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THE %?ATHEMATICALDEVELOPMENT OF THE HBfD.POIl?’i!?,lMTHOD.— ——. —..

Inlmoduotion

The

a@iCat%iOIL8 are deserlb~d in ~=550 It is the purpo8e of this report M

supplement this general desorl.pkionwith an @Jxplioi%mathematical development

of the end-point method and a detailed otudy of its application to the

Milne kernel. This is the kernel entering in the integral equation de6criblng

the diffusion and multiplication of neutrons in multiplying and scattering

materials where the neutrons are treated as monoohromatio~ isotropically

soattered~ and of the same total mean freo path in all ma%erials involved.

The cmd-point method of treatmeat of integral @quationa is ~restriotcdto

one-dimensional oa6eBQ This essentially limits the method +d the treatment

of problems in which the materials involved and the neutron distribution

are both spherically qnmnetrio~ these problems being reduoibl.eto equivalent

inf’inite-61abproblms. Zn LA.~~ it was shown that the end-point results

may be applied Moaely to problems of somewhat more oornpllcatedgeometry

~d give more OT Ieaa accurate appr0Xima~iOnC3%0 the trutho These applica.

tions de~end primarily on loose

and will not be treated heme~

ana30gie6 rather than mathematical argument

&!anyparts of’this report will be in part repetitions of material

~reated in LA-53 and ULUfjP. Here tho omphasls will be primarily on the

okear ma%hematlcal development of’the methods of applbation presented t.hare.
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Chapter L TkI@Wiener-Hopf Method

------- . . .. . .. . . —-. .. -.—.—— ——--.”

~

rmtmi.ctiom on the character of K and n this aquation can be Bolved exactly.

Si.noethis equation is homogeneoas$ if no(x) is a solution then a ‘ no(x)

also satisfies the equation for any Constint$ a. 13eoauseof the ini’inite

If tho oolution~ no(x), is unique (exoept for a multiplicative fa~tor) Mom

k%
no(x - b) = a no(x) for some a. Hence no(x) ==e . This suggests looking

. .

for exponential solutions of (l.l)O

(102)

J-jye“~

Any solution of this

‘-(xi

K(y) =1

%haracteristio equation” gives a value of k for whioh

If there i~ more than one solution to the oharacteriati.a

equat~on th~ any linear combination of’the exponential determined by them
. .

.,,
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(1.0) if Kdecays rapidly forhrge [y/ . If ‘thisis thecase them for

large x equation (1.0) approximates (1.1) and it maybe expacted that with

increasing x the solutions oil(1.0) will approaoh asymptotically the exponentp.d

Oolutions of (1.00 If this is the case the aaympto%io expon6xNial part of

the solution of (IDO) may be separated from the remainder of the Holution
f

by l,aphacwor F’ourh?mtransformtion~ The use of the I.aplme transform

is further suggested by the faot that the left hand term of (1.2) is the

Laplaoe transform of the kernel?

‘fakingthe Laplace transform of equation (1.1) gives:

This last equation shows

all values of k whioh do

Lx)

)1 =0

transform of n(x) must vanish for
. .

not satisfy the oharacteristio equation, (1.2).

of the same technique tq (1,0) does not lead

W&m!)
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Defining I’(k)E dxf(x)e-h
-@

we hav%

G(k) =F(k) (K@)o l.) E l?(k)P(k)

exit3t0 lP@Jtherefore impose conditions on the kernel and solution of (1.0)

I 1)K(y) = o(e-” y , 0>0. (Lb)
Then K(k) will exist for -oQR(k) <c, We Nrther assume that

f(x) = O(e% d<o (1:5)

The kernels of primary interest are fiymmetriog For these, if the ‘Iarges%fl

value or o satisfying (1.h) is chosen them (1~5) is not a restrictive

oonditicm simm f(x) must approaoh a~ymptotioally an ex.ponentia~ae-, for

somo k satisfying ~(k) = 1 and therefore within the range of convergence of
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.- .—-.._.—... ..- . . .. . :: -------- ---L-

defined by analytio extension (and need notibe analytio) in suoh a w~y that

. Within and to the right of the common strip F(k) exists and is

—

—
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strip but may have sin@aritie$ on either eide of it. We maks

assumption that F(k) and G(k) have no roots in their respective

analytioity:,(Cf. .Paleyund Wiener$ Fourier l’ransformsop. 51].

