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The determination of the critical dimensions of untumped cylinders,
infinite and finite in length, and of the multiplication rate for non-critical
sizes, is treated by an extrapolated end-point method and verifies for a few

specific lenzths and diameters by the variation method with a three-parameter

trial function.:
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The sicze, shapé:.cum;asieibﬂ?‘aﬁg’multiplication rate of untamped

masses of active material are related by the intesral equation
1+ e-(z =~ ") rg/v)
n{x) = T dx' n{x')

(1)

(x - )%
where the integration is carried over the volume of the active material.
A number of different methods of treatinzg this equation have been developed
for use with spheres and slabs. (Cf. LA Report 8 and a future report in this
series). The two most useful and accuratie of theseg, the variation and extrapo-
lated end-point methods, are here @applicd to untam,ed cylinders.

For the variation method cylinders differ from slabs and spheres
orly in that the integrals involved are rore ocumbersome. The evaluation of
the intezrals is so laborious that the variation method has been applied only
vo a few special cases, the results being used to c-eck on the accuracy of the
aore easlly applied exirapolated end-point method.

The use of the extrapolated end-point method depends on the fact
that the integral equation (1) can be solved exactly for the plane solution
in a half infinite medium by the methods outlined by F. Smithies, London iath.
Soc. 46, 409 (1939). The detuils and results of this treatment are ziven in
IA Report 8. The solutions so obtained are usefully characterized by the phase
and wavelength of the asymptotic sinusoldal or hyperbolic solution. The phase
has usually been specified by giving the “extraupolated end-point", the distance
beyond the boundary of the first root of the asymptotic sélution. The slab has
been trested by the approximate method of applying this boundary condition inde=
pendently at the two boundsries. The accumacy of this approximation has been
checked by the use of the variaticn method. The fwo results check to better than

one percent in thickness t roughout the useful runze.
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tunped sphere depends upon the, fuct that by, the transformation n(r)= ru{r)
the integral equation (1) &dr & 3. herle 15 delluced to equation (1) for an odd

solution, u(x), in an untamped slab. The extrapolated end-point solution for
the sphere can therefore be expected to be much more accurate than that for the
slab as the two boundary conditions which are assumed independent are about
twice as far aparte A comparison with the variation method solution shows
that the error made is éompletely neglizible for any useful radius and rises
to about one percent for & sphere of zero radius.

e have not been able to find a corresponding identificution of the
integral equution for the infinite cylinder (i.e., infinite in length) with a
slab problem with a displacement kernel, so thut no equally justifiable extrapo=-
lated end-point method has been found for the cylinder. However, the success
of the extrapolited end-point methéd for the slab and sphere and the identity
of the end-point distance in the two cases sugjests that the end-point distance
for an infinite cylinder might well be spproximately the same as the end-point
distance for a slab or sphere of the same material and rmultiplication rate.

ok ‘ng use of the hypothesis, we computed critical radii for imfinite
cylinders for various values of f in the following maunner: The form of the
solution in the interior was taken to be Jy(kr) where k is determined by the
condition tan'lk/k = 1/(1% f)e This condition is appropriate in the desoription
of the solution far frcm any boundary. The radius was tulken less than the
first root of this Jo(kr) by the extrapolated end-point distance determined
previously for spheres and cylindsrs. 7The radius as a function of f so deter-
mined has no rigorous theoretical justification. Uorever, when compared with
the variation-method rcsults obtained by Inglis with a parabolic trisl function

{Cf. LA Report 26) it proves accurate to less than one percent throughout the

useful range.
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The same precedure has been used for cylinders of finite length. Here
the interior solution is Jo(klr) 608 (kzz) where kl2 + kzz = k% and as before
tan"lx/k » 1/(1 + £). The radius s then taken less than the first root of J; olkyr)
by the extrapolated end-point distance (a2 function of f alone) as bsfore and
the half=length less than the first root of cos(kyr) by the same amount. The
results of these caloulations are presented in Fig. 1. Here again a commrison
with the variation method results shows no appreciable discrepanay.

For finite cylinders, variation-method radil were determined by the
maximizaetion of the expression

1 (/an) f dx dx' n(x) n(z') e°,§'“ "51/ (x = x')

N fr2(x) ax

where n * 1 o a(rz a/gzz + erza2

2

To perform the integration the following representation of the kernel

was used:
fee] 00

or® 9 IRy 37 g |
s = -3;— S’dyr S’(izeg 2 Y fu(ﬁ k ygaik: (x: X )
4n|¥ - x!| 2 873

nz =Y

° !

With this representation, the integral I integrates to

7
o

2 .
T = 4,m2z°l dyE,(y) Ko(%'__g)[(l - ;ot +€) Go(%ﬁ) +2(1 w P ool +6)Ahe e)Gl(%)

+ (A - 6)202(%11 + 431{ }L(l D =d s e)(a e)Go(%) .
Eeﬂ - B+ )+ (Ke e)(p- €)§°1(§> eloe eyt

+ Exz(zo} [Lé;ﬁ..)- Go(i‘) + 2e(f3 -G)Gl(%> + € Gz(%)]
RN UNCLASSIFIED

& = redius of ¢ylinder

2z, = longth of oylinder
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Boly) = <y(1 ~ e']/y ) +2 gdxe
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Eply) = -?-dee‘
T
¥y

lFl = gonfluent hyporgeometric funotion

The integration ovsr y was dono numerically.
The maximum was determined subjeot to variation of all threo paramotera
of the trial function n. The results compare with the extrapolated end-point

method as follows:

length diareter foar fond=point
4,0 2.0 702 .70
4.0 1.60 «892 «89
4.0 1.33333 1.086 1,08
2.0 2.0 «857 .85
2.0 1.60 1.046 1.04
2.0 1.33333 1.239 1.23

The values in the last colw:mf ato gl"a.kcix frog Fig. 1. —
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In Fig. 2 is presented the dependence of the coritical mass of
finite oylinders on their shspe. The curve gives the eritical mass, measurod
in units of the oritical mass of an untamped sphere of the same material, as
a function of the ratio of the length v diameter. The curve given was ocalouv-
lated for £ = .5, however the dependence of the curve on the value of £ is
so slight that it seems unnecessary to give further curves.

The same approximation method of oeloulating critical sizes by the
extrapolated end-polnt method has been applied to restangular solids. The
linear dimensions so determined check with those oai;ulated by the variation
method by.Olum and Davis to within zbout one percent. The suceoess of tho end~
point method in giving reasonably accurate results for problems to which it
is not obviously applicable suggests that this method may prove of value in
oaloulating oritical siges for still mors irregular shapes.

The ourves of Fig. 1 can bo used for non~critical configurations by
the use of the similarity transformetion (of. L.A. 8). If the mltiplication
| rate is Y then the quantity 1 + £ is to be replaced by (1 ¢ £)/(1 +¥) end

the linesr dimensions are measurga not in units of ths mean free path but the
meen free path divided by 1 +Y¥. The multiplication rate ¥ is so defined that
the number of neutrons inoreases (or decreases if ¥ is negative) in one mean

free time by & factor e?.
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