%Y

]
|

i

|

ORATORY

i

I

|

|

00329

ATIONAL LAB

Il

il

\:3\“933.3_

!
i

Al

APPROVED FOR PUBLI C RELEASE

I ' PUBLICLY RELEASABLE rirs

! er o wh . FSS-18 Date: 56

NCLASSIFIED  ooiime S 22

CIC-14 REPORT COLLECTION , ‘ L L -
REPRODU - N - é‘i\% 671

VERIFIED UNCLASSIFIED

Per_ i Rrown  7-R6-73

- By, Hadss Ligr cct_r-7-74

RN

ASSIFIED

APPROVED FOR PUBLI C RELEASE




|
|

Il

Il

- 3933800329 0375

LOS ALAMOS NATL. LAB, LIBS.

Il

1

:

APPROVED FOR PUBLI C RELEASE

UNCLASSIFIED

I;Aaé'zl ,

Gories A

il Em—

© Mavrch 1948 ?his decwmoent containg 18 pageso

FROPOSED NUGERICAL NETEOD FOR CALGULATIOR OF SEOCES

Worlk Done By: Report Writton By:

Re D. Richtmyer Reo Do Richtmyor

m

APPROVED FOR’PUBLI C RELEASE



ABOUT THIS REPORT
This official electronic version was created by scanning
the best available paper or microfiche copy of the 
original report at a 300 dpi resolution.  Original 
color illustrations appear as black and white images.

For additional information or comments, contact: 
Library Without Walls Project 
Los Alamos National Laboratory Research Library
Los Alamos, NM 87544 
Phone: (505)667-4448 
E-mail: lwwp@lanl.gov



APPROVED FOR PUBLI C RELEASE

’.”'C’A('S"F,FD 2,

ABSTRAGE

This re_porfz gives e mothod of handling tho finite difforonos equations
of hydrodynapios of compressible fluids. Shocks ere awiomaticelly tuken care
of by the expolicni of insroducing a (real o fictitious) diszipation verm
which gorvos to mmke the solution conbinuous across ‘fz'ne shock fronte Tho
effect of $his torn is to "crwar® {he chook somewiek, buh the Fugoniot
Rankino conditions ave satisfiod and tho entropy increess is correct; thus
the equations describe the moblon eorroctly ezcops for tho fine structure

of tho shocke Stability conditions aro derived and ore not unduly sevore,.
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O20MSED . CALGUIATION OF SHOCES

TRIRGDUCTION,

As iz known £ron the invostigations of vonifoumenn end Pelerlo, end i‘roi‘n

“he exporionce of tho IBYM group, the finlte-differonce equations that are used
Por rumorical solution of the differentisl equetlons of hydrodyramics of cOie
prossib:_te fluids are capeblo cf giving on approximato reprosentntion of shockue
That is, if the caleulations ars ailowsd %o px_'oceod with the differenco equations
&5 though no shock diseontinulty were present, the rosults axo ound to show an
epproximate disconbinuity of conditions at epproximatoly tho place where bthe shock
should ocow e.m_i noving ot approximabtoly the right sp-eed. Bohind the shock the
avorage density, prossure and material veloclty are approximiely correosi, and
shers is superposed on these an irroguler motion that reopresents in o sense the
thormal aglitetion of tho particles of the metorial that should rosult from the
shock hoatinge 'In all theso respects tho czloulation givoc approximately correot
rosults for wook shocks, bubt not foir strong ornoss For strong shooks it has beon
oustomary to intorrups the norral caloulating routine et the disconbinviiy and

perforn a opecial enleulation ("shock~fitsing® ) based on the Renkino~Fugoniot
| theorye

) In this re:vpgz'{: wo considor redificatlons of tho standerd difference equatiqus

whioh, it is hoped, will a:.‘.lgw them to give automatically an approximately correck

ropresentetion of all shogks, wosl: or gtronge

TIE DIFTRREWTIAL EQUATIONS «
Ve consider a ono«dimensiorel £low ond introduce the following notetlouss
+ o lagrangeon coordinate n initial codrdimcte of o givon mass point
Z(z,5) = coordipate, ot tims 4, of a pariicle initinlly at 2.
v®,t) = Vo _%35 o speoific voluw
g
¥, = initial spece vole {ossumed unifonia)
plest) or p(V,T) = prossure

T w T(¥%5) o tonporaturo

! QEERO\/E'D FOR PUBLI C RELEASE
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W
E = Eix,5) or E(V,T) a sikernal sporsy of fluid per uit mass

Thon the difforenticl oquations moveorming tho conbinuous pext of tho notion ara:

@ (% ) )x,a-.o

2 .-}.-.- az o é.g
({-) vo at? - a.m
5) Va V 53
(=) V37, 2%

aind ave o ‘be taken in sonjunction with tho relatiecns (assuxed krown) botwoon p,& ,V,Ts
(¢) p=p(77T) £= E(V,1)
foat vonduckion and production terms, if present, would be on the wight-~hond sido of
(1), but for tha prosent discussion we assumo that shoy vanishe Equetion (1) thon
moraly states thet the spocific entropy is constent (indepondent of %) at emch x4 For
%nis reason equation (1)} is nok usually considered at all, in deeling with hydrodynanies
withott shoockss Tho entropy, which is arothor lmowm function of V and ¥, is simply
put equal to its initial value, and from this rolation and relabion (2) for the
prossure the temporature T is olirinatoed, leaving a singlo rolation (Yadisbatic")
botreon p and V which is ‘then used dircetly in oomnection with equations (2) ond {z)s
e rotain equation (1), howsver, because entropy chenges cannoi be neploctod when
chooks (oxceph vmk.ones) ave prosenbe

At o sheck 5, p, end V aro discontinuous, and X has discontintous derivetives.
Equations (1) ond (2) then no longosr apply, ond rmust bo roplaced by sultable equations
from tho Ronline-Tugonics thoory. Tor exenplo, i® X w1 x,(G) is %he posibion of the
shock, zo thot S = f-ag‘—’- is tho sghoclz spood, end subscrip&.‘:s iand P dors_oi:o conditions
immediately proceding and jvmodiatoly fellioring tho shock, respectively, thon

P3¥Py
(5) ai‘“ ef e —— (tl"vi‘) a O,
and
(6) s2ovp PPy -

"2
V...v,. e P

seke 4he placo of equetionc (1) and (2).
APPROVED FOR PUBLI C RELEASE
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The irs% m*oposawml' nedifyine tho usue) ealenlational

‘tochniquo was based on the obsorwabion Shat eguation (1) in inbtosratied form and

equation {(5) can bo combined in tho Stieltjes-integral formmula
(7) &(6) » f .El(iaf‘ﬂ)«?@:.gl V(%) = consbent,

whers ¥ is the veirleble of invegration, end = is hold conséant. The proposal was

o replace equetion (1) by

() _‘c;%) - P b Jipltez, ,4) av)?:'
z

2 o%

where xy is a small quentity, of the dimonsion of length, of the samo crder off mogni-
tude as tho interval A usod in the mmerical inbogrations Afber e few test celou- ’
latiions, this proposal ves abandomgi, for two roasonse Tho firs% is that the irregulsr,
oscillotory motiion bohind the shook, femilier in the “vonlNowueun method?, deseribed

in tho £irst perszraph, was praesens with aboult the scme intensity as in previous
celeculokions with tha umodifled equationae. These osci‘lla:i;ifms arc updesireblo In
themselvos, becouse they aro qults violent for strong shocks, and furéhermore they

mako &% impossible Yo inbterprot tho results to debermine whai:hex_' the rola’cion? {5)

ond (6) exre appreximasoly sotisfiod noress the shooks Socondly, equation (8},

boing invariant for change of t into «4, can melm no distinction betwreen positive

and nogativo shool:se This reversibility probably explains why the oselllations bohind
tho sheok wore not dompods the eutropy incroaso duving the comproassion pert of the
oneillation is baltaced by an entropy decrease (sic) during vhe expansion perte This

Pirsy propesel will uot bo disocusscd further.

ENMRGY DISSIPATION,

I% was pointed out by vonNeuremn thalt what is clearly nesded is do take into
gccoib in tho equations tho Gissipative mchani.ém that operate in o physical shock
to convert mechanicnl energy irrsversibly inte heot energy. This is tho bosis of
%he second proposals Dxamples of such mohanisq.zs ars conduo{;iot_'c of heat from a

»
ragion, that hes boonh hoated by comprsssicn, to a ccolor region, and viscosity.

!!!RO\/ED F(}?-»PUBLI C RELEASE
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A0 DLLCOUG 2479 RHUALLVU A SIS MM Tfirmmi e CUIIUIERUCUT PAaYs 0L 6l MOULON.
Tholr megnitudos dopond ok the rates of chenge of physioenl quantitios, so that in
a shock thoy ave no longer noglipivle, becpuse there the vates of chanre are very
rapid. In fact, in tho ucual simplified picture of e shock as o diséon{sinui-by,
the rates of change become infinite. Clemxly a reel shool has a £inite (Hhough small)
thislmess, so thak quanﬁi’f:ies do not chango disocntinucusly, bul nevortholess at a

. . . . ., Thoory of
very rapid rato. In fact, as cshom bty various investigators {(e.ge Reyloifh, _Sounrd___»

Re Booler, -
and Zs.f. Fhyse 8, 21, 1928, the thicknoss of tho shock is controlled by tho dicsi

pebive mechenisna, end adjusis itself awtometically so as ho pornit the dissipative
machanisms o produce precisoly the entropy ineronse demandod by the Fugoniot rela-
tions (5) and (6)s This is pot surprising, boceuse the Fuponios relations are based
on tho fundarental conservation laws of mass, orergy and romentume The dotails of .
the dissipative mochaniem influence tho thickmuess and "fine structure”™ of the shook,
bul not the naf sosult of iﬁ:.
This suggosts thet wo should introduce a (real or fichitious) dissipative
mechanlen into our eguations. The only requirermsnts on it would sesm to bos
le It should be strong onougn o damp the oscillations that occoumr
immodliately bohind tho shock in the calcvletion . ’
2+ 1% should not bs strong enough to heve on arprecicble influenocs
on the continuous part of tho mobion.
3 Tho netural thicknocs that it gives to the shook should not be
much gireator than the intorval A% used in the muworical caleue
lotion,
4, It should noli Sntorferoe with tho atebility of the difforsnce oquae
tionz .
Requirements 1, 2 sud 3 would soem to imply that the natural thickmoss given %o the
shook should bo of the order of 4% or slightly lerger, beocsuse tho wavelengths of
tho oseillations obsorved is of this ;rdez' » and <¢he continuous part of the motion
" 1s by definition those repgions in which quantities chonge by only a smell freotiomsl

pmeont In one irborval of tho calculation.

e A uF Py I,
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151 PROPOSHD HOYATEONS . [_

The form of dissipation proposed is dilatetional viscosibtye In oquations

(1) end (2) wo roplace p by p » « -%-g s ¥liore p ropresents the equilibiium pors

of the pressure, tn ve caloulcted as bofora £ron the temperaturo T and the speciftoe
volume ¥V, end thie second borm represenis o corroction bo the pressurs that tends

4o resist changes of volurwe while thoso changes are takirpg place, For the time
boling wo repord_s¢ as a constant, though later this will b2 nmodified. The equa=

tions then becore:

& Y7 vV
) 2?%““"5%'3/"3‘-5)
and

i &Su-ﬂ 4 azv )
10)?; atz O */“m .

Yo noxt shotr that the Hugoniot relaticns (5) and (5) follow fron these
oquatioinss For this purpose wo oconsider o shecdy-state chool, That is, we consider
& notion in vehic‘h' all quantities depond on » ard ¢ Shrough the cormbination
é = %= 8% only, S boing tho spoed, in Iagrc}ngeo,n coordinaies, of the shocl.
Wwo assume furthermore that the veriation of p, V, and & 3¢ continuous aad riostly
occurs in a smell interval of the waricblo g s o the right of this inborwal the
said varisbles have very nearly constant velues (tho indtlal valvos); and to the
leRt of this inbterval they else hava very nearly coustont values (tho final values),
It will be seen lator shat owr eguaisions aschuslly lead o o motion of this kinmd in the

stondy state case Equabtions (9) and {10) nov teke the form:

ard -
an & &z 8 dv_._%g_}sa"v

By integreting {(i2) feon §= e~ GO g;«. + oo ond sething -g-v%: O 2t bobth 1limits,
wa find )

APPROVED FOR PUBLI C RELEASE
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o2 L ariim A meane o
78 (7o) = poPy
o]

whioh agreos with (6)e InYograiion of (12) also gives

P(g) = oconskans ~ .;.... i_r(g) -t s %Ig
o
or
2 i
(5) »plg) = e«?...!- v()] g AV
? g Py ?02 g dg

and substitubion of' this oxpression Lo p(g) into (11) gives

2
(24) “&+< 4-"““) LA L

2 a
A '
Integrating (14} through the shook region glves
2
S*V, 33
i A o - 2,2
€& ‘Pi T (V;Tp) vz (Vaa") 2 0
\ Vo 2‘?0

wileh ean bo wrdssen as

P
s--w C.f 3 ..i;g (Vi-‘vf) =0

by use of (6 ), thus verifying also .6)e o have shown, in other words, that the
eddod torms in (9) and (30) do not inberfere with tho conservetion lews of energy and
mumensume

For coloulating the shock thickress thet vesulds f£ron these cquabions, wo

spooinlise the discussion bo a fluld obeying o relntion

€. B,

wherve ¥y is o constonte By integrating (14) snd diwiding through by V( g}, e Mnds

(15) BEE) # p; '.sf..i..._,_,_.. V() & 2ORSE

o) z V&) = ey
2 O 2V = ~I>)

whare ‘the value of the constani is

APPROVED FOR PUBLI C RELEASE
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savi .

0

z,d‘
(16) concte 3 r.,?i ¥ l

Pliminoting p( g) from (13) and (15) gives for v(g) the differential equation

-

(17) gg sh =T '%n
vhoroz
P3, BV,
(i8) A :O L
A7 w2
(19) o S0L)
_/‘"V e
2
(0) ¢ -."'91 Ly gge1) 204
T M8 j.dfoz

Tt is roedily verifisd, by means of (5), (8), (38}, (19), (20), that the right hend
sido of (17) vanizhes for VeV; or Val, cnd is positive for Vp<V<V;e Thorefore

o solution of (17) hes the goneral appearance of Figs 1

v
A
71 el il o D =S S REA o s
/l
7
|
;|
e T T b
i (] .
-~ a8 g
Figol

{(21) T 2 i nsmant

From (17) the maxirum slopo occurs ub

Vu¥c/8  and has the value A - 2{fBC .

[ OOW

ED FOR PUBLI C RELEASE
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Foythernmora, 71-‘*1'{. = A %M
B

(22) 7 = 5*-““ Ll g

) A-2{BC

By virtvo of (18), (19), and (20), this gives tho thickness in torms of the initicl

conditions, the value of A nnd the shock strength.

_For strong shooks the expression (22) for the thiclmess w reduces approximabely
%0 1/B, whioh vories inversely as the shocl: speed, and honce goos Go zero os the
shook strengbth inoreases indefinitelys. For wonl shooks, on the othor hand, (22)

reducos £0 2h ... @0 thet the thicknoss goos to infinity as the shook strength

docreases G0 zerv.

Cur aim is to obtaln a natural thicknoss of order A% rogordless of tho
strongth of the shock, and consequently the above formulation hes to Do modifi?d.
Ac a guide in the modification we solve (22) for srwith the help of (18), (19), and
(20) %o see hew u.would have to vary with shock strength to give epproximately the
sarme thickness for all sghocks. The result in itwo limiting cases iss

R Va=V.
strong: (Vo <<Vi) IR 9%?:- -3_32- M’L‘%’.}. ;:Eé. .E'.f..f.
) o x

#1 s Sw Vi Vp
T

The legt feotor in the third moamber of the oquation for strong shooks 1s approximabely
unity, by definition of & strong shook, and is inbreduccd morsly to malke the expres-
sions more similer. The dependoneo of those expressions on the shook strongbh is

oonteined in the Lfactors

b

which surpests thait in our formulation wo should replace the constant ; M-y some-

4hing proportionnl to aVL mageions above for strong awl woak shools feil
e

%
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o agron, by & sastor /b, on IR t<i=s oni to resotrs

the disegresmon’s wo give priority to the stroug shooks (this is a purely nominal
deciglon, bocouse the ophimum value of w7, on which the coefficisnt depends, will

have %0 be found in any onse by Gosh coleulations), and the finel formules ares

| 2
$1 1§ v
Mo B (%;) 5%

so that
€ oV . l avf'
@) 5% YPaT €S
(2¢) Lo9%k ..;3_2 1y 36‘ av{ %y
Vo %% = on 19| 5%
(25) vhore € ::5-;5- ?‘2'%« o Tt is oxpectod thet the effective shook thickness
o'}

obtained from (25) end (24) will not very more than ebout by a factor 3 for the
entire rango of shosk strongthe

The Hugonlot relafions (5) and (6) follow from (23) ard (24) ir about tho
sore way that thoy &id from (9) and (10),. )

Vs will not generally be knowa in advance of the caloulation, except in '
problems where it is mowm that all shocks :un into proviously undisturbed mabteriel,
but in many problems It will n?verahxaless bs o %’e.i.r approcimation to set Vi equai

5o V, in the exprescion for € s 80 that finelly,

mwr ¥

It 35 bolisved that the added berns in (23) and (24) should be at loast as
eosy Yo incorporate in a routinized oalculation es the ecouventional shosk fitting,
end furbhormore they aubomatically take care of all shock, wheonevor aund wherover
they arise. Theso terms should hove no apprecicble influsrtice on the continuous pert

of tho mobion bocangse of tholr strong depondence on the rate of change of V.

APPROVED FOR - E
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The opbimum velue of v will have %o bs :lo{.o“m:me& by ivial ealeulad¥ions. I

te expootod that 26 vi1a o MMM .. o: .

THE DIFFERRICE EGUATIONS.

Por mmerieal celoulations, tho systom (23) and (24), together with (3),
rust bo formulated as diffevonco egueilons. Cor.xsiﬁor a wmifern rectangular megh
of points in tho x-G plane, with cocrdinstes xy, &, spacings &% amd A%,
end lot tho walue of auy function F(x,t) at a mesh point be denoted by Fg = Flxq,5%)
Suppose that at a certain stage of tho caleulabion all guentities aro knovm for time
8, and that in particulaw, the values x‘; of the coordinate X are knowm at the resh
poinbse Then cloarly the weluos of the spocific volume V will have boen determined
by straightforward application of (3) at midrmy points, (;{zz 1 % ), (ci‘. cque (29)
below)e Since p, ¥V, T,E£ are all connccted by functional relations (4), it is
natural to suppooe that T and € will aleo bo Imown at midwny points for time M.

Then the dif'ference equatiions can be wrritten as:

n_. o
(27) 130’% = P(V”%a 1‘;&%)

xlﬂ' 2% 'H{n“l p"_,l..-a fi . I S n«_‘,:_ . vn..l
(23) R ‘A""%‘“: L 2& ‘M% L=t B 4
% (At 2 4%
. .A vﬁ“l -V 2 vn-l
ix” Vo Vet ik
A% AL
xiﬂ'l - xn"].
nkl g Al 8
(29) W=7V, =
nel n 31 . ‘ Vn;‘l . Vn 3
0)  E5p @gﬁ; n v?% v,;s.% R
Qb y L% 2% Bty

nild +1 o+l
(31) E'e% = £ Vz%_ . I‘fh)

and are to be solved, in ordor, for pg.;.;v, (= 0, 1 2,...,, }xm“' (£ 03125000y
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eoidition is, of course, usoded for tho lirst end for the last value of ,l.) As
writben, oquations (28) end (T0) are not correct wo second order in 44, and eanunot
be so mede withoub rendexring their coluiion much more difficulte In somo problems
the systen can be o revaitten ag o make tho wosh imporisam.: Serms correct Ho second_
order 1’33' using txﬁbciﬁ‘ic antropy S, instead of temperabure T, as o dopsndent variable,

S =z S{V,T)» Then {30) and (31) are replaced by

n%-l - g 2-1 3
(s2) T, it Y 3 T s ;:,'
and )
(53) Spix = S(%y » Td)

ntl ) ntl L
and are solved fur 8y £:0,1,2,00s) and Tyl Z80,1400e) vospectivolye

STABILITY OF DIFFERENCE FQUATIONS,

It is woll imown tl_mt for the continuous part of thoe mobion, where the
dissipation 1s negligible, the difference equations mey undor sare ciroumstances
bo unstable, in the sonse that small errors introduced et ono time, %, (for
exorple, errors that aro unavoidably introduced by the use of finlte differences)
appoer amplified at oach now oyole of the calculeticn until eventually nothing bub

gibborish rermainse Tho condition for stability is that the quernbity
(Y

sghould be less tlienr unity throughout the caloulation, where o is ths locsl ediasbetis
sowrl speed and AOX 1s the intorvel of the Eulerian coordinste X corresponding to
the interval QA% of the Lagrangean coordinete x.

It misht be hopod that this situation will nobt be seriously altored by the _
presence of the dissipative terms, tecause these torims are importent only in s‘.iwol:s.
and shool: conditione reprosent only a small portion of the x-% plano. However, the

rogion cwered by shook conditions is by no means nogligible: The width of this

rogion (le2e, tha thi chxoaa of the sh Yc) 36 1ikely %o be a% least 2 or 3 ‘ines

APPROVED FOR PUBLI C RELEASE
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Mie
AX, tho shocl: specd is ICME Tho shock; ‘the "Courant:
maioor" €, is not likely %o be more thon ebows X, oo the mmwbor of cycles AL
during shich a given rees point is under chock corditions is likely to be of the
order 5 or nore; any epprocisble amlification of orrors et each of those five oy
co oyclos may well vo seriouse We shall thorofore oxanine tho stabllity question
in a 1litvlo moro dalell, toking the diesipevive terms inGo acoounte

Siriobly speaking there is no gornral theory of sitability applicable i;?
problons in whioh conditions chenge rapidly fwom point to poimts Inbuitively,
ono can be sure tual the owrall stebllity oi“e. problom depeords on some sory of
avaraps of the Courant mmber of its analopue, bubt vhat sort of average ls -
volved is pot olocr, and may oven deperd on whalt oriteria are telken for stabilitly.
But to get a qualitative 4den, wo shall praceed as followse Te £ind oub vhab
cona.i.t';one -~ procswes, donsitics, volocity gradients, etc. = oxist in the shook
rogion, and investipate what the stobility condiltiona would be if these conditions
porsisted in a largo rogion of the x-%t plane.

Por the remainder of tho discussion we shsll @eal with a fluid oboying a

"onmma lew"

(34) E - .ﬂ. &
s
ard wo suAll maks uso of ho perisicls welocify u given by

'

. OX%
4=5%

whereupon the differential equations bacerm:

-

(35) %%:vo.g% .

(z6) v at, + ¥p 70%3 =1)E ,703 %;:r ’
and )
(37) %-; %{- n - %&26@3 %-‘Z .é..;‘g
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in outline, ‘the caleulw I&b. Ve ansied et o srall

porturbation is enperposed en tho smooth voeristion of u, V and p, as indientsd
cohorabically by the subskituvions '

Ve B 6\1?

T—sV & 37,

p—?p + 5 e
Tt is asswmed, hswover, thay the perburbation of uw is not sufficieally preat o
a‘.!:l:?r the sim of -g:%]. Tle tren obhain lincer portial differontinl equaﬁ?ons f:}r
é.u, S and c{p by cavrying out tho above subsbitutions in equetions (35), (36),
erd (37)s We then look for solutions of tho‘differenco equoiona, obtained there~

fron In apalogy with tho system (87) %o (31), of tho form
o~ ° .
Su =1y e:,é]‘ s
(38) vaury MO

rfp =Py 959'675 >

Subshitution of those exprassions into '@:he differonce cquations loads 4o a sed

o simultenccus llnonr equations for W, Py and V.L . From this we elimipste Uy s

Pys and Vy and oblain an equation relating 4o /‘f , ond contnining the interwval
nires AZand At. From this equstion wo dotermino whet rolation betwoon AYand At
must bo mointained in ordsr that the resl pars of ¢ be aon-positive for all real )5 »
0.8 thi:_; is clearrly the condi%lon that disturbances of all sortc decrease, not ine
oronse, as the calouletion procoedse ‘Tho vorious torms of this equation contain _
various combinations of AX and OHE, end sineo we ave inborestéd in a fias mesh,
wa drop all terms oxeepl thone of lowest order in the amnll quantibiss A¥end &&.
The only torms which roreln ore thoso tlint derive from the firet torm, left ,. and

tho lest torm, ri.ght; in equation (27), so that wo cre dealing in effoet with a
shability problom of The eemo type as tnat met in oconnectich with diffusion or

hook flowe This in in accord with the general principle Shet ateblility is affected
oniy by those torms of a partisl dlfferentinl oquation conbeining derivatives of
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hishost ordeors Lut whon, os 1Mal with o system of equations

in goveral depeidsivt varimbles, it is porhops not immadickely ovident whish terwms

arg to be cousidored those of highest ordere For that reason we wont througn the
parburbation salculation outlined ebovo and found thai for stavility oonslidorations
we can drop the firat term, loft, in (37)a

With rospoot to the remaininz torms of (57) our differerce equations aro

of the “&cplleit”? type (s02 vonfeumama and Richtmyer, A Proposed Tumericeld Msthod

for Solving Partial Difforential Equetions of Ferabolis Typs, LA report Ho. 657 ),

and the comditicn for stability is +that the quentity

oxl 2as
oyl a%

ghould bs less then waity throughouti the celoulatione

(39) Cy = 28 vo‘-"

Vo shall compare this quantity with the "Courans nudber” Cy applicnblo in
$ho con‘ait_mous part of tho motion, ond £ind thet tho tiro are of the same order of
magnitude, so that satisfying the conditlon Gy« in thoe shock should not be much
more diffloult thon setisfying tho condition 01<1 for the cmbinmuous part of tho
notlone

Ve rowritc (59) gpproximately by means cf

. Qu Bul 1| 3y s JgVe
wo) | 331 | Sz‘m-‘ff; 1 I
and
W W ¥
o e
o %

end find thed

Vol g
22) 0o - 26r31) A i L SO
(42) Cy = 2GrH1) &% T Av

X *

¢ -

Vo shell compare this with tho value C,.s assuwed by €y bohind the shock, vhich is

tho nost critieal region for the ordinary Courant condition. Ve haves

(e
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@) Gom Y RV, T T\ 3

Bliminating O%/AY. fran (42) and (43) gives the velation Lotweon Cp and Cipe
Wo also subatitube for § and pp froa (5) and (6), and call

(44) K - V3

a--wo

f.

?is the compresslon ratio and is o mwesures of Hiie shoclz stirengthe Tho resull is

. ok
) o= o T B G-F)

Sinco wo don't know thoe shocl: strength in gonoral in advanoo, wo naximise

(45} with rospect to 7 ¢ Ve do Imwr thet for real shooks » is alweys botwoon 1

;——4-'-;_ » and in thie intorval the raxinun comes ab

() 3=y, = “}’9%3%

WWe obgorve that ‘-7 o lies botween 2 and 3. Ue can therofore fimd e simpls inequellty

for Co by obsorvinmg thot of The two faclors containing 7 in (45) tho first is'an
incrsasing and the second is o docreasing function of ? o 80 ‘thiat by putling 7 equal
0 3 in tho Pirch Pactor and 2 in the secomd, we find

41’“ o’ W

2 B y%ay 1?

Po illustyate; iIf OL = 5 -zﬁz 5 3, ard ¥z 1,378, C, might rise to somsthing
of the ordex of 3 at tho conbor of the shook for a chock of worss velus of 7 (slightly
wnder 3)e This will lead %o temporery amplification of errors in the shock. If o
assume that this situation will persiast ei‘fec!:ivoly for about 5 ¢ycles of the calcuw
lakion in the neighborhood of o glmn point x, and that the everage value of Cy over
thase fivo cyecles can be tel:ex:x as 2, tho omplifiontion factor for orrors of worst

G
pbssible wavelength, KA¥ =T will to (2 Cp - 1) or about 240, This is probably
3 ole*abla, if $ho irrepularitieos of the notion wors sufficiontly small prior to the
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18,

arrival of the shooke But if w/A]& woro esswed Lo bo of the order of 6 insteand

of 3 at the centor of the shock, the emplification factor might well bo of tho order

It seemz likely $hat the sucoess or failure of this method of treating shooke
will dopond on whethor ws cen chocse w/ajp large enough to make the dissipetive

Sorre accomplish vhat vas intended without incurring serious instablility.
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