requiro that there exist a sub-strip within the oommon strip within which

P(k) has no roots,. (This must”be true if P(k) has only a fini%a number of

zeros in tileoommon Strip. Thie will aotually be the ease, Cf. Titdunarsh9

1:;shave rlowa $ub-strtp within which log P(k)

whioh and to the right ?.ogF(k) is analytio; within which

log G(k) is malytio9 and within which the

30$ P(k) =Iog G(k) - log

This equation will be satisfied throughout

three aatiefy

F(k)

the plane by tho analytic extensions.

and the

expre66

analytioity ocmiitionsU For values of k w!.thisthe 8ub-8’!mipwe

log P(Ic)by means of’a Cauohy inteEralt
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,-

Fig. 2

‘Sehave now decomposed log P(k) into two parta, one certainly

the strip and to the left, the other within and to the right.

identified with log G(k) and -log F(k) and give a solution to

andytits Witkb

These U@.ybo

the equation (1.0).

P(k) + oom?tant

(106)

P(k’) + oonstan%

This contour intq$ral representation of log F(k) determines F(k), henoe also

f[x)v

~.
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w4mre 6 is chosen to make F(k)

may be takfm in the aab.arfpc

GU&.Str.3.pB the.oontour may be translated to the right as far aa desired. For

them its Laplaco transforms W(k) will contain a corresponding -termO

J
C9

(ixe
.kx

AekOx /=A(k. lco)
9

Thus a pure exponential term in i’(x)manifests itself in l?(k)as a simple pole.

and the coefficients of the two may be identified. The coefficient of the

singularity i,smost easily determined by expanding log F(k) ab~Ut the

singularityc

logF(k) == log(k- ISO)+~ogA +O(k- ko)

Th@ asymptotic solution will be detwminml by all of the Eingdarities of

F(k) on the i~ginary axis and in the right half-plane. If there are no

singularities on or to the right of the ima~inary axis the solution5 f(x)~

will approach zero a8ymptotioally0 A more useful asymptotic u@.ution@ howenrer$

will be that”determined by the first singularities to
.

axisc

An important speuial case of this general

the Id% of the imaginary

treatment is that for

has only a ~inglo pair of conjugate roots on the imaginary axit30 If these

twm roots are at + i ko, them the solution will be of the form

m—.
~-s=’+ss
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F(k) = B [Sink. (x +Xo) +h(x), h(x)-30 as X“-> +eo (1.8)

tmduated.

F(k)=

=

=

In the neighborhood

two pol%BQ

log F(iko +

,?m

Jdx @“h [
~iko(x +xo)-e--iko(x + xo)

&- 1
+ w-l(x)

o

B

(

ikoxo -ikoxo

x &o-
@
~ )

+ 2iH(k)

(1.9)

.p ----.—— ——==iss---====
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A more general problem that can be treated by the Niener-l?opf

tmdmique) iifl

10n(x) = dxt K*(x - xg)n(x’)
-m

Breaking up n(x) as before and taking the

equation gives

pw

F(k) +G(k) =~(k) F(k) +EJ(k) G(k)

where the notation ic the same as before. ThiS my be written as

‘(k)‘F(k)(ij%+$?)=‘(k’“k)

the aamo way!, With this more oomplioated form for P(lE)there EMy be a greater

number of singulari.tie8qf log P(k), leading to a larger number of intiopemdent

g(x) deoay

that

for which It(y)and Ku(y) differ on3.yby a mul%iplioative factor. This ease

will be %reated extensively in the seoondchapter,

The ‘Niener.lhpftechnique may be further extended to permi% the

solution of inhorqymeous displacement integral equationa. This method is

outlined in A::aendixII.
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k.~!!!!!
Chapter 11. Application to Neutron Problems.

h this ohapte~’we treat the applications of the Wicnm=JIopf

method (combined with some approximations) te problems concerning the spatial

distribut$.onand time depondenoe of neutrons in spheres of multiplying ~nd

scattering materials. It will be shown that such problmnsg with suitable

physical approximation, can be represented by integral equationa uloeely

analogoua to the Wiener-Hopf equationO By making euitable mathematical

approximations (the “end-point methwlt’)fairly accurate solutims to these

equations oan be gotten from the corresponding l~~iener-~opf$olutions~

We make the following physioal approximations:

(A) % consider only one neutron velocity~ henoe for each material only one

va2ue for eaah cross sectionO

(B) V&3treat all collision processes as isotropio. @nisotropy of elastio

scattering can be treated to a limited extentO Zt can bo shmm that If this

anisotropy ie nagleoted and the transport average u8ed for the elfistic

scattering cross-section quite aocurate results will

and BL225.)

