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ABSTRACT

The method of allowing fluctuations in the meohanioal solution of hydro-

dynamic problems to take the plaae of the entropy increase in the shock, is analysed

statistically. The model corresponds to the thermal behavior of a substance bf

anomalously low speaifio heat, and the effect of the pseudo thermal motion is greater

than for any real substance Therefore the model is a good approximation only when

the contribution of the thermal pressure is negligible: Curves are given from which

this contribution oan be estimated. Other oomplioated features arise when the mass

intervals are not equal

I~B~M~ oaloulations, is

.

.

;o~ ...— —
—
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and in the aase of radial motion~ A typiaal ease, taken from

discussed by way of illustration
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Ie IN’i’RODUCTION

It is

there may exist

are praotioally

reason for this

reversible, whereas at a shook wave the gradients beoome 60 large that the dissipative

effeots (viscosity, heat conduction) booozm important. Indeed, in the limit usually

well known that in hydrodynamic problems involving compressible media

shock roves, i.e., places at which the vekcity~ pressure and density

discontinuous, and at which the equations of Euler do not hold. The

is that the Euler equations assume the ohanges in the material to be

considered, in which the dissipative terms are small in the units appropriate to the

problem, the shook is a sharp discontinuity and the gradients are infinite.

Therefore it would in general not make sense to assume Eulerts equations to

hold even across the shocko Von Neumann has pointed out, however, that the situation

is different if one uses, instead of the differential equations, the approximate

difference equations which are the basis of one mechanical method of treating the

equations In conditions where a shook would form, wo know there exists no solution

of tha differential equations. Any solution of the difference equations will approxi-

mate to a solution of the differential equations only if’the ohanges of all functio’as

over one interval.are small, henoe the difference equations cannot be expeoted to have

any solution of this kind at Q shook. There are, however, solutions of oscillatory

behavior containingflnotaationswith periods of the order of the interval size. These,

according to von Nmmann, oan be regbrded as a model

the shook, and indeed the fluctuations thus obtained

shooked material.

of the inorease of entropy in

represent the heat motion of the

It is evident that this model of the heat motion is very crude, and that it

does not represent correotly the thermal behavior of any reasonable substance. However~

there are many oases of interest in whioh the influenoe of temperature on the equation

of state is negligible, and in th~s~~b~es”~n~”%~:expeot that the error introduced by
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may not be seriGus~

The purpose of the present report is to study the dif.ferenoebetween the

an actual substance in more quantitative detail and to derive aritcmia that

to estimate

11. BASIC EQUATIONS”

In one ease

●.
Y

1=-_

Po

the error in individual oases.

of a one-dimensional problem the differential equations are

where y(t) is the position at time t, of the point whioh would be

had normal density, p is the pressure, whioh is assumed

“.

.

the speoifio volume v{reversibility)~ More preois61y, v

volume to the normal volunM ~ The normal density is p. e

The difference equation is

and space intervals A, so that after

interval sizes, (201) becomesz

,Yn+l,m4’ Yn.1,~ - 2yn,m
=-

62

to be a

stands

(2.1)

at x if the material

unique funotion of

for the ratio of the

obtained from this by ohoosing time intervals 6

neglecting higher than seoond powers of the

1
— (E&m++

\
1)poA2 - Pn,m.~

‘wheren, m label the time and spaoe intervals;

h=n~ + const (2.3)

UIWIASSIHEO
We apply these equations to the sti~.~~~~fal$%:fiee~:peot behind a shock, where there
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I
interval sizes are ohosen correctly, the mean quantities vary little over one interval

and over a few intervals we may regard all macroscopic quantities as uniformo

As to the “atomic” motion, or fluctuations,we shall assume that the ampli-

tude is small, The limitations introduced by this assumption will be disoussed later.

We can then write

Yn,m = Tn,m + ?n,m ‘(2.4)

where the bar denotes the “mean” position and ~n,m is smal10 Then

-.

.

Solutions of this equation oan be written in the form

7
=

n,m
A ei(% ‘~m)

where, A, $, ~ are constants.

(1.00s $) =-,2.

POA2

(2.7)

Inserting this in (2.6), we have

(2.8)

.

Xt is well known that the faotor

JL $ (-g)T
(2.9),

nuaa%be less than unity in order that the step-by-step solution of (202) be possible.

