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ALTERNATIVE METHODS IN CRITICALITY

by

John Michael Pedicini, Ph.D.
Nuclear Engineering Program
University of Illinois at Urbana-Champaign, 1981

ABSTRACT

In this thesis two new methods of calculating the criticality of a
nuclear system are introduced and verified.

Most methods of determining the criticality of a nuclear system
depend implicitly upon knowledge of the angular flux, net currents, or
moments of the angular flux, on the system surface in order to know the
leakage. For small systems, leakage is the predominant element in
criticality calculations. Unfortunately, in these methods the 1least
accurate fluxes, currents, or moments are those occuring near system
surfaces or interfaces. This is due to a mathematicai inability to
satisfy rigorously with a finite order angular polynomial expansion or
angular difference technique the physical boundary conditions which
occur on these surfaces. Consequently, one must accept large
computational effort or less precise criticality calculations.

The methods introduced in this thesis, including a direct leakage
operator and an indirect multiple scattering leakage operator, obviate
the need to know angular fluxes accurately at system boundaries.
Instead, the system wide s8calar flux, an integral quantity which is
substantially easier to obtain with good precision, 1s sufficient to

obtain production, absorption, scattering, and leakage rates.



I. INTRODUCTION

A. Opening Remarks

From the beginning of Reactor Physics as a science, an important
question has been that of criticality. Any system with a neutron
multiplicity (defined as the average number of neutrons emitted per
neutron interaction), ¢, greater than unity can be made to go critical
if the dimensions are appropriate. The determination of this critical
size is the primary problem discussed in this thesis.

Methods for the calculation of critical size can be divided into
two classes of techniques. The first class will be referred to as
Mathematical Criticality (MC), in that the problems solvable by these
techniques are highly idealized and physically unreal. The second class
will be referred to as Physical Criticality (PC), since the techniques
used, although benchmarked against MC techniques in MC solvable
problems, are applicable to a wide range of physically real and
interesting problems.

Mathematical Criticality applies to those cases in which the system
to be studied 1is so simplified that an analytic and mathematically
complete formulation is possible. These simple models are then treated
as eigenvalue problems for some system parameter, such as the critical
dimension or neutron multiplicity. Such eigenvalues are determined
exactly or they are approximated with a high degree of precision. These
values are most useful as benchmarks to test PC techniques applied to

the simple systems.




Physical Criticality techniques implicitly equate the neutron
production rate to the sum of the neutron leakage and destruction rates.
This balance condition is often masked through the use of a source
iteration technique. In typical problems there is little imprecision in
the values of the production and destruction rates, since these depend
on the system wide scalar flux, an integral quantity that 1is fairly
accurate despite boundary perturbations. Unfortunately, for these
techniques, the leakage rates depend wupon the angular fluxes, net
currents, or moments of the angular flux, on the system boundaries.
These are the least accurate fluxes, currents, or moments in the system
due to a mathematical inability to satisfy rigorously, with a finite
order angular polynomial expansion or angular difference technique, the
physical conditions which apply at the system boundaries. Consequently,
approximations which show adequate precision in the system-wide
parameters are inadequate to the task of accurately calculating leakage.
Approximations of high enough order to yield accurate leakages are
difficult to solve and are more complex than are necessary to calculate
properly production and destruction rates.

Reduction of the calculational effort necessary for an accurate
leakage calculation to the level which is adequate for the determination
of the scalar flux is the central motivation of this thesis. To achieve
this objective two new techniques are introduced, namely, the direct
leakage operator and the indirect multiple scattering leakage operator.
These techniques obviate the need to know the angular fluxes accurately
at the system boundaries, since the operators require only the

system-wide scalar flux for 1initiation, and are intended to provide



completely independent leakage calculations. Because of their
formulation they should be easily adaptable to existing neutron
transport computations. The direct leakage operator differs from the
indirect 1leakage operator in that it concerns itself only with neutrons
which leak from the point of origin with no interactions within the
system. Thus, the direct leakage operator requires that all collisions
be treated as neutron deaths and that any collisions from which neutrons
emerge be treated as neutron births. Hence, all transport of neutrons
within the system is handled by the scalar flux calculation. On the
other hand, the indirect 1leakage operator handles internally all
transport of the neutrons which eventually leak out of the system and
uses the scalar flux calculation only to obtain a fission source
distribution. For the indirect leakage operator the standard
definitions of birth in fission and death in absorption apply.

For the purposes of this thesis results obtained with these two new
operator techniques are tested against only those problems solvable by
MC techniques. The reasons for this are twofold. One reason is that
the most precise criticality calculations available are those for MC
solvable problems. The other reason is that highly accurate analytic
scalar fluxes are available for these problems, which enables the
precision of the operator techniques themselves to be determined. 1In
theory the operator techniques are not limited in any respect for any
calculation for which an initiating scalar flux is available. However,
the direct leakage operator technique is presently not developed enough
to handle anisotropic neutron sources. The state of the indirect

leakage operator 1is somewhat 1less advanced, due to the internal



transport, and is limited to steady state, monoenergetic neutrons,
isotropic scatterings, and isotropic fission. In this thesis, the
direct leakage operator has proved fully as accurate as the available
scalar fluxes, while the indirect leakage operator has proved only
slightly less accurate.

A further capability obtained from the extra computational effort
involved in the indirect leakage operator is the ability to calculate
the spatial leakage probability distribution for neutrons born in
fission. This type of calculation, unique to this thesis, 1is carried
out in such detail that the probability of a neutron born in fission at
a specified location scattering n times and then leaking out of the

assembly can be determined.

B. Overview of Mathematical Criticality Calculations

Not surprisingly, most of the MC techniques available are applied
to the integral form of the Boltzmann transport equation. This 1is
probably related to the fact that eigenvalue theory is well developed
for differential equations and also for integral equations but 1is not
readily available for integro-differential equations, such as the
Boltzmann transport equation. The Boltzmann equation can be formulated
in a purely integral form, but it cannot be formulated in a purely
differential form due to discontinuous changes in energy and angle
required by the physicsl. Typically, the assumptions added to the
integral transport equation for an MC calculation are steady state,
monoenergetic neutrons, spatially constant cross sections, isotropic

fission, isotropic scattering, and no external sources.



Variational theory as applied to the transport equation has long
been used as an MC techniq§e1’2’3’4. The detailed application of this
technique will appear in Chapter Two, where it is used to obtain the
scalar fluxes needed to initiate the leakage operators. The technique
involves obtaining a variational principle whose necessary condition for
an extremal is the integral transport equation. The functional of the
variational principle can be interpreted as an eigenvalue. Polynomials
comprised of the first n terms of a series expansion of the asymptotic
solution to the transport equation, with each term muliplied by an
independently variable parameter, are inserted into the functional as
trial functions, and the functional is then extremized with respect to
the parameters. Once the parameters are found, they can be reinserted
into the functional in order to-obtain an estimate of the eigenvalue.
The abbreviation for this approach is Vn, where n is the order of the
polynomial used as a trial function. Previously, V2 slab, Vo spherical,
V2 cylindrical, and Vi spherical results have been reported in the
literaturel>4, This technique is extended considerably in this thesis
and now includes V, slab and V, cylindrical results. In addition, the
author has standardized the derivation and solution algorithms
associated with the V_ technique.

The Extrapolated Endpoint Method (EEM), or simply the endpoint
method, 1is as old as the previously discussed variational
technique1»3»4»5»6»7»8. It arises from approximations made in order to
utilize the Wiener-Hopf Technique, which 1is customarily applied to
integral equations in a semi-infinite planar geometry (single boundary

system), on the integral transport equation in a finite planar geometry



(two-boundary system). With more than one boundary, no exact solution
is known, but an approximation can be made by treating the behavior of
the solution near each boundary as if no other boundary existed. It is
assumed that the solution of a two-boundary problem in which the
boundaries are very far apart will behave in the central region like the
solution in a semi-infinite systems. With this assumption, the solution
of a two-boundary problem 1is constructed as a combination of two
one-boundary solutions such that the asymptotic components coincides.
This sort of approximation 1is, of course, more accurate for larger
systems than for smaller systems4. The point beyond the system boundary
where the asymptotic flux goes to =zero 1is called the extrapolated
endpoint, which is the origin of the name of the method. These endpoint
distances are also often used in diffusion theory calculations as the
extrapolation distances. This distance is tabulated as a function of
the neutron multiplicity, c. To determine the critical radius requires
the use of two criticality conditions obtained from the integral
transport equation in an infinite system. These are conditions that
must be satisfied in order to have a nontrivial solution. One condition
is found by Fourier transforming the integral transport equation. The
other condition is found by expanding the flux, contained in the
integrand of the integral equation, in a Taylor’s series about the
variable of integration and then integrating to obtain an infinite
moments series. These two conditions are identified as equivalent. The
solution of the Taylor‘s expansion form is assumed to be in the form of
a solution of the scalar Helmholtz equation. The solution to the

Fourier transform condition is actually a qualifier, as a function of c,



upon the admissable values of the Fourier transform variables. These
admissable Fourier transform variables are identified with the constants
that appear in the scalar Helmholtz equation, which is subsequently
solved. The solution function is equated to zero, the first root is
found, and the value of the position where this occurs is calculated8,
This distance is assumed to be the sum of the critical radius and
previously tabulated extrapolation distance. The spherical integral
transport equation is reducible to the slab form and presents no
problems. The cylindrical case 1is handled by analogy and assumption
rather than by the approach specified above mainly because cylindrical
geometry endpoints have not been obtained. 1In practice, the critical
radii calculated have 1less than one percent error for boundary
separations greater than three tenths of a mean free paths, and are
considered exact for boundary separations greater than six mean free
paths4. Due to its complexity, this technique is rarely used.

A somewhat newer approach is the method of singular eigenfunction
expansions, also known as Case’s Method6,9,10, This approach 1is based
on the fact that, under certain conditions, the integro-differential
transport equation is separable. The previous assumptions associated
with MC, namely steady state, monoenergetic neutrons, spatially constant
cross sections, isotropic fission, isotropic scattering, and no external
sources, are also applied in this method. Using essentially the
standard separation of variables technique, the angular flux 1is
separated into a series of spatially dependent exponentials multiplied
by angle~dependent coefficients. It 1is shown that there are two

discrete eigenvalues outside the angular domain of integration and a



continuous spectrum inside. Inserting the separated form into the
original equation and applying normalization conditions yield a
transcendental equation for the two discrete eigenvalues. By using the
boundary conditions of the problem, conditions on the eigenfunctions are
found and reduced to a single inhomogeneous Fredholm integral equation
of the second kind for the continuous eigenvalue spectrum. Therefore,
the angular flux is expanded in a pair of terms plus an integral of the
continuum eigenfunctions. Solving the integral equation for the
continuum eigenvalues is difficult, but Kaper, Leaf, and Lindeman!0
claim to have done it numerically to great accuracy and, thereby, claim
to have calculated the benchmark critical dimensions for the slab and
sphere.

Two other techniques are mentioned mainly because there are no
accurate independent data to compare to in cylindrical geometry. These
are the 1integral transform method of Hembdll and the matrix eigenvalue
method of Milgramlz. These have been shown to be essentially
equivalent13, and, therefore, only the integral transform method will be
discussed. The integral transport equation limited by the assumptions
discussed earlier is Fourier transformed, and the resulting integral
equation for the transformed flux has its kernel replaced by a bilinear
expansion. The bilinear expansion is determined to be a representation
of the kernel in terms of its real and complex conjugate eigenfunctions.
An infinite system of linear algebraic equations for the coefficients
which appear in the transformed equation with expanded kernel 1is
obtained. Once these coefficients are known, the transformed equation

with expanded kernel can be inverted to yield the scalar flux. The
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linear algebraic system is shown to represent an eigenvalue problem for
the fundamental and higher decay constants of a neutron pulse decaying
in the geometry of interest. The fundamental decay problem is stated to

be mathematically equivalent to the critical problem.

C. Overview of Physical Criticality Calculations

Physical Criticality techniques are mostly applied to the
integro-differential form of the transport equation. There are
exceptions to this, as well as hard to classify techniques, such as the
method of Dahl and Sj6strand14 and the Serber-Wilson
technique3’7’15’16’17. Most PC techniques are based on an iterative
solution called the source iteration technique. 1In source iteration, a
comparison is made between the total fission source (integral over all
space, energies, and angles) of the Kth and (K-1)th iterates. As the
number of iterations increases, the ratio approaches Keff if each
iterate was appropriately normalized. The method iterates, after Keff
is converged, on some system parameter, such as the radius, to drive
Keff to the desired value (usually one). Implicit in this technique,
for any self-consistent formulation, 1is the fact that the neutron
fission rate 1is equal to the destruction rate plus the leakage rate.
The value of the fission and destruction rates are dependent upon the
system-wide scalar flux, but the leakage rate is dependent, in the
source 1iteration formalism, upon the surface angular fluxes, net
currents, or angular moments. This 1is due to the inherent neutron

balance condition present in the starting equation. As discussed




earlier, the system~wide scalar flux is much more accurate than the
surface angular fluxes, net currents, or angular moments.

The technique of Dahl and Sjostrand is included in this section
mainly because of their successful treatment of anisotropic
scattering14, a problem usually not considered by MC methods. For the
purpose of this thesis, the only interest 1is 1in their isotropic
treatment., Starting with the integral transport equation, they expand
the spatial distribution of the scalar flux in a series of Legendre
polynomials. The series is truncated at nine terms and inserted into
the integral transport equation to yield a standard matrix eigenvalue
problem which is solved for the eigenvalues. It should be noted that
they apply their expansion only to the scalar flux in an gquation that
already contains the boundary conditions. Therefore, the previously
discussed 1limitations of PC should not apply, and the error present
should be attributable only to truncation and numerics.

Some of the earliest, accurate criticality calculations were done
by diffusion theory rather than transport theory. The most important
difference between the two theories 1is that the transport equation,
through the use of a streaming operator acting upon the angular flux,
handles collisionless transport exactly, while the diffusion equation
handles leakage from a differential volume element by Fick’s law of
diffusion, which yields a Laplacian acting upon the scalar flux. The
diffusion equation 1is far more tractable and, therefore, better known
and more often used. The diffusion equation is inapplicable to small
systems due to the fact that the desired solution is selected from the

class of all solutions by boundary conditions applied just where the
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Fick’s law assumption fails, namely at the boundaries3, The

Serber-Wilson Method (SWM)15’16’17 is an ingenious attempt to improve
this situation. In the SWM, the general solution of the diffusion
equation 1is substituted inté the integral transport equation and
required to satisfy exactly the integral transport equation at one
point. The SWM has been applied only to spheres and the point selected
is wusually the center. By using the physical constants present in the
diffusion solution and in the integral transport equation, an equation
can be obtained for the critical radius of a sphere. The SWM represents
the best available criticality technique for one-group diffusion theory
fluxes. The SWM is mentioned not because of its accuracy (diffusion
theory compares poorly with transport theory in any case) but because a
diffusion theory scalar flux is used as one of the test cases in this
thesis.

Expansion of an unknown function in a complete set of basis
functions followed by appropriate truncation has always been a popular
technique in mathematical physics. The earliest example of this in
neutron transport theory 1is the Pn method, so called because the
spherical harmonics basis functions frequently reduce to Legendre
polynomialsls’lg. Typically, the angular flux 1is expanded in an
infinite set of spherical harmonics in angle with spatially dependent
expansion coefficients., The expansion is inserted into the
integro-differential transport equation and the integrations are carried
out. After use of suitable recurrence relations, the result is
multiplied by the complex conjugate of each of the basis functions and

integrated. The series 1is truncated at n terms and the spatial




derivative of the expansion coefficient of the (n+l) term is set to
zero. The result is a finite set of linear differential equations for
the expansion coefficients which can then be finite differenced and
source iteratedl. Several choices are available to approximate vacuum
boundary conditions. The Marshak boundary conditions require that the
integral over angle of the angular flux with each odd term of the
expansion vanish on the boundaryl. The Mark boundary conditions require
the angular flux to go to =zero on the boundary for a select set of
angular points. The points chosen are usually the positive zeros of the
(n+l)st term of the expansionl. Although the Marshak conditions are
superior, neither is very accurate for low orders of approximation4.
Syros and Theocharopou10320 claim to have eliminated the chief
defect of PC techniques, namely that boundary conditions applied to PC
methods don’t match the physical boundary conditions present except at
large orders of approximation. Syros and Theocharopoulos21 were quick
to point this out in their recent criticism of Dahl and Sjéstrand.
Basically, they expand the integro-differential form of the neutron
transport equation in a set of polynomials which can be made to satisfy
exactly either homogeneous or inhomogeneous boundary conditions. The
sets of polynomials are constructed for each problem in a manner too
complex to detail here. The interested reader will find appropriate
citations in Ref. 20 and Ref. 21. The eigenvalues of Syros and
Theocharopoulos are consistently lower then the eigenvalues obtained by

other methods.
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Finite Element techniques, popular research items a few years ago,
have mostly been abandoned. There is one approach of interest to this
thesis, that of Ackroyd and associate322’23’24’25. The purely finite
element formulation with which they started22 has evolved into a
spherical harmonics angular expansion coupled with a spatial finite
element method to approximate the angular flux24, The equation solved
is the second-order self-adjoint form of the transport equation.
Unfortunately, the only eigenvalue result25 obtained so far is of
insufficient accuracy to warrant consideration in the eigenvalue
controversy between Dahl and Sjostrand and Syros and Theocharopoulos.

Finite differencing of the integro-differential form of the
Boltzmann transport equation has resulted in the S technique, the most
popular and widely accepted neutron transport technique
extant1»4519,26,27  aq currently implemented, S, techniques expand the
inhomogeneous sources, the fission kernel, and the scattering kernel in
a truncated series of spherical harmonics with known, usually physically
based, coefficients. These expansions enable the collection of all
"source" terms into a single term. The resulting equation 1is then:
streaming operator plus absorption operator operating upon angular flux
equals an angular source term, which is assumed known from a previous
flux iteration. A set of quadrature points and weights is determined
and the angular cell-centered fluxes are assumed to be represented by
the angular fluxes at these points. These points and weights are then
used to discretize the streaming and absorption operators. In curved
geometries, "alpha" coefficients are introduced to force neutron

conservation which was destroyed by the angular differencing of the



streaming operator. The boundary conditions used are the obvious ones.
The resulting set of partial differential equations can then be finite
differenced. Relations between phase space cell-edge and cell-centered
fluxes are needed and are usually handled by an artifice known as the
diamond difference relation. This relation states simply that the
arithmatic average of the cell surface fluxes is the same as the average
flux over the entire cell. Eigenvalue calculations are handled by

source iteration.

D. Analytic Similarities

Somewhat similar to the direct leakage operator that appears in
Chapter Three 1is the escape probability treatment beginning with Case,
de Hoffman, and Placzekl»6:28, The basic problem addressed by the
escape probability formalism is to determine the average probability
that neutrons born uniformly in a purely absorbing body will escape.
Several of the distinctions between the direct leakage operator and the
escape probability formalism will be discussed. Escape probability
methodology deals only with purely absorbing bodies, while the direct
leakage operator is applicable to bodies in which both scattering and
absorption occur. Escape probability analysis is capable of handling
only spatially constant neutron sources. Neutron sources in multiplying
assemblies are spatially varying and linearly proportional to the flux.
It is this physically occuring spatially dependent source that is wused
by the direct leakage operator. Although such restrictions appear not
to hamper adequate results for fast fission and resonance escape

calculations in large thermal lattices, they do eliminate a large amount

15



of the physics and would be useless for criticality calculations. The
detailed derivation of the escape probability method does not contain
within it the development of the pointwise, or spatially distributed,
escape probability except, incidentally, in the slab case. Without the
pointwise escape probability, the direct 1leakage operator cannot be
formed and, although the escape probability 1is equal to the direct
leakage operator operating upon a uniform source in a purely absorbing
medium, the escape probability cannot be considered equivalent to the
direct leakage operator.

The derivation of the escape probabilty28

evades the tricky
integrations involved in the direct leakage approach by use of the chord
functions introduced by Dirac29, These chord functions enabled Case, de
Hoffman, and Placzek to obtain exact numerical results for some simple
geometries. However, they have not proved very tractable in practical
usage. This has instigated a number of approximations for the escape
probability from a number of authors beginning with the Wigner rational
approximation30»31»32’33’34’35. It should be mentioned that the
starting point for both the kernel of the direct leakage operator and
for the kernel of the escape probability is the same, namely, an
integral over angle of the surface penetration probability of a neutron
emitted at a specified point. The assumptions and method of solution
used for the escape probability formalism serve only to restrict
severely its potential application and accuracy. The direct leakage

operator is subject to none of the limitations of the escape probability

formalism and is, therefore, applicable to a much wider class of




problems. These include criticality and those problems now handled by

escape probability.

E. Summary of Thesis

The organization of this thesis entails four working chapters, one
introductory chapter, and nine appendices. The first working chapter,
Chapter Two, contains detailed V, calculations, which are used both to
obtain critical size estimates for comparison purposes and for the
determination of scalar flux distributions. The polynomial type
distributions obtained froﬁ the V,  calculations are highly accurate and
convenient for initiating the direct and indirect leakage operators.
For use in this thesis the V, formalism is standardized, in derivation
and solution algorithm, and extended to include the v, cylindrical and
v, slab results. Chapter Two also contains a discussion of the recent
eigenvalue controversy between Dahl and Sjb’strand36 and Syros and
TheocharopoulosZI.

Chapter Three introduces the direct leakage operator in analytic
form for the three standard one-dimensional geometries. Vy, and V,
scalar fluxes are used, and the direct 1leakage operators are proved
exact within the 1limitations imposed by such fluxes. Surprisingly
accurate critical size estimates are obtained when the direct 1leakage
operator is used in conjunction with a diffusion theory scalar flux.

The indirect 1leakage operator is introduced in Chapter Four. The
operator integrand 1is derived as the solution function of an
inhomogeneous singular Fredholm integral equation of the second kind.

The kernel of that integral equation is shown to be identical to the

17
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kernel of the appropriate integral transport equation. Due to the
inhomogeneity, solution of the indirect leakage operator integral
equation 1is substantially ‘easier than that of the transport integral
equation. Detailed calculations of the spatial leakage probability
distribution are performed both for the total leakage probability and
for the discrete scattering order leakage probability.

Chapter Five contains conclusions and recommendations for future
work. Appendices A and B contain mathematical data on exponential
integral functions and modified Bessel functions. Appendix B also
adapts a form of the Graf‘s addition formula for modified Bessel
functions, which permits some difficult integrations in cylindrical
geometry to be performed. Appendix C is devoted to the derivation of
the cylindrical geometry integral transport equation which does not
appear in the 1literature. Tedious manipulations necessary for the Vn
calculations are included in Appendices D, E, F, and G. Extrapolation
distances appear in Appendix H. Appendix I contains code listings along
with appropriate comments.

Note that in this thesis the total cross section, Ops has usually
been normalized to unity except where noted. This conveniently allows
suppression of the Op and implies distance measured in wunits of the

total mean free path.




II. VARIATIONAL TECHNIQUES

A. Integral Transport Equations

The starting point for the Vn method is the integral transport
equation appropriate to each coordinate system. The Vn method is used
not only to obtain critical radii for comparison purposes but also to
obtain the scalar fluxes utilized to initiate the direct and indirect
leakage calculations. The derivation of the equations in the forms used
in this thesis are available in the literaturel»6:19 for slab and
spherical geometries. A derivation of the cylindrical integral
transport equation in a useful form is not readily available in the
literature. Weinberg and Wigner7 mention that the sum of a diffusion
kernel and a first collision kernel is the approximate kernel of the
integral transport equation. However, the first collision kernel given
in cylindrical geometry is the exact kernel for the cylindrical integral
transport equation, as shall be proven. Greenspan, Kelber, and Okrent 19
give a very detailed derivation for the kernels of the integral
transport equation in slab and spherical geometry, but don’t even
mention cylindrical geometry other than to tabulate a permutation of the
Weinberg Wigner first collision kernel. Neither Ref. 7 nor Ref. 19
give a derivation for the cylindrical geometry results shown.
Accordingly, a rigorous derivation is given in Appendix C for
cylindrical geometry. The integral transport equations to be given are
subject to the following 1limitations: steady state, monoenergetic
neutrons, isotropic fission, isotropic scattering, no external sources,

and the total macroscopic cross section normalized to unity.
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The integral transport equation for the scalar flux in a
one-dimensional slab of half-thickness, b, infinite in the y and 2z
coordinates, is given by Bell and Glasstone!l as

b
o(x) = ;.lbdx'¢(x')E1(lx-x'|). (2.1)

The Ej functions are the exponential integral functions discussed
in Appendix A.
For a one-dimensional sphere of radius, b, the integral transport

equation for the scalar flux isl

b
ré(r) = ;.ibdr'r'¢(r')E1(|r-r'|), (2.2)

subject to r in the interval [O,b], r’ in the interval [-b,b], and
d(-r")=0(r’).

In one-dimensional cylindrical geometry of infinite axial extent
and radius, b, the integral transport equation for the scalar flux is

given by Appendix C as

b
d(r) = cfodr'r'¢(r')K(r,r'); (2.3a)
K(r,r’) = fldyKo(yr)Io(yr') for r‘<r, (2.3b)
K(r,r’) = jldyKo(yr')Io(yr) for r'>r. (2.3c)



B. Application of Variational Techniques

Variational techniques as applied to the transport equation seek to
estimate the 1lowest neutron multiplicity eigenvalue for an otherwise
fixed system1’2’3’4. The 1lowest eigenvalue 1is sought, since this
corresponds to the non-negative, or physically acceptable,
eigenfunction3. If the one~dimensional neutron transport equation as

represented by (2.1), (2.2), and (2.3a) is generalized to

a
2
f(r) = Yf dr'K(r,r’)f(r’), (2.4)
a)
subject to the definitions in Table I, then only one derivation need be
done instead of one for each geometry.

Rewrite (2.4) in terms of an eigenvalue equation with eigenvalues

Y; corresponding to eigenfunctions f;(r):

a
2
£f,(r) = Yifaldr'K(r,r')fi(r'). (2.5)

Since this 1is a linear integral equation with a real, symmetric,

continuous, and nondegenerate, kernel it is known that there exists an

infinite number of real positive eigenvalues with orthogonal

eigenfunctions37. Assume that these eigenfunctions are normalizéd such
that

a

faldrfi(r)fj(r) = 844 (2.6)

and order the eigenvalues Y0<Y1<Y2<...<YQ. Now, since any well-behaved

trial function may be expanded as a series of eigenfunctions, let
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Generalized

Variable

f(r)

fi(r)

a)

as

dr

K(r,r’)

Table I

Variable Identification for the

Generalized Variational Development

Slab

Variable

d(x)

d’i(x)

(X e}

dx

Ey(1x-x"1)

Sphere

Variable

ro(r)

r¢i(r)

(X1 o]

dr

E;(ir=r’|)

Cylinder

Variable

¢(r)

¢i(r)

rdr

[ ayKo(yr)Tglyr ), w'<r

fldyKo(yr')Io(yr), r'>r




f(r) = M.f.(r).
iZO it
Insert (2.7) into the variational principle (2.8),

32 2
Y = f drf<(r) %
a

a 32
f drf(r)f dr’K(r,r")f(r’),
a a

1 1

and note that

a

2
f dr’'R(r,r’)f(r’) = f(r)
ap Y

therefore

)

150 Y4

Now since Yo is the smallest eigenvalue,

Y2 .

