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An equation of state for compresscd matter is derived after
assuming that its energy consiasts of vibrational energy which is & function

of temperature only &nd of compressional energy which 1is a nlausible function

of volume only.
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Ae choose as independont parameters the volume v (of one mole)

and the tenmperature T, let u denote the irternal energy, 8 the entropy,
and p the pressure, the former two quantities again referred to one molsc

Then

. dv , du _/ 1 du 1 du
a5 = P—.r* 7~ —-(-%-4“1.-* '-g;—)dv+ T Sy 4T (1)

From the equality of the two consequent second partinls of 3

2 (%t Bl by bu)
ST\ T T v ov \ T of

we pgetl:
3u S
a7 =T ¥ P (@)

e mike now the first sssumption: The enurgy of the solid is
representable as a sum of two Mrctions of one vuris.ie cac: itne srergy of
compression cepending or volume alone ur the vitrsatisml enerpy as » functios

of temperature only) -
u= -wv)+ cRT (3)

(The cunstant o may be assured = 33 4f one wanbs Lo tuke inte account

additional degrees of freedom, o mey be nodified gcooriiugly.)
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3
~w! = T 'g%-p

The integral of this differential eguation for p gives ue:

p=w+Ta(v) (L)

where a(v) i8s an arbitrary function to be determined by a further assumption.
In fact, general thermodymamics can give us only a reletion with one unknown
function, even if one uses an assumption like (3).

One can get the form of a(v) by the following additionel hypothesis:
We aasume that if the volume of the solid is changed, all vibrrtional fre-
quencies in the lattice change by the same Tactor. e further sssvme that
the vibrational frequencies do not depend on the tempsrature as long as the
volume is constant. The lstter assumption is sautisfied only if the vibrae«
tions are harmonic(so these acuumptions will not be just,fied at -igh tempera-
tures).

e shall estimate tho common fuctor by which all frequcncies
change by calculauting the time scund takus to travel from an atom to its
neighbor.«

This gives the proportionality
vz SV“1/5 (¥ = the frequency)

The sound velococity &, is given by:

./9p_ B
* 3 bpyv -
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Using (h)xa"e have e o o °

In the approximation in which ¥ 1is independent of T we can
neglect in this expression the term Ta'(v), In an adiabatic compression
the number of quanta is unchanged, This means that the temperature~
dependent part of u, namely & RT, varies as ¥ .. For our adiabatic change

wo have th‘refore
T~‘?~'v* \/.:v—rT (5)

The physical reason for the chanze of v 1is of course the ciange o7 volumas

during sdiabatic compression. From (5) and from (1) ws :en get two

expressions for (dT) 3 at conatunt entropy. Assuming therefcore in (1)

dv
that dS=0 we get

147 | {Su/av)
dele B (6)

Here p=w'+ T a(v)s Oufev . -w', snd du/dT= o R. Thus
(arAdv). = ~Ta/a R

On the other hand from (5)

d..c 2 '% ‘ - r '}- v"jw‘"
S

av e Ve A rem—

\P1 2 .V/.ww
This last prcportionslity has the eame factor &s in (5). ‘ie cun write tne
equality

/ a7 "2 1 'l"‘
\&;_)S'-Tl}v YT w")
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Comparing this with the expression abovs w9 get:.

]

- _ 2 .1 )
TR "% T W

This relation gives the function 6(v) in terms of v and the function wiv)«
Our equation of state cen be obtained it we take a plousible

expression for the energy term w(v), We shall use as un example the zcuation

LAET Bvo/v)‘ - .‘.J (8)

1t aﬁould be noted that this approaches ths elnstic equation vhen v/vo~ 1.

and that w'~-P¥ when v/¥OL< 1 From this equeation we obtaln

Therefore

2 .1 " 2 _ 6+
a(v) = - aR <~3-;'?‘—§- —erl= R EY T TR

&aR(3¢- 1)
alv) = ——z——

he now get 5 our equation of stute

. ¥
P = Po \»(“;L) 1\ + —5—%-:-}-)— RT
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Por the intermal energy ' wielioveele See 3o°

u=- -w(v)+ oRT

or

+-
,'f
us= - -2(9- -;f;‘::""-pov-t-d.RT

Ve
From (1) we get by integrating

SzaR (~2/5 log v ~ 1/2 log w"+ log r)

'
or, since w'= - po ¥ (x-or/v(' ).

_ 1 /‘Po.f vﬂ’
S*aR |=—g— log v= 5~ og\ v/t
L]
..: ..: .:. ..: .:. .:.
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