Indeed, it is evident from (2.8) that if 12 > 1, $ is imaginary near = m ~ and
T

henoe there are disturbances which ti:lt;~?~w”~y~n”e~~~allywith time, making the
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Othorwise there wi11.I&.:# ~“fr&.&&$, where N is the”number of space

intervals in the re~ion under oonsideration~ The values of
r

belonging to these will

be spread uniformly over the interval - n to no

If the linear equations (206) were rigorous, all-these oscillations would be

independents Sinoe, however, the correct equation (202; does contain terms of’higher

degree, there will be a oertain amount of coupling between different oscillations

which, given enough time, must produce some kind of’statistical oquilibrium~

For strong amplitudes the oscillation,where the terms of different degrees

in the amplitude are comparable, it is clear from dimensional arguments that the

“mean free path” of the oscillations, i,e~, the distance a wave travels before equili-

brium has essentially been established, is of the order of the interval size, with a

numerical factor whioh, by analogy with the problem of waves in crystal lattices, one

would expect to be larger than unity. As the mean amplitude is reduced, and the

ooupling is weaker, the mean free path inureases further, and one would thus expeot

that for some appreciable distance behind the shook the oscillation cxiusedby the shock

may not be in equilibrium. This effeot extends over a greater distance for weaker

shocks.

III. THERMODYNAMICREXATIQN$ FOR SMALL ~

‘iTe have seen above that we may expect statistical equilibrium to be

established exoept very closely behind the shook. To this equilibrium ordinary thcmvao.

dynamics is not immediately applicable, since equation (206) is a difference equation

in time as well as in spaae, and

form,

If’,however, $4< 1,

hence energy oonservatiou does not hold in the usual

the time interval is negligible in comparison with

the spaoe interval, and the equations are then essentially differential equations in

time. They are olosely analogous to those for a one-dim
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latticee Since the ~uations are linear, and there is a restoring force for eaoh

degree of freedom, it is olear that, in equilibrium the thermal energy will be kT

per degree of freedom, or

1
%h ‘~ ‘T

per unit mass, where l/t is the number of degrees of freedome

Boltzmann!s oonstant, and ‘f the temperature

The unit of temperature is here arbitrary, since we

(3.1)

per unit length, k

canno% measure the

temperature of this fictitious system by bringing it into thermal oontaot with any

other physical system, hence only the produat kT has a definite meaning. For COTi-

venience we choose our units of temperature in smh a way that

k = pot (3.2)

equal to the mass per interval, hence

Eth = T (3.3)

AS in any other oscillating system, this energy is on the average half

kinetic and half potential, Iienoefor the kinetif3energy per unit mass

1 ~=1
z ~T

or

U2=T

where

u=by~t (3.5)

is the velocity associated with the fluctuations, and the bar denotes the statistical

(3”4)

average.

(304) maybe regarded as acd.g$’’qit~,qqp% :TO and allows one to estimate
● *..: :

:. :
in any individual case. The potenti}llC~?#OgyO>Ce~I~~tmass ie IJNUAWIEII

1
E(v) =-l- SW
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For small deviations, to second order inclusive,

On the statistical average, the first term gives the potential

density without temperature, the second term vanishes. and the

potential part of the thermal energy, hence:

or

II(- = POT ~ “1

(3.7)

energy of the mean

last represents the

(3.8]

(3.9)

Since dp/dv is known, and T can be found from (3.4) this reIation am be treated.

However, the equality ofkinetio and potential isnergy,in tho time average, holds

for any harnonio motion whether in equilibria or notO Hence this te8t ~erelY Veri.

fies that

harmonic.

the amplitudes of oscillation are weak enough to make the motion essentially

We can now find the pressure caused by the heat motion~ By expansion to

second order

1 dpz- p(;) +* (~-~) +% --’#P- (V-;)2

On the average, the first term is the pressure due to the mean density without tempera.

tures the second term vanishes the last is the thermal pressure. Henoe

(3.11)

(The negative sign comes from the fact that dp~v is necessarily negative.) Ushg” (3.9)
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The same rel,~ti.oncan”be derived”i~”~”differentways u~cfAs$/f/[~

In general,

(3e13)

whore F is

sum over the

Fi

the free energy per unit mass, and V the volume per unit mass. Fisa

different degrees of freedom, and for eaoh degree of freedom,

= -WI?logti~ + Oonst (3.14)

where @i is its frequency (in radians per see) and the oonstant may depend on the “

temperature but not on v. Henoe, using (3.2),

(3.15)

the sum to extend over all degrees of freedom belonging to the region considered,

which has a total mass Me The frequencies are to be found from (2.8) with

(3.16)