Therefore, the variational principle will always
greater than or equal to the eigenvalue sought.

variational principle for (2.4) is shown below.

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

yield a value

That (2.8) is a
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Multiply both sides of (2.8) through by the denominator of the

right hand side to yield

a2 a2 a
Yf drf(r)f dr’K(r,r’)f(r’) = f drfz(r). (2.12)
a; a, ay

Take the variation of (2.12) to get

as as az as
Gyf drf(r)f dr'K(r,r')f(r')+Yf erf(r)f dr'K(r,r’)f(r’)+
a) a1 a] a)

a2 a2 a2
Yf drf(r)f dr'K(r,r’)8f(r’) = f dr2f(r)éf(r). (2.13)
a) a1 a)

Noting that K(r,r’) is real and symmetric yields

as a a a
[ drf(r)/ dr'R(r,r’)8f(r’) = [ dr’8f(r’)] drK(r,r’)f(r)
a) a) a) a1

as
dr'K(r,r’ )f(r’). (2.14)
a

az
= f erf(r)f
a 1

1

Now for (2.8) to be a variational principle, &Y must vanish. Thus,

through the use of (2.14), (2.13) becomes

az a2 a2
2y dréf(r)] dr'K(r,r’)f(r’) = [ dr2f(r)sf(r) (2.15)
a1 a) a)
or
az a2
[ Tdréf(r)[£(r)-y] dr’'k(r,r’)f(r’)] = O. (2.16)
a1 a1

This can be true iff




a

2
£(r) = v/ dr'K(r,r’')f(r’) (2.17)
a
1

which is (2.4), and, therefore, (2.8) is a variational principle for
(2.4).

In order to obtain an estimate of the eigenvalue for a system of a
given size, insert a trial function for the flux containing adjustable
parameters into (2.8) and minimize (2.8) with respect to the parameters.
Algebraically determine the parameters from the resulting system and
reinsert them into (2.8) to estimate the eigenvalue. To estimate the
critical size for a given eigenvalue, guess the size, insert the para-
metric trial function, and determine the eigenvalue estimate for that
size. If the estimate is larger than the desired eigenvalue, increase
the size. If the estimate is less than the desired eigenvalue, decrease
the size. Iterate upon the size until the eigenvalue estimate converges

satisfactorily to the eigenvalue for which the critical size is desired.

C. Variational Results

The procedure outlined in Section B above has been implemented in
the three common one-dimensional geometries. Trial functions of the V,
type (called quadratic trial functions) as in (2.18), and of the V4 type

(called quartic trial functions) as in (2.19), were used in each

geometry:
o(r) = l-a r2, (2.18)
o(r) = 1-a1r2-a2r4. (2.19)
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It should be noted that the trial functions given above, with the
exception that a, and ap, are variable parameters and not fixed
constants, have the same form as the leading terms of the expansion of
the asymptotic solution to the transport equation. This holds true for
the cosine spatial flux distribution in slab geometry, sine divided by r
spatial flux distribution in spherical geometry, and the zero order
Bessel function of the first kind spatial flux distribution in
cylindrical geometry.

The critical size estimates, for various values of the neutron
multiplicity, are compared to other methods in Table II for slabs, Table
III for spheres, and Table IV for cylinders. Appendix D contains
details of the implementation of the variational technique for the slab,
Appendix E for the sphere, and Appendix F for the cylinder. Appendix G
contains details of the minimization of the variational principle for
both quadratic and quartic trial functions. The V, cylindrical results
are unique and are among the best cylindrical critical radii estimates
available. The V, results for slab and sphere differ by no more than
one fortieth of a percent from the "benchmark" values of Kaper, Leaf,
and LindemanlO, Therefore, it will be assumed that the scalar fluxes,
(2.19), resulting from the variational techniques, are very precise and
any error in the leakage operator calculations must result from the
leakage operator formalism itself and not from inadequate initiating

fluxes.
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1.6

1.4

1.2

1.1

1.05

1.02

Table I1

Critical Half-Thickness Estimates, in Units of the

Total Mean Free Path, for Infinite Slabs as a Function of c

«5120

«7366

1.2894

2.1134

3.3010

5.6706

vy

.5120
«7366
1.2894
2.1134
3.3005

5.6661

EEP4

«5152
«7384
1.2898
2.1133
3.3002

5.6655

4
Py

«6796
.9191
1.4850
2.3087
3.4878

5.8391

4
Py

«5590
#7793
1.3185
2.1354
3.3191

5.6828

4
Pg

<5299
»7501
1.2985
2.1210
3.3073

5.6723

32

.6197
«8455
1.3896
2.1984
3.3718

5.7262
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1.6
1.4
1.2
1.1
1.05

1.02

5,
5223
7435

1.2949

2.1198

3.3078

5.6747

Sg*
.5138
.7383

1.2912

2.1155

3.3032

5.6702

Table II1
continued
4 10

S16 Case’s

.5125 5120

.7372 7366
1.2902 1.2894
2.1146 2.1133
3.3023 3.3003
5.6694 5.6655

11
IT2

«5120
«7366
1.2894
2.1134
3.3010

5.6708

ITall

«5120
.7366
1.2894
2,1134
3.3004

5.6660



6¢

1.6

1.4

1.2

1.1

1.05

1.02

Critical Radii Estimates, in Units of the

Table III

Total Mean Free Path, for Spheres as a Function of ¢

1.4768
1.9870
3.1785
4.8934

7.3326

12.1835

Vy

1.4761
1.9854
3.1723
4,8733
7.2784

12.0305

EEP?

1.4759
1.9853
3.1720
4.8727
7.2772

12.0270

4
Py

1.8504
2.3530
3.5129
5.1766
7.5435

12.2520

4
Py

1.5502
2.0394
3.2041
4.8953
7.2961

12.0450

4
Pg

1.4969
1.9994
3.1813
4.8805
7.2842

12.0340

4
Sy

1.4197
1.9198
3.0963
4,7960
7.2084

11.9780
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Table III
continued
4 4 o110 11

c 344 S8 Sl6 Case’s IT2 IT4ll
1.6 1.4613 1.4716 1.4742 1.4761 1.4768 1.4761
1.4 1.9685 1.9801 1.9830 1.9853 1.9870 1.9854
1.2 3.1530 3.1659 3.1690 3.1721 3.1785 3.1721
1.1 4.8535 4,8659 4.8688 4.8727 4.8935 4,8728
1.05 7.2591 7.2699 7.2723 7.2772 7.3327 7.2775
1.02 12.0120 12.0200 12.0210 12,0275 12.1845 12.0289
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Table IV

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Infinite Cylinders as a Function of ¢

c v, v, EEP® 5,% s, Sg* 1T, 1!

1.6 1.0209  1.0209  1.0253 1.0647  1.0230  1.0194  1.0209
1.4 1.3971  1.3970  1.4004  1.4411  1.3958  1.3950  1.3970
1.2 2.2882  2.2873  2.2892  2.3297  2.2824  2,2850  2.2872
1.1 3.5819  3.5776  3.5784 3.6211  3.5725  3.5757  3.5774
1.05 5.4265  5.4119  5,4118  5.4654  5.4097  5.4108  5.4115
1.02 9.0960  9.0445  9,0433  9.1351  9.0495  9.0454  9.0446
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D. Eigenvalue Controversy

The technique created by Syros and Theocharopouloszo, if it
performed as claimed, would obviate the need for the leakage operators
derived in this thesis. As noted before, Syros and Theocharopoulos20
have published a neutron transport technique based upon expansion of the
angular flux in a series of polynomials. These polynomials can be made
to satisfy exactly homogeneous boundary conditions for any order of
angular approximation. Presumably such an approximation would not be
subject to the boundary perturbations caused by poor satisfaction of
boundary conditions and would, therefore, be able to calculate leakages
accurately. There 1is, however, reason to doubt the accuracy of their
technique.

Syros and Theocharopoulos published a criticism?l of Dahl and
Sj(')'strand14 questioning the accuracy of the eigenvalues in Ref. 14.
Syros and Theocharopoulos claim that the expansion of the scalar flux in
Ref. 14 is an integral of a specified angular flux expansion. The
specified angular flux expansion is shown not to satisfy homogeneous
boundary conditions and, therefore, Syros and Theocharopoulos state that
the eigenvalues of Dahl and Sjostrand are inaccurate. Dahl and
Sjostrand’s counter criticism3® is that their approximation is made on
the scalar flux in an equation that already contains the homogeneous
boundary conditions, namely, the integral transport equation. Splawski,
Ziver, and Galliara2> have commented upon this controversy but present
only one eigenvalue. Since their eigenvalue is less accurate than the
other eigenvalues to be presented here, it will not be tabulated. In

addition to the eigenvalues of Dahl and Sjostrand there are at least two



other sets of neutron multiplicity eigenvalueé which are relevant to
this controversy. Such eigenvalues are the Case’s Method eigenvalues of
Kaper, Leaf, and LindemanlO and the V, eigenvalues obtained by the
techniques developed in this chapter. Since the V, techniques do not
involve the angular flux, they are not subject to the criticisms of
Syros and Theocharopoulos. Since the controversy over eigenvalues has
pertained, so far, only to the infinite slab geometry, only slab
geometry eigenvalues will be listed in Table V. Close examination of
the eigenvalues in Table V reveals that Dahl and Sjostrand agree exactly
with Kaper, Leaf, and Lindeman and that the v, slab results are only
just slightly higher. The eigenvalues generated by the V, slab code

were used as input data for a critical size search utilizing the direct
leakage operator. These sizes are a check upon the V, slab variational
eigenvalues and are very close to the initial dimensions. Note that the
eigenvalues of Syros and Theocharopoulos are consistently lower. It is
for this reason that the accuracy of their transporé techniques seems

questionable.
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Table V

Neutron Multiplicity Eigenvalues for the

Infinite Slab as a Function of Half-Thickness

half Syros and Dahl Kaper, Leaf vy direct leakage
thickness Theochar- Sjc'istrand14 and Lindeman!O operator criti-
in mfp opoulos20 cal half thick-
ness in mfp
o5 1.61384 1.6153785 1.61537852 1.61538482 +4999999996
1.0 1.27625 1.2771018 1.277101824 1.27710861 +9999999988
1.5 1.16257 1.1631293 -— 1.16313622 1.4999999970
2.0 1.10799 1.1084678 1.1084678323 1.10847459 2,0000000014

2.5 1,07724 1.0775728 -—- 1.07757921 2.5000000065



III. DIRECT LEAKAGE OPERATOR

A. Introductory Remarks

A system with no external sources is just critical when the neutron
production rate equals the neutron absorption rate plus the neutron
leakage rate. This balance condition is normally reflected in an
empirical system eigenvalue known as the effective multiplication
factor, or Keff’ which is the eigenvalue by which the fission source
term would have to be divided to yield a critical system. For this

reason Keff is defined as38

production rate

K = 3.1
eff = Fbsorption rate + leakage rate ( )

Obviously, from (3.1), the balance condition is satisfied and the system
is just critical when Keff equals unity.

Alternatively, and more convenient for this chapter, is a balance
condition defined as follows; neutron production rate plus neutron
scattering rate equals neutron absorption rate plus neutron scattering
rate plus neutron leakage rate. This 1leads to an alternative

eigenvalue, namely, the gamma eigenvalue39 defined by

production rate + scattering rate
absorption rate + scattering rate + leakage rate

. (3.2)

Gamma also goes to wunity when the system 1is just critical. The

definition of v, (3.2), has a different off-critical value for a given

39
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set of parameters than (3.1) but is just as useful for determining the
critical size.

Equation (3.2) also does not have the physical interpretation that
(3.1) has, namely, that division of the fission source term by (3.1)
will yield a critical system (or, more accurately, will cause the
mathematical model involved to 1look <critical). For a steady state
system with monoenergetic neutrons, isotropic fission, isotropic
scattering, and spatially constant cross sections, the following

definitions apply:

production rate = voff ®(r)dv; (3.3a)
v
scattering rate = osfv¢(r)dV; (3.3b)
absorption rate = oafv¢(r)dv; (3.3¢)
Op = O,y + Og; (3.4)
and
voe + O
c=_1Lt 78 (3.5)
Ot

The total macroscopic cross section is Ot the macroscopic fission cross
section 1is o0g, the macroscopic absorption cross section is o, the
macroscopic scattering cross section is Og, € is the neutron
multiplicity, and v is the mean number of fission neutrons produced per

fission. Substituting (3.3), (3.4), and (3.5) into (3.2), and dividing

both numerator and denominator by o, yields



y - cfe(r)av . (3.6)

Jé(r)av + éLleakage rate
t

To obtain a critical size estimate for a given neutron
multiplicity, say Cgs requires, as input to (3.6), a scalar flux shape
and a leakage rate. In this chapter, the leakage rate is determined
from the scalar flux shape through the use of the direct 1leakage
operator. The procedure used to determine the critical size for a given

neutron multiplicity, c is as follows. First a size guess is used to

g’
determine a scalar flux approximation from an appropriate Vn technique.
This scalar flux is used to estimate Y from (3.6). If Y 1is 1less than
unity, an increment in the size guesé is made; Y greater than unity
requires a decrement in the size guess. Once Y has converged to unity,
the critical size 1is known. From Chapter Two it is known that the v,
scalar fluxes (which implicitly correspond to K.¢¢ €qualing unity in
(3.1)) are the 1lowest eigenfunctions for a system of.a given size and
correspond to a definite neutron multiplicity eigenvalue, say Cye
Therefore, it 1is obvious that Cgs the eigenvalue for which a critical
size is sought, and c,» the eigenvalue corresponding to the current V,
scalar flux guess, should not be equal unless (3.6) predicts v is
identically unity. Once Y is identically unity, then cg should equal

c and any difference 1is a measure of the accuracy of the direct

v,
leakage operator. A more straightforward accuracy comparison 1is to
compare the «critical size estimates for a specified ¢ as calculated by

both the V, method and by (3.6) through the use of the direct leakage

operator.
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B. General Direct Leakage Operator
Let V be a convex region of space for which it is desired to know

the number of neutrons leaking out per unit time, N(t), given by

N(t) = Ly S(r,2,E,t-

4z | (3.7)
v

is the number of neutrons created from

where S(r,,E,t- i‘—‘ig_)-)
—— v

collisions or 1inhomogeneous sources within dV of position r, within d{

of direction @, within dE of energy E, at time t- Sﬁéﬁig. , VvV 1s the

v
velocity of a neutron of energy E, and d(r,f) is the distance along

~

from r to the surface of region V. The direct leakage operator Ly is

written as

@
- -T(E;r~d(r,R)0*r_)
L= dQf dv/ dEe S === -s (3.8)
D fln[ _fv fo ’

where T is the optical depth,

d(r,)
T(E;rg~d(r,R)2+r.) = fo ds’ ‘o, (rg-s’ ‘Q,E), (3.9)

and Iy is the position vector at a point on the surface of V where it is

penetrated by a ray along 2 from r. The source, S, can be written as

’

t
S(r,R,E,t) = Q(r,R,E,t) + [ dq’[ dt’ [ dE’
- - bn T “tlm-= Q0

=t <

L [v4(E )0y (r,E ) (7,0 ,E >t,2,E) ]¥(r,2",E",t"), (3.10)
i

where Q is the inhomogeneous source term, the sum over i is a sum over

all interactions, Vi(E') is the mean number of secondaries for an




interaction of type 1 at energy E’, oi(E)E') is the macroscopic
interaction cross section for an interaction of type i at position r and
energy E’, fi(t',gf,E'*t,g}E) is the transfer probability of an
interaction of type 1 from the primed coordinates to the unprimed
coordinates, and ¥(r,R°,E’,t") is the angular flux of neutrons within 4V
of r, within dQ° of 2, within dE’ of E’, at time t’. Now assume steady

state, integrate (3.9) and (3.10) from E_ to Eg-l’ and use the following

g
multigroup definitions;

Eoly

S (r,Q) = [ g dES(r,Q,E), (3.11a)
g —— E = —

g
E,_
g-1

Qp(r,2) = [~ dEQ(r,2,E), (3.11b)
g
Eq-

¥o(r,@) = [~ dE¥(r,8,E), (3.11c)
Fg

¢

1 Do Oy (DY 80

© E_l
= fodE'ng dE } [v4(E")o;(r,E*)f4(Q°,E'+R,E) ]¥(r,2",E*), (3.11d)

g i
Egp  d(r,2)
To(rsd(m,MRrs) = [ 7 dE[ T ds”’op(rg=s’2,E)
g
d(r,f)
= fo ds’ ‘0 (rg=s’’R). (3.11e)

Then it follows that
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N = f‘DSg(.E’.S_z)’ (3.12)

- G - -d(r, )8
Ly=1 [ dof dve Tg{rsmd(L DI ES) (3.13)
4 —°V
g=1
and
G
Sg(I®) = Qp(r,®) + [ Ivigropgrsg(r)
g'=11
fwdg'fig,(gwg)wg,(i,g'). (3.14)

Now consider only monoenergetic neutrons, isotropic scattering,
isotropic fission, spatially constant cross sections, and no external

sources. Then (3.12), (3.13), and (3.14) reduce to

N = Lps(x), (3.15)
- -0 d(r,Q)
L, = Q £t 3.1
o=/ lmd_deVe (3.16)
and
- .1 .
s(r) = E vioif4nd§.ﬁ ¥(r,2°), (3.17)

If only fission and elastic scattering are taken into account, then
N =1, s(n), (3.18)

- —otd(r,Q)
- - = 3. 19
Lp =/, a8 SAve , (3.19)




S(r) = (vog + 0g)28(x), (3.20)
and

o(r) = [da’¥(r,"). (3.21)

Equations (3.18) and (3.19) are used to calculate the leakage from three

one~-dimensional systems in Sections C, D, E, and F of this chapter.

C. Direct Leakage Operator in Slab Geometry

The geometry of interest is shown in Fig. 1. This geometry is a
semi-infinite slab, which is infinite in the y and z coordinates and of
half-thickness b in the x coordinate. The angular coordinates in this
system are the polar angle O, which is the angle the neutron makes with
the positive x-axis, and the azimuthal angle x, with respect to which
there 1is symmetry. A convenient notation is to take p=cosO. In this

geometry, (3.18), (3.19), and (3.20) combine to yield

vog + Og 2m

b 1
N=___ - dxd(x) d due
[, axefy dxf)

-otd(x:U)
4 *

(3.22)

For u>0 the neutron can only leak through the right hand side, and for
u<0 the neutron can only leak through the left hand side. Therefore, it

follows that

d(x,u) = b_;"., for u>0, (3.23a)

and

4]
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Figure 1.

One-dimensional slab geometry.




d(x, 1) =b__+;‘., for 0. (3.23b)

Using (3.22) and (3.23), and noting the azimuthal symmetry, yields

b+x
vog + Og b 0 +°t&‘—‘)
N = — lb dx¢(x)[11 dype u
L g (e
+ ] due (5 )]. (3.24)

Some additional definitions will provide convenience and insight.

Therefore, let

PI(x) = the probability that a neutron emitted isotropically at
position x escapes through the right hand side with n

additional scatterings inside; (3.25)

P%(x) = the probability that a neutron emitted isotropically at
position x escapes through the 1left hand side with n

additional scatterings inside. (3.26)

Now note that isotropic emission in the geometry of Fig. 1, which has

azimuthal symmetry, implies that
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%;-= the probability that a neutron emitted isotropically ends up
within dp of u. (3.27)

Combine (3.23), (3.25), (3.26), and (3.27) to get

1 b-x

r . dp ~0t(—)
P§ fo 5 e TR (3.28)
0 b+x
dy o (—)
el Fe TV (3.29)
or, by using (A.2) and setting u=-u in P% above, it follows that
1
Pj = EEz[ot(b—x)], (3.30)
and
Pl = L E |0, (btx) ] (3.31)
0= glog(bHx) ]o .
Use of (3.28), (3.29), (3.30), and (3.31) reduces (3.24) to
b
N = (vof + og) fb dx¢(x)[P6(x)+P6(x)], (3.32)

or

Vof + Og b

No= e [, dxe00) (Ex[op(b=x) ] + Eg[op(bHx) ] ). (3.33)




Combine (3.5), (3.6), and (3.33), and normalize O, to unity to obtain

b
Y = c{b dxd(x) 3

b b
[ib dxe(x)+ o ib dx®(x) (Eo(b=x)+E,(b+x) ) ]. (3.34)

The scalar flux, $(x), used in (3.34) is taken from variational theory.
Since the form of the V2 scalar flux is the same as the form of the v,
scalar flux, except that- a, equals zero, the terms in (3.34) need be

determined only once. The production term in the numerator of (3.34)

leads to
b b
prod. = cfb dx®(x) = cfb dx(l-alxz-a2x4), (3.35)
prod. = C(Zb- -; a1b3- % a2b5). (3.36)

Similarly, the collision term in the denominator of (3.34) is

2

coll. = 2b- 2 a b3- % a,b. (3.37)

The leakage term in the denominator of (3.34) is

b
leak. = = I, dx(1-a;x2~a,x*) [Ey(b=x)+E,(b+x) ]. (3.38)
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To do this integral, use (A.2), the definition of E (x), and interchange
the order of integration. Perform the integration over x, collect
terms, and then perform the integration over u by using (A.2). This

leads to

4
leak. = - [1-2E3(2b)-a) (1~ - b+b2-2b2Eq(2b)~4bE,(2b)

8 48
~4E5(2b))=ap(b%~ = b+6b2= 1o b+8~2b"Eq(2b)

-8b3E,(2b)~24b2E-(2b)-48bE (2b)~48E,(2b)) ]. (3.39)

Now that all the terms in (3.34) are known for a V, or V, scalar flux
shape, some calculations will be performed using the iterative technique
outlined in Section A. The results are presented in Table VI. Note
that the direct leakage approach yielded the exact same critical
half-thickness as the appropriate Vn technique. This 1is positive

verification of the accuracy of the direct leakage operator. More

comparison values will be found in Chapter Two, Table II.




LY

Table VI

Critical Half-Thickness Estimates, in Units of the

Total Mean Free Path, for Infinite Slabs as a Function of ¢

c v, vy Direct leakage Direct leakage 3164 Case’sl0 IT4ll
with V, scalar with V, scalar
flux flux
1.6 #5120 «5120 «5120 «5120 #5125 «5120 #5120
1.4 7366 .7366 «7366 «7366 «7372 «7366 «7366
1.2 1,289 1.2894 1.2894 1.2894 1.,2902 1.2894 1.2894
1.1 2.1134 2.1134 2,1134 2.1134 2.1146 2.1133 2.1134
1.05 3.3010 3.3005 3.3010 3.3005 3.,3023 3.3003 3.3004
1.02 5.6706 5.6661 5.6706 5.6661 5.6694 5.6655 5.6660
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D. Direct Leakage Operator in Spherical Geometry

The geometry of interest is a one-dimensional sphere of radius b.
This geometry is shown in Fig. 2. The position coordinates are a, §,
and r, and u and w are angular (direction) coordinates; u is the cosine
of the polar angle, the angle the neutron makes with the position
vector, and w is the azimuthal angle with respect to which there Iis

symmetry. Therefore, (3.18), (3.19), and (3.20) combine to yield

(vog+og) b 2r 1 -0,.d(r,u)
N=__° 5" [ dr4nr2e dw/ dpe ¢ 3.40
i | drémrte(n)f duf due ; (3.40)
which reduces to
b 1
-0,d(r,u)
N = 2n(v0f+os)fo drr2¢(r)l1 due © 777, (3.41)

Now, due to the azimuthal symmetry, the distance to the surface can be

calculated from Fig. 3. Note the following identities;

d(r,u)sin(0) = b sin(®); (3.42a)
B =0-19,; (3.42b)
b = r cos(®)+d(r,u) cosB; (3.42c)
u = cos (0). (3.43)

Use (3.42b) to remove B from (3.42c) and subsequently remove ¢ through
the use of (3.42a). Multiply through by b, divide through by

(bz-dz(r,u) sinz(O))'s, and square the result to get




Figure 2,

One-dimensional spherical geometry.

Figure 3.

Geometry of a plane formed by the position and

direction vectors of a neutron in spherical geometry.
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d2(r,u) + d(r,u)2r cos(0) + r2 - b2 = 0. (3.44)
Use (3.43) and solve to obtain

d(r,u) = -rp + (b2-r2+r2p2y+5 | (3.45)

The positive root was taken because d(r,u) is a distance and must,

therefore, be positive. Equation (3.45) leads to

b 1
N = 2n(vof+os)fo drr2¢(r)f1 du

2_.2,..2 21,5
~-0¢| ~rpy+(bc-r<+r<u
e el ¢ 2] . (3.46)

Now introduce the definition,

P (r) = the probability that a neutron emitted isotropically at
position r escapes from the system with n additional

scatterings inside, (3.47)

and note that isotropic emission in the geometry of Fig. 2, which has
azimuthal symmetry, implies that
%; = the probability that a neutron emitted isotropically ends up

within du of u. (3.48)
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Combining (3.45), (3.47), and (3.48) yields

1 2_12402,2).5
-0, | ~rpu+(bc=ré+r<u“)
Po(r) = 5 [ due el I (3.49)

To integrate (3.49), use the substitution

a = 0,[(b%-rZ+r2u2)->-ru], (3.50)
where
o%(bz-rz)-a2
u = (3.51)
0t2ar
and
1 02(b2-r2)+a2]
2ro, al ’
to get
(b+r)ot (b2_r2)02+a2
Po(r) = —] da[ t " les, (3.53)
4ro,’ (b-r)o, 22
or
z d
Po(r) = o2(b2-r2) da o-a
0 4r°t[ t (f(b-r)ot a2



® da (b+r)ot .
-f(b+ — e a)+f dae™3 ],
r)o. a (b-r)o,

Integration and the use of (A.3) yield

1

P =
o(r) 4rot

(0, (b+r)Ey [0y (b-r) ]-ot(b—r)Ez[ot(b+r) ]

e-(b+r)ot . e-(b-r)ot)

Po(r) = i;{(b+r)E2[ot(b-r)]-(b-r)EZ[ot(b+r)]

-(b+r)o ~-(b-r)o
S(Hroy =(b-r)o
- + )o
O¢ t

From (3.46), (3.49), and (3.56),

b
N = 4m(voe + os)fo drr2¢(r)P0(r).

Combine (3.5), (3.6), (3.57), cancel the 4m, and normalize Op

to find

b
Y = cfo drr2¢(r) 2
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(3.54)

(3.55)

(3.56)

(3.57)

to unity




b b
[fo drr2¢(r)+cf0 drr2¢(r)P0(r)].

(3.58)

The scalar fluxes to be used in (3.58) are conveniently taken as the

variational scalar fluxes. Since the form of the V2 scalar flux is the

same as the form of the V4 scalar flux, except that a, equals zero, the

terms in (3.58) need be done only once. The production term in the

numerator of (3.58) is:

b b
prod. = cfo drre(r) = cfo drr2(1-a1r2-a2r4);

3 a
b 1.5 7
rod. = — - e - .
P c( 3 5 b 7 b’)

Similarly, the collision term in the denominator of (3.58) is

The leakage term in the denominator of (3.58) is
b 1
leak. = cf drr?(1-ayr2-a,r®) [ (b+r)Ey(b-r)
~(b=r)Ey(btr)-e~(PFT) 4 o=(b-r)],

To do this integral, use (A.2), the definition of En(x), and

the order of integration. Perform the integration over

(3.59)

(3.60)

(3.61)

(3.62)

interchange

X, collect

9
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terms, and then perform the integration over u by using (A.2). This
leads to

1 -
leak. = Z[b? = o - bE,(2b)~2Eg(2b)+(b+1)e™2P]

ajc
- Tl 3 6% 2 52-2-53, (2b)-6b2E(2b)

-18bE (2b)~24E5(2b)+e~2P(b3+3b2+6b+6) ]

asnc
- 2 [68- 2 b3+ 22 pho166%42002-30-b%E,,(2b)

~10b%E(2b)~60b3E(2b)~240b2E5(2b)~600bEg(2b)

~720Eg(2b)+e~2P (b +5b%+20b3+60b2+120b+120) ] (3.63)

Now that all the terms in (3.58) are known for a Vo or V, scalar
flux shape, some calculations will be performed using the iterative
technique outlined in section A. The results are presented in Table
VII. Note .that the direct leakage approach yielded the exact same
critical radii as the appropriate Vn technique., This 1is, of course,
justification for considering the direct leakage operator exact. More

comparison values will be found in Chapter Two, Table III.




Y

c V2
1.6 1.4768
1.4 1.9870

1.2 3.1785
1.1 4.8934
1.05 7.3326

1.02 12.1835

Table VII

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Spheres as a Function of ¢

vy

1.4761
1.9854
3.1723
4,8733
7.2784

12.0305

Direct leakage
with V2 scalar

flux

1.4768
1.9870
3.1785
4.8934
7.3326

12.1835

Direct leakage

with V4 scalar

flux

1.4761
1.9854
3.1723
4,8733
7.2784

12.0305

4
516

1.4742
1.9830
3.1690
4.8688
7.2723

12.0210

Case’s10

1.4761

1.9853

3.1721

4,8727

7.2772

12.0275

1.4761

1.9854

3.1721

4,8728

742775

12.0289
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E. Direct Leakage Operator in Cylindrical Geometry

The one-dimensional cylindrical geometry of interest is shown in
Fig. 4, The position coordinates are ¢, r, and z, while p and x are
angular (direction) coordinates; u is the cosine of the polar angle, the
angle which the neutron makes with the 2z vector, and x is the azimuthal

angle. This azimuthal angle is the angle between the planes formed by

“the r and z vectors and the @ and z vectors. Therefore, (3.18), (3.19),

and (3.20) combine to yield

(vog+o,) 2m d(r,x,
——-fr—f arzmee(e)] dxj dpe CedTxow) (3.64)

which reduces to

+0 2n
i\ff?_)j arro(r)f dxf dpe Tt (TIXH) (3.65)

Now d(r,x,u) can be determined from two projections of Fig. 4. 1In Fig.
5, Fig. 4 1is projected onto a plane perpendicular to the axis at 2z
equals zero. 1In Fig. 6, Fig. 4 is projected onto a plane parallel to
the cylindrical axis and containing R, the direction vector.

Obtain from Fig. 5 the following identities:

B = x- &3 , (3.66a)
a = 90+ ¢-x3 (3.66b)
b = r cos(d)+ ZLD sin(a); (3.66c)




Figure 4.

One-dimensional cylindrical geometry.

v/
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Figure 5.

A plane perpendicular to the cylinder axis.

)\ U[,,,,‘/J

2L0
Figure 6.

A plane parallel to the cylinder axis.




ZLD sin(yx) = b sin(9). (3.66d)

Begin with (3.66¢c) and use (3.66b) to remove a. Use (3.66d) to remove
¢, multiply through by b, divide through by (b2-zLD2sinZ(y))*>, and

square the result to get

ZLD2+2rcos( x)ZLD +r2-b2 = 0. (3.67)

Solve (3.67) and note that ZLD is a distance and must, therefore, be

positive:

ZLD = -rcos(x)+(b2-r2+r2c082(x))'5- (3.68)

Noting that p=cos0O, and using Fig. 6, yields

- 2_.2..2 .2 <5
d(r,u,x) = rcos( x)H be~r<+r<cos<(y)) . (3.69)

With (3.69), (3.65) becomes

27 1

b
\)Of+Os
drré(r d du
/s ), axd,

2

N =

- [-rcos(x)+(b2-r2+r20082(X))'S]
e ot TR : (3.70)

Now introduce the following definition;
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P (r) = the the probability that a neutron emitted isotropically at
position r escapes the system with n additional scatterings

inside, (3.71)

and note that isotropic emission in the geometry of Fig. 4 implies that

%;-%5-- the probability that a neutron emitted isotropically ends up
L
within dp of u and within dy of . (3.72)

Combining (3.69), (3.71), and (3.72) yields

1 27 s [-rcos(x)+(b2-r2+r2cosz(x))'5

du, dy
Po(r) = 11 7;10.5% e °© (1-p2)+5 , (3.73)

or, upon using the symmetry in p and y,

1 T - [-rcos(x)+(b2-r2+r2cosz(x))°5
I dufo dxe °© (1-p2) 5 . (3.74)

Po(r) =

Al

Interchange the order of integration and make the transformation

sinh(a)
cosh(a)

=

to yield

®©
da

m
1
Py(r) == [ dx/
0 T 0 "0 coshla

L 2_124:20062( y))*5 lcosh
. ¢ [~reos( x)H bé-rs+recos®(x)) "> Jcos (a). (3.75)



The definition

® _~xcosh(a)

x) =] £ da, (3.76)
“in 0 cosh®(a)

from Bickley and Naylor4o, is used upon (3.75) to obtain

L
Po(r) = %.fo deiz[(—rcos(x)+(b2-r2+r2cos2(x))'?)ot]. (3.77)

This integral c¢an be done by making a transformation from x to ¢ (see
Fig. 5), which is a transformation from a local to a central coordinate

system. From Fig. 5,

ZLD = -rcos(x)+(b2-r2+r2cosz(x))'5, (3.78)
and from the law of cosines,
ZLD = (b2+r2-2brcos(®))->. (3.79)

From (3.66d) dx is found to be

2_
dy = do b“~brcos(®) (3.80)

zLp2
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Wwith (3.78), (3.79), and (3.80), (3.77) becomes

w 2
1 bé~br $
po(r) = ?,fo do _____S%;S_l KiZ(ZLDOt)' (3.81)

ZLD

From Bickley and Naylor40, KiO(x) = Ko(x), where Ko(x) is a zero order

modified Bessel function of the third kind, and

Kin(x) = jx dtk__;(t). (3.82)

From (3.82),

K;,(0,2ZLD) = f“: 5 dtft Ko(y)dy. (3.83)

Make the transformation y=tx to get

K;5(0,ZLD) = fOtZLD dttfl dxKq(tx). (3.84)

Make the transformation t=0 ZLDt’ to get

K;,(0,2LD) = fl O%ZLDZt'dt'f1 dxKg(0,ZLDt °x). (3.85)

Drop the primes, t’=t, and interchange the order of integration:



K;,(0,ZLD) = o%ZLszldxjldttKo(otZLDtx). (3.86)

Therefore, (3.81) becomes

O% ™ © ©
- 2_
Po(r) = — fo do(b brcos(¢))f1 dxfl dttKy(o ZLDtx), (3.87)
or
2
ot © © ™

Po(r) = __.jl dxfl dttfo d®(b2-brcos(?))

Kol o tx(b2+r2-2breos(9))+3] . (3.88)

Using (B.20), (3.88) becomes

2 ®

o¢ m 2
Po(r) = 7r.j1 dxfl dttfo d®(b%~brcos(?))

(1 Ke(optxb)I (o txr)cos(ke)), (3.89)

ke~

which upon integration and application of L‘Hospital’s rule yields

2 ®

o
t
po(r) = — jl dxf1 dtt[nszo(ottxb)Io(ottxr)

63




o -

- 5 brk_j(optxb)I_j(opexr)= = brkj(opexb) I (optxr) |. (3.90)

Use (B.7) with (3.90), and let y=txo, to find

Po(r) = . 2X [ dyy[b2Ro(yb)Ig(yr)=brk (yb)I (yr) ] (3.91)
1 x2 “xo,

Integration by parts of the first term in the integrand of (3.91), so as

to raise the order of the K, term to K;, and application of the

asymptotic series (B.6) will produce

Po(r) = opb) & R\ (xboy) To(xray), (3.92)

which is far simpler than (3.73).

With (3.92) and (3.73), (3.70) becomes

b
N = 2n(vof+os)f0 drré(r)Py(r). (3.93)

Combine (3.5), (3.6), (3.93), cancel the 27 and normalize o, to unity to

obtain

b
Y = cfo drréd(r) +

b b
[jo drrd>(r)+cf0 drr&(r)Pp(r)] . (3.94)
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The scalar fluxes to be used in (3.94) are conveniently taken as
variational scalar fluxes. Since the form of the V2 scalar flux is
same as the form of the V4 scalar flux, except that as equals zero,
terms in (3.94) need be done only once. The production term in
numerator of (3.94) is
b b
prod. = cfo drré(r) = cfo drr(l-alrz-a2r4); (3.
_ b2 b’ b®
prod. = C(TT'- aITT - a27r). (3.
Similarly, the collision term in the denominator of (3.94) is
2 4 6
b b b
coll. = (— - ayg - aZTT)' (3.
The leakage term in the denominator of (3.94) is
b © d
leak. = cbfodr(r-a1r3-a2r5)f1 :;.Kl(bx)lo(xr). (3.
To do this integral, interchange the order of integration, make

the
the
the

the

95)

96)

97)

98)

the

transformation rx=y, and integrate over y by parts. This will produce

leak., = bcf del(bx)[Il(bx)LEL -
1 x2 X

a1b3 _ 4a1b _ a2b5

2 x4 x2
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16a,b>  64ayb 2a;b?  4ayb®  32a,b2
- - +I + + . (3.
G Mo (— 3 s .99

X X X X X

The worst case in the numerical integration of (3.99) for large x, can

be seen to be Kl(bx)Il(bx)l%, which asymptotically goes as —l—
X

3

[1+0(x'1)] for large x. The numerical integration of (3.99) wi?l
therefore have an error on the order of about 10~8 if the upper limit in
(3.99) is 100,000 instead of infinity. This should be quite acceptable.
Now that all the terms in (3.94) are known for V, and V, scalar

flux shapes, some calculations will be performed using the iterative
technique outlined in section A. The results are presented in Table
VIII. Note that the direct leakage approach yielded the exact same
critical radii as the appropriate Vn technique. This is, of course,

justification for considering the direct leakage operator exact. More

comparison values will be found in Chapter Two, Table IV.




L9

1.6

1.4

1.2

1.1

1.05

1.02

Table VIII

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Infinite Cylinders as a Function of ¢

1.0209
1.3971
2.2882
3.5819
5.,4265

9.0960

vy

1.0209
1.3970
2.2873
3.5776
5.4119

9.0445

Direct leakage
with V2 scalar

flux

1.0209
1.3971
2.2882
3.5819
5.4265

9.0960

Direct leakage
with V4 scalar

flux

1.0209
1.3970
2,2873
3.5776
5.4119

9.0445

1.0194
1.3950
2,2850
3.5757
5.4108

9.0454

1.0231

1.3991

2.2891

3.5795

5.4140

9.0494

11
1T,

1.0209
1.3970
2,2872
3.5774
5.4115

9.0446
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F. Direct Leakage Operator and Diffusion Theory

A diffusion theory scalar flux initiation for the direct leakage
operator is a good test of the operator’s ability to calculate leakage
accurately. Diffusion theory 1is easy to wuse and gives fairly good
answers for large systems without strong  sources or sinks.
Traditionally, for one-group, one~region critical size problems, the
diffusion theory criticality condition is that the materials buckling

equals the geometrical buckling. The geometrical buckling, B2, is

g,
determined from the solution of the scalar Helmholtz equation, (3.100),

subject to conditions that .the flux is positive and goes to zero at the

extrapolated boundary:

v2e(x) + BZ0(z) = 0. (3.100)

The extrapolated boundaries are discussed in Appendix H. The materials
9 vog + Og = Op 1
buckling, Bm, is 5 where D= Too for isotropic scattering.
t

If o, is normalized to one, the materials buckling reduces to (3c-3).

. This procedure, which results from a neutron balance condition similar

to that which led to (3.1), is used to calculate the diffusion theory
critical sizes appearing in Tables IX, X, and XI. The asumption that D=
3%: leads to the most accurate results available from diffusion theory
leakages. Readers interested in more detail should refer to Henry38.




l. Slab Geometry

In a one-dimensional slab symmetric about x equals zero, the
solution of (3.100) is COS(ng), subject to the condition that the flux
vanish at a distance equal to the physical boundary plus the

extrapolation distance. This yields

d(x) = cos(ng); (3.101a)
B =_"1 . (3.101b)
= ___; .
8 2bgy
by = btextrapolation distance. (3.101c)

The production rate for use in the numerator of (3.6) is

b
<
d. = d : 3.102
pro c{b xcos(Zbex), ( )
4ch
prod. = £x sin( b ). (3.103)
m 2bex
The collision rate for use in the denominator of (3.6) is
4b
oll. = _°X ™ ), .104
c - sin(2b ) (3.104)

The leakage rate for use in the denominator of (3.6) 1is, after o, 1is

normalized to unity,
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vog + o5 P
N=_*f 'S fb dxcos (o>

) [Eg(b=x) + Ey(btx) ], (3.105)
ex

2

or, rewriting (3.105) using (A.5), and noting symmetry,

b
N = (vog + 0 )/ dxcos(.!f_) [e-(b-x) + e~(bt+x)
y 0 Zbex
=(b=x)E; (b-x)=(b+x)E (b+x) ] . (3.106)

Using (3.103), (3.104), and (3.106) will produce from (3.6)

4¢cb T 4b

stnlpp)] + [ stnlp=))

Yy = [ ex

b
+cf0 dxcos(igf;J(e-(b-x) + e—(b+x)

=(b=x)E | (b=x)~(b+x)E  (b+x) )] . (3.107)

The integral in (3.107) is done numerically, and b is iterated until Y
is unity. The results are tabulated in Table IX. Comparison of the
results in Table IX reveals that the direct leakage operator moves
diffusion theory into competition with such transport techniques as
P3-P5 spherical harmonics expansions and §, discrete ordinates! The

error from V, values varies from .92 percent to l.75 percent.




2. Spherical Geometry
In a sphere, the solution of (3.100) is l.sin(Bgr), subject to the
r
condition that the flux vanishes at a distance equal to the physical

boundary plus the extrapolation distance. This yields

(r) = %-sin(Bgr); (3.108a)
b
Bg =t (3.108b)
ex
b,, = btextrapolation distance . (3.108c)
The production rate for use in the numerator of (3.6) is
b 1
prod. = cf dr4nr? —-sinC—E— r); (3.109)
0 r bax
rod. = heb_ [2°X o1 b )~bcos (—b (3.110
prod. c exL‘;‘ s n(bex ~bcos b )] . )
The collision rate for use in the denominator of (3.6) is
coll. = 4b [EEE sin(-2b) - beos(—b)]. (3.111)
' ext o bex bex

The leakage rate for use in the denominator of (3.6) 1is, after o, 1is

normalized to unity,

b
‘ 1 1
N = (vog + os)fo dr4nr? ;.sincgf;r}z;
[(b+r)E (b=r)~(b-r)E,(btr)- e~ (PHT) 4 ¢=(b-T) ], (3.112)
2 2

/1
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or, rewriting (3.112) with (A.5) gives

b
N = (vof + os)njo drsin(sf_r)[(bz-rz)(El(b+r)-E1(b-r))
ex
+(btr+1)e~(b=T) _(br+1)e~(bH+1)], (3.113)

Using (3.110), (3.111), and (3.113) will produce from (3.6)

b
Yy = 4cbex[_§i sin(sﬂ—b)-bcos(gj-b)] ¥

ex ex

b b
[4bex(_§f.sin(_f_b)-bcos(_f_b)) + cnfodrsin(sf_r)

bex bex ex

[(b2-r2)(E| (b+r)=E | (b~r) )+(b+r+1)e™(P=T)

~(b-r+1)e~(b¥r)]] | (3.114)

The integral in (3.114) is done numerically, and b is iterated until Y
is unity. The results are tablulated in Table X. Comparison of the
results in Table X indicates that the direct leakage operator makes
diffusion theory comparablé to P3 spherical harmonics expansion and
82-84 discrete ordinates! The error from V4 calculations ranges from

1.27 percent to 1.64 percent for the direct leakage operator diffusion



theory calculation. 1In contrast, the Serber-Wilson error from V, ranges

from -1.84 percent to -4.13 percent.

3. Cylindrical Geometry
In a cylinder, the solution of (3.100) is Jo(Bgr), subject to the
condition that the flux vanishes at a distance equal to the physical

boundary plus the extrapolation distance. This yields

d(r) = Jo(Bgr); (3.115a)

B, = 2.405, (3.115b)
bex

box = btextrapolation distance. (3.115¢c)

The production rate for use in the numerator of (3.6) is

b
prod. = cf dr2nrJ0(3Lﬁ92r); (3.116)
0 bex
2nbeb
rod = X 3, (2240, 3.117
prod = — o5 Y1l b ) (3-117)

The collision rate for use in the denominator of (3.6) is

/3
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2mbb
coll. = = 3, (

2.405b)
2.405 :

bex

(3.118)

The leakage rate for use in the denominator of (3.6) 1is, after o, 1is

normalized to unity,

b

2.405
N = (vog + os)fo dr2nrJ0( r

ex

o/ = NI AN (3.119)

which becomes after interchanging the order of integration

2.405

bex

d b
d
N = (vog + os)2nbf1 1;.K1(bx)fo drrdof

r)Ig(rx). (3.120)
Use (9.6.3) from Abramowitz and Stegun41, which is

I(z) = e™*2V™ g (e*2™2). (3.121)
Then (3.121) reduces to

Ig(z) = Jg(iz). (3.122)

_ =2.4051

bex

Use (3.122), and make the transformation « , to reduce (3.120)

to




© b
N = 2nb(vof + os)f1 %§-K1(bx)jo drrIo(ar)Io(rx). (3.123)

This can be integrated through the use of (B.4) to

®©
dx 1
N = 27b(voe + o — K,(bx

[~abIp(bx)T;(ba)+bxIp(ba)I (bx)]. (3.124)

2.405b

2.405b
Note that Io(ba)=J0( ), and Il(ba)= -iJl( 5 ), to get
ex ex
= 2ub(vo: + o)
f s
1 x3+x(2.405)2
bex
2.405b 2.405b 2.405b
[ b Iy ( b )Ig(bx) + bxJg( z )1 (bx) ] . (3.125)
ex

Using (3.117), (3.118), and (3.125) will produce from (3.6)

2mbebgy 2.405b) [ 2mbbey (2.405b)
¥ 1

Yy = I (
2.405 Doy 2.405 By
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s ombef _F1C®  a.405b (2:4050)1 (i
I (34 (2:405)2  bey 15
ex
+ bxdo(229%0) 1 ()] (3.126)
bex

The integral in (3.126) is done numerically and b is iterated until Y is
unity. The results are tabulated in Table XI. Comparison of the
results in Table XI reveals that the direct 1leakage operator moves
diffusion theory into competition with such transport techniques as 82
discrete ordinates. This still represents a substantial improvement in
that diffusion theory scalar fluxes are easier to obtain numerically

than 82 fluxes.
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1.6
1.4

1.2

Table IX

Critical Half-Thickness Estimates, in Units of the

Total Mean Free Path, for Infinite Slabs as a Function of ¢

.5120
+7366
1.2894
2.1134
3.3005

5.6661

Diffusion

theory

#7253
«9255
1.4355
2.2219
3.3791

5.7162

Direct leakage
operator with
diffusion theory

scalar flux

#5167
«7450
1.3084
2.1490
3f3586

5.7652

4
Py

«5590
«7793
1.3185
2.1354
3.3191

5.6828

4
Pg

«5299
«7501
1.2985
2.1210
3.3073

5.6723

Sy

.6197
«8455
1.3896
2.1984
3.3718

5.7262

«5223
«7435
1.2949
2.1198
3.3078

5.6747
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1.6
1.4
1.2
1.1
1.05

1.02

1.4761
1.9854
3.1723
4,8733
7.2784

12.0305

Table X

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Spheres as a Function of ¢

Diffusion

theory

1.8961
2.3595
3.4634
5.0897
7.4349

12.1290

Direct leakage
operator with
diffusion theory

scalar flux

1.4948
2.0125
3.2202
4,9509
7.3970

12.2272

4
P,

1.5502
2.0394
3.2041
4.,8953
7.2961

12,0450

sw4

1.4152
1.9059
3.0570
4.7213
7.0930

11.8090

)

1.4197
1.9198
3.0963
4.7960
7.2084

11,9780

1.4613
1.9685
3.1530
4.8535
7.2591

12.0120



Table XI

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Infinite Cylinders as a Function of ¢

6/

1.6

1.4

1.2

1.1

v, Diffusion  Direct leakage P4 Py 5,5 5,
theory operator with

diffusion theory

scalar flux
1.0209 1.3471 1.0327 i - 1.0647 1.0230
1.3970 1.6871 1.4152 -= - 1.4411 1.3958
2.2873  2.5124 2.3217 - - 2.3297 2,2824
3.5776  3.7449 3.6355 I S 3.6211 3.5725
5.4119  5.5330 5.5016 - ——- 5.4654  5,4097
9,0445 9.1219 9.1939 - -—= 9.1351 9.0495
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IV. INDIRECT LEAKAGE OPERATOR

A. Introductory Remarks

As noted previously, the chief difference between the direct and
indirect leakage operators is that the indirect leakage operator uses a
fission source distribution for initiation and handles internally the
transport of all neutrons which eventually leak out. The result of an
indirect 1leakage calculation is a spatial leakage probability
distribution for neutrons born in fission. It can be expected that the
indirect leakage calculation will yield different <critical size
estimates than the Vn techniques even though the scalar fluxes are the
same. This, of course, is due to the internal transport of neutrons and
the numerical solution of the equation involved.

The kernel of the inhomogeneous singular Fredholm integral equation
of the second kind, whose solution is the spatial 1leakage probability
distribution, 1is shown to be identical to the kernel of the integral
transport equation for each geometry. 1In order to emphasize that PC
eigenvalues are all the result of a neutron balance condition, an
eigenvalue different from (3.1) or (3.2) will be used. Take as the
neutron balance condition, production rate minus leakage rate equals

absorption rate. This leads to the eigenvalue defined by

_ broduction rate - leakage rate

A
absorption rate

(4.1)




In what follows, assume steady state, monoenergetic neutrons,
isotropic fission, 1isotropic scattering, spatially constant cross

sections, and no external sources. Also note that O, is normalized to

unity, and that dimensions of length are in units of the total mean free
path. The indirect leakage operator, as presented in this chapter, 1is
the volume integral of the spatial leakage probability distribution and

operates upon the spatial fission source distribution.

B. Indirect Leakage Operation in Slab Geometry
The following definitions and identities are repeated from Chapter

Three:

P;(x) = the probability that a neutron emitted isotropically at
position x escapes through the right hand side with n

additional scatterings inside; (4.2)

P%(x) = the probability that a neutron emitted isotropically at

position x escapes through the 1left hand side with n

additional scatterings inside; (4.3)
1 dy - (b-x) !
r = U = —) -
0 (b+x)
1 - dpy *t 1
P5(x) 11 e ¥ 5 Eg(b+x). (4.5)

Now define:
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[ 4
PT(x) = ) P;(x) = the total probability that a neutron emitted

n=0
isotropically at position x escapes through the

right hand side; (4.6)

@©
Pl(x) = ) P%(x) = the total probability that a neutron emitted

n=0
isotropically at position x escapes through the

left hand side. (4.7)

Obviously (Pl(x)+Pr(x)) is the spatial leakage probability distribution

for neutrons born in fission. From Chapter Three, %;.is the probability

that a neutron emitted isotropically ends up within du of u.

Note that
(x-x'
e M = the probability that a neutron leaving x arrives at x’,
where x’< x (i.e., u<0), (4.8)
_(x'-x
e H = the probability that a neutron leaving x arrives at x‘,
where x’> x (i.e., u>0), (4.9)
and
dx‘ag

S = the probability that a neutron suffers a scattering

ful
collision in dx’ about x’. (4.10)

With (4.8), (4.9), (4.10), and (4.2), the following identity is obvious:



. du ) dx‘q ,
PI(x) = Ib 11 e n - P;_l(x )
b 1 _ (X' =x ,
+ [ L ( u ) ax % PL_(x"). (4.11)
x 0 2 m

The first integral term in (4.11) 1is the integral over neutrons
commencing at positon x which initially head left, scatter at x’, and
then leak through the right hand side with (n-1) more interactions
inside. The second integral term in (4.11) is the integral over
neutrons commencing at position x which initially head right, scatter at
x’, and then 1leak through the right hand side with (n~1) more

interactions inside. Replacing u with -y in the first integral term of

(4.11), and collecting terms, results in

b 1 _ hx=x7|

g d ————
Pr =_5 [4x'[ Z¥ u pr ‘ 4.12
a(x) = — Ib X fo e -1$x"), ( )

or, after using (A.2),

b
o
PI(x) = 7;-Ibdx'El(lx-x'l)Pr_l(x'). (4.13)

Equation (4.13) 1is a recursion relation for the P;(x) and, since
PS(x) is already known, PT(x) can be constructed through the repeated
application of (4.13). It will be more convenient to have an equation

for PT(x), and this can be obtained by operating upon (4.13) with
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PH(x) + ] . (4414)
n=]

Interchange the order of integration-summation and use (4.6) to obtain

b
PT(x) = Pa(x) +.%; Ibdx'E1(|x-x'|)Pr(x')o (4.15)

The equation for Pl(x) is similarly obtained:

b
PL(x) = P}(x) +% lbdx'El(lx-x'l)Pl(x'). (4.16)

Note that the kernel in (4.15) and (4.16) is the same as in (2.1),
the integral transport equation for slab geometry. Solution of (4.15)
and (4.16) by analytic means has not proved possible, and, therefore,
the following numerical scheme was employed. Note that, due to physical
symmetry, PF(x) is equal to Pl(-x), and that only one of (4.15) and
(4.16) need be solved. Place N points on the interval from -b to b with
a point on each boundary. Equally space the points such that each point
is associated with an equal volume, namely A&x , except the boundary
points, which are associated with half size volumes (i.e. Ax; = A&xy =

%Axn). Discretize (4.15) as follows:

o 1-1
PT(x;) = Pf(xy) + -zi I &x PT(x)E (ixg=x,1)
n=1



N
g
s -~
+ ST+~ ) Aanr(xn)El(lxi-xnl), (4.17)
n=i+1

where ST in (4.17) corresponds to x = x° in (4.15) and is the point

where the singularity in the integrand occurs.

Ax
it —fi o
ST = f Axi dxc7; Pr(xl)El(lxi‘xll)- (4.18)
NN

If PY(x’) is assumed smooth and slowly varying, and Ax. is small, then
i

Ax
o Xi+ -—-21

ST = 73 PP(x)f  axy 9x"Ep(ixg=x’1). (4.19)
N

Now use (A.2), interchange the order of integration, integrate over x°,

and integrate over u, again using (A.2), to obtain
r Axi
ST = 0P (xi)[l-Ez(_z-)]. (4.20)

Rewrite (4.20), wusing (A.3), the recursion formula for expomential
integrals, as

Ax

T -, bx Ax
ST = o PT(xy)[l-e 2 + — -2_)]1‘. (4.21)

In (4.21), Ax is a full sized volume even when i is a boundary point.
The variable, T, takes on the value one half on the boundaries and one

elsewhere. Then it follows that
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i-1
Os
Pr(xi) = PS(Xi) + -2— z ! Aanr(xn)El( Ixi—xnl)
ns=

N
Og
+‘7T z Aanr(xn)El(lxi-xnl) + osPr(xi)
n=i+l]
_ Ax A A
l-e 2 + 2% (ZX)r.

(4.22)

Solve (4.22) by guessing Pr(xi) as Ps(xi) and using (4.22) to generate a

new PI(x,). Use this new PY(x;) in (4.22) to obtain another PF(x )
i i i

Stop the iteration when the Pr(xi) have converged to some stable values.

The leakage term for use in (4.1) is

b
leak. = voffbdx¢(x)(P1(x) + PT(x))

or
N

leak. = vog ) Axn(l-alxﬁ - azxg)(Pr(xn) + Pl(xn)).

n=]

The production term for use in (4.1) is
prod. = VOf( 2b- % a1b3- % albs)o

The absorption term for use in (4.1) is

86

(4.23)

(4.24)

(4.25)




2
absorp. = 0,(2b= = ajb? = 2 a1p3). (4.26)

Iterate (4.1) upon the size b until the eigenvalue A becomes unity.
Note that the scalar fluxes used in (4.24), (4.25), and (4.26) are v,
scalar fluxes. To run the test problems in Table XII, o; was taken as
0.4 of the total cross section. A different value of 0g; would produce
slightly different values of critical half-thickness (see, for example,
Section C). Five hundred spatial points were wused. Note that the
critical half-thicknesses predicted through the use of the indirect
leakage operator differ by no more than a tenth of a percent from the v,

calculations. More comparison values will be found in Chapter Three,

Table VI, and Chapter Two, Table II.

6/
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1.6
1.4
1.2
1.1
1.05

1.02

«5120
+7366
1,2894
2.1134
3.3010

5.6706

Table XII

Critical Half-Thickness Estimates, in Units of the

Total Mean Free Path, for Infinite Slabs as a Function of ¢

Yy

«5120
+7366
1.2894
2.1134
3.3005

5.6661

Indirect leakage Indirect leakage 3164 Case’s

with Vz scalar

flux

.5119
«7365
1,2891
2.1128
3.3010

5.6761

10

with V4 scalar

flux
«5119 «5125 «5120
+7365 «7372 +7366
1.2891 1.2902 1,2894
2,1127 2.1146  2.1133
3.2988 3.3023  3.3003
5.6610 5.6644  5.6655

11
IT4

.5120
«7366
1.2894
2.,1134
3.3004

5.6660




C. 1Indirect Leakage Operation in Spherical Geometry

Recall the following definitions and identities from Chapter Three:

P (r) = the probability that a neutron emitted isotropically at
position r escapes the system with n additional
scatterings inside; (4.27)

1 - —~(b-
Py(r) = Z;{(b+r)E2(b-r)-(b-r)Ez(b+r)- e~(b¥r) 4 =(b-r)], (4.28)
Now define

@
P(r) = ) P (r) = the total probability that a neutron emitted
n=

0
isotropically at position r escapes. (4.29)

Obviously, P(r) 1s the spatial leakage probability distribution for
neutrons born in fission. Also from Chapter Three, it is known that SE
is the probability that a neutron emitted isotropically ends up within

du of u. The distance from a spherical shell at r to another spherical

shell at r’, r’>r, is

dpryy = ~rpt(r’ 2-r24r22) 2, (4.30)

This is (3.45) modified by replacing b with r’.

To complete the derivation of an equation for P (r), the

corresponding d ., . will be needed. Fig. 7 is a drawing of a plane

containing the point of emmission, the geometrical center of the sphere,
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Figure 7.

Geometry for inward traveling neutron

in spherical systems.




and the direction vector along which the neutron 1is traveling. Note
that for a neutron going from r to r’, r’<r, there are two places where
the neutron can interact within dr’ of r’, namely, when entering and
when 1leaving the spherical volume defined by r‘. From Fig. 7, the
following identities are obvious:

S, = rcos(180-0) = -ru, (4.31)

AS = [r’2-(rsin(180-0))2]*3 = (r’2-r2+r2u2)-5, (4.32)

Therefore, the distance from r to r’, if r’'<r, is

dr:<r = —rui(r'z—r2+r2u2)'5. (4.33)

It is possible for a neutron leaving r to hit a spherical shell at r‘>r
for all angles of emission. However, it can be seen from Fig. 7 that
only angles greater than a certain limit can hit a spherical shell at

r’'<r, viz.

rsin(180-0) < r’, (4.34)

which yields

2_.02
w ¢ =B .5, (4.35)

2

9
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The remaining detail needed to complete the derivation of P (r) is
the probability that a neutron reaching r’ scatters within dr’ of r’.
The distance traveled along u while traversing dr’ is multiplied by the

probability per unit path length that the neutron scatters, namely,

ogr’dr’
probability of scattering = . (4.36)
within dr’ of r’ (r'2-r2+r2u2)'5
Now Pn(r) can be written as
b 1 ’ ’
p(r) =/ [ SF [ru-Cr2-r24r2i2) -] %Tdr P ‘
afT) 5 el ™ 55 n-1(t")
r _(rz-r'z),s
+f f r2 -d_u e[ru+(r12_r2+r2u2)05]
0 =1 2
2_..2
ré-r’<y.
ogr’dr’ fr }(--ET‘—) >
P__.(r’) + r
(1 2-r24r2,2)ys5 1 0 =1
02_.2,.2.2y.5 ogr’dr’
du o [ru=(r2-r®4rtut) 7] S Po_(r’) . (4.37)
2 (r'2-r2+r2u2)'5

The first integral term in (4.37) is the integral over all possible
occurences that the neutron leaves r within duy of u, travels to r’(r‘>r)
from r without incident, scatters within dr’ of r‘, and then leaks out
of the system with (n-1) more scatterings inside. The second integral
term is identical except that it accounts for neutrons which interact

upon reaching the spherical shell at r‘<r. The third term 1is also




identical except that it accounts for neutrons which interact in the
spherical shell at r’<r after having penetrated that shell once. Upon

rearranging terms, (4.37) becomes

b 1

P (r) = Ei[f dr'r’P_(r*)/ du
7y n 11 (27 2r24r2,2)05

r

(e 2-p24p2,2y.5 ., ,
elru=(x )] fodr r'P _ (r")

_(rZ_r'Z).S
I (r*2-r24r2,2y5
_(rz‘r'z).s
r r du
+ ’ ’ ’
fodr r'P_1(r") 11 (r'2-r24p2,2y.5
elrut(r2r2eru)3]) (4.38)

To do the integration over u in the first term of (4.38), make the

transformation
a= (r'2-r2+r2u2)'5 -ry, (4.39a)
where
e2_.2_.2
p = {Z77-r7-af) (4.39b)
2ar
and
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02_.2,.2
- da rorfay, (4.39¢)

dy = - -2
H 2r 2

to get

1
f du e[ru-(r'z-r2+r2u2)'5]

21 (r72-p24p2,2).5

(r’+r) d !
(r-r) ;g_e-a = o[Ey(r7-r)-E ) (r+r) | (4.40)

The exponential integral functions in (4.40) come from application of
(A.3). The same transformation, (4.39), is made in order to perform the

integration over p in the second term of (4.38). It is found that

~( 2_r:2).5
(r+r’)

(r2-p*2y+5 §§-e‘a = %{E1((r2‘r'2)'5) - Ej(r+r’) | (4.41)

In order to perform the integration over y in the 1last term of

(4.38), use the following transformation,
a = -ru-(r'z-r2+r2u2)'5, (4.42a)

where

e2_.2_.2
uo= SEL__JL_ji_l, (4.42b)
2ar
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and

d = —_— .
H 5 " (4.62¢)
to get
_(rz-r'z).s
| 2 du e[ru+(r'2-r2+r2u2)'5]
(eEr 2 1 2_02y.5
da -a _ 1 Y o —-rp’l)e . 4.4
(r=r’) —e r[El(r r’) - E;((r%-r'%)?)] (4.43)

Substitute (4.40), (4.41), and (4.43) in (4.38), rearrange terms, and

multiply through by r; then
Os ,
rP (r) = T.jodr [E;Cir=r’1)=-E{(r+r’) Jr P _1(x’). (4.44)

Equation (4.44) can be simplified if the following conventions are made:
r»>0, r’ in the interval of -b to b, P (-r’) = P (). Rewrite the
second term in the integrand of (4.44) by making the transformation

’ ’

r’ = -r’;
Og b
- TT'fodr E (r+r’)r'P_(r)

~b
g

s ’ ’ ’ ’
= - TT'fodr E (r-r’)r’Py_1(-1r’)
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0
g
= TS L dr Eyir=r” )r Py (), (4.45)

Using (4.45), (4.44) becomes

b
os ’ ’ ’ ’
TP i(r) = — jbdr E)(ir=r’ )r’P_;(r). (4446)
@
Operate on both sides of (4.46) with rPo(r) + z , interchange the order
n=1

of integration - summation, and use (4.29), to obtain

b
rP(r) = rPy(r) + ;;.lbdr'E1(|r-r'|)r'P(r'). (4.47)

Equation (4.47) is the same as (4.16) if P(x) is replaced by rP(r).
For criticality estimates, a solution for rP(r) is just as useful as a
solution for P(r), due to the 4mrldr volume term. The discretized

equation analogous to (4.22) is

i-1
g
s
ryP(ry) = riPolry) + — ) 1 Ar E (frgy~r, 1)r P(r,)
ns

N
Og
+ 7?‘2 Ar E (iry-r 1)r P(ry)
n=i+]

Ar

- 5 A
+OsriP( ri) [l—e 2 + ._r

i)
> El('g_r) Ir, (4.48)
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where the r; are spaced equally by distance. The solution of (4.48) is
identical to that of (4.22) except that: riP(ri) = ~rnp1-iP(ryp4p-4) for
i in the interval 1 to E%i), N must be odd, and only the information
stored in the interval (E;l) to N is relevant. These restrictions are a

consequence of the assumptions made to reduce (4.44) to (4.46). The

leakage rate for use in (4.1) is

N

leak. = vog % 4nriAri(l-alr%-azrg)riP(ri). (4.49)

_N+1

S——

2

The production rate for use in (4.1) is

b3 b b7)

prod. = lﬂl’\)(‘}f(_T —al_s_ —32_7_ (4.50)
The absorption rate for use in (4.1) is
3 5 7
= b b b
absorp. = 4"°a(77 a1 '327‘)' (4.51)

Iterate (4.1) upon the size b until the eigenvalue A becomes unity.

Note that the scalar fluxes used in (4.49), (4.50), and (4.51), are v,

scalar fluxes. To run the test problems in Table XIII, oy was taken to

be 0.2, 0.4, and 0.8 of the total cross section. The critical size, in

the problems solved here, should depend only upon the value of c. There

o
is, however, some dependence upon the ratio -2 in the indirect

St
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calculation. This 1is probably due to the fact that the size of the
numerical mesh becomes less adequate as the scattering transport
increases (i.e., as the size increases or the ratio of %i.increases).
Due to the internal transport, the critical radii predizted by the
indirect 1leakage calculations differ from the Vn calculations. This
difference is in no case greater than one half of a percent. One
thousand and one spatial points were used, and this resulted in 501
useful data points. As the number of points was increased, the answers
monotonically approach the Vn values. As the value of oy was increased,
the answers decreased (errors increased). This 1indicates that more
spatial resolution than 501 points is needed for large values of Og e

More comparison values will be found in Chapter Three, Table VII, and

Chapter Two, Table III.
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1.6
1.4
1.2
1.1
1.05

1.02

1.4768
1.9870
3.1785
4.8934
7.3326

12.1835

Table XIIL

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Spheres as a Function of ¢

v, Indirect Indirect Indirect Indirect
leakage, V, leakage, V, leakage, V, leakage, v,
scalar flux, scalar flux, scalar flux, scalar flux,
Og= «4oy 0s= +20, Og= 40, Og= 80,

1.,4761  1.4768 1.4760 1.4759 1.4746
1.9854  1.9873 1.9853 1.9850 1.9830
3.1723 3.1810 3.1719 3.1713 3.1675
4.8733  4.9039 4,8723 4,8709 4,8632
7.2784  7.3641 7.2759 7.2725 7.2570

12,0305 12,2778 12.0226 12,0118 11,9695

Case’sl0

1.4761
1.9853
3.1721
4.8727
7.2772

12.0275




100

D. Indirect Leakage Operation in Cylindrical Geometry

Recall the following definitions and identities from Chapter Three;

Pn(r) = the probability that a neutron emitted isotropically at
position r escapes the system with n additional scatterings

inside; (4.52)
[- -]
Po(r) = bf X & (bx)Iy(rx) (4.53)
0 r 1 :?- 1 X 0 IrX)e .
Now define

@
P(r) = z P, (r) = the total probability that a neutron emitted
n=

0
isotropically at position r escapes. (4.54)

The quantity, P(r), obviously, 1is the spatial leakage probability
distribution for neutrons born in fission. Also, from Chapter Three, it
is known that SE. dx
2 2=

isotropically ends up within du of u and within dx of x. The distance

is the probability that a neutron emitted

from a cylindrical shell at r to another cylindrical shell at r‘, r‘>r,

is

2_.2 2 5
- +(r %-r?si
dr')r - rcos(y) (r r<sin (x)) . (4.55)

(1_u2)05

This is (3.69) modified by replacing b with r’.



Figure 8.

Geometry for inward traveling neutrons

in cylindrical systems.
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To complete the derivation of an equation for P (r), the
corresponding dr'(r will be required. Fig. 8 is a drawing projecting
the geometry of a one-~dimensional cylinder upon a plane perpendicular to
the axis. As in spherical geometry, a neutron going from r to r’, r’<r,
can interact within dr’ of r’ in two places, namely when entering and

leaving the cylindrical volume defined by r’. From Fig. 8, the

following identities are obvious:

Sy = rcos(180-x) = -rcos(x); (4.56)
AS = [r'z-(rsin(180-x))2]'5 s (4.57a)
AS = (r'z-rzsinz(x))'5 . (4.57b)

Therefore, the distance from r to r’, r’'<r, is

- -rcos(x)i(r'z-rzsinz(x))'5
(1-p2y-5

d

r’'<r ’ (4.58)

where the denominator in (4.58) accounts for the z coordinate. For all
angles of emission, a neutron can hit a c¢ylindrical shell of greater
radius than that of the point of emission. However, from Fig. 8, it
can be seen that only angles in x within certain 1limits can hit a

cylindrical shell at r‘<r, viz.

r sin(£(180-x)) < r’, (4.59)




which yields

’

n-arcsin(.rr_) <x«< 1r+arcsin(.rr_'). (4.60)

For the derivation of P (r), one more detail is needed, namely, the
probability that a neutron reaching r’ scatters within dr’ of r‘’. The
distance traveled along u and x while traversing dr’ is multiplied by

the probability per unit path length that the neutron scatters, namely,

ogr‘dr’
probability of scattering = . (4.61)
within dr’ of r’ (r'z-rzsinz(x))'s(l-uz)'5

With (4.52), (4.55), (4.58), (4.60), and (4.61),

= du dx
P (1) fffo221r

[rcOS(x)-(r'z-rzsinz(x))‘5]

o.r’'dr’P (r’)
s n-1
e (1-u%)+3

(r:2_r281n2(x)).5(1_u2).5

o+ [rcos(x)+(r'2-rzsin2(x))'5]

r
du dx 1-u2)+>
+10£1f"_22"e ( )

osr'dr'Pn_l(r')

r 1 + du dy
+[ ] ] =32

[rcos(x)-(r'z-rzsinz(x))'5]
e (1-u2)*3
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ogr’dr’Py_(r")

(r'z-rzsinz(x))'s(l-uz)'5 '

(4.62)

where n+ and n- come from (4.60). The first integral term in (4.62) 1is
the integral over all possible occurences that the neutron leaves r
within dy of p, within dy of x, travels to r’ (r’>r) from r without
incident, scatters within dr’ of r’ and then leaks out of the system
with (n~1) more scatterings inside. The second integral term is
identical except that it accounts for neutrons which interact upon
reaching the <c¢ylindrical shell at r‘<r. The third term 1is also
identical, except that it accounts for neutrons which interact in the
cylindrical shell at r’<r after having penetrated that shell once. Upon

rearranging terms and using symmetry in u and ¥,

o b n

S [frdr'r'Pn_l(r') J dx

0] (rlz_rZSinZ(x)).S

Pn(r) = T

1 reos( x)-(r’2-r2sin?( x))*3
du [ ]
—_ ¢ (1_u2)05

r L

+ fodr'r'Pn_l(r') / dx

- (rlZ_rZSinZ(x)).S

1 [rcos(x)—(r'z-rZSinz(X))°5

du
——————— (1_u2)05
0 (1-12)+5

—




r L

+ fodr'r'Pn_l(r') J dx

- (' 2-r2gin2(x) )5

rcos(x)+(r'2-r281n2(x))'5
au [ ]

— e (1-p2)+5 ]. (4.63)
0 (1-u2)-3
Make the substitution u = EiEESiZ in (4.63), and note that all integrals
cosh(a)
over u take the form
" 4
a -Bcosh(a). 4.64
fo cosh(a) € (4.64)
From Bickley and Naylor40,
@ d @
a ~Bcosh(a) _ -
fo Sosh(a) © K{1(B) fBKo(t)dt. (4.65)

Use (4.65) with (4.63), operate upon the result with Po(r)+ z ,» and use

n=1
(4.54) to obtain
o b m
P(r) = Po(r)+ — [[ dr'r’P(r’) | dx
0 Tor 0 (r’2-r2s1n2(y))+5
*® r
] Ry(t)de + [ dr'r’P(r’)
[-rcos(x)+(r'2-rzsin2(x))'5] 0
m d ®©
X / Kg(t)de +

M- (r:2_r281n2(x) ) 5 [-rcos(x)+(r' 2_r281n2(x)J-5]
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r m
Jdr'x’B(x’) [ dx
0] = (r:2_r231n2( X) ).5

i (t)dt ] (4.66)
[-rcig(x)-(r'z-rZSinz(X))°5]

The reduction of (4.66) will now proceed. Make the transformation

t = y[-rcos(x)+(r'2-rzsin2(x))’5] (4.67)
in
T ax ®
INTL = | / (t)dt (4.68)
0 (r'z-rZSinz(x))’s [-rcgg(x)+(r'2-rzsin2(x))'5]
to obtain

m e2_.2.:.2 o5
INT1 = f dx(~-rcos( Y)Hr r“sin“(yx))*”’)
0 (r12_r231n2( X)).S

fldyKo[y(-rcos(x)+(r'2+rzsin2(x))’5)]. (4.69)

This integral can be done by making a transformation from x to ¢ (see
Fig. 5), which 1is, of course, a transformation from a local to a
central coordinate system. Use (3.78) through (3.80), with r’ replacing

b, in (4.69) and reduce to

T ®©
INT1 = j0d¢j1dy Ko(y(r'2+r2-2rr'cos(¢))°5). (4.70)



Interchange the order of integration, note that r‘>r, and compare to

(C.12), where the integral has been done, to obtain

INT]1 = nfldyKo(yr')Io(yr). ' (4.71)

Make the transformation (4.67) in

m @
d

INT2 = [ X (t)dt (4472)

™ (r‘2-r2sin?(y) )3 [-rigs(x)+(r'2—rzsin2(x))'5]
to obtain

+

INT2 = fﬂ dx[-reos(x)+(r 2-r2sin?(x))*3]
- (c*2-rZs1n(y) )*3

fldy Ko [y(-rcos(x)+(r’*-r2sin2(x))*3)]. (4.73)

Equation (4.73) can be integrated if a transformation to a central

coordinate system is used (i.e., from x to ¢). From Fig. 9,

ZLD = -rcos(x)+(r’2-r2sin2(y))*3, (4474)

ZLD = (r‘2+r2-2rr’cos(®))+3, (4.75)

r‘sin¢ = ZLDsin( x), (4.76)
and

r‘cos® = ZLDcos( y)+r. (4.77)
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Figure 9.

Central vs local coordinates for use with INT2.

Figure 10.

Central vs local coordinates for use with INT3.
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From (4.76) and (4.77), it is found that

12_ ’
dy = do (r’%-rr'cos(¢)) .
zLDp?

(4.78)

Therefore, after transformation from x to ¢ and suitable reduction,

(4.73) becomes

@® L

INT2 = flde doKo[y(r2+r2-2rr’cos(®))3]. (4.79)

rl
coSs —_
r

Make the transformation

t = y[-rcos(x)-(r'2-rzsin2(x))'5] . (4.80)
in
" dx Tk (t)d (4.81)
INT3 = o(t)dt .
f"- (r*2-r2sin2(x))*5  [-recos(x)-(r’2-r2sin?(x))*3]
to obtain

INT3 = fﬂ dx[-rcos(x)-(r'2-rzsin2(x))'5]
M- (r:Z_rZSinZ(X)).S
fldy Ko[Y(-rcos(x)-(r'2-r281n2(x))'5]- (4.82)

Equation (4.82) can be integrated if a transformation to a central

coordinate system is used. From Fig. 10,

109




110

ZLD = —rcos(x)-(r'z—rzsinz(x))'5, (4.83)

ZLD = (r’2+r2-2rr’cos?d), (4.84)
r‘sin¢ = ZLDsin( x), (4.85)
r‘cosd = ZLDcos( x)+r. (4.86)

From (4.85) and (4.86), it is found that

2
dy = do (r’4-rr’cos(¢)) . (4.87)
zLp?

Therefore, after transformation from x to ¢ and suitable reduction,

(4.73) becomes

© cos”l (-rr—')

INT3 = fldyfo deKg [y (r*2+r2-2rr’cos(9) )3 ]. (4.88)

It should be noted that in the steps leading to (4.88) a negative of a
square root was used. This was required in order that (4.88) be
positive and thus represent a contribution to the leakage probability as
(4.88) physically should.

With (4.68), (4.71), (4.72), (4.79), (4.81) and (4.88), (4.66)

becomes

b ©
P(r) = Po(r)+osfrdr'r'P(r')fldyKo(yr')Io(yr)




Lo} r n
+ j;-fodr'r'P(r')fldyfod¢K0[y(r'2+r2-2rr'cos(¢)J'5]. (4.89)

The integral over ¢ in (4.89), upon comparison with (C.12), and subject

to the condition r’<r, is seen to be

L
jod¢xo[y(r'2+r2-2rr'cos(¢))-5] = TKo(yr) Io(yr’). (4.90)

Therefore, (4.89) reduces to

b
P(r) = Po(r)+osf0dr'r'P(r')K(r,r') (4.91)
where
K(r,r’) = fldyKo(yr)Io(yr'), r’<r; (4.92)
K(r,r’) = fldyKo(yr')Io(yr), r’>r. (4.93)

Equation (4.91) is an inhomogeneous Fredholm integral equation of the
second kind with singular kernel. The kernel in (4.91) is the same as
the kernel in the cylindrical integral transport equation. The solution
of (4.91) proceeds numerically along the same lines as the solution of
(4.22). Analogous to (4.22) is, with the r; equidistant, r; in the

center and Iy on boundary,

n=i-1
P(ry) = Py(ry)+og )) 1 Ar_r P(r )K,  ;(ry,rp)
nn
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N
+°s z ArnrnP(rn)Kn>i(ri’rn)

n=i+1
+OsArnrnP(rn)Kn=i(ri,rn), (4094)
where
Knci(ry,r) = fldyKo(yri)Io(yrn), (4.95)
Kosi(ry,ry) = fldyKo(yrn)Io(yri), (4.96)
and
Kowg(risry) = fldyKo(yri)Io(yri)- (4.97)

The integrals in (4.95), (4.96), and (4.97) are done numerically. The

leakage for use in (4.1) is

N
leak. = vog z 2nriAri(1-a1r§-a2rg)P(ri). (4.98)
i=1

The production for use in (4.1) is

b2 pb b6)

prod. = ZWVOf(T -31-4— -32—6— (4'99)
The absorption for use in (4.1) is
2 4 6

absorp. = 2noa(%r —ar%r —az%r). (4.100)
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Iterate (4.1) upon the size b until the eigenvalue A becomes unity.
Note that the scalar fluxes used in (4.98), (4.99), and (4.100) are v,
scalar fluxes. To run the test problems in Table XIV, o5 was taken to
be 0.4 of the total cross section. A different value of og would
produce slightly different values of the critical radii. Five hundred
spatial points were used. The error, from V, fluxes, varies from 0.5%
to 3.0%. Since the indirect leakage answers monotonically approached
the V, answers as the number of points was increased, it is assumed that
the indirect leakage calculations showed the large error due to poor
spatial resolution. This does not necessarily mean that the answers
would coincide. 1In fact, due to internal transport in the indirect
leakage approach, the author does not believe they would. The answers
were not posted to greater precision due to the inordinately 1large
running times associated with the 500 point codes, as the running time

is proportional to the number of points squared.
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pLL

1.6

1.4

1.2

1.1

1.05

1.02

1.0209

1.3971

2,2882

3.5819

5.4265

9.0960

Total Mean Free Path, for Cylinders as a Function of c

1.0209
1.3970
2.2873
3.5776
5.4119

9.0445

Table XIV

Critical Radii Estimates, in Units of the

Indirect leakage

V2 scalar flux

1.0266
1.4065
2.3097
3.6318
5¢5422

9.4358

Indirect leakage

V4 scalar flux

1.0265
1.4062
2,3079
3.6227
5.5098

9.3173

4
Sg

1,0194
1.3950
2.2850
3.5757
5.4108

9.0454

11

1.0231

1.3991

2,2891

3.5795

5.4140

9.0494

11
IT,

1.0209
1.3970
2.2872
3.5774
504115

9.0446



E. Components of the Indirect Leakage Operation in Spherical Geometry

An interesting aspect of the indirect leakage method of calculating
criticality 1is the ability to calculate the spatial leakage probability
distribution. Heretofore, this distribution has not been examined.
Sections A, B, C, and D have been devoted to proving that the indirect
leakage operation is a viable method of determining criticality. Now
that the indirect leakage approach has been proven, it is desirable to
examine the components of the indirect leakage operation. This
investigation will be 1limited to spherical geometry since spheres, of
the geometries so far considered, are the only finite geometries.
Remember that rP(r) 1is the continuous case, and riP(ri) is the
discretized case. In what follows, P(ri) and its numerical Neumann
series components, Pn(ri), will be determined and plotted. The number
of terms in the Neumann series 1is determined by requiring 103
convergence of % P(ry) to P(ry) for all points rj. The individual
P (ry) is, of course, the spatial probability distribution that a
neutron will scatter n times from its birth at r; and then leak out of
the sphere.,

In Section C, the numerical solution for riP(ri) was achieved.
Subsequent division of riP(ri) by ry will yield the desired P(rj) except

at r; equal to zero. To determine P(0), reformulate (4.47);
b

P(r) = Po(r)+.;§ lbdr'El(lr-r'l)r'P(r'). (4.101)

Both terms on the right hand side of (4.101) are indeterminate at r=0.
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Application of L‘Hospital’s rule to the inhomogeneous term in (4.101)

yields

Py(0) = e b, (4.102)

Breaking the integration in (4.101) at r'=r will remove the absolute
value. Subsequently replace r’ by -r’ in the integral over r’<r, use

the fact that P(r’) = P(-r’), and apply L‘Hospital’s rule to obtain

b
P(0) = e‘b+osjodr'e‘r P(r’). (4.103)

The numerical equation corresponding to (4.103) is

N
-r
P(0) = e™Pto, [ Are * B(rp). (4.104)

k= __—
2

Since P(0) is the only unknown term in (4.104), P(0) 1is guessed and
iterated wuntil (4.104) is solved. Po(ry) is already known for all ry,
and the subsequent P (ry) can be obtained from it through the use of the

nunerical analog of (4.46), namely,

i-1
g
s
ryP(ry) = TT-Z Ar E (lrg=rp 1) Py (1)
k=1
Os
+ - AryE (lry=r 1) Py (1))
k=1i+1
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2 + 22 g (A0))r. (4.105)

+ o.r.:P r 1-
riPyo1(ry)[l-e 5 15

§°"1" n-

The P (0) are determined from an equation similar to (4.104), namely,

N

P =
n(0) Oskz N+1
=T

Arge S P _i(1y)- (4.106)

The P (ry) and P(ry;) have been plotted for four cases in this
thesis. The first case, Fig. 11 to Fig. 32, is for a large, highly.
scattering system of low neutron multiplicity. The critical radius is
11.9695, c=1.02, and 0;,= .80, The second case is identical except the
critical radius is 12.0226, c=1.02, and Og= .20,. The second case 1is
plotted in Fig. 33 to Fig. 39. Fig. 40 through Fig. 46 cover the third
case which has a critical radius of 1.4746, c=1.6, and Og= <80 The
final case, in Fig. 47 through Fig. 50, has a critical radius of 1.4760,
c=1.6, and o= .20,. Note that the Oth term is the direct leakage
probability, and the Oth partial sum is just the Oth term. Since only
scattering and absorption are considered here, one minus the total
leakage probability is the absorption probability.

In Case One, namely the large, highly scattering system of low
neutron multiplicity, it would be expected that a large number of the
terms Pn(ri) would be required. However, no one foresaw that it would
require as many as 45 terms to approximate the total leakage
probability. The Oth and total leakage probability as in Fig. 1l are
shaped as expected, namely, that a higher probability of leakage is

predicted for each incremental step towards the boundary. Note that the
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total leakage probability on the boundary is almost entirely made up of
direct leakage. In Fig. 12 it can be seen that the first term of the
leakage probability, the probability that a neutron emitted at a certain
position scatters once and then leaks out, has changed shape from the
zeroth term. The downward turn in the first term near the boundary is
due to the fact that a large fraction of the neutrons born near the
boundary 1leak out directly, and thus are not available for the "once
scatter and out" scheme. This general shape-rising from the center,
peaking and then dropping toward the boundary-is retained with
diminishing magnitude and with the peak moving toward the center until
about the thirty-fifth term. At this time the scattering transport is
so large that only neutrons born near the center contribute
significantly to the remaining terms, since neutrons born near the
boundary are likely to have leaked out. It is interesting to note that
neutrons born on the boundary have about a four in five chance of
leaking out, and that neutrons born in the center only have about a one
in five hundred chance of leaking out.

Case Two 1is essentially the same as Case One, except that the
critical radii are slightly different, as 0, in this case 1is only one
quarter of the O; in Case One. The critical radii used are different,
since they were obtained from Table XIII which contains indirect leakage
critical radii estimates. Such estimates vary slightly with Og. The
shapes and trends in Case Two are essentially the same as those in Case
One, except that the total leakage probability curve is steeper. This
is accounted for by the much higher absorption in Case Two. In other

words, neutrons born near the boundary are still likely to leak out due




to their proximity to the boundary, but the neutrons born near the
center are much more likely to be absorbed than in Case One. Such high
absorption makes it possible to approximate the leakage with six terms
(plus the 1inhomogeneous term) of the numerical Neumann series, because
after a neutron scatters six times it doesn’t affect the leakage. In
Case Two, a neutron born near the boundary will leak about six times out
of ten. A neutron born near the center stands only about 1 chance in
80,000 of leaking out.

Case Three 1is plotted in Fig. 40 through Fig. 46. This is a very
small but highly scattering system. The large scattering cross section
requires that ten terms in the numerical Neumann series be considered.
The surprising element is that the leakage probability distribution is
virtually flat. A neutron born anywhere in the sphere stands about a 65
percent chance of leaking out. The general shape trends discussed
earlier apply here.

Case Four, 1in Fig. 47 through Fig. 50, stands in relation to Case
Three as Case Two does to Case One. The system considered in Case Four
has a slightly different critical radius and only one quarter the
scattering cross section of Case Three. The general shape trends for
the three terms in the numerical Neumann series follow the previous
pattern. In Case Four, the total leakage probability follows the
expected pattern, namely that a neutron born near the edge is more
likely to leak out than one born near the center. The difference 1is
slight, since a neutron born near the center is about 25 percent likely

to leak out vs. 65 percent near the boundary.
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Figure 11.
Plot of the total leakage probability, Oth partial sum of the

leakage

probability, and Oth term of the leakage probability versus fractional

radius for c=1.02, and o = .8ot.
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Figure 12.
Plot of the total leakage probability, lst partial sum of the leakage
probability, and 1st term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 13,
Plot of the total leakage probability, 2nd partial sum of the leakage
probability, and 2nd term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 14.
Plot of the total leakage probability, 3rd partial sum of the 1leakage
probability, and 3rd term of the leakage probability versus fractional

radius for c=1.02, and Oy = °8°t'
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Figure 15.
Plot of the total leakage probability, 4th partial sum of the leakage
probability, and 4th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 16.
Plot of the total leakage probability, 5th partial sum of the leakage
probability, and 5th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 17.
Plot of the total leakage probability, 6th partial sum of the leakage
probability, and 6th term of the leakage probability versus fractional

radius for c=1.02, and O = .8ot.
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Figure 18.
Plot of the total leakage probability, 7th partial sum of the 1leakage

probability, and 7th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 19.
Plot of the total leakage probability, 8th partial sum of the leakage
probability, and 8th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 20.
Plot of the total leakage probability, 9th partial sum of the 1leakage

probability, and 9th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 21.
Plot of the total leakage probability, 10th partial sum of the leakage

probability, and 10th term of the leakage probability versus fractional

radius for c=1.02, and o= '8°t'
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Figure 22,
Plot of the total leakage probability, 1lth partial sum of the leakage
probability, and llth term of the leakage probability versus fractional

radius for c=1.02, and O = '8°t'
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Figure 23.
Plot of the total leakage probability, 12th partial sum of the leakage
probability, and 12th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 24.
Plot of the total leakage probability, 13th partial sum of the leakage
probability, and 13th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 25.

Plot of the total leakage probability, l4th partial sum of

the

leakage

probability, and l4th term of the leakage probability versus fractional

radius for c¢=1.02, and Og= .8ot.
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Figure 26.
Plot of the total leakage probability, 15th partial sum of the leakage

probability, and 15th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Plot of the total leakage probability, 20th partial sum of

the

leakage

probability, and 20th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 28.
Plot of the total leakage probability, 25th partial sum of the leakage
probability, and 25th term of the leakage probability versus fractional

radius for c=1.02, and Ogm= .8ot.

137



LEGEND
o= 70TFL LEAKAGS PRE3A3ILITY
o= JIH PARTIAL SUM OF LZAKAGE PRCES3ILITY
4~ JTH TER OF LIPKASZ PRG3ASILITY

10"

107

1

Lot 1 g sased

A0y aas)

SLEAIGE PROBAOILITY

10
i

A2 10t

10°

Ao a.tpaad

107

S8t atan)

10"

5.0 0.1 0.2 0.3 9.4 0.5 2.8 0.7 0.8 0.9 ta
FRACTIGNAL RADIUS
Figure 29.
Plot of the total leakage probability, 30th partial sum of the leakage
probability, and 30th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 30.

Plot of the total leakage probability, 35th partial sum of the leakage

probability,

and 35th term of the leakage probability versus fractional

radius for c=1.02, and Og= .8ot.
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Figure 31.
Plot of the total leakage probability, 40th partial sum of the leakage
probability, and 40th term of the leakage probability versus fractiomal

radius for c=1.02, and O = '8°t'
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Figure 32.
Plot of the total leakage probability, 45th partial sum of the leakage
probability, and 45th term of the leakage probability versus fractional

radius for c=1.02, and o= .8ot.
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Figure 33.
Plot of the total leakage probability, Oth partial sum of the Ileakage
probability, and Oth term of the leakage probability versus fractional

radius for c¢=1.02, and O = '2°t'
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Figure 34.
Plot of the total leakage probability, lst partial sum of the leakage
probability, and 1st term of the leakage probability versus fractional

radius for c=1.02, and Og= ’2°t'
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Figure 35.
Plot of the total leakage probability, 2nd partial sum of the leakage

probability, and 2nd term of the leakage probability versus fractional

radius for c=1.02, and Og= ‘2°t'
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Figure 36.
Plot of the total leakage probability, 3rd partial sum of the leakage
probability, and 3rd term of the leakage probability versus fractional

radius for c=1.02, and Og= °2°t'
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Figure 37.
Plot of the total leakage probability, 4th partial sum of the 1leakage
probability, and 4th term of the leakage probabillity versus fractional

radius for c=1.02, and Og= '2°t'
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Figure 38.
Plot of the total leakage probability, 5th partial sum of the 1leakage
probability, and 5th term of the leakage probability versus fractional

radius for c=1.02, and Og= '2°t°
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Figure 39.
Plot of the total leakage probability, 6th partial sum of the leakage
probability, and 6th term of the leakage probability versus fractional

radius for c=1.02, and Og= '2°t'
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Figure 40.

Plot of the total leakage probability, Oth partial sum of the

leakage

probability, and Oth term of the leakage probability versus fractionmal

radius for c=1.6, and Og= .8ot.
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Figure 41.
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Plot of the total leakage probability, lst partial sum of the

leakage

probability, and 1st term of the leakage probability versus fractional

radius for c=1.6, and Oy = .8ot.
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Figure 42.
Plot of the total leakage probability, 2nd partial sum of the leakage
probability, and 2nd term of the leakage probability versus fractional

radius for c=1.6, and o = .8ot.
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Figure 43.
Plot of the total leakage probability, 3rd partial sum of the leakage

probability, and 3rd term of the leakage probability versus fractional

radius for c=1.6, and o= °8°t°
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Figure 44.

Plot of the total leakage probability, 4th partial sum of

1.0

the

leakage

probability, and 4th term of the leakage probability versus fractional

radius for c=1.6, and Og= .8ot.
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Figure 45.
Plot of the total leakage probability, 5th partial sum of the leakage
probability, and 5th term of the leakage probability versus fractional

radius for c=1l.6, and Og= .8ot.
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Figure 46.
Plat of the total leakage probability, 10th partial sum of the leakage
probability, and 10th term of the leakage probability versus fractiomal

radius for c=1.6, and o= .8ot.
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Figure 47.
Plot of the total leakage probability, Oth partial sum of the leakage
probability, and Oth term of the leakage probability versus fractional

radius for c=1.6, and Og= '2°t'
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Figure 48.
Plot of the total leakage probability, lst partial sum of the leakage
probability, and 1st term of the leakage probability versus fractional

radius for c=1.6, and Og= '2°t°
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Figure 49.
Plot of the total leakage probability, 2nd partial sum of the leakage
probability, and 2nd term of the leakage probability versus fractional

radius for c=1.6, and Og= '2°t'
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Figure 50.
Plot of the total leakage probability, 3rd partial sum of the 1leakage
probability, and 3rd term of the leakage probability versus fractional

radius for e=1.6, and o= ‘2°t'
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V. CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

A. Variational Techniques

Although extended in this thesis to cover V, slab and V, cylinder
calculations and standarized in form, the variational technique will
require additional work to exploit its precision. Currently, the V4
calculation will yield a critical radius estimate with a minimum of four
significant digits of precision. The V2 calculation provides a minimun
of two significant digits of precision. With these as a rough guide,
the variational technique would require a V8 calculation to match the
eight significant digits of precision claimed by Kaper, Leaf, and
LindemanlO {n their "benchmark" calculation. Such an extension would be
worthwhile for at least two reasons. First, an independent check would
be provided for the work in Ref. 10, which 1is 1limited to slabs and
spheres, and, second, very accurate benchmark critical radii estimates
would be obtainable for cylindrical geometry. Currently, the V4
cylindrical critical radii estimates presented herein equal or exceed
the accuracy of any other results available.

In such an extension of the precision of the V, calculations,
further standardization would be of great utility. This standardization
would complete the process begun in Chapter Two by deriving a general
form for the coefficients of the parameters to appear in (2.8).
Currently, each coefficient is individually determined through tedious

and complex integration. Such a general term would enable the precision

of the Vn technique to be extended to an arbitrary degree.




Also of use to the proposed extension of the V, technique to higher
order would be a more efficient algorithm for the solution of the
algebraic equations resulting from the minimization of (2.8). The
current technique, while wusable, would result in large computational
penalties. Although such penalties are acceptable in order to extend
the accuracy of critical size estimates, an improved technique is

needed.

B. Direct Leakage Operator

The direct leakage operator has been shown to provide an efficient
method for calculating leakages. When used in a neutron balance
condition with a diffusion theory scalar flux, the direct 1leakage
operator resulted in a reduction of up to forty percent in the error in
the critical radii estimate with respect to V, calculations. The next
obvious step would be to incorporate the direct leakage operator into a
neutron balance condition in an S; code. Such a step would enable the
quantification of improvements in criticality calculations. This, of
course, would require the reformulation of the direct 1leakage operator
in a discrete form rather than the current analytic form. Subsequent
extensions would incorporate anisotropic scattering, energy dependence,
multiregion spaces, and time dependence. These extensions, while time
consuming, can be carried through.

An interesting extension is the inclusion of the direct 1leakage
operxator into the boundary conditions. The result of such an
application of the direct 1leakage operator would, hopefully, be a

reduction in the magnitude of the boundary perturbations caused by
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inadequate satisfaction of boundary conditions. S, techniques are
inherently underspecified, and such an inclusion would not necessarily
overspecify the system or replace boundary conditions. More likely, it
would reduce the use of artificial relations such as the diamond
difference scheme. There is, however, the possibility that the direct

leakage operator could replace some or all of the boundary conditions.

The work done at present does not justify the exclusion of any option.

C. 1Indirect Leakage Operation

Of most relevance to the extension of the indirect leakage
calculation 1is a more efficient algorithm for the solution of the
inhomogeneous singular Fredholm integral equation of the second kind.
In any large production code, namely, a code sophisticated enough to
handle several problems and initiated through the reading of an input
deck, it is almost certain that the equation will be solved numerically.
This implies a numerical kernel of large array size, i.e., 250,000
values. The input/output memory charges for such an array sustain large
time penalties and are the chief reason for the c¢ylindrical indirect
leakage codes being considerably less efficient than the slab and sphere
indirect leakage codes. Since, in general, inhomogeneous integral
equations are easier to solve than their homogeneous counterparts, and,
since the kernel for the indirect leakage equation is the same as the
kernel for the integral transport equation, the first choice for a more
efficient algorithm would seem to be in the S, neutronics schemes!9.

Subsequent extensions would 1include anisotropic scattering, energy

dependence, multiregion spaces, and time dependence. The extension to



anisotropic scattering could be of great significance to anisotropic

integral transport theory.

D. Summary of Thesis

To recapitulate, the work in this thesis can be divided into three
main sections. The first section standardized V, computations,
increased their scope to include V4 slab and V4 cylinder, and obtained
precise critical radii estimates heretofore unavailible in cylindrical
geometry. Also, a derivation of the cylindrical integral transport
equation was presented which will complement the derivations present in
the literature for slab and sphere. In the second section, a direct
leakage operator was derived and proved exact. Subsequent application
of that operator in eigenvalue problems resulted in substantial accuracy
improvements for diffusion theory eigenvalues. In the third section, an
indirect method of looking at the leakage was developed. The governing
equation was shown to have the same kernel as the appropriate integral
transport equation. The accuracy of the approach was proved, and
detailed calculations of the spatial leakage probability in spherical
geometry were performed. These calculations, unique to this thesis,
showed surprisingly high orders of the scattering multiplicity need to

be considered for accurate leakage calculations.
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APPENDIX A

THE EXPONENTIAL INTEGRAL FUNCTIONS

The exponential integral function is defined by Abramowitz and

Stegun41 as

Bq) = [

e Xt

~ de, (n=0,1,2,...).
t

Making the substitution t= i.into (A.1) yields
u

1 -x
E (x) = jou“‘2 et du, (n=0,1,2,...).

Making the substitution u= g.into (A.2) yields

E (x) = x"lf a™M =8 4a,  (n=0,1,2,...).
X

(A.1)

(A.2)

(A.3)

For this thesis the most useful form is (A.2). The values of En(x) used

in this thesis were generated by using a system numerical
routine to evaluate (A.2). A separate test program was
evaluate the accuracy of the quadrature routine against the
En(x) tabulated in Abramowitz and Stegun41. The quadrature

accurate to the eight significant digits tabulated for all

quadrature
set up to

values of
routine was

orders and

magnitudes of arguments. In addition, the system library contains El(x)

as a callable function.
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The derivatives of the En(x) can be deduced from (A.l) to be

d
&) = [ -

dt = -Ep_1(x), (n=1,2,3,...). (A.4)

Also of use for the reduction of all higher order exponential
integrals 1is the following recurrence relation from Abramowitz and

Stegun41:

1

Ene1(x) = = [e™xE ()],  (n=1,2,3,...). (A.5)



APPENDIX B

RELATIONS AMONG MODIFIED BESSEL FUNCTIONS

The following integral and derivative formulas among the modified
Bessel functions of the first kind (In) and of the third kind (Kn, which
are alternatively known as modified Bessel functions of the second kind)

are from Erdélyi42;

xn+1 1

[x**r (x)dx 1+1(X) s (B.1a)

[t (x)dx = =x"HIK L (005 (B.1b)

(& 2 br,00] = 2, 0, 3.20

1 dy®r n n-m
%Eﬂ[xguﬂ (1)K (x). (B.2b)
Also from Erdélyi42 are the following recurrence relations among

the modified Bessel functions of various orders with identical

arguments:

I (=TI (x) = 20x711 (x), (B.3a)

K1 (x)=Kpq (%) = =2nx" 1K (x). (B.3b)
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In the following integral formula,

Bessel functions of the first or third

v, and V‘J are any modified

kind. The primes denote partial

differentiation with respect to the arguments42:

2_,2
f[(32-a2)x+(—u;—v)]v\,(ax)vu(8x)dx

= x|-aV, (Bx)v{(ax)+Bv,(ax)V(Bx) ].

Asymptotic series for large values

crucial to portions of this thesis, are

(B.4)

of the arguments, which are

from Abramowitz and Stegun41.

X 4n2-1 -2
I(x) = € [1- +0(x )], (B.5a)
n (2“).5 8x
K (z) = (L)'5 e”? [1+ 4m?-1 +0(z~2) J; (B.5b)
m 2z 8z ’
therefore,
-(z~-x) 2_ 2_
. € 4m“~1 _ 4n®-1
Tn(g(2) = ——= [1+ = =
_ (én?n2-tn?-4n241) o(x~2,22) |. (B.6)

642zx
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Also from Abramowitz and Stegunz‘1 are the following relations among
the negative and positive integer order modified Bessel functions of the

first and third kind:

I_,(x) = I,(x), (B.7a)

K_,(x) = K (x) (B.7b)

Frequently in this thesis integrals of the following form will be

required:

dOKq |y r'2+r2-2rr'cos(0))'5]. (B.8)
0

The only way the author has found to evaluate (B.8) is to expand Kj by
modifying the Graf’s addition theorem. The Graf‘s theorem in (B.9) is

from Abramowitz and Stegun41.

Zu(w) S(vx) =k2 ok (WI (VEFS (ka) (B.9a)
where

tve®1®| < juy, (B.9b)

w = (u2+v2-2uvcos(a))*>, (B.9c)

u-vcos(a) = wcos(X), (B.9d)
and

vsin(a) = xsin(x). (B.9¢)
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The L, are Bessel functions of the first kind (Jn(x)), of the second
kind (Y (x) or Weber’s functions), or of the third kind (H (1)(x) and
Hn(z)(x) or first and second Hankel functions).

Rewrite (B.9) for a zero order first Hankel function with a=0 as

Ho(l)[(u2+v2-2uvcos(6))'5] = l Hk(l)(u)Jk(v)cos(kG). (B.10)

Now substitute

u=yre'5i", v=yr'e'5i", r'<r, (B.1l1)

and

«Sim
H

u=yr‘e v=yre*?1T  rr>p, (B.12)

into (B.10) to get
®©

Ho(l)[e'Si"y(r'2+r2-2rr'cos(0))'SJ =) Hk(l)(e'Si"yr)
k==

J(e*21yr*)cos(k0) for r'<r (B.13)
and

Ho(l)[e'Si"y(r'2+r2-2rr'cos(0))'5] =) Hk(l)(e'Si"yr')

k=—w

3y (e*>1Myr)cos(k0) for r>r. (B.14)
Multiply both sides of (B.13) and (B.l4) by

(%_"i)(e.Skin)(e-.Skin) (B.15)

to get




it [e+51Ty (1 24r2=2rr"cos(0) )5

@©
=7 %_"ie.SkinHk(l)(e.Sinyr)

e~k (e+31Tyr )cos(k0) for r'<r (B.16)
and

1 niHo(l)[e'Si"y(r'2+r2-2rr'cos(0))°5]

x|

k

! pieeSkmipy (1)(ee5imyrr)

2

e~ 8

e"Sk"iJk(e'Si“yr)cos(kO) for r'>r. (B.17)

Now wuse the following relations! between normal and modified Bessel

functions,

I (z) = e *2K"g, (ze+3™) (B.18)

and

K (2) = %.nie'Sk"in(l)(ze'S"i), (B.19)

to get from (B.16) and (B.17) to (B.20):
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Ko[y(r’24r2-2rr'cos(0))*?] = } K (yr)I(yr’)cos(ko)

k=—w

for r'<r, (B.20a)

Ko[y(r'2+r2-2rr'cos(0))'5] =kz K (yr’) I, (yr)cos(kO)

for r'>r. (B.20b)

The expansion in (B.20) will be used to perform integrals of the form of

(B.8) whenever they occur in this thesis.



APPENDIX C

CYLINDRICAL INTEGRAL TRANSPORT EQUATION

Start with the monoenergetic, steady state, general geonmetry
integral Boltzmann transport equation with spatially constant cross

sections, 1isotropic fission, isotropic scattering, no external sources,

1

and the total macroscopic cross section normalized to unity®*, viz.,
e-R
o(x) = cf o(x’)dv’; (C.1a)
V 4nR2
R = I_E - _E:_I ’ (C'lb)

and insert the variables defined in Fig. C-1 and Fig. C-2, in which
the geometry of a one-dimensional cylinder is projected upon two planes.
One plane, Fig. C-1, is parallel to the cylinder axis ;nd contains the
endpoints of both the r and the Ef position vectors. The other plane,
Fig. C-2, is perpendicular to the cylinder axis at 2z equal to zero.

Note the following relations;

R2 = 32+22, (C.2)
g2 = r2+r'2-2rr'cos(0), (C.3)
dV’ = r’dodr‘dz. (C.4)

Then, (C.la) becomes
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Figure C-l.
Projection of cylindrical coordinates

onto a plane parallel to the axis.

/)

Figure C-2.
Projection of cylindrical coordinates

onto a plane perpendicular to the axis.

178



b ® 2m e-(r2+r'2-2rr'cos(0)+z2)'5
o(r) = fodr'r"b(r')c{“dzfo do . (C.5)

4n(r2+r'2-2rr'cos(0)+z2J

Noting the symmetry in z and © in (C.5), interchanging the order of

integration, and using (C.3), yield

2
z .5
e-s(1+ _EJ

b n ®
or) =S [ dr'r‘o(r’ dof dz . C.6
(r) = 2 [ dr’xe(x')] dof — (.6)
s?(1+ )
s2
With the transformation
z = s sinh(a), (C.7)
(C.6) becomes
b n ® ) ) h(a)
o =% [dr'r'o(r’)f dof da = - e~Scosh(a), c.8
(r) b fo ( )fo fo a s cosh(a) € ( )
Fron Bickley and Naylor40,
®© 1 ®©
d -scosh(a) . g = [ K C.
fo a m e il(s) fs o(t)dt, ( 9)

where Kil(x) is the first order Bickley function. Therefore, (C.8)

becomes
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b ) ®

1
o(r) =S [ dr'r'®(xr’)f dOo 2 [ Ka(t)dt. C.10
IR /30 5 J Koo (C.10)
Now let
t = ys, (C.ll)

interchange the order of integration, and use (C.3) to obtain from

b ® W
(r) = %_fodr'r'¢(r')fldyfodOKo[y(r2+r'2-2rr'cos(0))'SJ. (C.12)

By using (B.20), the Graf’s addition formula adapted to modified Bessel

functions, (C.12) becomes

© T ©

r
®(r) = %.jodr'r'¢(r')fldyfodokz K (yr) I (yr‘ )cos(kO)

b o T o

+ %.j dr'r'¢(r')jldyfodo ) K (yr’)I(yr)cos(ke), (C.13)
r

k=—-x

which upon integration over © becomes

r
o(r) = cfodr'r'¢(r')fldyKo(yr)Io(yr')

<€

b ©
+ cf dr'r'¢(r')fldyKo(yr')Io(yr) (C.14)
r

or



b

¢(r) = cfodr'r"b(r')l((r,r'); (C.15a)
K(r,r’) = fldyKo(yr)Io(yr') for r‘<r, - (C.15b)
K(r,r’) = fldyKo(yr')Io(yr) for r'>r. (C.15¢c)

This is the Boltzmann integral transport equation for the scalar flux in
infinite cylindrical geometry. From the starting equation (C.5) it can

be seen that the kernel in (C.l15) is real and symmetric.
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APPENDIX D

VARIATIONAL IMPLEMENTATION IN SLAB GEOMETRY

The variational principle is

b
lbdx¢2(x)

Cc
- = . D.1
2 b b ¢ )

lbdx¢(x)£bdx'¢(x')E1(|x-x'|)

Trial functions of the form

o(x) = l-a;x%-a,x*, (D.2)

where a; and a, are adjustable parameters, will be used to rewrite (D.1)

as the generalized principle in (D.3):

TT1a3+TT2a3+TT3a a,+TT4a +TT5a,+TT6

c . (D.3)
2 BBla2+BB2a}+BB3a)a,+BB4a +BB5a,+BB6

The substitution of (D.2) into the numerator of (D.l1) and

subsequent integration yield the following definitions;

TT1 = é.b5, (D.4a)
TT2 = é.b9, (D.4b)
TT3 = ;.b7, (D.4c)



TT4 = - % b3, (D.4d)

TT5 = - % b2, (D.4e)

TT6

2b. (D.4f)

Furthermore, after substitution of (D.2) 1into (D.1l), the

denominator of (D.l) can be rewritten as

b b b b
ibdx¢(x)£bdx'¢(x')E1(|x-x'|) = lbdxibdx'El(lx-x'l)

b b b b
-al[ibdxibdx'X'zEl(IX-x'I) + lbdxlebdx'El(lx-X'l)J

b b b b
-az[ibdxibdx'x'4E1(|x-x'|) + lbdxx4lbdx'E1(|x-x'|)]

b b b b
+a132[ibdxx2£bdx'x'4E1(IX‘X'I)+fbdxx4fbdx'x'2E1(|x-x'|)]

b b
+a%[fbdxx2fbdx'x'2E1(|x-x'l)]

b b
+a%[fbdxx4fbdx'x'4E1(|x-x'l)]. (D.5)

Noting that El(lx-x'l) is real and symmetric leads to the following

definitions®

b b
BBl = fbdxxszdx'x'zEl(lx-x'|), (D.6a)
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b b

BB2 = fbdxx4fbdx'x'4E1(|x-x'|), (D.6b)
b b
BB3 = 2/bdxx2/bdx'x'4E1(|x-x'|), (D.6c)
b b
BB4 = -2fbdijdx'x'2E1(|x-x'|), (D.6d)
b b
BBS = -Zfbdxfbdx'x'4E1(|x-x'|), (D.6e)
b b
BB6 = fbdxfbdx'El(lx-x"l). (D.6f)

In the integration of each of the definitions in (D.6) to closed

form some intermediate integrals will prove convenient. Start with

b
lbdX'El(lx-X'l),

and use (A.2), the definition of E (x), to obtain

b b 1 du =lx-x’|
dx’E x-x’ = dx’ — e H . D.7
[ ax"EyCxmxt1) = [ ax" [ = (D.7)

Interchanging the order of integration yields

b 1du b =|x-x‘|
dx'E x=x‘|) = [ == [ dx‘e U
[ B Cment) = 5 l

1 X -(x-x") p -(x"~-x)

-/, %;.[Ibdx'e b4 axe v (D.8)
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therefore,

b 1 ~(b+x) ~(b-x)
lbdx'El(lx-x'l) = jodu[z-e Wo-e v L

Similarly

b ) b ) 1 du =|x-x"|
dx’x’“E x-x’ = dx‘x’ — e H
N 1x=x" 1) = [ I

1 du b ) -|x=-x"|
= — | dx'x’“e "
fO H lb
1 X -(x-x") -(x"-x)

du v e2 02
— d v+ u
fO y [lb x"x" ‘e fxdx x’ ‘e

therefore,

b 1
fbdx'x'zEl(lx-x'l) = fodu[2x2+4u2

~(b+x) =-(b-x)
—(b2+2ub+2u2)(e” W +e B )].

And again,
b . b . 1 du =lx=x"|
dx'x’“E, (|x~x’ = [ dx’'x’ — e H
I 1Cx=x1) = [ Iy
1y P =Ix=x|
= | _E.f dx’x % w
0O v =-b
1 X =(x=x") p =(x’~x)

=n - dx’'x‘"e v+ dx’'x‘"e U
du [lb e rh . 4

therefore,

I,

I8

(D.9)

(D.10)

(D.11)

(D.12)
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b 1
fbdx'x'4E1(|x-x'|) = fodu[2x4+24u2x2+48u4-(b4+4ub3

~(b+x) -=(b-x)
+12u2b242413b+2614 ) (e B 4e B ). (D.13)

Start with the definition of BBl in (D.6) and use (D.ll) to obtain
b 1
BBl = fbdxxzfodu[2x2+4u2

-(b+x) =(b=x)
-(b2+2ub+2u2)(e ¥ +e ©w  )]. (D.14)

Interchange the order of integration and perform the integration over x
to obtain
1
4

BBl = fodu[g.b5+ g.u2b3-2ub4-8u5

-2b
+e W (2ub%+8u2b3+16u3b2+16u4b+8u5) ]. (D.15)

Now use (A.2), the definition of E (x), to perform the integration over

U ’

b .5.4, 8 .3_4 4 3
BBl = — b+ = - E E
= b 5 b 5 +2b 3(2b)+8b>E,(2b)

+16b2Eg (2b)+16bE, (2b)+8E7(2b) . (D.16)



Use the definition of BB2 in (D.6) and (D.13) to obtain

b1
382 = [ dxx®f du[2x+26u2x2+48u0- (bé+anbdr12202

=(b+x) =(b-x)
+263b+240%) (e W +e w )] (D.17)

Interchange the order of integration and perform the integration over x

to find

1
BB2 = | du[9 b9+-_7.u2b7+ 96 | bp5-2,18-16u3b6

-2b
—1152p%e ¥ (1152u9+2304u8b+230417b2+1536u6b3

+768ub4+28814b5+80u3b0+16u2b7+2ub8) |. (D.18)

Now use (A.2), the definition of En(x), to perform the integrations over

p; rthen it follows that

16 96

BB2 = §.b9 -b8+ 22 p/-4pb+ 22 b5-115.2+2b8E3(2b)

+16b7E, (2b)+80bOEg ( 2b)+288b7E ¢ (2b)+768b%E(2b)

+1536b3Eg(2b)+2304b2Eg(2b)+2304bE | o(2b)+1152E1 (2b). (D.19)
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Use the definition of BB3 in (D.6) and (D.13) to obtain
b 1
BB3 = 2jbdxx2]odu[2x4+24u2x2+48u4-(b4+4ub3+12p2b2

=(b+x) =-(b-x)
+24u3b+2408) (e W +e B )] (D.20)

Interchange the order of integration and perform the integration over x

to find

1

BB3 = | du[7 p/+ 36 96 u2b3+6414b3-4b0-8u2b5-2413p4

-2b
-32u4b3-19207+e W (4ubb+24u2b5+88u3b4

+224u%b3+384u5b2+38416b+19207 ) . (D.21)

Now use (A.2), the definition of En(x), to perform the integrations over

U to obtain

56

BB3 = O p7-2b6+ 29 p5-_gpbs 22

8 32 .3 6
~24+4b6E

5 = b 3(2b)

+24b5E,, (2b)+88b"Eg (2b)+224b3E4 (2b)

+384b2E-(2b)+384bEg(2b)+192Eg(2b) (D.22)
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Use the definition of BB4 in (D.6) and (D.ll) to obtain
b 1
BB4 = -Zfbdxfodu[2x2+4u2-(b2+2ub+2u2)

-(b+x) -(b-x)
(e ¥ +e M )]. (D.23)

Interchange the order of integration and perform the integration over x

to find

1
BB4 = -2f0du[§-b3+8u2b-2ub2-4u2b-4u3

-2b
+e B (2ubZ+4u2b+au3)]. (D.24)

Now use (A.2), the definition of En(x), to perform the integrations over

usthen

BB4 = - g.b3+2b2- g.b+2-4b2E3(2b)-8bE4(2b)-8E5(2b). (D.25)

Use the definition of BB5 in (D.6) and (D.13) to obtain

b1
BBS = -Zfbdxfodu[2x4+24u2x2+48u4-(b4+4ub3

~(b+x) -(b=-x)
+12p2b24+2403b+2404 ) (e B 4e W )] (D.26)
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Interchange the order of integration and perform the integration over x;

then
! 8 96
BB5 = fodu[- 3-b5- 7T.u2b3-192u4b+4ub4+16u2b3+48u3b2
-2b
+96u%b+96u7-e B (4ub%+16u2b3+48u3b2+96u%b+9615) ], (D.27)

Now use (A.2), the definition of E (x), to perform the integrations over

W to find
BBS = - g.b5+2b4- %;.b3+12b2- %g.b+16-4b4E3(2b)
~16b3E, (2b)-48b%E5(2b)~96bE, (2b)~96E; (2b) . (D.28)

Use the definition of BB6 in (D.6) and (D.9) to obtain

b 1 =(b+x) =(b-x)
BB6 = jbdxfodu[z-e B e u ], (D.29)

Interchange the order of integration and perform the integration over x;

then

1 2b
BB6 = fodu(4b-2u+2ue Ho). (D.30)
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Now use (A.2), the definition of En(x), to perform the integrations over

u to find

BB6 = 4b-1+2E5(2b). (D.31)

All the coefficients appearing in (D.3), the generalized principle,
are now known. To minimize this principle see Appendix G. To obtain a
quadratic trial function estimate instead of the quartic in (D.2),
simply let a, in (D.3) go to zero. To minimize the resulting principle

see Appendix G.

191




192

APPENDIX E

VARIATIONAL IMPLEMENTATION IN SPHERICAL GEOMETRY

The variational principle is

b
fbdrr2¢2(r)
c Z
2 b b )
{bdrr¢(r)£bdr'r'¢(r')E1(|r-r'|)

Trial functions of the form

¢(r) = 1-a1r2-a2r4,

(E.1)

(E.2)

where a; and a, are adjustable parameters, when used to rewrite (E.l),

produce the generalized principle

¢ TT1af+TT2a$+TT3a a,+TT4a +TT5a,+TT6
2 BBla?+BB2a3+BB3a,a,+BB4a,+BB5a,+BB6

The substitution of (E.2) into the numerator of

subsequent integration yield the following definitions;
TT1 = = v/,
TT2 = 2 pll,

TT3

"
w| &
o
o

-

(E.3)

(E.l) and

(E.4a)

(E.4b)

(E.4c)



TT4 = - % b2, (E.4d)
TT5 = - ; v/, (E.4e)
TT6 = % b3. (E.4f)

Furthermore, after substitution of (E.2) into (E.1), the

denominator of (E.l) can be rewritten as

b b b b
ibdrr¢(r)£bdr'r'¢(r')E1(|r-r'|) = ibdrribdr'r'E1(|r-r'|)

b b b b
-al[ibdrr3£bdr'r'E1(Ir-r'I)+ibdrribdr'r'3E1(lr-r'I)]

b b b b
-az[lbdrribdr'r'sEl(Ir-r'|)+ibdrr51bdr'r'E1(lr-r'I)J

b b b b
+a132[fbdrr3fbdr'r'5E1(Ir-r'I)+derr5fbdr'r'3E1(lr-r'I)J

b b
+a%[fbdrr3fbdr'r'3E1(|r-r'|)]

b b
+a%[fbdrr5fbdr'r'5E1(|r-r'|)]. (E.5)

Noting that El(lr-r'l) is real and symmetric leads to the following

definitions:

b b
BBl = fbdrr3fbdr'r'3E1(|r-r'|), (E.6a)
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b
{bdrrslbdr'r'sEl(lr-r'|), (E.6b)

BB2 =
b b

BB3 = Zfbdrr3fbdr'r'5E1(|r-r'|), (E.6c)
b b

BB4 = -Zfbdrrfbdr'r'3E1(|r-r'|), (E.6d)
b b

BB5 = -Zfbdrrfbdr'r'5E1(|r-r'|), (E.6e)

b b
BB6 = fbdrrfbdr'r'E1(|r-r'|). (E.6f)

In the integration of each of the definitions in (E.6) to closed
form, some of the intermediate integrals will prove convenient. Start

with
b
J dr'r E (ir-r’ (),
~b
and use (A.2), the definition of E (x), to obtain

b b 1 du =|r-r’|
{ dr'r‘E r-r’{) = [ dr'r’ — e u . (E.7)
Ly 1€ ) lb fo m

Interchanging the order of integration yields

b 1 du b =|r-r’|
dr‘'r’E r-r’ = — [ dr'r‘e u
[b 101 1) fo . [b




1 du; T =(r-r’) p =(r’-r)
= = drl ’ u + e’
fo H[Ib r'e frdr r'e H |5
therefore,
b 1 =(b+r) -(b-r)

lbdr'r'El(lr-r'l) = fodu[2r+(b+u)(e U - ¥ )].

Similarly,
b 3 b 3 L 4u =lr-r’|
dr’r’“E;(jr=r’|) = | dr'r’ e W
I, 1 D= A
1y, P =lr-r’|
J &2 [ cerer3e W
0 -b
Vg T 3 =(r-r’) =(r’-r)
fo'TT [lbdr'r' T +frdr'r'3e v,
therefore,
b 1

lbdr'r'3E1(|r-r'|) = fodu[2r3+12u2r+(b3+3ub2

-(b+r) =(b-r)
+6u2b+6u3)(e H +e W )].

And again,

fb ’5 b 5 1 du -lr-r’|
dr’'r’“E,(|r~r‘|) = dr'r’ — e u
b 1 lb fo T

1 du b 5 -Ir-rll
= — J dr'r’ H
fO H lb €

(E.8)

(E.9)

(E.10)

(E.11)
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= ‘%; [ibdr'r'se H +frdr'r'5e H 1, (E.12)

therefore,

b 1
fbdr'r'sEl(lr-r'l) = fodu[2r5+40u2r3+240u4r

+(b3+5ub4+20u2b3+60u3b2+1201%b

~(b+r) -(b-r)
+12003)(e ¥ +e © ). (E.13)

Start with the definition of BBl in (E.6) and use (E.ll) to obtain
b 1
BBl = fbdrr3fodu[2r3+12u2r+(b3+3ub2

=(b+r) =(b-r)
+6uZbtoud)(e © +e ® )]. (E.14)

Interchange the order of integration and perform the integration over r

to find

1
BB] = jodu[; b7+ 2?“ u2b5472u7-613p%4-2b6

-2b
—e W (72u7+146u6b+144u5b2+96u4b3+4213p4

+12u2b5+2ub6) ]. (E.15)

196




Now use (A.2), the definition of En(x), to perform the integration over

u; then

BBL = 2 b7-bb+ 3 b3-1.5b%49-7289(2b)~144bEg(2b)~144b7E (2b)

~96b3E (2b)-42b%E¢(2b)-12bE, (2b)-2b0E4(2D). (E.16)

Use the definition of BB2 in (E.6) and (E.13) to obtain
b 1
BB2 = fbdrr5fodu[2r5+4ou2r3+24ou4r+(b5+5ub4

~(b+r) =(b-r)
+20u2b3+60u3b2+120u%b+1200% (e~ B +e w  )]. (E.17)

Interchange the order of integration ar.i perform the integration over r

to find

1
BB2 = fodu[{%-bll-Zub10+.%; u2b9-3013b8+ ﬁ;g u4b7-80u5b5

-2b
+28,800ul1-e W (28,800u!1+57,600u10+57,600u%b2

+38,400u8b3+19, 200u7b4+7680ubb+24801u7b0

+640u4b7+130u3b8+20u2b9+21b10) ], (E.18)
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Now wuse (A.2), the definition of En(x), to perform the integration over

u; then

BB2 = 4 pll_p10, 80,9 15,8, 96 7 ff

642400
27 7 7 b

~28,800E 5(2b)=57,600bE ,(2b)~57,600b2E, ; (2b)
-38,400b3E, ((2b)~19,200b%Eq(2b)~7680b Eg( 2b)~2480b°E, (2b)

-640b7E¢ (2b)-130b8E¢ (2b)-20b7E, (2b)-2b10E,(2b). (E.19)

Use the definition of BB3 in (E.6) and (E.13) to obtain

b 1
BB3 = 2fbdrr3fodu[2r5+4ou2r3+24ou4r+(b5+5ub4

~(b+r) -(b-r)
+20u2b3+60u3b2+120u4b+12015 ) (e ® +e B )]. (E.20)

Interchange the order of integration and perform the integration over r

to find
! 104
BB3 = [ du[9 pI-4ub8+ 193 = u2b7-44u3b64+96u4b5-120u7b4

-2b
+2880n9-e 1 (288019+5760u8b+5760u7b2
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+38401u5b3+1800u5b4+624u4b5+16413b6+321.2b7

+4ub8) ], (E.21)

Now use (A.2), the definition of En(x), to perform the integration over

u; then

BB3 = g.b9-2b8+ %;;.b7-11b6+.%? b>-20b%+288-2880E | ; (2b)

~5760bE | (2b)-5760b2E¢(2b)~3840b3Eg(2b)~1800b%E, (2b)

~624bE¢ (2b)-164bOE5(2b)-32b7E, (2b)-4bBE4(2b). (E.22)

Use the definition of BB4 in (E.6) and (E.ll) to obtain
b 1
BB4 = -Zfbdrrfodu[2r3+12u2r+(b3+3ub2+6u2b

-(b+r) -(b-r)
+6ud)(e” 1 +e ® )] (E.23)

Interchange the order of integration and perform the integration over r

to find

1
384 = f aul- g.b5+4ub4-8u2b3+12u3b2-24u5
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-2b
+e ¥ (26u3+48u8b+36u3b2+16u2b3+4ub4) |. (E.24)

Now use (A.2), the definition of En(x), to perform the integration over

u; then

B4 = = 2 b342b%= 2 bH43b2-4+24E;(2b)+48bE(2b)

+36b2E¢ (2b)+16b3E,(2b)+4b%E4(2b) . (E.25)

Use the definition of BB5 in (E.6) and (E.13) to obtain
b 1
BB5 = -2fbdrrfodu[2r5+4ou2r3+24ou4r+(b5+5ub4

-(b+r) =(b-r)
+20u2b3+60u3b2+1200%b+1200 ) (e B +e B )]. (E.26)

Interchange the order of integration and perform the integration over r

to find

1
585 = [ du[- ;.b7+4ub6-16u2b5+60u3b4-160u4b3

-2b
+240u°b2-480u"+e 1 (480u7+960u6b+720u5b2

+32014b3+100u3b4+240u2b5 44106 ) . (E.27)
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Now use (A.2), the definition of En(x), to perform the integration over

u; then

BBS = - ;.b7+2b6- %;.b5+15b4-32b3+40b2-60+480E9(2b)

+960bEg(2b)+720b2E, (2b)+320b3E (2b)

+100b4E5(2b)+24b5E4(2b)+4b6E3(2b). (E.28)

Use the definition of BB6 in (E.6) and (E.9) to obtain

b1 -(b+r) =(b-r)
BB6 = fbdrrfodu[2r+(b+u)(e Ho-e B )] (E.29)

Interchange the order of integration and perform the integration over r
to find
1 -2b

BB6 = fodu[% b3-2ub242u3-e 1 (2ubZ+4ubr2u3) ], (E.30)

Now use (A.2), the definition of En(x), to perform the integration over

y; then

4 1
BB6 = o b3-b2+ . ~2b2E(2b)~4bE4(2b)~2E5(2b). (E.31)
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All the coefficients appearing in (E.3), the generalized principle,
are now known. To minimize this principle see Appendix G. To obtain a
quadratic trial function estimate instead of the quartic in (E.2),

simply 1let a, in (E.3) go to zero. To minimize the resulting principle

see Appendix G.




APPENDIX F

VARIATIONAL IMPLEMENTATION IN CYLINDRICAL GEOMETRY

The variational principle is

b
fodrr¢2(r)
=3 5 > (F.1)
fodrr¢(r)fodr'r'¢(r')K(r,r')

K(r,r’) real and symmetric.

Trial functions of the form

o(r) = l-ajrl-a,rt, (F.2)

where a; and a, are ad justable parameters, when used to rewrite (F.l),

produce the generalized principle

.. TT1a$+TT2a3+TT3a 2 +TT4a | +TT5a ,+TT6

. (F.3)
BBla{+BB2a3+BB3a a,+BB4a +BB5a,+BB6

The substitution of (F.2) into the numerator of (F.l) and

subsequent integration yield the following definitions;

TT1 = % b6, (F.4a)

_ 1 10 F.4b
TT2 Tﬁ.b R ( )
T3 = %.bs, (F.he)
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1

TT5

TT6

Furthermore, after substitution of (F.2) into

denominator of (F.l) can be rewritten as

b
d
fO

b b b
rr¢(r)fodr'r'¢(r')K(r,r') = fodrrfodr'r'K(r,r')

b b b b
-al[fodrrfodr'r'3K(r,r')+f0drr3fodr'r'K(r,r')]

b b b b
-az[fodrrfodr'r'sK(r,r')+f0drr5jodr'r'K(r,r')]

b b b b
+a1a2[fodrr3f0dr'r'5K(r,r')+f0drr5jodr'r'3K(r,r')]

b b
2 3 4 13 ’
+a drr dr'r’“K(r,r

b b
+a%[fodrr5fodr'r'5K(r,r')].

(F.4d)

(F.4e)

(F.4f)

(F.l), the

(F.5)

(F.6a)

Noting that K(r,r’) is real and symmetric leads to the following
definitions;
b b
BBl = jodrr3fodr'r'3K(r,r'),
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BB2

BB3

BB4

BB5
and

BB6
where

K(r,
and

K(r,

In the integration of each of the definitions in (F.6)

b b
fodrrsfodr'r'sx(r,r'),

b b
2f0drr3fodr’r'5K(r,r'),

b b
-2f0drrf0dr'r'3K(r,r'),

b b
-2f0drrf0dr'r'5K(r,r'),

b b
fodrrfodr'r'K(r,r'),

r’) = fldyKo(yr)Io(yr')

r’) = fldyKo(yr')Io(yr)

for r'<r,

for r’Dr.

(F.6b)

(F.6c)

(F.6d)

(F.6e)

(F.6f)

(F.7a)

(F.7b)

form

usable for numerical evaluation, some of the intermediate integrals will

prove convenient. Start with

b

fodr'r'K(r,r') = fodr'r'jldyKo(yr)Io(yr')

r [ 4

b ®©
+frdr'r'f1dyK0(yr')Io(yr)»

(F.8)
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interchange the order of integration, and make the following

transformation,

x" =r'y, (F.9a)
X = ry. (F.9b)

This yields

b =4
fodf'r'K(r,r') = fl ;%
X by
[Ko(x)fodx'x'Io(x')+Io(x)fx dx‘xKg(x") ], (F.10)

which can be integrated, by using (B.l), to

b ® d
Jdr'r'k(r,r’) = ]
0 1 y2

[XKq(x) T} (x)+xK; (x) I(x)=byK, (by) Io(x) ]. (F.11)

Similarly,

b r
fodr'r'3K(r,r') = fodr'r'3f1dyKo(Yr)Io(Yr')

b ©
+frdr'r'3f1dyKo(yr')Io(yr). (F.12)

Interchange the order of integration and make the transformation in

(F.9) to obtain
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b ® d
| dr'r’3k(r,r’) = / 24
0] 1 y4

X by
[Ko(x)fodx'x'310(x')+10(x)jx dx’x*3Kq(x) ] (F.13)

This can be integrated, by parts, through the use of (B.l) and (B.2), to

b o
J Qe e 3Ry = [ s%-[x3K0(x)Il(x)-2x2K0(x)Iz(x)+x3K1(x)Io(x)

+2x2K, (x) Ip(x)~Ig(x) ((by) K| (by)+2(by) 2Ky (by) ) | (F.14)

Similarly,

b r
[ dr'r’K(r,r’) = [ dr'r’2[ dyKa(yr)In(yr’
‘0 ’ fO fl YKo(yr)Ig(yr”)

b
+frdr'r'5f1dyKo(yr')Io(yr). (F.15)

Interchange the order of integration and make the transformation in

(F.9) to obtain

b ®
fodr'r'sK(r,r') = fl ;%
X by
[Ko(x)fodx'x'510(x')+10(x)fx dx‘x"Kg(x") ] (F.16)
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This can be integrated, by parts, through the use of (B.l) and (B.2), to

b ©
fodr'r'SK(r,r') = fl s%{xsKo(x)Il(x)-4x4K0(x)Iz(x)+8x3K0(x)I3(x)

+x510(x)K1(x)+4x410(x)Kz(x)+8x310(x)K3(x)

~To(x) ((by) K, (by)+4(by)“K, (by)+8(by) 3K4(by))]. (F.17)

Start with the definition of BBl in (F.6), use (F.l4) and (F.9),

and interchange the order of integration to obtain

wd by
BBL =/ _%.jo dx [%OK (%) T} (x)=2%7K(x) T (x)+x 8K, (x) I (%)
y

+2x9K, (x) Io(x)=x3I(x) ((by) 3K, (by)+2(by) 2K, (by) ) | (F.18)

This can be integrated, by parts, through the use of (B.l) and (B.2),

and reduced, through the use of recursion relations (B.3), to

BBl = fl 9%-10 dx %01, (x)Ky(x)+xPKy (x) I5(x) ]. (F.19)
y

Now make the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain
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b ]
BBl = fodrr6fr _‘L_X [T;(0)Kgp(x)+Kg(x) I5(x) ] (F.20)

The above inner integrations can be done through the use of (B.4) and
the asymptotic series (B.6). The resulting equation is reduced, by use

of the recursion relations (B.3), to

b
10 10 . 81 10 ., 41
BBl = Jodrr6['9_ -Il(r)KI(r)('g— r+ 'g ?)-Ko(r)lo(r)(-g— r+ -3 -;)
14 . 8 1y, &
+1(r)Ko(r) (& + = =)+ = K (D) (o) ], (F.21)
132770 g 327 9 1770

which becomes

b
10 .7 10 7, 8 _5 10 7
BBl = — -] dril — + = +K —
l=ob fo r[I(r)K () 5 Tty J+Ko(r) Ip(r) 5 T

+ 2 1)1 Ky (5 18+ 3 14)- 2 1B ()10 . (F.22)

This equation has a well-behaved integrand, since Ko(r) has a
logarithmic singularity as r approaches zero, and K,(r) goes as r®asr
approaches zero, and is, therefore, easy to evaluate numerically.

Start with the definition of BB2 in (F.6), use (F.l1l7) and (F.9),

and interchange the order of integration to obtain

) by
B2 = [ :%% [ ax et o0 1) (1) =4x Ko (x) T (1) 485K (1) T3 ()
y
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+x1°10(x)1<1(x)+4x910(x)1<2(x)+8x810(x)1<3(x)

~x>To(x) ((by) K, (by ) +4(by) *K, (by)+8(by)3K4(by) ) ]. (F.23)

This can be integrated, by parts, through the use of (B.l) and (B.2),

and reduced, through the use of recursion relations (B.3), to

(%1% () 130+ 3 %100 1 0+ 3 %10y () T5 (0 ] (F.24)

Now make the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain

® dx [2 1 ] (F.25)

BB2 = f drrlof —_ §-K0(x)11(x)+Ko(x)I3(x)+ §-K0(x)15(x) .

The above inmer integrations can be done through the use of (B.4) and
the asymptotic series (B.6). The resulting equation is reduced, by the

use of the recursion relations (B.3), to

b

5B = fodrr 178 _, 416

225 225r

[17

575 K (OI(r )

128 ) R \(r)Io(r)
25r3 0 0

178 184 . 3204 ..
+ + +K ()1
(235 ™ 75¢ 25r3) o 11(r)




314 , 608 . 640,
225 5.2 5.

136 64
K (0)In(r) (e + —) ] (F.26)
1 0 ’
225 5572
which becomes
178 .11 b 178 L1 416 9 128 .7
BB2 = K + - r
2= e b dr[ 1) (55 £ 7+ 535 )
178 1 184 9 320 7
+1<0(r)10(r)(225 + e T oo )=Ko(r)1(x)
314 1o 608 8 640 5
+ 20 pS4 220 -K 1
(Goz = F 55 Tt 55 KD T
136 64 ¢
10 8
——_rY+——r . F.27
(225 25 )] ( )

This equation has a well-behaved integrand, since Ko(r) has a
logarithmic singularity as r approaches zero, and Kn(r) goes as rMasr
approaches zero, and is, therefore, easy to evaluate numerically.

Start with the definition of BB3 in (F.6), use (F.l7) and (F.9),

and interchange the order of integration to obtain

by
=2 =% f dx [x8K (%) T (x)=4x7Ko (%) Ty (x)
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+8X6K0(X)13(X)+x810(x)K1(x)+4x710(x)K2(x)+8x610(x)K3(x)

-x314(x) ((by) K (by)+4(by) 4K, (by)+8(by) 3K (by) ) | . (F.28)
This can integrated, by parts, through the use of (B.l) and (B.2), and
reduced, through the use of recursion relations (B.3), to

BB3 = 2/ f dx

2 =By T 4By () T30+ 2 xBRy(0 150 ] (F.29)

Now make the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain
b 8 ” dx 5 1
BB3 = jodrr I — [3 KoM T (0+2Ka (0 T3(x)+ 5 Ko()Tg(x) . (F.30)

The above inner integrations can be done through the use of (B.4) and
the asymptotic series (B.6). The resulting equation is reduced, by the

use of the recursion relations (B.3), to

b

g8r428 428 616 384
BB3 = f drr [2 -I,(r)K, (r)(225 555 + 75r3)
4 2 32
~To(0Re(e) (222 v+ 222 4 220 )0 (o)1, ()

75r 25r3



4 2424 4
225r 25r 25r2
which becomes
428 g 428 9. 616 _7. 384 s
BB3 = b K + +
3095 f dr[ 1K) (0) (e £7F o £/t S 27
428 284 320
+HLo(r)Ko(0) (55 ro+ = r’+ - £ )=Ko(r)1;(r)

664 g. 2424 . 640 4 236 g, 64 6 '
+ + I K + N F.32
(335 =+ 535 =t 55 T LMK (G5 25 7)) (F.32)

This equation has a well-behaved integrand, since Ko(r) has a
logarithmic singularity as r approaches zero, and Kn(r) goes as r' M as r
approaches zero, and is, therefore, easy to evaluate numerically.

Start with the definition of BB4 in (F.6), use (F.l4) and (F.9),

and interchange the order of integration to obtain

® b
BB4 = -2f EZ.f ydx[xl’K (x)I (x)-2x3K (x)I (x)+x4K (x)In(x)
1 y6 0 0 1 0 2 1 0

+2%7K, (%) (%) =xTo(x) ( (by) 3K, (by)+2(by) Ko (by) ) ] » (F.33)

This can be integrated, by parts, through the use of (B.l) and (B.2),

and reduced, through the use of the recursion relations (B.3), to

BB = - 3%.10 ax (3x4K () T (x)+x 4Ky (1) T5(x) ) » (F.34)
y
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Now take the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain

b ]
BB4 = -fodrr4jr %; (3R (x) T} (x)+Kg(x) I5(x) ). (F.35)

The above inner integrations can be done through the use of (B.4) and
the asymptotic series (B.6). The resulting equation is reduced, by the
use of the recursion relations (B.3), to

b
47 28 8
BB4 = jodrr [ 7;.+I (r)K (r)(__.r+ §.r )+K0(r)Io(r)

28 4 32 8 4
ST T 1) 11(r)1<0(r)(_9_ 3_12.)- 3 K (£)Ig(n) ], (F.36)
which becomes
28 5, > 28 5.8 3 28 5
BB4 = - Zg.b +f0dr[11(r)K1(r)L?r ro+ — 3 )+K0(r)Io(r)(
+.§ r3) l(r)Ko(r)(__.r + g 2) g 4K (r)Io(r)J (F.37)

This equation has a well-behaved integrand, since Ko(r) has a

-n

logarithmic singularity as r approaches zero, and K (r) goes as r = as r

approaches zero, and is, therefore, easy to evaluate numerically.



Start with the definition of BB5 in (F.6), use (F.l17) and (F.9),

and interchange the order ofrintegration to get

) by
385 = -2/ 27 J , x[xfRQG0 T} 0= Ry (O Tp () +8x K () Ty ()
y

+x610(x)K1(x)+4x510(x)Kz(x)+8x4Io(x)K3(x)-on(x)

((by) K, (by)+4(by)*K,(by)+8(by)3K4(by)) . (F.38)

This can be integrated, by parts, through the use of (B.l) and (B.2),

and reduced, through the use of the recursion relations (B.3), to

© by
BB5 = -2 %Y [ ax
1,8 %0

[% x0T, (0)Kg(x)+ % 0K (%) I3 (x)+ % *xOKy () I5(x) ] (F.39)

Now take the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain

b bl d

6 x

BB5 = -2) d —
fo rr fr =

|5 T GORUO+ 5 Ko T30+ 1 Ko(x)I5(x) ] (F.40)
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The above inner integrations can be done through the use of (B.4) and
the asymptotic series (B.6). The resulting equation is reduced, by the

use of the recursion relations (B.3), to

b

BB5 = -2/ drr 314 208 384 )

-I,(r)K
1R () (G55 ™+ 75 o003

6r314
[22

382 304

34, 92, 32
275 © 7552

~Io(D)Kg(r) (553 T+ 7= + =KD TN (555

+ 2)+10(0K (0 (o + =), (F.41)

5r 225 25r2
which becomes

BB5 = - 020 b7+2j dr[ 1 (oK () (

314 .7 208 25 384 _3
+ +
1575 r?)

225 225 150

382 6

314 92 32
+1o(E)Kg(r) (S v/+ 22 2+ 22 = r3)-k oL () (55 *

225 75

304 4 64 2 68 64 32 b
+ + 1 F.42
75 r r ) O(r)KI(r)(ZZS 25 )] ( )

This equation has a well-behaved integrand, since Ko(r) has a

logarithmic singularity as r approaches zero, and Kn(r) goes as r®asr

approaches zero, and is, therefore, easy to evaluate numerically.
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Start with the definition of BB6 in (F.6), use (F.1ll) and (F.9),

and interchange the order of integration to get

dy
BB6 = —_ d

(%2R0 (x) T (x)+x2K) (x) T (x) =% (x)byK, (by) ]« (F.43)

This can be integrated, by parts, through the use of (B.l) and (B.2),

and reduced, through the usé of the recursion relations (B.3), to

BB6 = 2/ LV [ “axxry(x)1,(x). (F.44)
1560

Now take the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain
b L d
- 2 X
BB6 2f0drr fr — Ko T (x). (F.45)

The above inner integration can be done through the use of (B.4) and the
asymptotic series (B.6). The resulting equation is reduced, through the

use of the recursion relations (B.3), to

b
BB6 = 2f0dr[r2-r311(r)K1(r)-r3Ko(r)Io(r)+r2Ko(r)Il(r)], (F.46)
which becomes

b
BB6 = é.b3-2f0drLr311(r)K1(r)+r3Ko(r)Io(r)-rzKo(r)Il(r)]. (F.47)
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This equation has a well-behaved integrand, since Kg(r) has a
logarithmic singularity as r approaches zero, and Kn(r) goes as r Mas r
approaches zero, and is, therefore, easy to evaluate numerically.

All the coefficients appearing in (F.3), the generalized principle,
are now known. To minimize the principle see Appendix G. To obtain a
quadratic trial function estimate instead of the quartic in (F.2),
simply let a, in (F.3) go to zero. To minimize the resulting principle

see Appendix G.
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APPENDIX G

MINIMIZING THE GENERALIZED VARIATIONAL PRINCIPLE

A. The Quadratic Trial Function
For the quadratic trial function case, the trial flux has the form

of (G.1), and the variational principle takes the form of (G.2);

o(r) = l-a;r?, (G.1)
TT1a3+TT4a +IT6

-Y = 2 - (G.Z)
BB1a1+BB4a1+BB6

The relation, (G.2), must be minimized with respect to the parameter ap
in order to determine a, and, thereby, estimate the eigenvalue Y. The

following conditions are necessary for the minimization of (G.2)43;

2 =o, (G.3a)
aal
52
— (v) > 0. (G.3b)
aal

The first of (G.3) leads to

ccla%+cc2a1+cc3 =0, (G.4)

where
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ccl = TT1BB4~TT4BB1, (G.5a)
cc2 = 2TT1BB6~2TT6BBI, (G.5b)
and

cc3 = TT4BB6~-TT6BB4. (G.5c)

The solution to (G.4) is

-cc21(cc22-4cc1cc3)'5

a, =
1 2ccl

. (G.6)

To choose the correct aj, physical conditions are used. These
conditions must be satisfied and have always resulted in the elimination
of one of the choices for a. The first condition is that the flux must

have its maximum at the geometrical center. This requires

9

¥ d>(r)|r=0 = 0, (G.7a)
and

52

— d>(r)|r=0 < 0. (G.7b)

8r2

The first of (G.7) is trivially satisfied, and the second of (G.7) leads

to

a; » O. (G.8)



The second physical condition is that the flux be everywhere

nonnegative. TFrom (G.l) and (G.8) this leads to

1-a1b2 20 (G.9a)
or
1
a; < = - (G.9b)

With (G.6), (G.8), and (G.9), a physical a) has been selected which
extremizes the principle (G.2). Now this a) must satisfy the second of

(G.3) to qualify as a flux estimate. The second of (G.3) leads to

2171 _ 2(2TT1a+TT4)(2BBla)+BB4)  (TTlaj+TT4a +TT6)(28B1)
bott

bott2 bott2

2(TT1a2+TT4a +1T6) (28B1a,+BB4)2 .
+ >0 (G.10)

bott3

where bott = BBla%+BB4a1+BB6.

The wvalue of a; which satisfies (G.6), (G.8), (G.9) and (G.10) is the
value which, in conjunction with (G.1), gives a flux estimate for the
system. In conjunction with (G.2), a) gives an eigenvalue estimate for

the just critical system of size b.

B. The Quartic Trial Function
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For the quartic trial function case the trial flux has the form of

(G.11), and the variational principle takes the form of (G.12);
d(r) = 1-a1r2-a2r4, (G.11)

TT1a2+TT2a2+TT3a,a,+TT4a +TT5a,+TT6
y = 1 ) 132 1 2 (G.12)
BBla+BB2aJ+BB3aa,+BB4a +BB5a ,+BB6

The principle, (G.12), must be minimized with respect to the parameters
a; and ag in order to determine ap and ag and, thereby, estimate the
eigenvalue Y. The following conditions are necessary for the

minimization of (G.12)44:

2 (v) =0, (G.13a)
aal

2 =0; (G.13b)
8a2

2. 2 a2y a2
5 aaY @ I)(a ‘2() < 03 (G.14)
a)dag d9af” daj
2 2
3 L 3% 5 0. (G.15)
aa% aa%

The equations (G.13) lead to




a%(c 1+C232)+a1(C3+C432+Csa%)+(C632+C7322+C833+C9) =0 N (G- 163)

and

af(eyprersag)tay(eypatte ) ayterq)

+(c)gat+e)jad+e qa te g) = 0, (G.16b)

where

c; = TT1BB4-TT4BBI; (G.17a)
cy = TTIBB3-TT3BBI; (G.17b)
cy = 2TT1BB6-2TT6BBI; (G.17c)
¢, = 2TT1BB5-2TTSBBI; (G.17d)
cg = 2TT1BB2-2TT2BBI; (G.17e)
cg = TT3BB6+TT4BBS-TT6BB3~TT5BBA ; (G.17f)
cy = TT3BBS5+TT4BB2~TT5BB3-TT2BB4; (G.17g)
cg = TT3BB2-TT2BB3; (G.17h)
cg = TT4BB6-TT6BB4; (G.171)
cjo = TT3BBL-TT1BB3; (G.173)
cy; = TT3BB4+TTSBBL-TT4BB3-TT1BB5; (G.17Kk)
cyp = 2TT2BB1-2TT1BB2; (G.171)
cy3 = TT3BB6+TTSBB4-TT6BB3-TT4BBS; (G.17m)
c14 = 2TT2BB4~2TT4BB2; (G.17n)
c;5 = TT2BB3-TT3BB2; (G.170)
¢y = 2TT2BB6-2TT6BB2; (G.17p)
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c,7 = TT2BB5-TT5BB2; (G.17q)

cijg ™= TT5BB6~-TT6BB5. (G.17r)

The physical conditions which apply to the solution of (G.l16) are,
for a;, nonnegative flux and maximum flux at r=0. These conditions lead

to, from (G.1l1),

ay < —%--azbz, (G.18a)
b
and
ap > 0. (G.18b)

The physical conditions which apply to the solution of (G.16) are, for
an, nonnegative flux and first derivative of flux always less than zero.
The first condition is obvious; the second stems from the fact that, in
simple systems, the leakage depletes the neutron population near the
surface more than the population near the center. An analogy 1is to
compare the neutron flux with the temperature profile which occurs in a
heat source region surrounded by an infinite heat sink region and 1in
which the sources are linearly proportional to the temperature. These

conditions lead to, from (G.1ll),

1 a)
ay -, (G.19a)
b4 b2

and



. (G.19b)

The solution algorithm for (G.l6) 1is to set a, to zero and
calculate the coefficients for the equation quadratic in aj. Solve the
equation quadratic in a) subject to (G.18). Now use this value of a; to
calculate the coefficients for the equation quadratic in ag. Solve the
equation quadratic in a, subject to (G.19). With this value of a,
return to the equation quadratic in a. This iteration is carried out
until a, and a, are converged to some criterion. This then gives a set
of a8 and ag which extremizes (G.12) and abides by the physical

conditions (G.18) and (G.19). It must now be shown that this pair of

values, a, and as, minimize (G.12). Let

~

VPT

TT1a+TT2a3+TT3a a,+TT4a +TT5a ,+TT6, (6.20)

and

VPB BBla%+BB2a%+BB3a1a2+BB4a1+BB5a2+BB6. (G.21)

Then,

3al VPB vpB2

2
2(2BBla,+BB3a,+BB4) “VPT
_ (2BB1)VPT _ 1 2 : (6.22)

vpB2 vpB3
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aZY TT3 (2TT131+TT332+TT4)(2BB232+BB331+BB5)
3318a2 - VPB -

vpB2

_ BB3VPT _ (2BBla;+BB3a,+BB4)(2TT2a9+TT3a+TT5)

vpB2 VPB2

2(2BB1a1+BB3a2+BB4)(2BB2a2+BB3a1+BB5)
+ VPT; (G.23)
vpB3

and

32y L (2112) _ 2(2TT2a»+TT3a|+TT5) (2BB2a,+BB3a+BB5)

aa% VPB VPB2

2
_ (2BB2)VPT _ 2(2BB2a,+BB3a+BB5) “VPT 62t
vPB2 VPB3

The pair, a) and ag, determined above are substituted into (G.22),
(G.23), and (G.24), which are in turn substituted into (G.14) and
(G.15). The values of a; and a, determined above satisfy (G.14) and
(G.15). The values of a) and a, which minimize (G.12) subject to the
physical conditions (G.18) and (G.19) will yield an eigenvalue estimate
for the system of size b when used with (G.12), and a flux estimate for

the system when used with (G.l1ll1).



APPENDIX H

EXTRAPOLATION DISTANCES

In the diffusion theory scalar fluxes appearing in Chapter Three,
the boundary conditions applied are the so-called ex;rapolation distance
boundary conditions. These conditions require that the scalar flux
vanish at a specified distance, the extrapolation distance, beyond the
physical boundary. The extrapolation distance boundary conditions are a
mathematical approximation to the physical boundary conditions of no
incoming neutrons38, Ordinarily, due to diffusion theory being
restricted to ¢ approximately equal to one, only one extrapolation
distance 1is required. However, 1in this thesis, a wide range of the
neutron multiplicities are used, and, therefore, more extrapolation
distances are required. The extrapolation distances usually used come
from the Milne problem!s? and are strictly correct 9only for
semi-infinite slabs. Davison3 suggests that it is not unreasonable to
use the Milne problem extrapolation distances for all geometries and
sizes. From Table 2.5 of Bell and Glasstonel it can be seen that the
product CXg, where xj is the extrapolation distance, is smooth and
slowly varying. Linear interpolation from this table, rather than from
a table of extrapolation distances, is easy and yields the values in

Table H-1.
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1.05

1.10

1.20

1.40

1.60

TABLE H-1

Extrapolation Distances for Diffusion

Theory Scalar Fluxes

extrapolation distance
in units of the

mean free path

«6965
.6767
.6460
«5924
.5084

«4455



APPENDIX I

CODE LISTINGS AND COMMENTS

In essence, this appendix is just a repository for the codes used
in this thesis. An index to these codes appears as column four in
Table I-1l. Code names were chosen according to a pattern which follows.
The leading t in the first twenty-one code names merely denotes that the
code 1is a thesis version. The next two alphanumeric characters denote
the type of scalar flux used in the code (dt=diffusion theory, v2=V2,
V4=V4). The fourth and fifth characters denote the geometry (sb=slab,
sp=spherical, cl=cylindrical), and the sixth character denotes the type
of critical size search carried on (l=variational, 2=direct leakage
operator, 3=indirect leakage operator). tvé4eig, the twenty-second code
listed in Table I-1, is a modification of tvé4sbl which does not iterate
on the size but prints an eigenvalue estimate for a .specified input
size. tv4lop is a modification of tvésp3 which not only calculates the
total leakage probability distribution but also calculates each term of
the Neumann series which comprises the total leakage probability.
tv4lop does not iterate on size and, therefore, must be supplied with
the parameters which yield a critical system. =xplot takes the output of
tvdlop and plots it using the "disspla" plotting package.

The coding is in étandard Fortran suitable for use on the CDC-7600
computer, with the exception of tv2cl3, tvé4cl3, tvédlop, and xplot. The
excepted codes were written for the Cray-1 computer because of the array
sizes or do-loop counters used. There are several special callable

functions available at the LANL computer facilities which were used in
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the following codes. Included in these functions are the first order
exponential integral function (available as el(x)), and the zeroth and
first order modified Bessel functions of the first and third kind (i.e.,
Ko(x) is available as besk0(x)). The modified Bessel functions are also
available exponentially scaled (i.e., exKo(x) is available as
beskOe(x)). A system quadrature routine called "quad", as in (H.l), 1is

used frequently in this thesis’ coding. This routine,

LHS = quad(func,a,b,re,mxeval,kount), (H.1)

will integrate the function func, which 1is included as an external
function statement, from a to b subject to relative error re. This
routine has been extensively tested and 1is accurate so long as the
function being integrated is bounded.

Table I-1 contains a list of the codes and their ruoning times per
cycle, where a cycle 1is defined as one Keff calculation. Times were
included for both the smallest and the largest critical radii used. The
difference in running time between different radii for the V, scalar
flux codes is due primarily to the time required in iteration to get the
a; and a, coefficients. The method three codes, indicated by the last
digit of code names, will also require longer times to converge to the
spatial leakage probability distribution for the larger systems. This
is due primarily to the fact that there 1is more scattering transport
before leakage in the larger systems. Times listed for all but two of
the codes are total times including compiler, CPU, in/out, and memory,

and are for the CDC-7600 computer. The exceptions to this are the times




for the tv2cl3 and tvécl3 codes which are Cray-l total times. The
Cray-l computer runs at approximately twice the speed of the CDC-7600

computer.

231



232

code

tv2sbl
tvédsbl
tv2sb2
tvbdsb2
tdtsb2
tv2sb3
tvésb3
tv2spl
tvadspl
tv2sp2
tvbdsp2
tdtsp2
tv2sp3
tvésp3
tv2cll

tvécll

TABLE I-1

Code Execution Times and Index

execution time
smallest radii

in seconds

.018
.038
.018
.038
.022
44,129
44.447
.022
.481
.022
.468
.029
95.931
96.355
.039

.191

execution time
largest radii

in seconds

.018
2.390
.018
2.391
.026
101.963
159.191
.024
94.915
«024
92.868
.029
211.087
307.597
.071

22.197

pages

listed

232
234
237
239
242
243
246
250
252
255
257
260
261
264
268

270




code

tv2cl2

tv4cl2

tdtcl2

tv2ecl3

tvé4cl3

tvbeig
tvédlop

xplot

Table I-1

continued

execution time execution time

smallest radii largest radii

in seconds in seconds
«069 .077
<204 22,582
.059 .077

869.606 1430.628

1184,173 1490.040

pages

listed

273

275

279

280

283

288

291

294

233



234

100

200

Los Alamos Identification No.

pragram tv2sbi(kout,tty,tapeS=ko=t.tapebmtty)
real keff

common rng,b,re,mxeval,vp
call xsetf(0)

bbb=, 0001

b=.5120

e=1.6

kk=0

]]=0

mxeva =950

re=_000000001

contlnue

call flux

keffwc—vp

write(6,200) b,bbb,keff
if(keff.1t.0.0) b=mb+bbb
1f{keff.1t.0.0) jj=1
1f{keff.gt.0.0) bwb-bbb
Tf(keff.gt.0.0) kk=1
1f{jj+kk.1t.2) go to 100
format(1x,3f20.10)

cali cxlt(z)

end

subroutine flux
external expl
cormmon rn,b.re.mxevol,vp
bZ=beb

b3=b2eb

b4=b3eb

bS=b4eb

ttim 4ebS
ttdem-g. /3.0b3
tt6~2.0b

rn=y.

032b=mguad(exp!, .0000000000001,1.,re, mxevol kount)
rov-d,

l42b-quod(exp|,.0000000000001 1.,re,mxeval kount)
ra=S% .,

052b-quod(exp|,.0000000000001 1.,re.mxeval, kount)

ro=8,

e82b=quad{exp!,_000000C000001,1.,re, mxeval ,kount)

rn=7,

#72b=quad(exp!,.0000000000001.1.,re, mxeval ,kount)
b= Beb5-b4+8./9.0b3—4./3.+2,eb4ee32b+8.eb3ee42b

14+16.eb2e852b+16.ebeet2b+8. ee72b

bbé=>-B./3.0b3+2.0b2-8./3.eb+2.~4.sb2e¢c32b—8.ebee42b~8.0652b

bb6=4.eb-1.42.0832b
acimttiebbd~bblett4
ccZm2.0tt1ebbB8—2,.ebblettb
acdwt t4ebb6—bb4e t tb
detmsqrt{cc2ecc2~4_ecclecc3)
ol1-$dct—cc2)/(2 occ1)
a12=(~det—cc2)/(2.ecc?)
flxck=1,/b2

01==-300.

1f(a11.gt. fixck) olmai2
if(o012.gt_fixck) al=c11
[f§011.|!.0.0) al1=012
1£(012.1t.0.0) a1=o11
1f(ol.gt-fixck) call exIt(2)
1f(01.1t.0.0) call exIt(2)}

vp=2.e((tt1eg1e01+tt4ea1+tt8)/(bblealeai+bb4ea1+bb6))

1357



bott=bblegiegi+bb4ea1+bbs
x2ndder=2.et11/bott~2.¢(2.ebb1eg1+bb4)e(2.ett1eg1+tt4)
1/bottee2.~2.ebble(tt1eglegi+tt4eal+tt6)/bottes2.
14+2.¢(2.e0bleg1+bbd)e(2. ebblegi+bb4)e(tt1ealeal+ttdeq)
1+tt6)/bottee3.

If(x2ndder.1t.0.0) call exit(2)

if(x2ndder.aq.C.0) call exit(2)

return

end

function expi(u)

common rn. b, re,mxeval  vp
expi=uee(rn-2.)eexp(~2.eb/u)
return

end
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program tv4sbi(kout,tty.tapeS=kout.tapeb=tty)
real keff
common rng,b.re,mxeval,vp
call xsetf(0)
hbb=.0001
bm=,5120
e=1.8
k=0
}j=0
oxeval=850
re=.000000001

100 contlnue
call flux
ke ffmc—vp
write(8,200) b,bbb.keff
ff(keff.1t.0.0) bmb+bbb
Tf(keff.1t.0.0) jj=1
if{keff.gt.0.0) bmb—bbb
tf(keff.gt.0.0) kk=1
1f(jj+kk.1t.2) go to 100

200 format(1x,3f20.10)
call ex1t(2)
end

subroutine flux

external expi

common rn b, re.mxeval, vp

b2=beb

b3e=b2eb

b4=b3eb

bS=b4eb

hB=bSeb

b7=b8eb

bB8=b7eb

b9=bB8eb

tt1= 4a2b5

tt2=2./9.eb3

tti=4, /7. 0b7

ttdaedq /3 b3

ttSm—. 8ebS

tt8=2.eb

rn=3.

032b=quad(exp!, .0000000000001,1. ,re,mxsval kount)
rned,
e42b=quad{expl..0000000000001.1. .re.mxeval kount)
rn=S.
l52b=quod(cxpl..0000000000001,1..rc.mxcvo|.kount)
rn=8.
#82b=quad(expi..0000000000001.1.,re.mxeval. kount}
rom7,
#72b=quad(expi..0000000000001.1.,re.mxeval kount)
ron=8,
e82b=quad{expi,.0000000000001,1.,re,mxeval, kount)
ra=9.

