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ABSTRACT \

Snyder, Wilson, and Woodward have measured the neutron flux at the
center of a subcritical 25 sphere with 28 and 2% fission chambers. The source
vas an outer close-fitting 25 shell activated with slow neutrons., The ratio
1 + M of counts with the spheore to without the sphere in place was recorded.
Two spheres of 25 and one of normal uranium were usedo The experimental and

theoretical wvulues of 1 + M are given as follows:

: Normal
Sphers 734 25 Uranium
Detector 28 659 25 28

Small Ekpo 1013 i <01 1026 + 0% 089 + 003
Sphere . = =

Theo- 1006 1025 ’ oBL&
Hedium Exp © 1.21 i 02 1 oms + o02. Do - -
Sphere =

ThOOO 1012 10&2 DDOSDDOT-

The agreement iz good for the 65% 25 but poor for the 28 detector. The
result on the multiplicetion of the smmll 25 sphere was 1,076 + .008

experimentally and 1,07l theoretically,
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THEORY OF AN UNTAMPED SUBCRITICAL SPHERY

WITH A SURFACE SOWRCE

INTRODUCT ION

In this paper we wish to discuss more completely the theory of the

1
experiments suggested by Frankel and Nelson ) end performed by Snyder, Wilson,

and Wbodwardz)o In a large cavity of the Building X graphite column, a
sphere of g-stage material (about 707 25) was immersed in the thermal
neutron flux. The sphere consisted of an outer shell of enriched 25, a
removable core of active material and a central fission detector with

28 or 25 folls, The significant measured quantity wes the ratio } + M of
the counts of either detestor with core te without core in place, These
integral experimsnts, closely allied to the important problem of determining
critical massesl), sorve as a test of our theorotical knowledge and furnish
in addition information or criteria te fix more precisely the differential
nuclear constants.

1, M&LTHOD OF COLLISIORNS

In the small-size spheres (radius about a half & neuvtron mean free
path) used in the experimente, neutrons from & source on the surfece of the
sphere which bave made many collisions should contribute little to the total
flux at the center. Our method is to treat carefully the first two collisions
and then to epproximate the effect of the higher collisions.

In reality, the sphere hud an extendsd shell source, & core with a

hole partially filled wj.tb °l£uu:'1 erum"malﬁ.e: and spherical foils for deteotors,

=G ) """fMﬁEQiﬁ
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For practicel reasons, we start with the most idealized conditions and then
progressively remove the simplifying assumptions. We give a chart of various
approximations used in our caloulation and then consider in turn the more

imporvant.
Surface source

Qo
Sh911< :
b, Extended source

Solid

Bo
| che< 1. Filled - - Partially filled
bo H016< '

2. Empty

a, Center point -
Detector< :
bo Off center in spherical folls

(A) Surface Source, Solid Core and Center Detection

The simplest case in the above chart is the one in which the shell
source is of zero thiclkmeas, the core is solid to the center, snd detection
takes place in the center,

Direct Flux. On a sphere {radius a) g neutrons are emitted per

e

scc, The flux at the center for no core is q/hﬂazo ®With core the attenuated

direct beam will produce a flux F_ at the center.
— o>Ja 2
F, = 9e"®/hira (1)

¢ is the total transport cross-section (in resiprocal cms). Thus far, wo
have, as 1 + M = {4ma%/q) (Fy + o0ee),

1+M=ef"ca' (2)

First Collisions. We ncw calculate the contribution from first

collisions in the core.  Thessuutregr qedtyscd at q travels along r’ and iz

scattered at P to enter Slongeresshecsddsectror 4 at the center. The flux at
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the center from first collisions will row be derived. The flux at P, ov,

will arise from the surface source.

av, = ge’% ' /yner2, . (3)

P

This flux nvp produces at P a neutron

csollision source qu

dgp = nvpo(l + f)dr,. (L)

Figo 1

Here { is the number of nsutrons emitted per collision amd dE'P

is the volume elemont at Po This sollision source qu oreates at d a flux
«GT
dqp(e /lm2) (s)

The neutron flux Fl due to first collisions is them

= ) = | ; a{l + 1) -ar
Fl qup Loz f“va TR dr_ o
(6)

