e~) and integrating over dpfrom =1 to 1, l?q.(2) is tre.nstormedinto;

[

arth s+3fl(&l)
$@) l-—

0-7)]= ?@@”+)+%%]

arth e

6s ($%#-- (1

(b)

* g+(s)*”=’g {~ ~~~~ aall s)

In IIq * (h) we have writtent

80 that

fIowi.ng

form:.

Fs+(o= p-1 ~t O,@d~; g+(0) represents

into Vacuum.

Proceeding further idong the Mo;s of

(5)

the negative of the neutron current

where I

Expressing H(s) in terms of K(s):

we may transform Eq. (6) into:

whore
—.-

-“’:--’”’’”-:
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(8)

The”function

a pariioular

lsl--+cn in

wher c

~og%(s) Ss analyti; and s~nglo-valtiedin the strip IR(s)I<10 providecl

deterfiinationof the logarithm is chosen5~, and approaches zero as.

the strip. The u&iualdebom~psition then f’ollws:
,

+(a) z hy+(s) ~(a) (8a)

and lRe(s)lu#with V<#?l. Introducing (8) and (da) into [7) yields:

The left-hand s~ds of Eq..{9) is analyt$c in the half-plane Re(s)>ti and the right-

hand side is analytlc in the half~plane Re(s)4P. SinOe there is a region of overlap,

each aldo is the analytic oontinuat~bn of the other, I?xamination of the behavior Qf

~s 13. By an extension of Liouville$s theorem, It fcillowsthat each side may be

Qquatt=d%0 a polynomial of cz,dertihree. he therefore write:

4) ef. MT056, C. !Jark- “Some Constants and Expansions Used in Applications of the
;tiener-llopfMethod” (unpublished>.

5) The determination log 1=0 is chosen.

J
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The problem is now

.. —---- -’- -——
-..

-?iik=====
(s=1) G(8)

=CO+C1S+C202+C383 = —
T+(s)

oonatanta.

t~ evaluate the Can. From (10) it is evident that

co=” G(0)fi+(O) wh$ah is zero since G(O) = O (cf. (Tb) ) and ~+(0) is finite. Cl is

also zero as @an be seen by writing

different~ating

(11)

Inserting (Tb) for G(s) and rearranging ‘terms,we find;

C3

with

a=

Eqs. (U@)

g+(o); this is as it

and (I@) express C2 and C3 in term8 of the up.kmwn con8*an$

4
should be since we still mus into account boundary condition
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the boundary condition (B).

To find the asymptotic solution for ~(z), vm write down the expression for

$.(s) civen by (10) and (’la)and find the contribution to the Laplaoe inverGe from the

(15)

where

(17)

C~ sinh U(d+~o) +C3&coah U(dtZo) = O (18)

Using the definitions (Ma) and (Ihb),for C2 and C3, Rq. (N3) pcrmd~a us to solve for,

.

It is to be reoalledthat ~ = ifi-j ~

(19)

6) l’hebranch-point contribution!yields tho non-asymptotic part ---,- .

-0”
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Eqs. (17). (17a), {17b) and (1~) constitute asymptotic solution for the neutron density

An the slab; the negative of (19) is the current leaving either face of the slab.

Ii’the baptqre

tio2(#o=@wfth L the

we obtain (of.”W-56L~):

. 8+(0) =

iu weak the various ~-functions oan be expanded in powers of

ordinary ~$fusion 3en@h); neglecting all terms beyond P02,

[

tanh P d+~o)- uPB/3fl(a-1)
- qoa

ti!iBtanh v(d~-o) 1 (20) ‘

k= .1’(’226 ..s

Z* i~ ~nteresting to consider the limiting oaee of isotrop$c scattering: al-

(21)
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1 where

“-:f’=ar:’)~@Mqs) 3 ~

at s=O and can be found from (25b). For weak capture, if we retain term up to order

U02, (22) reduces to (this canbe men directly from (20) ):

It is just as etmple %0 find the as~pt@Lc s@ution for ,,(z) in the limit-

i~~ WL8@ Of’ isotropic scattering; we arrive at the expre~sion:

(25)

where

A(VO) s

- =+80tj)j1m
Coshpo(d+zo

and ~oieot - (isot) ie defined more explicitlyis defined by {22)P l“orweak capture ZQ

by (*).

One final Mmit$ng ~se ~~ worth mentioning; the oa8e of $sotropic sowWer-

ing and zero capture. The current, of cpu&e8 ‘brcpmes(qOd) while the a~ymptotic

.i

neutron density ia: i’
I

\ i-
where

(26)

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



..

REC. FROrn

,..,/ t

-dL2---
,

*ATE ‘“7’%~j..!.c..,_.-------*/
. .

d.

..

;, 11.zit I

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE


