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Snyder, Wilson,

oenter of a subcritical 25

was an outer olose-fit%ing

● ● *9 ●

A&’Y3!EiAW \

and Woodwa?’dhave measured the neutron flux at the

sphere with 28 and 25 fission chamberso Th6 source

25 shell activated with 8ZOW neutronst> ?he ratio

1 + M of coudx with the sphwe *O without the sphere in place was recorded,

Two spheres of 25 and one of norm?. uranium were used. The experimental and

theoretical values of 1 + M are givcxlas follows: “

~=’her@’k: ~

*
Normal
Uranium

Deteotor 28
1

65$ 25 28
.. .—— — - ..—

small lots J .01 1026 + 001

Sphere .—..— —..—

1006 I .23
.—
Hedium Expo 1021 + 002 e--------
Sphere “ “

Theoo 1.12 .a....o.-

3!heagreouientis good for the 65$ 25 but poor for the 28 deteotor. The

result on the multiplication of the small 25 sphere was 1.0’76+ .008

experimentallyand 100’74theoretically.
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THEORY OF Ml UNTNQWD SUBCRITICAL SPH.EM

WITH A SURFACE SOURCE ‘—

In this paper we wish to discuss moro completely the th~oigy of the

1.]
experiments suggoated by Fran.keland Nelson and performed by Snyder@ WilmJn~

2)and Woodwzwd o In a large cavity of the Building X graphite oolumn, a ~

sphere of ~-stage material (about 70% 25) was immersed in the thermal

neutron flu.xo The sphere consisted of an outer shell of enriched 250 a

removable core of active makeria~ And a central fission dekeotor with

28 or 2cjfoih.~ The significant measured quantity was the ratio 1 + M of

the counts of either deteotor with core to without core in place. These

integral experiments closely allied to the important problem of determining

critical mASSeSl)~ serve a8 a test of our theoretical knowledge and furnish

in addition information or criteria to fix more precisely the differential

nuclear constants.

10 MMTHOD OF COLLISIONS

In the smal.1-sizespheres (radius about a half a neutron mean free

t path) used in the experiments, neutrons from a sourco on the surfaoo of the

sphere whioh have made ninny collisions should contribute little to the total

flux at the center. Our method is to treat carefully the firs% two collisions

and then to approximate the effeot of the higher collisions.

In realityO the sphere had an extended shell source, a oore with a
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reaaonss we start with the most idealized co~ditj.onsand then

remove the simplifying assumptionsO lVogive a chart of various

approximations used in our oaloulation and then con8ider in turn tho more

important,

<

&o

Core
b,

aO

<Detector
b.

Surfaco souroe

Rtended source

solid
/~: Filled - - Partially filled

<
I&41a

2. Empty

Center point

Oi’i’otxfmr in spherical foils

(A) Surface Source. Solid Core and Center Detection

The sLmpleat case in the above chart is tlm

source is of zero thiobnesae
..

kakes place in the centm’~

Direct Flux. On a———

am. The flux at the center

the core ie solid to the

.

sphere [radius a) q neutrons

for no core is q/4=2. with

one in whioh the shell

oentero and detection

direct beam will produoe a flux F at the center.o

F. = qe”’y4%12

are emitted per

core the attenuated

o is the total tran6port bross.eeotion (in rcmiprmal ems). Thus far, W@

Fir8t Collisions. We new calculate the

collisions in the coroo w!Tfi@:a@.m~?m&t#!d at q
● 0-00 ::

eoattered at P to enter &&~z$hc{d&e&r d a%

(2)

contribution from first

travels ~long r“ and ia

kho ~entero The flux at
-m?,

9* ● e. ● 00 ● b
● bb ●o* ● ● ● ●9*
● *** •~-= ‘~c~J!$$lF● *e9m
● 9*
● * ● ** ● .—
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the center from first collisions will now be derivodo Tho flux at P9 nvp

wiSl arim froisthe surfaoe 8ouroe.2

ie the

Fig. 1

Mere f’is the number of

volume element at P. This

This flux nvp

BOIXCe dqp

produccx3at P a neutron

neutrons emitted per oolliei.onand dr
-P

eolliaion eouroo dqp oraatea a% d a flux

Introducing

(3)

-o’r/4n3dqp(e

The neutron flux F1 due to first collisions is then

J

-ur
~~p &z=

J
a(].+ f) dr ~=m

‘2 = ‘Vp F +

P =oose~

the variables suggested by Fig. 19 we have dr = 2nr2drdp;
-P

Thus we get finally

JlqCS(l +f) a ‘1 dr d~ ~-=u(r -tr’)
-———m— -1 -p%-0

(5)

(6)

(7)

VfQevaluate ~his integral by expanding the exponential term.
.

Physicxdly the first term of the expansion means no attenuation from surfaoe
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the source path qP and likewise ar is a sign of attenuation over the detector

path Pd.

= qc(l +f)
‘1 ~

V{euse ri’2= r2 + a2

(8)

. 2arw and integrate over the angle va~iable p.

(9)

Setting x ~r/a

[

= qa(l +f) ~~
8N3 r- U&(2,L2 +2)+ 4...0

\

The contribution to 1

1 + M = (@a2/q)

J

+ M from I?l is F1(4%2/q) or

[ 1I?.+J?l +..... ?

r \

Vlehave rcached a stage ?~herewe can arrive at some simple

Oollclusionso Consider the aa term of Eq. (11)o

I->rlli=

{ 1 [ .)
1+ (n2/G)(l+f)-laa=l+ 102337(1+ f)-1 OZL (31’)

We have set e“oa = 1 - aafisinco higher power~ of aa have already been
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positive and negative *erms in the higher orders.

A simple ifiterpretationcan be given to Eq. (119,o We have tim

termsn the 1.2337 (1 + f)Ga, the flux scattered to the center b,ycollisions~

and -m, the flux thrown out by attenuation in a first collision We note

that a non-fissionable core (f = 0) does not imply M = 00 h fact

1+.M(f=o) =“1 + .23~~aa > 10 Viewill now give rough estimates of

1 + M(25) and 1 + M(28)$ the results to be expected for 25 and 28 detectors.

The radiU6 a~2 cm, and mean free path~& cm or CmAJC50 For 2fj9(s0u5,

of-1.3, UrW007 barnso For 28, a.~5, CJfaJ03, CJrN.13, UinM .9 barna.

af and a= are the fission and radiative capture cross sections~ ain(28)

is the inelastic scattering below the 28 threshold and therefore acts as

capture. Taking v the number of neutrons per fission proooss~ aa 2&49’

we get

f(2p) =—loi.!l!.x 1.34- 007
5’

,= 03751 + f(25) = 1037

We note that it is ati(28) which makes f(28] negative. Finally we have

Double Collisions. Using the methode outlined above, we——

~ evaluate the flux F2 due to double collisions.

d

<

a

/

r”

Qt
p.

Q

\

=1

r
pt

Fig. 2
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dF2 = C(1 + f)
‘(”VP’) k ‘~$

(12)
o -1

+1 s. +1

[J!!
a

F2 = %(1 -tf)2 qe-or” - ‘r’ ‘W2NZ2dRdp’ 2%2drdp

o .1 0 -1 Lllrn~ . hnr’a . hnra
(13)

We used dr = 2Rr2drdp ~d
+1

~n2 = R2-t-a2= 2aRjL0aridr~2 =R2 +

tw~ angle integrations

dr = 2~2dRd~t. Reoalling
-P

=2 . 2RrK, we easily perform the
.

We have given explicitly only the unattenuated first term of F2~ Further,

y=l% and x=r/aO A n~erical eva~wtion of the integral give~
=.

1

terms

uated

{d)

+r!a

{

(a)

2
1?= ~C#(l + f)
2 4n “

x 1.15166 (lfj)

1 +Mupto (aa)2 termd is then

=
[

1 + (n2/8)(3 +f) -

0.’5- (1 +,L2) (1 + f)

Summarizing our final

Llua+
I
2 (o’a)2

(16)
+ 1.15166(1 + f]

equation. we givo the origin of th~ several

1: direct unattenuated flux; [b) (~/’S)(1 + f)oa g unatten.

fi~s~ c~llisio~ ; (c) -aa: linear attenuation in d.ireotflux;

O~5(aa)2: square attenuation in direot flux} (o) -(1 + f)(ua)2~

linear attenuation over souroe p.th qP ia firak 0011ision;

(f) .(&z) (1 + f)(us)2: linear attenuation over deteotor path (Pal)in

first collision; (g) 1.15166(3.+ f)2(cra)2: uaattenuated double CO1lisions.
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(B) Surface Source, Filled Hole, and Center Detection
.

‘.%travel one

that the detector

scattering as the

space

corep

Fig. 3

down the result

F qo(l l-f)
I,c = ‘—WT-———

more step in the direction of aotuality and assume

(radius b) has the same total cross seofJi.on for

but no fission.

The derivation of 1 + M prooeeds as in

Gection A. However9 the regions of integration

are different. F. is maintained. Fl of

&q. (8) breaks up into two parts~ F
l.O

and

‘lJ1”
The former represents the first collision

in the core and latter arises from the first

collision in the hole (0 ~r <b). We write

The double collision gives rise to four types; F’2~ ~, F
2,c,h’ ‘2,h,#

and
*B

I’z~ ~,. For instance F29h,G implies a double collision flux at the center
9s

caused by e.first collision in the hole followed by a second collision in

core with coneequeti detection at the centoro The final integrale are

● *9 ● .mm 8** .9,ea 9 9 ● ● ● 9

●i2- .
● ***O ● **
● ** ● *:**@
● * ● *****O ●
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)?
2*CBC =

‘2,00h =

F
2,h,c =

‘29h,h =

(l/j’f’)

(14n“)

[G) Surfaoe Source, Empty Hole, and Center Detection

h equally important approximation is tO assume that the hole haa

no 6cattering at all.

Then Eq. (1) for F. becomes

F. -o(a .= qO b)/~M2
(1’)

iiq.(3’) for F~ ~ has an additional term AF
100

evaluated belowo J?
# l,h ‘8

Fig. 4

retiinoda’but F2$c,hD ‘2 h o
VP

in the attenuated path8 that

Paths terminating in a point

and ‘2$hOh become

crom the empty hole.

P

length SRa the kraverse across

have an unattenuated

the hole. We find
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that

(D) iktended Source“—

In the previous sections we idealized our source as a surfaaec In

reality the source is a shell of’finite thickness undergoing fission in a

- Neglecting the effect of curvature,cloud of slow neutrons. we calculate

the sourco distribution Q(x) in a parallel plate of active material.

C,o = radius of outer shell///*@
G

‘l’henumber of slow neutrons
-———.

dQ(x) reaching a depth x at angle e

in 6olid angle dti is for a

1 uniform angular distribution of “-he

a = radius of outer core

dQ(x)~e-asr d

Integrating Eqo
●

These slow neutrons then

The integral of Eq~ (18)

TO include.the

81OW neu%rona@

Ousx/cos Qd(co~ e) =e-asr~pdp.wee (17)

cross seotion for slow neutrons in the shell~,

(1~), we got

[18)

cause fis6ions which are the source of fast neutrons.

is tabulated in a VJPArelease.

effect of the extsnded sourco Q(x)9 the results of

the previous sections have to be integrated over Q(x). Thus F. of .Eq.(1’)

.

‘: “w’
●* ●m* ●*9 ● ● ●

● *9 :00 ● ● a*e
● oo ● ●00 ●

9e**a ●

● ● ● ●*. : ::0 I
●09**● OOQ
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in Section C become6

(1?)

In the same manner we generalize the other expressions.

(E) Off-Center Detection.— —

That the debection takes place in Gpherical fis6ion foils off the

center must be considered. Derivations of 1 + M lead to more complicated but

basically the same expressions3) as found abovo~

[F] Cross Section Averagea

The Glow neutrons bombard the enriched shell and create a fission

sourco distributed in energy E as ?Lf(E)..These neutrons in turn by elastics

inelastd.cOand fission collisions become a new spectrum; the first collision

spectrum which by a further collision changes into a second collision spectrums

Direct Flux Averages. The direct Unattempted tUU.X requires qn .

energy average of

Here ad is the deteotor cross section which is either CSf(28)or af(25) of

the foils in the fission chamber.

Similarly, linear attenuation in the direct flux is given by
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I

(19”)

For a first collision, the spectrum beoomos in scattering from ,

rr ——.

?or a firs%

may precede or succeed

Attenuation

collision and a linear attenuations the attenuation

the collision.

followed by a collision requires “~hointegra~

~ a(E)alS1(ETE’)ad(E’)dmE’ ~ C12(Ii-f2)CJd
J

~Onthe other hand attenuation preceded by a first collh.ion

involves

(22)

(23)
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lit’is the final energy after the second collision. The average

sought is

JJJa22S2(E~E“)ad(E”)dEdE‘dEf’= 02(1 + f~)*ud (25)

To take account o? these different cross sections 13q~(]6) of’

must be rewritten;

+

+

20 DISCUSSION OF NU?MLRlGAL DA1’.4.—

V@ have computed with tww sets of nuclear constants which we
.

.oallthe old and the now. The old values were essentially those Given in t$e

handbook LA-1~0. The Cst(ab)curve was made to go down through the

The new fiuclearconstants were revised to include Richard”s recent fission

spectrum and Ma.nleyQs 4) last measurements on tho 28 and 25 transport and

~nela$tic cross ge~ti,onso % also deoided to flatten the CJf(2Cj)curve

beyomi 0.6 Mev. Present evidence indicates that the Bretscher value at

h Mev is low. All available data were used in arriving at the new constants

l?[ea6sumed UC{25J\CJf(25)= d+(l - Fi/2)o Only tho thermal value is experi.

mentally known in the latter relation. The inelastic spectra for 25 and

● ● ☛☛ ☛ ●:0 :00 ● 0
—-—. -*-A >y

● ● 00 ::
● .** ● 000

;.+)LA-16$2
● : ● O

90 ●:0 :.* ● *O :Oc ●*

—
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“::””iiii=i”●:0~:a‘-
28 wore deduced from ManleyJs datao The 25 inelastic spectrum which gave

1/2 from O to .4 Nov, flat up to l.O P%v anda simple and adequate fit was E

them zero. The 28 inelastic speotrwn, similtirly,~s assumed to be

from .1 to 04 Mev,(~= *1)~’2 then flat up to 1 $ievand

We give the resul@ of the collision averages

composition of the core was taken as 73% 25.

again zero elsarheme~

in Table 10 The”

ad..——

set

G-
d

Table I

Core 73$ 25

. ..—

Old
——

.269

l.1~~ ‘

i.$caoo

1A@

h.t338

h426

50700

.

New

●38Z

10652

7.207

1.450

6,562

6034,3

80097’

The small sphere had a 73% 25 core, diameter 1,5” and a detector

—

102$Q

60302

31087

8.516

41,22

44.*

55060

1.y@

6.122

28.q3

80814

40.60

/43.78

62.55

hole o~l~’’”indiameter. The shell wao M% 25 and 0065r’thick. The density

d’ the core was lt?.~tg~cm90
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t

values wore obtained by Richman,

A measurement with normal uranium as cor’aand 28 us detector was

also made. As the hole was about one-quarter’filled~ the final value uas

obtained by linearly interpolating one quarter way between the empty and

filled holo valucao

Table 11= 1 + M for the Small Sphere

——.—..

Core
.—.—-
Datector

Surfaca sourca

(a) Solid CorO

(b) Filled Hole

~te~~ded so~rc~

(a) Solid Core

(b) Fil~@d Ho%O

[o) &npty Hole

Remainder

Final Value

EXpe ViilU%

—.- —-.— ——

25

28
——

10080

3..069

1013 + 001-..

65$ 25

A9 Multi~lication in the Snwll S~here

10277

10273

.010

——. .— —.

Normal Uranium

28

.82

089~ 003
—.

The multiplication of the small 25 sphere was measured in the

graphite blook~ The activity of an iridiumfoil was volume integrated outside

the &phere with the core ad .th~~mtkut.~%.core in position. The ratio of
● , ● ●.9

● : : :0 ::
these lam quantities givef3t& g“M&&&.@s”
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The number of neutrons created per second vrit~lia

+’. or Q nei.ztron per second emitted from the surface ia

the solid core

J
a

of m(r) 4nr2dr = Q RM
o

:av(r)i~ ths neutron flux at r and the multiplication as meacured

Fig. 6

For the dircot flux nov(r) to P, we have

nov(r) = +-

● *e ● ● 00 ● ** ● m
●°0 ● * ● 0

● : :00 ● *
● **9 ● *9*

● ** : ● *
● O ● 00 9*9 ● O* :00 ● 0

W)

is

(27)
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Fig. 7

Far first collision to PO

1% shall need to calculato only the printipal term 01”

which arises whereattenuation over qP” and P“P are neglected

To (cm)2 terms nv(r) =nov +nlv whioh$ 8ubstitut5d in Eq,

{28)

(29)

giva

_/Inkroduoingx = r a and y ~ R/a, vieget

= d% [1/2 +{ d, + :,47, (1 + f)]]ua

●°0
●

●
●

● 9

dy dx

‘i

... ..
.,..

“%&’’$,*
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The hole and shell corrections and the contribution gf higher

terms than [aa)
2 are here negligible.

Table IIS~

Table 111

1 +RM for small
.

Final results are entered

25 sphere

in

.— —. .— —

Theoretical
(Old constants) 20o~h

Theoretical
(New constants) 10083

.————

Experimental

[B) Medium Sphere (2”)

The medium sphere was composed of the small sphere and

%dditional shell to bring the diameter to 2~~. The shell SOUl”CO

@8 25 and 0090” %hick~ Table IV summarizes our results for 1

Table SVo 1 + M for the Medium Sphere, 73% 25 Core

10076 + 0008

an

wa6

i- h?.

Detector 20
‘1

65$ 25

T

.—
Surface Source
and Solid Core 1.3.44 1CJ.k86

Final Value 10124 10436
. —— . . —. -..ua.&~

L

.—
NewFinal Value 10120
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The entry, liewFinal Value, was computed on the baais of the. ..— ——

new constants. The extra work ente.iledin computing a fillnd hole value
.

dooo not compensate for tho added accuracy. Moroover, tho holo is logs

importunt for the medium sphere and it should be a fair approximation to

ThCS1 + M of ‘lhbloZI and 111 wero computed for center detection.

Vieob~erve that the agreement for both epheree with tho 25 detector

in good. Too clme a cheek is not to be expected becauso d the uuoertainty

introduoud by the amount and distribution of matter in the hole. The

rosulta for the 28 detector are r&k%kLOr pooro We estimate tlmt if the 25

anti28 inelastic scattering ta bel~w the 28 threshold were reduced

30 per cent, the existing discrepancieswould be explained

.
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