(C) The total mean free path will be taken tQ be the same for 813 materiala

ixlvolwdo

(D) The neutron distribution will be treated as a continuum, Zt will be taken

to be OpheriGally symmetric and of’stable spatial distribution~ These three

conditions will certainly be good approximations if the neutron distribution

has lived through many fyzmerationsand consi8ts of a sufficient number of

neutrons to mke statistical fluctuation negligible.

We adopt the following notation:
.——
—
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numbem of nuclei per unit volume.) Similarly

OS is the scattering probability per unit path length.

aa is the absorption probability per unit path length.

Q = a.f+os+otk
v 3.sthe mean number of neutrons enwrging from a fission proceu%

w is the neutron velooitye

n(r~t) is tho neutron density at point r at time t.

We express the neutron density at (~$t) aa an integral over

We look for solutions of the form

X@ t) _
-ft

= n(r) e o

ThO integral equation$ (293], then takem the f’01’m:

we now rescmlo r, taking as %he unit of length the mean attenuation distanoe,

1/((s+yo/v)”

~=r’_ ((.3+yo/v)

1
J

Ix-x$ I
n(x)= dx’ F(x’) n(x~) ~__.__

l+yo/av - - - 411(X- ~t)a

~:
——
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where fc

L?3qua’tion

.
—-----
—=
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—-—.-._- - “.:“:.”~—

throu~howb the interesting ran~e of sizes th~ endpoint method is siiTTMxmrtly
—._

In order im apply

one-boundary problem with the

refer to it as the “Milne

equation w have to study

n

Q-M

u =(3 -Ff)/(2 +y).

Several cases ariEe. For a

tamper OT the surface of an

. ..— —
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.2Q.

‘) find.satisfyingsomewhat raster than e--

~zs —— ,...
.
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tmd enclosing kO and (except

F(k) with the two parts of

---.—
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.

Wilert?l

-.---——.
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!;eohplf,fy log PL(k) by a corresponding deformation of’the left

R—. -—.— ——.—.”.—. . . . .

——..,—.

-. —

—-. ..—‘I. — 3-,

.
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Letting r = -k’

(2.8>

(2.6)

(2.9)

(2!.10)
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.... .—
—- —.. --.-..—. ~ .. . _——,—.-

}“~enow dotermino Xb and the value of B required to give the asympto%io

@ine Wm in f(x) unl% amplituda.

———————..—..———.— —---—.—— ..______.—.
-—–

‘
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This integral may be evaluated by allowing k to approac!~iko in (2.11):

M5dKing use of the ronnl.aa

k-.$ 02

—-.. . —
* —. —

—.
.-—...__————----- ___ ---- __

—-—=
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.

–—

H(k) i5 mot singular at -!-iko. (Tlw bmcketd

..-.-——

“1.
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.
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Gombining th.e6ehyperbolic results (c<l) with tho elliptic results (c> 1)

than 10 ~?;etreat exdicitly only the case: 0>1,.

...__——.

_.
~——’—- ____—._—.——————
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-.

-co
(g(k) = dx ~ E(~X~) e-b ~ & log <~

/ ,i-co

1
03 -kx

l?(k) + G(k) = dxn(x)e
.00

J
00

dxe “r.kx m=. dx’ *E (\X- x’~) [0’ g(x’) + Cf(x’)]
--m .m

E’(k) (and we assume al-solog F(k) ) mUSt be analytic for R(k)> Q

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



For the two cases we choose corltou~sm follo-m;
.

R

ilc
o

k
o

L

-+————4———

‘1 ‘3

“Dece,yiflgSm?.ution”

ikf

.ilco

—.. —..”...—..—----.-.-—-——. .—
—-——- .-.-..——

_-

/J’
R

_..kT++T. . -

. .