If ~ is small the right-hand side of (2.8) is always small, hence $ is a

small angle and the left-hand side oan be replaoed by.# $20 Henoe eaah of the

frequencies is proportional to
m
dp dv , and

‘i = ‘i 11/1dp dv (3.17)

where fi depends on the wave number
v

, but not on v. Hence all terms of the sum in

(3.15) are equal, and the number of terms is equal to the number of intervals in a

mass M, i.e. to

poA

Inserting this in (3.15) we obtain again (3.12)

(3.18)

on the

This deri

relation (30

.vation

17) whi

is of

ch is

result
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“Wemay reasonably surmise that, for our present purposq, # can be regarded

as small as long as (3.17) is substant~ally correato TO test this, the 801UtiOnS Of

(2.8) have been plotted in Fig. 1 against ~ for different angles ~. It is seen that

all lines are straight in good approximation

means that in this range all frequencies are

o~ly the uppermost curves begin to bend, and

up to z= 1/2 and in view of (2.9) this

proportional to {~1. ,or ~= ~/z

without further investigation it is not

possible to estimate to what extent this would affect our conclusions.

IT’.ERJGONIOTR3LATIONS

Consider”now a shock, running”into material at rest. (This causes no

essential loss of’generality). Let V1 be the specific volume, p~ the pressure ahead

of the shock, and assume there is no thermal motion ahead of the shocko Then the

first Hugoniot relation is .

ii

where - .u 1s

= u(l.;/vl) (401)

the mean velocity and; the mean specific volume behind the shook, U the

shock velocity. This relation only expresses conservation of material and must be

satisfied automatically in our model.

The other two relations!

P- P1
2 Vi..%= poll (4.2)

~2
3

and
.

po(E-El) =+ (VI-T) (P+P1) (4.3)

will now also contain the thermal pressure and energy;

POU2 (V1 -;)P~)-Pl+pth=—
v.2

(4.4~~cLAsslfw
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It is convenient to write g for the ratio

~ = Po%/Pth

Then, by (303) and (3e12)~

‘= ,$!/:,!2,, (4.7)

and with this abbreviation, we can solve (405) for pth :

pth=&%lj(vl”~) ‘po(E~) “El)

~ -+(vI.;)

and“.

pouz(v~-~) = [g J?(~)-Pl]+Pl(v@) -po [~(=) -E~

.. (4.9).-.~z
1

The thermodynamic properties(of

oompared to the pressure p~).

amplitude of fluctuations to be

the model are unimportant as long as (4.8) is small

At the same time (4.8) allows one to estimate the

expeoted behind a shook of given strength.

For this purpose one may either compare the average pressure with

pressure belonging to the average volume~ or use the mean square velooity

which, using (4.6) and (303)s (3.4) is

U:h .= ~ Pth (4.10)

For str~g shooks it is evident from

which oannot be exoeeded even for an

dition
g =+ (VI-T) .*.

●.
●✍

● ✘

the

fluctuations

(4.8) that there is a limiting compression ratio,

infinite pressure and this is given by the oon-

b** ● ● m* ● *. ● .
9* ● *

: :00
● ● * ● 9 ::

: ● O●:0 :00 ● 00 :00 ● 0

● ☛☛ ● *9 ● ●

● ●** ● ● ● .**
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As g depends on the volume in the final state, it is most convenient to express

this limiting compression by giving the highest’

be reaohed in a single shock:

V1 =7 i-~&’(;)

Fig. 2 shows g as a fbnction of tho

equation of stato of Metropolis (LA-208)0

Fig. 3 shows the limiting ooiapression

Fig. 4 shows the thermal pressure in the

density and from material at twioe normal density.

p(v) is also shown, as well as the correct thermal

material, as calculated by Keller.

volume VI for which a given= oan

(4.12)

density for tuballoy using the

ratio tor tho same data, from Eq.(4.12).

same case, starting from normal

For comparison, the ‘tcold”pressure

pressure behind a shock with normal

It is evident from this figure that, whenever the thermal pressure amounts

to an appreciable

the true value.

Table I

contribution to the oold,pressure, it is

lists the thermal pressures for tuballoy

considerably in excess of

for various values of

VI and ~.