<0y ¢
= ) a(l + f£) -or
f EwTE TLme o Yp°
Introducing the variables suggested by Fig. 1, we have dr = 2ﬂr2drdp.;

p=c088 ; 0Ogrca ; «1gp<l. Thus we get fimally

-~ . ao(l + ) a H dr @ -a(r + r?)
F,o= B ( W fo .fl = o e (D
[ 3

Wa evaluate this integral by expanding the exponentisl term.
Physically the first term of the sxpansion means mo attenvation from surface

source to centrel detectorye %Fke orespugtr gf,or' representa attenustion over
[ d [ [ e o

LA e carn
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the source path gP and likewise or is a sign of uttenuation over the detector

path Pdo -

1
_aer+ ) [ (T dr d
F -~ S&u?ﬁTc__n ( 1 g;?zﬁ (1 - Or =3 Or' + ooooo) (8)
o Q had

We use r'® = re + al - 2arp and integrate over the angle variamblse p.

_ aqoll +f‘) +
F = R‘v’f r a dr
1 {\j ﬂ/w‘r"ai ;;-(le(ﬂ')

J [‘r +al - 'rnal ._.'f'oooo} (9)

Setting x = r/a

1 ™
—ao(1 + f) 1 +x dx 1+ 1
Fl R T ‘(O L\-T—-—-c-. < = ° ca ‘& Lwl — :-dx - O 2d% 4eee
0 0 .

1 10)
3%—;-(1;‘-:5-)- ia‘i - (@ w2 +2)+ } (

The contribution to 1 + M from F; 15 Fl(hﬂaz/q) or

1+ M = (Lra?/q) [Fo +Fy -x-..“.,]
1 +¥= era + Oa(l + f) {Ilz/s - (1 + ,@w2)oa + 00993 (11) .

Wo have reached a stage where we can arrive at some simple

conclusions. Consider the ca term of Ego (11)o

1 +M=1 +{(n2/8) (1 +¢£) - l}oa =1 +{1°2337(1 +f) - 1} ca. '(n’)

We have set =% =1 - oa, since higher powers of ga havo already been
neglected in the trsatment of the single scattering term and in the omission

ef multipls scattering, and since the e P&nsion of the attenuation term
... .:. L ...

svidently gives a better e.ppronlm}.‘l,xog 't:y ltaa:’hng to camﬁﬂﬁtﬁsﬁmﬁen

oo
.

Tyt Has e L \
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positive and negative terms in the higher orders.

A simple ifterpretation can be given to Eqe (11°). We have tww
terms, the 1.2337 (1 + f)oa, the flux scattered to the center by collisions
and -oa, the flux 'thrown out by attenuation in a first collision. We note
that a non-fissionavle core (f == 0) does not imply M = 0, In fact
1 +M(f =0) =21 + .23370a > 1, Vis will now give rough estimates of
1 +. #(25) and 1 + M4{28), the re;sults to be expected for 25 and 28 detectors.
The radius a~2 cm, and mean free path AL cm or oan <5, For 25, ong,
Gp~1:3, OrNoo7 barnso, For 28, o~5, 0p o3, Opasol3, G4.m o? barns.
op and o, are the fission and radiative capture cross sections. oin(28)
is the inelastic escattering below the 28 threshold and therefore acts as
capture, Taking v the number of neutroms per fission proccss, as 20)415,,,‘

we got

r(eg) =l T lodh = o0l 57,1 4 £(29) = 1037

£(26) = Lok x 2 A3 = o9 =2y 1+ 1£(26) = 080

We note that it is oin(28) which makcs £(28) negative., Finally we have

1+ M(28) Av1.04; 1 + M(f = 0)Av 1.12
' ‘ (117)
end 1 + M (25)A21-34

Louble Collisioms. Using the methods outlined above, we

q avaluate the flux F2 due to double collisions.
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& +1 6=°F
dF, =ofl + £) d(av_.) dr 12
e ( o)1 P! e Zpr (12)
~e f+lre 0+l "
F_. = 02(1 + f)a qecor - or' - 2ﬂR2dep.' 2nr2drdp (1%)
e 0J=-1)04=1 hﬂr"e o Lnpt2 o L;ﬂrz /