\

.

“Growi~g ~al.ution”

,
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We dd’o~-m Mo contours as f’ol lows :

i.ko

L—..—
-——-—-—---=-- ,3-—.

.&

-iko

. .....

R
+

===—=-——

making use of’ bhe previous evaluatiorl of’ the first term,

-.

——. — .. . _.——.. —.. .

—
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Fig. 10
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~rl * -J—--————+-#—————+—-––––––I
. ..~ —.

w. 1 -1<1 ‘1 x
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VUIIM of B required to make ths asymptotic sine
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-Y?=’

r“
.-—

1-
in(o)= c/(1 +—k.

2(1 - c~/c) ‘
(2.20)

*
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2’J!!!!!!!!--

A cheek of this repression is afforded by ove.lusting
_ ..<=-..-—-..--..—-

k

1 log
‘z?

.

(c-l)&/(1+~)..— .—
2Lsa2(l”.c’)(l-c’/c)
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The f’irst term will be

(2.18)0 the seccmd can

.
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J-.Lm

1.
im

-1..

‘G
dk

;C@

—--= ___-—----—:.:: ---.———
—
—~.
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— — ..-.--...-—-—--–.-.:... —-—---—-— - . ... .--—.-4!!mm==
!l’hesecond solution differs in having as an asymptotic ~olution

in the ‘~mper a growing exponerkial (growing for inorem.in.g negfitivex)@

Q%*, The core solution i-atigain sinu~oidalo diffsrirlg only in phase from

.iko

Fy=-*.._-....v-

Fig. 13

but the solutions so obtained may be represented as linear cox’binations of

the two solutions obtained ~rom the contours of Fig. 6 and Fig. 7.

!&3forminfjthe cofi’toursof i?ig67 so as to permit simplification of

.
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—-——___

Fig.>14

=-iilimi

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



- 1!.5 -

therefore write lag l?(k)immediately

I
I __.w.!i2Q -_c ‘ )log F(k) = .: & (Tc- Tc,) + %Og — --—=--—
o I+ks ICI*(JC2+ koz)(c - ))

BV is again to bo evaluated to give the asymptotic sine solution unit

4.

[2.25)

~ -—
---.--——-— ——. .—._- ...____.-._ —,, ___
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(Iko + e) + log F(.iko+6) + 2 log

_—— ——.. —— .——-–—————--—.— ----- . ._,,._.___——_.------
_____ . . -

‘c< Tc, for O< s< I) (2.26)

1c = -2 log 2,

log lf12(c-1)o - o/’(HKo21 (k12-1-I& )
,— —.— .—

‘22ko (~ - c’)(1 - O’/C)
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~=s

.zmkzx
g(x) = he +13eklx + j(x), j(x) = O(ex) as %+-03 .

—-.. .. .. .. - --—-————.-—-—-————. —._.-=-—--—-——.—._ _-—-—. . ~—.—____— ,___——.
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kl(-x2)
sin ko(x + xl + &* o

(d?. 2.17’,2.189 2.22)

.. . ..

.-.-

-~
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Jk 2+ ko2
no(x) is -J—===— times the “decaying solution’!

% P
first obtained (2.lLLto

2.25). n+) is ~ times the “growing solutionr~next obtained (2.24 tQ

247), Subtracting ~nl(x) from kj-no(x)Rims

n2 (x) =Iclno(x) . klnl(x)

‘1. ‘“- sin ko(x + xl)
P

n~(x)
H’ we now subtract nl(x) from we!get

-q-

.

%% now have two simple pairs of linearly independent solutiona$ n(x) and

for any other solution made from thwn R9 linear conbhati.o@O the asymptotic

—--- —.— -
-—-—.—- – --—
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.-.—

w-”===
have a constant ratio when evaluated at x = -xl and x = .X9 for the core

and tamper solutions re8pectivoly.

asymptotic core solution (x = -+

asympko33.F%Rip@r

!mlutions of the equation: (A + k2) n(x) =c)J5’_
tan-lk

= c (k

real or i.umginary). Each of the two asymptotic eolutions 4>0

an interfaoe is examined at its “fiducial point”, diwtant &

i%ce m the aide of grea%er o,

(The Ax for each solutioliuseo its own kwhich mybe eithm’

may be either

be joined at

from the inter.

red or imaginary.)
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.C

identifying the two asymptotic soli,atioason tho two.~ides of’an interface.