From

the formula

these values, the mean amplitude of the fluctuations was obtained by

l!v~= H
-1

pth g% (4.13)

which follows immediately from (3.9), (3.3) and (4.6). Sinoe, for a harmonia

oscillation, the root mean square atnplitudeis 1/ @times the maximum ~mplitude,

we oan define a minimum volume that would be reaohed for harmonic oscillation of the

same ~ . This is ●O* ● ●:* ●** 9*●e. ●
● : :* ::

l–

● m*O :.9*
. :

“7- 2 fjv2 “ “ “
● 0

~lfin.
●e ●*m ● *O,*9:.. ●*

(4.14)
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This quantity, which is convenient for practical &urposes, is shows in Fig. 5.

v. OTHER EFFEOTS

The analysis given.in the previous sections in some ways is still very

ideali~ed$ and we want to discuss a few effects that have been negleotedo

(a). The fact has already been referred to that the discussion applies

only to small X, and probably in practioe is 1: 1/2. This probably oovers

applications of praotical interest.

(b). Moreover, we have assumed that the oscillations are always in

statistical equilibrium. In fact, all oscillations arise at the shock front, and it I

will take them a finite time to get into equilibrium~ !Chismeans that there will be I
“.

a region behind the shook front in whioh there is no equilibrium. The extent of this

. . region is inversely proportional to

equilibrium depends on the coupling

of higher order in the amplitude of

the temperatures since the establishment of!

between different degrees of freedom by the terms

the oscillations. This effect may cause errors

if the extent of the non-equilibrium region is comparable to the distance over whioh

the dynamical variables ohange appreciably.

(c). In the discussion given above, we have assumed harmonic oscillations,

which is correct only for small amplitudes. When the ‘fthermal”pressare exoeeds the

‘oold” pressure this is no longer justified. As a result the thermodynamic properties

oi’the system may difi’erfrom our description at high temperatures and in particular

the limiting compression may be appreciably affeoted. On the other hand the limit of

applicability of the method will remain unchanged since this refers to the condition

that the thermal pressure is negligible which means small amplitude.

(d). Conduction of’En$r#y;. ;n t~:@y#~al applications of most interest,
● :0 ::

. heat conduction is usuallynegli~~b~~.a.~”~a~.~.wt%%e model therefore ought to give

adiabatio ohanges in the state oi”&<;;et”%{~r$%4eP”~ except at the shoak front. In our
b*eam ● 9*9****:. ● e
●* ●m* ● ● ●

-
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.

model, there exists a finite heat conduotivi.tycarried by the sound waves and limited

mainly by the second-order terms which limit the free run of suoh waweso The ‘mean

free path” of the maves is dimensionally of the order of the interval size, multiplied

by a funotion of temperature which is large for low temperatures. Hence, one may

expect some error due to this effect for weak shooks. However, as the heat oontent

is then small, this will nott lead to appreciable errors. In any ease, for any shook

strength this effeot can be made negligible by a generous choice of the number of

intervals used~

(e). It is often convenient inChanging interval size. .

to make all inter%ils equal but to use groups of’smaller intervals

more structure is required. Consider the boundary between two suoh

the two parts of the material ought to be in equilibrium for equal

calculations not

in re~ions where

groups. Physically,

temperatures ioeo~

for equal energy per unit mass. ‘l’hisdoes not, however, in the model oorre~pond to

equality of temperatures as defined by (3.3} sinoe the latter is measured on a con-

ventional scale. In tho model, the two groups of points are in equilibrium if the

energy per degree of freedom is the same, which means different energies per unit mass.

Wat we have done corresponds, in effect, to using different values of Avogadio’s

number in different parts of the material.

Suppose, for example, that a shook is moving through a range where the

interval size is @, and that a short distance behind the shock it is reduced to 4/2.

Then, as soon as the disturbances have had time to travel baok to the region with the

smaller intervals, an equilibrium will be approached in whioh the energy per interval

is the same, so that the temperature at the small intervals will be twioe as high as

in the larger ones. ●b* ● ●*O ●OO ●*●°0 ● .
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VI. APPLICATION TO SPHF~ICAL I’ROBLENS

An important class of’problems

we have, in plaoe of (2.1)

00 1
R

aR3
=— ~R29E; v=_

“ PO -ard 3M

concerns motion with spherical symmetry. Then

(6.1)

where R is the cdmal distance from the center, and the independent variable M is

the mass contained betwmen the point under consideration and the center. If we not

obtain the linear equations for small disturbances we have to bear in mind that the

mass contribution to the free energy comes from oscillations with wave lengths of the

‘. order of.the interval size, and that, for any reasonable ohoice of interval, this is

small compared to the distanoe from the oenter. Hence if we write again
.