We used dE-P'= 2ﬁr2drdp and diP = 2'1&2de;1' « Recalling

"2 =R2 + a2 . 2aRp® and r'? =R® +2 . 2Rrip, we easily perform the

P

twe angle integrations

2 2 (112 '
_ i+ f) 1+ ¥
F?“gg"%sr““"gogo bty b5 o (1)

We have given explicitly only the unattenuated first term of on Further,

vy =R/a and x = r/a. A numerical evaluation of the integral gives

2 2 :
r,= s22 e, A+ 0 ;115166 (15)

s -
The total 1 + M up to (0&)2 terms is then
1 +8=1 +{(u2/8)(1 +£) - ]5 ga +
' : (16)
{o_c; - (1 +2.2)(1 + £) +1.15166(1 + £) 2} (ca)?

Summarizing our final equation, we give the origin of the several
terms (a) 1: direct unmattenuated flux (b) (ﬂ2/3) (1 + £)oa ¢ unatten-
unted first collision; (c) <oa: linear attenuvation inm diresct flux;

{d) Oos(oa)z: square attenuation in direot fluxy (e) -{(1 + £) (ca)2;
linear attenuation over source peth QP in first collision;

() (&2 +£) (oa)2: linsar attenuation over detesctor path (Pd) in

first collisionj; (g)  1,15166(1 + f)e(aa)zz unattenuated double coliisions,
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(B) Surface Source, Filled Hole, and Center Detection

e travel one more step in the direction of actuality and assume
thet the detector space (radius b) has the same total cross section for
scattering as the core, but no fission.

The derivation of 1 + i proceeds as in
section A. However, the rerions of integration
are different, F_ is mintained. Fy of
¥q. (8) breaks up into two parts, F and

1,0

F The former represents the first collision

1,h°

in the core and latter arisesz from the flrst

Fig. 3

collision in the hole (0 < T (.b) %e write

down the result

qo{l + f) e[ dr d
= r au
Pl,c = H Xb S-l - (1= or - or' +...)
) (3
= 9o(1 + f) g1 +x on Ll tx 1 )
W b/e. 1_x X ba 1-; dX'- aa 2dx +eco
b/ﬁ
qQ ° dr d N
PL.oo= o __I,' B - - ¢ oo
1,h B'ﬁgo g~ (1o or - or' +ooo)
(3"
= 90 b/h 1 +x b/é 1 + x b/a
e o Z“‘l-x —--='0& lw dx—oa 2dx 4o
‘ 0
The double collision gives rise to four types: F and

F
2,c,¢’ "2,c,h’ F2,h,o'

F2,h,h.° For instence F2‘,h,c implies a double collision flux at the center
caused by e first collision in the hole followed by a second collision in

core with consequent detection at the cemter. The final 1ntegrals are

LTI

P TSI ———
LT T——.
[ ] vty

L APPROVED FOR PUBLI C RELEASE
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' 20q 2
P = qo<(1 + f) S Avl +y y +x dx .
a,cpc -—-—Tg’ﬁ"—_—"* b/a. b/a ‘@~ 1 - ;gwly - I‘ dy x (lL")
2 1 b/&

_qo (1 + f) 1+ + dx "
Fa,0,n = " 1%W j o/ bt bF—5 w T (14"
5 _ q02(1 v g [ zwl +y gyt dx "

2,h,c Yy Ty x Y3 (1)
2 b/h b/h

. 90 1l + + dx tn

Famn = 350 | fo RS (aw)

(C) Surfece Source, Empty Hole, and Center Detection

An equally important approximation is to assume that the hole has

no scattering at alle

Then Eg. (1) for Fo becomes

F, = qa’o(a - b)/hﬂaz (%)

fg. (3') for Fl,e has an additicpal term AF1 o evaluated below, Fl I is
. a 4

zeroo Similarly Fz,c,c is retained, but F2,c,h’ F2,h,c and F2,h,h become

20T 0o

AFloc originates in the attenuated paths that cross the empty hole.