3% di.fferflfrom a simple diffusion thecmeti~”boundary condition connecting

tho asymptotic solutions only in so far as

1) Ax differs from o (very little, a f’ewhundredths)

This recipe connects only the &oymptatia solutions Detailed

___
.—

..—__ ..... —- —
_.._—_.—.———

. . .
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.
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In tamped (two.mediun)SoIutions tho formulae have been written for the

cm~e c:>l, c“<l. Other cases follow by analytic extwmion,

IL.

---=T- “tan k. .f

Jk2 = ko2 +Ic12

.
Each of the four Golutions is presented aS am asymptotic solution in each

medium (sirnmoi.dalor hyperbolic) to which is added a discrepancy term

(()hx forx>O, j(x) forxLOJo This diwmepancy term may be of either 6ign.

——. ....———.—— ..._—_________-—_____
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AccuJ’aGyof two-boundary approximation.

The integral operator

n(x) = no(x) + rkl(x)

we .——..-—----- -–— --
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(1 .AR)K.yb = (1 ..AL)riL =0

,.,——

Lqic] = L sin kox + hL(x)

(iv)
J -a)

.-
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The loft term of (i~) i6 roughly m. The right term is minus

twice th~ integral cJfthe discrepancy term, ~,, (>o)sturting rroma point
L

distant 2a from itiaboundary9 with n(x) beyond x = a. The character of
.

n(x) in this region miy be determined by taking c~ = O in the decaying two-

C/’(l 1-h-f)
The right term of (iv) will be fapp~oxim~ely (==2)x ] -“ ~ -.-.-!“ h(2a)

divided by their combined decay-rate, about 3-40 Using these approximations

“for a = 1.4 gives

for o = 2.0

For a tmped

[

end.=ox

‘-”+77”2 x 058 x .00117——.
—-—--3 =. .Oool$j

.,

n==n ~+n.. =~+nL. f3inkox+nl

-

.— __=—. .
z-- --—-. —“-—

.-
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c?
-! 11.lx~c

-+

—------ ,.,.__=_...-. —————,.—.
.

uL) $.. -1 %

these eri-ors mnal”lis the rapid decay of h(x) ~ Takin~

actwilly be somewhat tora

ror core Ciiwnwbewsor

-- .-
. —
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Co.mpo.risenwith variation theory results gives about (1.~ ac ii-m

.
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A&3paMMx 11 - sQlu-ti,(mix tkirilMhom&hwms “W3m-dlopr equation.

equation we wish to Gol,veis:

The solution of the corresponding Ronogeneous equati.onwill.be chmoted by a

hid n.oroc)t6 in the right h3M9p3w’eL Thea (h) becomes, .-

__—-.-—
—-—- —-——.—
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0,s

[- 1F(k) Go(k) ~ F - Fl(k)

[d)

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



,...

.

,

-62-

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



.—...———— —. ——.. .—.-—. .

equation.

TO treat

brAC

up the inhomagenwous term into Eiright and a lef% Gid@ pw”t and treat each

sqyu-a%ely v.fie.boveo

A particularly simple special casa M the untamped inhomogeneous

equation is that of the albedo problem -

fl(x) = e-ax

Fl(k) = .&-

U>().

= ~~.a~ (k + a)
—.————-.—--—---

+ & ~~, (kf . k)(k’ +a)Go(k’)
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Thus the k-dependent part of the integral vanishes. The constant park

represents an admixture of the homogeneous solution to Fl(k) and therefore

(’ 1
“–— -f-A )’

Go(-a) (k +a) / *

Thus

and is therefore given ‘directlyby the so3,utionF(k).

UNCMSIFIED
-. .

Y;, ,, .
$c : $’”J., ,.

, , ...
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.65676

959395

.54528

*49430

.421643

~*F& “,.,...,,.
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—“__ . ___
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.43763 I ,42378

.@666
I .39412

———

106 1.8-.— —.. .C—.

.58792 .572&

S5337~ .5~97!j

.49142 .1>7806

.J&712 .43599

.41210 ,L02Q8

03m50 057437
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