(6.2)

where % represents the undisturbed motion, the variation of
?

is much more rapid

than that of~. Wnoe we find:

(603)

Here R2 should be regarded as 100ally oomtant. If the calculation is oarrid out with

constant intervals in mass, this leads to an equation of the type of (2.6). It is

I/l
1/2

still true that upon a change in volume eaoh frequency is proportional to dp dv

and hence the formulae of Section XII still apply.

However, in addition the frequencies vary with R, the position of themass

elements and henoe we find a dependence of’free energy on positioa. This means a

radial force G per unit mass
●** ● ●-- .*e ● 89*. ● ● . . ● .

● 99
G W’~R ● :=. :0 ● ● 0 : :

● ** ● 9
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(6.4)
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using (3.14)

and, in view of (6.3)

:00 ● 00
●

● e ●
● *

-:16”2

s

8*O .0
●
● 0 ::
● ● *
● .*
● ** ● 9

so that

G-= 4T/R (6.5)

Using (4.6) and (3.3)2

(6.6)

In the numerical example illustrated in l?iga2, g is of the order of l/4

over a considerable region, henoe

(60?)

If tinetrue pressure varies, for example, as the inverse radius, the true pressure

gradient is

- p/R

and henoe the relative error in the acceleration is of’the order of pth/p# ioe.~ the

same as the relative error in the pressure itself.

VII. CONPARISON WITH I.S.M. CALCULATIONS

As an illustration of.’the above relations, typical data were taken from

1.13.M.Problem 10, in whioh a collapsing shell hits a preQ.sseinbledsphere, the shook

returning into the shell being treated by the von Neumann method. One would expect

this ease to give fairly olean-out results, sinae the region considered uses a can.

stant interval size so that no oonpliaationsarise from ohanges in the interval, and
●00 ●0, ●,

also since, over the shell, the”~~d~~s~~m$e~Oby~e~small @ctor so that the radial
,ee :. ● *.

●- 9*9 ●00 ..0:00..
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It was found that no clear pioture of the fluctuations is obtained by

plotting the dynamic quantities a~ainst

curves result for the volume at a given

not surprising sinoe the condition ~4

length oomptirableto the spaoe interval

than one time interval.

mass at constant time, but that very regular

mass point as a function of time. This is

1 means that, for an oscillation with a wave

the preiod must necessarily be rather larger

Fig. 6 shows the specifio volume for a number of mass points as a function

of’ time. At time zero the impact

already taken place and the shook

mass point No. 30. The interface

between the moving and the stationary shell had

had been carried by analytical calculation to about

was at point 230 Henoe the curves for mass points

23, 24, 26, whioh are shown in the figure, show initially no fluctuations, but they

later acquire somo thermal motion from their neighbors. Mass point 30 is just about

being shooked when the X.B.X. calculation starts. All following points pass the

shock in conditions to whioh our theory is applicable. One can see that the osoil.-

lations of volume are fairly harmonic. and that, in particular, the first minimum

ought to represent the mean volume after the shook minus the maximum amplitude, and

the curves of fig. 5 should therefore be applioabhs.

By reading the volumss ahead of the shook and the first minimum we oan then

obtain the average volume behind the shook:

Mass Point No. 32 35 40 45

‘1. 070 .69 .69 .71

v-nnn .44 .42 .42 043

v .52 *50 .50 .!51

The last line is taken fr?~OF;g. 5 by interpolation. The mean volumes
●O9 ●*. ●*●°0 ● . ● ● e:0

behind the shook obtained in this”~m~ ~% ifiWa$&ble agreement with averages obtained. ●* ●*a ● e* ●.. ... .*

from Fig. 6 by inspection, with ~~;4X~t$O%A:o$’JWs point 32 for whioh it appears
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that the average by inspeotion is somewhat lower ; this may be due to the faot

that this mass point, being too near to the “cold” compressed region, is losing

amplitude by oontaot with its neighbors, so that our theory overestimates its fluotu.

ations. For the rest, the predictions are well borne out.

A similar test

returned from the oenter

was applied to I.B.M. run A, dealing with the shook

of a solid implosion. Here the amplitudes of different

mass points differ rather widely, no doubt due to the faot that “heat conduction”

between different rate groups tends to establish a oonstant energy per interval.

Since over the period of a f’luotuationthe density ohanges by an appreciable amount

it is not easytb obtain averages “by inspection” but the averages derived in the

above manner from the first minimum are comparable with the averages by inspection to

the extent to whioh the latter can be defined.
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