length SR, the traverse across the hole. We find

UNCLASSIFIED

Paths terminating in a point P have an unattenuated
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- - - veoeo [’}
0% 26 e® See 22 %

STETEY G -—-——
thatt TR I N T X
o - qcz(l + f) b arcsin b/a‘:/:l a2 A " o A
1,0 T & . - gz sin® @ -9 arccos(—ﬁ. sin ©)f de

(gm)

{D) Extended Source

In the previous sections we idealized our source as a surface: Im
reality the source is a shell of finite tnickness undergoing fission in a
cloud of slow neutrons. HNeglecting the effect of curvature, we calculate

the source distribution Q(x) in a parallel plate of active material.

«? = radius of oufer shell é/ The number of slow neutrons

o 7
r .
<18 dQ(x) reaching a depth x at angle 8

in solid angle dw 1is for a

- ] uniform angular distribution of -:he

a = radiws of outer core slow neutrons,

aQ(x) 0”987 dw ~ e°°3x/c°s Qd(cos 8) = ecdsx/“dp. (17)

Sg is the total cross section for slow neutrons in the shnell.

Integrating Eq. (17}, we got
1 o0 .

Q(X)~§ ef’"*‘,"/p dp = jl o™ ay/¥?; vy =1/u (18)
0 - -

These slow neutrons then cause fissions which are the source of fast neutrons.
The integral of Eg. (18) is tabulated in a WPA release,
To include the effeoct of the extended sowrce Q{x), the results of

the previous sections have to be integrated over Q(x). Thus F, of Eq. )
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in Section C becomss
a' v
= Q(x) dxe=9%%
o Sra S =al e x (17)

In the same manner we generalize the other expressions,

(E) Off-Center Detection

That the detection takes place in spherical fission foils off the
center must be considered. Derivations of 1 + M lead to more complicated but
basically the same expressionss) a8 found above,

(F) Cross Section Averages

The slow neutrons bombard the enriched shell and create a fission
source distributed in energy E as :xf(EDo. These neutrons in turn by elastic,
jnelastic, and fission collisions become a new spectrum; the first collision
spectrum which by a further collicion changes into a second collision spectrun,
ete.

Direct Flux Averages. The dirsct unmattenuated flux requires an

energy average of

j:acf(s)od(E) dE = T, (19)

Here o4 is the deteotor cross section which is either op(28) or 0p{25) of
the folls in the fission chamber.

Similarly, lipear attenuation in the direct flux is given dy

SZOW g 4B = o 04 (19

3} See 2AY below.
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Sguare attenuation 'in ths same wmay inrolves
o SR
2 D 2 144
Xp@ OgdE = 0o7ay (19™)
0

For & first colliesion, the spectrum becomes in scatitering from

E vt E%

961.(5:) {_oe{;()ﬂ = E') + vop{B) Lp(B') + cin(E)){in(EsE")} = OISI(E,E") (20)

gb(E - BY) is the elastic scaettering to the same energy.
wf(E)j(f(E') is the number of neutrons emitted in & fission cullision at
anergy E'c o5, Y ;,{E,E?) is the inelestic spectrum. If this spectrum

OISI(E,EV) is directly detected, the resulting average is

Jj olsl(E,E’) ad(E')dEdE” =0o(1 + fl)od. (21)

For a first collision and a lineer attenuation, the sittenvation

may precede or succesd the colllsion.

Attenvation followed by & collision requires the integral
; = g2
ﬁ a(E)olsl(ETEP)od(n')§EdBv = a2(1 + £5)a, (22)

Jn the other hand atteauation preceded by a first collision

iavolves

jjo(Ev)clsl(ElEv)od(Ev)dEdEV = o'a(l +£3)0 (23)

then two cellisions occur, the spsctrum becomes

Olﬁl(E,E”) E 0? 6(E? ~ E") + vop® Xp(E") + oin(E')')(in(E',E")} 502232(3,2")

e o & [ (.4 (.4 . (2)—'.)

[ ] [ 3 (.4 [
0 SO 500 00° 000 *0

APPROVED FOR PURIIC REI EASE




APPROVED FOR PUBLI C RELEASE

B R A LU —
ot ot 3O3R

E" is the finel enerpgy after the sescond collision, The average
sought is

j”:ozzsz(s,s")od(s")dEdEFdE" = oc(1 + fu)eod (25)

To take account of these different cross sections Eqe. (16) of

section A must be rewritten:

1+ 1 f [2 (i + 1) 1
T o qg w G Q
5 1 %a 1)9g d

+ [05020d .‘ s2(1 + fe)od e fn2c'c(1 + f3)od (16*)
‘]

~

+1.15166 oof1 + fu)eod a

2, DISCUSSION OF NUMERICAIL DATA

We he.lve computed with twe sets of nuclear constants which we
021l the old and the new. The old vulues were essentially those given in the
hapdbook 18~140, The of(25) curve was made to go down through the
Bretscher value et L Meve Also we took o, (25)/cf(25) = .16 (1 - §/2),

1/2

00(28)/of(28) = -1 end ’)(,in(E,E‘v‘) ~~ E? for E' £ 1.1 end zero glsewherso

The new nuclear constantse were revised to include Richard?®s recent fission

L)

gpectrum and Maniey's™ last measurements on ths 28 and 2§ transport and
inelastig cross sections. We also decided te flatten the of(es) curve
beyond 0.5 Mev. Present evidenceo indicates that the Broetscher value at

Iy Mev is lowo AJ1 available data were used in arriving at the new constants,

Ye assumed o (25)/of(25) = o14(1 - B/2). Only tho thermal value is experi-

menteally known in the latter relation. The inelastic spectra for 25 and

;.}) LA-169 .:o ch E:o oEo E:o Eo:

APPROVED FOR PUBL| C RELEASE
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28 were deduced from Nanley's data. The 25 inelastic spectrum which gave

a simple and adequate fit vas 81/2 from O te ol Mev, flat up to 1,0 Mev and

then zero. The 28 inelastic spectrum, similarly, was assumed to be

(B = o1) 1/2 from o1 to ol Mev, then flat up to 1 Mev and again zero elsewhorc.
We give the resulis of the colllslon averages in Table Io The

composition of the core was taken a% 73% 250

Table I

Core 7%% 2%

% cf(ea) o f(25;)

Sot o1 New 014 New
c*d 2269 .362 1,292 1.1
3o, | 1,133 1,652 60302 6o122
;é:d L.800 79205 31,87 28.58
m 1,047 20450 82516 8,814
m;% 4838 | 6562 I .22 140.60
o'l + r3) 9 h?ueé 60343 L;uf,ge 4B8.78
21 + £) Poqg 5,700 8,097 55060 62.55

{2) Swall Sphere (1.5%")
The small sphere had a 73% 25 core, diameter 1.5" and a detector

hole o315"'in diameter. The shell was LL4L% 25 and .065" thick. The density

of the core was 18.l gm./cmBO

[ ]
Various estimtes‘::f.;': 5.35 .:;eg}.ng;!‘ed in Table II.» The remainder
: .

3.0.155 %Hax.).. the second to 1 + H. These
SRR
L 1 J [ ]

[ ]
&
[ ]
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vejues were obtained by Richman,
A measuremont with normal uranium as cors and 28 as detector was
also made, A8 the hole we.s aboul one-quarter filled, the final value was

obtained by linearly interpolating one quarter vay between the empty and

fiiled holeo values,

Table II. 1 + M for the Small Sphere

3

Core 25 Normal Urasnium

Detector 28 65% 2% : 28

Surfeceo sourco
(&) Solid Core 1,084 1,313
{v) Filled Hole 1,080 1.277

Bztendod Socurce

(s8) Soiid Core 1.073 1,289 082

{v) Filled Hole 3,069 1.25% 085 -

{o) Empty Hole 1,045 1,203 o8l
Remsinder 0007 <010 00
Final Value 1,058 1.226 o8l
Expe Value | 1013 + .01 1026 + <01 | .89 + 003

A' Multiplication in the Small Sphere

The multiplication of the small 25 sphere was measured in the
gruphite blooko The activity of an indium foil was volume integrated outside

the sphere with the core and thgn,wlthnnt aha.core in posltion. The ratio of

those twe guantities gives tug gg}u;plxnag}pzs

LEX ]
o9®
(XX ]
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The number of ncutrons created per second witiia the solid core

Yor Q neutron per second emitted from the surfaco 1is

a
of‘j av(r)Lrldr = Q Ry (26)
0

av(r) is the neutron flux at r &nd the multipiication as measured is

1 +RM.

Figc 6

For the direct flux nov(r) to P, we have

+1 =or’
Q )
nwv 1& T e
o 2 1.1 L o

%{ai &v‘:—. :.:a 2}‘; ﬁ_r +ale |r - al -i—,_.:j @n

aj ~ &

Q a a + ¢
W& 23‘ ﬁwa_rﬂoa“"ooon-}

]

ﬁ,

e oo o see oo oo
e e o o e o e o
e o o e o * o
° o oo e eo o o
° o o e o e o
e 000 000 0ee 0o O
ee eee @ 000 O & o
e o 0 e o 0 e o 0 o
e o 0 . ° eee .
e o 00 o . e e o
o o o e o 0 e o o
e ge® o ° Qe
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gs b

Figo 7
For first collision to P,
a |+l war ? -
mv(r) = o(l + f) a v(R) 2. 2TR“dRd
- ( 0 {1 o hnrlz ¥ (28)

We shall need to calculate only the principal term ol' Eg. (28),

which erises when attenuetion over qP! and P'P are neglected.

nlv‘(r) = gi;‘é.f;;i_i)a J I,wa +§ ,Z.,,R +~u% :—R- (29)

To (c:ax)2 terms nv(r) =ngv + n;v which, substituted in Eq. (26) gives

' Qof & 2 a 8 +r ca(l +H') )
QRM = e o r&dr {?}7 L"& s - 08 ..._E....,._. Lwa-&? R+r dR (30)

a 8-k |Hor] T

Introducing X = r/e. and y * R/a we get

1 1
Ry =0 fd Ox!?,,,%_};. dx-qa.f x2dx

0
N ga(l + f) 1 1xgm1+yth+yd dx _
"1 |o et {33)

= ofa [1/2 +{ =1/3 + '031\&79 1+ f)}]o& 4

"aapy [4"9
* e SR T :.r/%
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&@
. AY
JZ%%Q?

The hole and shell corraections end the contribution of higher

sk BV

terms than (ca)‘ are here negligible. Final results are entered in

Table I1l,
Table III
I+ RM for small 25 sphere

Theorectical

(014 constants) 1.07h
Theoratical '

(New constants) 1,083
Experimental 1,076 + .008

{B) Medium Sphere (2")
The medium sphere was composed of the small sphore and an
additional shell to bring the diameter te 2". The shell source was

654 25 and 090" thick. Table IV summarlizes our results for 1 + Mo

Table IV. 1 + M for the Medium Sphere, 73% 25 Core

Detector 28 65% 25
Surface Source i
and Solid Core 1.1l 1,486
Extended Source : .
and Empty Hole 1,210 1.383
Remainder o01h «033
Finel Value 1.124 1416
New Final Value 1,120 Ttx < 1ch6é9
. D A . .
Exp. Value oo %t b CRI2A+ip2 N doblgga+ 002
L Lty
! oo 006 soe oo see se - y
se ee o cee e %_«4’::_'_"#/-‘; IJZP//'
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The entry, New Final Veluwe, was computed on the basis of the

new constants, The extra work eastniled in computing a filled hole value
doos not compensate for the addud accuracy. Moreover, the hole ia loes

importunt for the medium sphere and it should be a fair approximation teo
.consider the hole &8s empty.

The 1 + M of Table II and III were computed for center detection.
The off-center results were not appreciebly different.

We observe that the agreement for both spheres with the 25 detector
is goodo Too closs a checg is not to be expected becauseo of the upcertainty
introduced by the emount end distribution of matter in the hole, The
rasults for the 28 detector are rather poor., We estimate that if the 25

and 28 inelastic scattering te below the 28 threshold were reduced

30 por cent, the existing discrepancies would be explained,

.o. o:o : o:o :oo :o. ,;[‘ -
“lq
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