#92b=quad{expi,.0000000000001,1. .,re,mxeval,kount)
rn=10,
0102bm=quad(exp!,.0000000000001.1., re, mxeval ,kount)
rn=11,

e#112baquad(expi, .0000000000001,1.,re mxeval Jkount)
bbi=.8eb5~b4+8./9.0b3~4./3.42.eb4ee32b+8.eb3ead2b
1+16.eb2ea52b+16, ebee52b+8. ee72b
bb2=4./9.eb9-b8+16./7.eb7—4, eb6+96./25,eb5~115.2
142.eb8ea32b+16.eb7ee42b+80.¢b6ee52b+288 . ¢bS5e062b+768.eb4ee72b
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141536. eb3eeB82b+2304_eb2e892b+2304.0be2102b+1152.2112b
bb3=8./7.eb7-2.56+56./15.eb5~6.0b44+32./5. eb3~24,.+4.eb6ee3I2b
1424.0p50242b+88. eb4ee52b+224 . eb3ee62bT384.eb2°e72b+384.
lebee82b+192.9e92b
bbde-B,/3.0b342.0b2-8./3 .0b+2.~4 . eb2ee32b~8, ebeed2b~B ee52b
0bS=—8_/5.eb5+2_eb4—16./3.eb3+12. eb2-96_/5_eb+16.
1~4,ebdee32b~16.0b3ee42b—48, eb2ee52b—96.2bee62b~96.0e72b
bb6==4 . eb~-1.42,0e32b

ci=ttiebb4—bblett4

c2=tt1etb3~bb1ett3

c3=2,ett1ebb5~2_ebblett6
cé4=2_ett1ebb5-2.ebb1ett>
c5=2.ett1ebb2-2.ebblett2
cB=tt3ebb6+tt4ebb5~bb3Iett6~bb4dettS
cF=tt3ebbS5+tt4ebb2-bb3ettS—bbdett2
cB=tt3ebb2-bb3ett2

cOmtt4ebb5~bb4etth

c10=t t3ebb1-bb3et t1
c11mtt3ebb4+ttSebb1-bb3ett4—tt1ebb5S
cl12m2,.ett2ebb1-2.ebb2et t1
clS=tt3ebb6+ttSebbs—bb3ett6—tt4ebbS
Cl4m2,0tt2ebb4~2 ebb2ett4

c15=tt2ebb3-bb2ett3

C1Gm2_ott2ebb6~2,.ebb2ett6

c17=tt2ebb5~bb2e t t5

e18=tt5epb6-t t6ebbS

02=0.0

01==500.

continue

testix=q1

test2xqg2

colimci+c2e02

002=c3+c4002+cS5002002
0c3=c9+cGe02+c7e02002+cBeg2902002

ccé=c17+c15ea!

ccSmc184c14e01+c12eg1eal
acBmc18+c13e01+c11eg1ea1+c10ep10010g1
detalmsqrt(cc2ecc2-4.ecclecc3)
a11=(deta1-cc2)/(2.ecc)
042=m(~deta1-cc2)/(2.eccl)

fixckim1,/b2—g2eb2

If€o11.gt.f|xck1) 91=012

1f(a12.gt.flxckl) al=al

1£(011.1t.0.0) 01=012

1£(012.1t.0.0) a1=a11
deto2wmeqrt{ccSecc5—4_eccédecch)
021=(deta2-cc5)/(2.ecc4)
022=(~deta2-cc5)/(2.ecc4)
flxckd=1./b4—a1/b2

1f(021.1t.~q1/(2.9b2)) 02mg22
i£(022.1t.~017(2.b2)) 02=021

1f{021.gt.fixck2) g2=022
1f(022.gt.fixck2) 02=021
1f obségtest1—o1 /o1).gt..oooooo1; go to 1000
1f(obe({test2-02)/02).gt..0000001) go to 1000

if(ot1.gt.fixck1) coll exit(2)

1¢(01.1t.0.0) coll exit(2)

1f{02.gt.f1xck2) coll exit(2)

1f(02.1t.~01/(2.eb2)) cali ex!t(2)
vpt=ttleglegl+tt2e02002+tt3ea10g2+tt4eg1+tt502+1t6
vpb=bbleglea1+bb2eg2¢02+bb3ealeg2+bb4eai+bb5ea2+bb6
vpb2=vpbevpb

vpb3=vpb2evpb

vp=2.evpt/vpb
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xZnpal1=2.ett1/vpb—2.e(2 ett1ea1+tt3e02+tt4)e
152.-bb1-o1+bb3-a2+bb4 /vpb2-2.ebblevpt/vph2+2. e
1{2.ebb1egl+bb3ea2+bb4)e(2.ebbleg1+bb3ea2+bb4)
1svpt/vpb3
x2npa12=tt3/vpb—(2.ett1e01+tt3e02+tt4)e(2.ebb2e02
14+bb3ea1+bb5)/vpb2—bb3evpt/vpb2—(2.ebb1eal+bb3ea2+bb4)e(
12_ett2e02+tt3e01+ttS)/vph2+2.e(2.ebb1eg1+bb3ea2+bb4)
levpte(2.ebb2eg2+bb3eal+bb5)/vpb3
x2np022=2.ett2/vpb—~2.0(2 ett2ea2+tt3ea1+tt5)e(2.2bb2e02
1+bb3ea1+bb5)/vpb2—2_ebb2evpt/vpb2+2.e(2.ebb2eg2
1+bb3eg1+bb5)e(2.ebb2eg2+bb3ea1+bb5)evpt/vpb3
detr=x2npa12ex2npai12~-x2npaliex2npa22
1£((x2npa22+x2np011).1t.0.0) call exIt(2)
1£{(x2npa22+x2npa11).e4.0.0) call exit(2)
1f(detr.gt.0.0) call cxit(zg

1f(detr.eq.0.0) coll exit(2

return

end

function expi(u)

common rn.b.re mxeval,vp
expimuee(rn-2.)eexp(-2.eb/u)
return

end




100

200

program tv2sb2(kout.tty.topeS=kout.topebmtty)
real keff

common b2.b3,e32b,e42b,e52b.rn.b,re,mxevail a1
call xsetf(0)

bbb=.0001

b=_.5120

c=1.6

kk=0

Jj=0

mxeval=850

re=,000000001

continue

call flux

coll=2.e(b-g1/3.eb3)

xprodwcecol |
x1egk=.5ece(1.-01+4./3.e01eb—q1eb2
1+(2.0010b2-2. Yee32b+4.2010bee42b+4.0010e52b)
keff=xprod/(coli+xleak)

write(6,200) b.bbb,keff

lfgkeff.lt.ho) b=b+bbb

Te{keff.1t.1.0) jj=1

1 keff.g!.1.0§ b=b-bbb
If(keff.3t.1.0) kk=1
1¢(j)J+kk.1t.2) go to 100
format(1x,3f20.10)
call exlt(2)
ond

subroutine flux

external expl

common b2,b3.e32b,e42b,e52b,rn, b re.mxeval . a1
b2=beb

b3=b2eh

bé=b3eb

bS=b4eb

tt1m, 4eb5

ttd4m—4q,/3.0b3

tt=2.eb

w3,
#32b=quad(exp!,.0000000000001,1.,re, mxeval ;kount)
ro=z4,
042b=quad(expi,.0000000000001,1. ,re, mxeval ,kount)
rn=S,
e52b=quad(exp!,.0000000000001.1, . re.mxeval .kount)
rn=6.
e82b=quad(expi,.Q0000000000001,1. .re,mxeval .kount)
ra=7.
#72b=quad(expi,.0000000000001.1.,re, mxeval kount)
bb1=m,8eb5~b4+8_/8.eb3~4./3.42.ebdes32b+8.ebJee4d2b
1418.eb2ee52b+16.0beeb62b+8.0872b
bbde—8./3.eb342.9b2-8./3.eb+2.—4.b2e832b~-8.ebee42b-8.ee52b
bbG=4 , eb~1.42, e832b

ccimttiebb4—bbiett4

cc2m2.ettlehbb6~2.0bb1etts

cc3wtt4ebbb~bb4e tt6

detmgqrt(cc2ecc2-4.ecclecc3)
011={det-cc2)/(2.ecc1)

012m(~det—cc2)/(2.ecc1)

fixck=1./b2

01==500.

lf§o11.gl.f|xck) 91=012

1f(a12.g9t.flxck) a1=q11
1¢(011.1t.0.0) ol=g12
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if§o12.|t.0.0) o1=g11
if{at.gt.fixck) call exit(2)

if(01.1t.0.0) call exit(2)
vpw2.e((tt1e01e01+tt4e014tt6)/(bblegleal+bb4ea1+bb5))
bott=bbleglea1+bb4ea1+bbb
x2ndder=2_ett1/bott-2.e(2.ebblegl1+bb4)e(2.ett1ea1+tt4)
1/bottee2 ~2 ebble(tt1ealegi+ttdegi+ttB)/bottes2,
1+2.0(2.0bb1001+bb4)0(2.0bb1°o1+bb4)°((Q1001001+QQ4001
14+t t6)/bot tee3,

1f(x2ndder.1t_0.0) co!l exIt(2)

1f(x2ndder.eq.0.0) call exit(2)

return

end

function expi(u)

common b2,b3,e32b.e42b,e52b,rn.b,re,mxeval .ol
explmyee(rn-2.)eexp(~2.eb/u)

return

end



100

200

progrom tv4sb2{kout.tty.topeSmkout.topeb=tty)
real keff

common /one/ rn,b,re.mxeval,al,02

common /two/ b2.b3.b4,b5,e32b,e42b.e52b,e62b.e72b
call xsetf{0)

bbb=_,0001

b=.5120

e=1.6

kk=0

jlj=0

mxevg1=850

re=. 000000001

contlnue

call flux

collm2, e(b—01/3.eb3~02/5.eb5)

xprodmcecoll

xleakm Sece(1.-g1+4./3.001eb-g1eb2
1+(2.9g10b2-2. ) s632b+4.901ebee42b+4. eglee52b)
x{eokmx1egk~.5eceg2e(b4—B./3.eb3+5.0b2
1=48./5,0b+8.~2.eb4ee32b~8.ebJee42b~24.0b2ee52b
1=48.ebse62b—48.0872b)
keffmxprod/(coll+xleak)

wri1te(8,200) b, bbb, keff

If(keff.1t.1.0) bmb+bbb

14(keff.1t.1.0) jj=1

Tf(keff.gt.1.0) b=b=~bbb

Tf(keff.gt.1.0) kk=1

1f(jj+kk.1t.2) go to 100

format(1x,3¢20.10)

cell exIt(2)

ond

subroutine flux

external expi

common /one/ rn.b,re.mxeval, 01,02

common /two/ b2.b3,b4,b5,832b,e42b,e52b,e62b,872b
b2=beb

bd=b2ep

bd=b3eb

bb=b4eh

b6=bSeb

h7=b8eb

b8=b7eb

bf=b8eb

tti=.40bS

tt2=2./9. b9

tt3=x4, /7.eb7

ttdedq. /3. b3

ttSm-8eb5

tt8=2. eb

ra=3,
632b=gquad{expi..0000000000001.1.,re.mxeval.kount)
ramé4,

942b=quad(expi, .0000000000001,1. ,re, mxeval.kount)
ra=3,
852b=quad(exp!,.0000000000001,1. . re mxeval, kount)
ra=§.
e62b=quad(expi,.0000000000001,1.,re,mxeval .kount}
ra=7.
#72b=quad(exp!..0000000000001 1, ,re,mxeval Jkount)
rn=8,
e82b=quad(expi..0000000000001.1, . ra . mxeval kount)
rn=q.
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1000

e92b~quad{expi. -0000000000001,1..re, mxevalkount)

rn=10.

e102b~quad(expi, .0000000000001.1.,re,mxeval kount)

rn=11,

#112b=quad{expi..0000000000001,1.,re,mxeval skount)
bbim_B8eb5~b4+8_/9.0b3~4_/3_4+2_eb4ee32b+8.eb3eed2b
1+16.eb2ee52b+16.ebeeb2b+8.0672b

bb2=4./9 .eb9~b8+16./7.eb7~4.eb6+96./25.eb5~-115.2
142.0b8ea32b+18.eb7*042b+80.eb6e52b+288. eb5ea62b+768 . eh4ee72b
14+1538.0b30082b+2304 .0b20992b+2304.0bee102b+1152 . 08112b
bb3=8./7.eb7~2_ebB+56./15.eb5~6.0b4+32./5,.¢b3-24.+4,e06e032b
1424 .0bSee42b+88 eb4e852b+224. eb3ee62b+384. eb2ee72b+384.
1ebeeB2b+192.0e392b
bhdm—8./3.eb3+2,.0b2-8./3.eb+2.—4.eb2ee32b-8. ehee42b—8.0e52b
bbS=8./5.eb5+2.eb4—1B./3.eb3+12.0b2-96./5.¢b+18.
1—4.eb4ee32b—18.eb3e842b—48.0b2ee52b-86.ebeet2b-86.0e72b
BbBw=4.eb-1.42.°832b

ci=tti1ebb4-bbiletts

c2=tt1ebb3-bblett3

cIm2.0tt1ebb&—2.ebb1e tt6

c4m2 ott1ebb5~2.°bb1et t5

cS=2 . ett1ebb2-2.ebblett2

c8mt t3ebb6+t t4ehbS~bb3et tE~bb4ettS

c7=tt3ebbS+-t t4ebb2-bb3et t5—bb4ett2

c8=tt3ebb2—-bbIett2

c9=tt4ebbfi—bb4etts

c10=tt3ebb1-bb3et t1

c11=tt3ebba+t tSebb1-bb3ett4—tt1ebb5
c12u2._ett2ebb1-2,.ebb2ett1
c13=tt3ebb64-ttSebb4—~bb3ett6-t t4ebbS
014=2.ett2ebb4—2.ebb2e t t4

015=tt2ebb3-bb2ett3

c1B=2 0tt2ebb5~2.0bb2ett8

017=tt2ebb5—bb2et tS

c18=t tSebbB~tt6ebbS

02=0.0

01==500.

continue

testi=mgl

test2=02

ccimc1+c2e02

cc2=c3+cédeg2+c5002002

cc3=c9+c6402+c7002002+cB8002002002

cc4ec17+c15001

acS=c16+c14ea1+c12egleql
ccB=c18+c13eg14c11ea1eg14c100g1eal1eqa
detol=eqrt{cc2ecc2-4.ecclecc3)
o11=(detal=cc2)/(2.ecc1)
012=(~deta1-cc2)/(2.ecc1)
fixok1=1,/b2~g2eb2
1f(a11.gt.fixck1} ol=g12
1f{012.gt.fixck1) o1=011
1£(011.1t.0.0) ol=mg12
if(012.1t.0.0) ai=g11
deto2=sqrt{cc5ecc5~4.ecc4ecch)
021-idct02—cc5)/(2.occ4)
922=(~deta2-cc5)/(2.°cc4)
flxck2m1,/b4—01/b2
lf(o21.|!.-c1/(2.0b2g; 92=022
1£{022.1t,—01/(2.9b2)) 02x=a21
1f{021.gt.flxck2) 02=022
1f o22.gt.f|xck2; 02=021
1f(obe((teat1-a1 /01).9!..0000001; go to 1000
1¢(obe((test2~02)/a2).gt..0000001) go to 1000




flol.gt-fixckl) calt exit(2)
f{01.1t.0.0) coll exit(2)
f{02.gt.f1xck2) carl exit(2)
f(02.1t.—01/(2.eb2)) call exit(2)
vptmttleglegi+tt2eg2002+tt3ea1eg2+tt4egi+tt5e02+tt6
vpb=bbleg1eg1+bb2eg2¢02+bb3ea1eg2+bb4eg1+bbSea2+bbs
vpb2=vpbevpb
vpbI=vpb2evpb
vp=2_evpt/vpb
x2npa11=2.et 1/vpb-2.0(2 ett1eg1+tt3ea2+tt4)e
1(2.0bb1oo1+bb3°o2+bb4;/vpb2-2.0bb1ovp!/vpb2+2.o
1(2.ebb1eg14bb3ea2+bb4)e(2.ebb1ea1+bb3ea2+bb4)
Tevpt/vpb3
x2npa12=tt3/vpb—(2.ett1eg1+tt3e02+tt4)e (2. ebb2ea2
14+bb3ea1+bb5)/vpb2-bb3evpt/vpb2—(2.ebb1eg1+bb3ea2+bb4) e (
12.ett2e02+tt3e01+tt5)/vpb2+2.0(2. ebb1ea1+bb3e02+bb4)
1evpte(2.ebb2e02+bb3ea14+bbS)/vpb3
x2npg22m2_ett2/vpb—2_e(2_ ett2e02+tt3e01+tt5)e(2_ebb2eg2
1+bb3001+bb5;/vpb2—2.0bb20vp!/vpb2+2.0(2.0bb2002
1+bb3ea1+6b5)e (2. ebb2ea2+bbhIea1+bb5)evpt/vpb3
detr=x2npo12ex2npa12-x2npallex2npa22
1£((x2np0a22+x2npa11).1t.0.0) call exit(2)
1f((x2npo22+x2npa11).eq.0.0) coll exit(2)
1f(datr.gt_0.0) call exit(2)
1f(detr_eq.0.0) coll exit(2)
return
end

functfon expl(u)

common /one/ rn,b.re,mxeval.ql.q2

common /two/ b2.b3.b4.b5.e32b.e42b.e52b,e62b.e72b
expi=myee(rn-2.)eexp(~2.eb/u)

return

end
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progrom tdtsb2(kout,tty.topeS=kout.tapeb=tty)
external fleok
real keff
common xpi.b.re.mxeval.bex
call xsetf(0)
bbb=.00001
B=,5166
c=1_80
kk=0
}1=0
xpl1=3.1415926535898
pxeval=850
re=, 000000001

100 continue
bex=b+. 4455
coll=4_/xplebexesin(xpieb/(2.ebex))
xprod=cecol |
xy|=b-, 0000000000001
xlegk=cequad(fleak.0.0.xul.re.mxeval kount)
keff=xprod/{col1+x1eak)
write(8,200) b.bbb. keff
1f(keff.1t_1_) bmb+bbh

1(keff 1t.1.) Jjm1

1f(keff_gt.1.) bmb-bbb

If(keff.g!.1.; kk=1

19()j+#%k-1t.2) go to 100
200 formot(1x,3f20.10)

call exit(2)

end

functlion fleak(x)

common xpi,b,re.mxeval.bex
fleak=cos(xpiex/(2ebex))e(exp(—(b-x))+exp(—(b+x))
1=(b-x}ee1(b~x)~(b+x)ee1{b+x))

return

end
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100

350
400

1000

program tv2sb3(kout.tty.topsS=kout.aopebmtty)

dimension xterm1{5000)
dimension xir%SOOO)
dimension xi1{5000)

real keff

common b3.rn,b,re,mxeval,a1
call xaetf(0)

jdIm=500

bbb=.0001

b=.5120

e=1.6

agt=1.0

egs=.4

ego=sgt-sga
sgfu=cesgt-sgs

kk=0

Ji=0

mxeva|=950

re=,000000001

continue

call flux

colim2, e(b~g1eb3/3.)
xpraodesgfuecol |
xgbgesgaecoll
delxx=2.eb/floot({jdim-1)
do 400 1=1,)dim
1f(i.eq.jdim) xtermi1{i)=.5
1f(1.0q9.jdim) go to 350
xx=flogt(1~1)edelxx~b

xterm1(1)=.5e{exp(~(b~xx))-(b-xx)eel1(b-xx))

contlnue

xIr(i)=xterm1 (i)

continue

continue

do 1000 i=1,jdim

ao=0,

bb=0.

fumi-1

1f(iu.eq.0) go to 700

do 600 J=1,1u

delxwdelxx

1f(j.eq.1) delx=. Sedelxx
xxx=float(l—])edelxx
go=aa+xIr(j)ee1(xxx)edelx
continus

contlnue

=141

19(11.0q.jdIm+1) go to 900
do 800 j=il,jdim

de | x=de | xx

1£(j.eq.jdim) delx=,5edelxx
xxx=float(j—i)edelxx
bb=bb+xir(j)ee1(xxx)edelx
continue

continue

yy=1.0

1f(1.0q.1) yy=.5
if(1.eq.]dIm) yy=.5

eps=, Sedelxx

l!=sgaoxir(l)0(1.—cxp(—eps)+epsoe;(eps))-yy

x11(1)=(oo+bb)esgse.S5+at+xtermi(j
continue

1ac=0

do 1100 i=1.jdim
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1100

1200

1500

if{obs({xit{i)—xir(i))/xir(i)).ge..00001) lcc=1
xir(i)=xil(i)

continue

if(lcc.eq.1) go to 500

do 1200 i=1,jdIm
xil1(1)mxir(jdim+1-7)
continue

xleak=0.

do 1300 I=1 jdim

detx=delxx

if(i.0q.1) delx=_Sedelxx
1f(i.2q.jdim) deix=.5ede|xx
xx=flogt{i—=1)edelxx~b
xlegkmegfue(1.—alexxexx)e(x11(i)+xIr(1))edeix+xleak
continue
ksff=(xprod-xleak)/xabs
wrlte(5,1500) b.bbb.keff
ifékeff.lt.1.o) b=b+bbb
if{keff.1¢.1.0) jjm1
if(keff.gt.1.0) bmb~bbb
1{keff.gt.1.0) kkmi
16{jj+kk.1t.2) go to 100
format{1x,3£20.10)

call ex1t(2)

ond

subroutine flux

external expl

common b3,rn,b,re.mxeval, a0l

b2=beb

b3=b2eb

bd=bJeb

bS=h4eb

ttim, 4ebS

tt4adt /3.0b3

tt6=2.eb

rn=3.
e32b=quad(expi..0000000000001,1.,re.mxeval ,kount)
rnm4,
e#42b=quad{axpl..0000000000001,1. .re,mxeval ,kount)
=S5,
e52b=quod(exp!,.0000000000001,1. re, mxeval, kount)
rn=6.
#62b=quad(exp! . .0000000000001,1. . re mxeval ,kount)
rn=7.

#72b=quad{expl, .0000000000001.1, ,re.mxaval, kount)
bb1=,8eb5—b4+8./8.0b3~4./3.4+2.eb4ee32b+8.0b3ee42b
1418 .eb2e852b+18.ebena62b+8.0872b
bbé=—8./3.0b3+2,.0b2~8./3.0b+2_~4.0b2ee32b—B.0ebee42b-8.0852b
bbBm=4 ., eb~1.+2.0e32b

ocimttiebba-~bblett4

cc2m2.ett1ebb6-2.ebb1ett6

cc3mt t4ebbb-bb4éet t6

det=3qrt(cc2ecc2-4.ecc1ecc3)
o11-§dc!—cc2)/(2.occ1)

012m{~det~cc2)/(2.0cc1)

fixckml, /b2

01==500.

1f{a11.gt.fixck) o01=g12

1f(012.gt.fIxck) a1=a11

1f(a11.1t.0.0) a1=012

1f(012.1t.0.0) o1=011

T¢(a1.gt.fixck) call axit(2)



if(01.1t.0.0) col exit(2)
vp=2.e((tt1ealeal+tteeal+tt6)/(bblealeal+bbésal+bb6))
bott=bbleo1egl+bbéeqg1+bbb
x2ndder-2.0!!1/bo!{-2.'(2.0bb1001+bb4)0(2.0!!1001+!!4)
1/bottee2 .2 ebbile(tt1eglegi+tt4eal+tt6)/bottes2.
142.e(2_ebb1eg1+bb4)e(2 ebblegi+bba)e(tt1egleal+tt4eal
14+tt5)/bottee3,

If(x2ndder.1t.0.0) call exit(2)

1f(x2nddsr.eq.0.0) call axit(2)

return

end

function expi(u)

common b3.rn,b.re.mxeval,al
oxpimuee(rn—2.)eexp(-2.eb/u)
return

end
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100

g8 &

700

900

1000

program tv4sb3(kout.tty,tapeS=kout, topebmtty)
dimension xterm1(5000)
dimension xir 5000;
dimension xil(5000

real keff

common b3.bS,rn,b,re,mxeval.ol,02
call xsatf(0)

}d1m=500

bbb=,0001

b=.5120

cx1.8

agt=1.0

0gs=.4

sgo=sgt-sgs

sgfu=cesgt-sgs

kk=0 .

j=0

mxeval=g50

re=, 000000001

continue

call flux
collm2,e(b~g1eb3/3.—a2¢b5/5.)
xprodmgsgfuecol |
xgbs=sgaoecol
delxx=2_eb/float(Jdim=1)

do 400 I=1,jdim
lfsl.lq.jdim; xtarm1(1)=.5
1¢(1.eq.jdim) go to 350
xx=flogt(1-1)edelxx-b
xterm1(1)=.5e(exp(~(b—xx))~(b-xx)ee1{b-xx))
continuse

xlr(l)=xterm1(i)

continye

continue

do 1000 i=1,jdim

ag=0.

bb=0,

Tymi=1

if(iu.eq.0) go to 700

do 600 Jm1,lu

delxmdelxx

1f().eq.1) de!x=_Sede!xx
xxx=float(1—])edelxx
go=go+x1r(])eel(xxx)edelx
continus

continue

=141

1f(11.0q.jdIm+1) go to 800
do 800 j=11.jdIm

de | x=del xx

1€(j.eq.jdim) delxm=.Sedelxx
xxx=float(j—i)edelxx
bbmbb+xir(j)eel(xxx)edelx
continue

continue

yy=1.0

1£(1.eq.1) yy=.5
1£(1.eq.)dim) yy=.5

eps=, Sedelxx
st=sgsexir(l)e{1.~exp(—eps)+epseei(eps))eyy
x11{7)=(0g+bb)esgse S+st+xterm1(i)
continue

1ce=0

do 1100 i=1,jdim




Tf(abs{(xi1{i)=xir(i))/xir{i)).ge..00001) 1cc=1
xir(i)=xii(i)
1100 continue
if(lcc.eq.1) go to 500
do 1200 i=1, jdim
x 11T )mxir(jdim+1-7)
1200 continue
x1eak=0.
do 1300 1=1,]dim
delx=delxx
if(1.0g.1) delx=.Sedelxx
1f{1.eq.}dim) delx=, 5edelxx
xx=float{i-1)edelxx~b
xlegk=sgfue(1.—glexxexx—g2exxexxexxexx)e(xil{(i)+xir(i))
ledeix+xleak
1300 contlaue
koff-éxprod-xlcok)/xobs
write(5,1500) b.bbb,keff
if(keff.1t.1.0) b=b+bbb
if{keff.1t.1.0) jjm1
if(keff.gt.1.0) b=sb-bbb
1t{keff.gt.1.0) kkmi
11{]j+kk.1t.2) go ta 100
1500 format(1x,3f20.10)
call exlt(2)
end

subroutine flux

external expi

gomman b3,b5,rn.b, re,mxeval 01,02

bZ=beb

bd=~b2eb

b4=b3eb

bS=b4eb

bE=bSet

b7=b6et

b8=b7eb

bg=bB8eb

tti= 4eb5

tt2=2,/9.9b9

tt3=4,/7.eb7

ti4=—a_/3_eb3

tt5s-_BebS

tt6=2.eb

m=3,
032b=quad(expi..0000000000001,1.,re, mxeval skount)
rn=4.
e42b=quad(exp!..0000000000001,1.,re.mxeval .kount)
ra=5.
eS2b=quod(expi..0000000000001,1..re, mxeval ,kount)
rn=8.
#62b=quad(expi,.0000000000001,1. ,re mxeval kount)
ro=7,

#72b=gquad(expi, .0000000000001,1.,re.mxeval . kount)
ro=8.
e82b=quad(exp i, .0000000000001,1..re,mxeval kount)
ro=g._
892b=quad(exp!,.0000000000001,1.,re mxeval jkount)
rn=10.
6102b=quad(exp!,.0000000000001,1.,re, mxeval kount)
rn=11,
e112b=quad(exp!,.0000000000001 1. .ra.mxeval . kount)
bb1=.8eb5-b4+8./9.eb3~4_/3.42. eb4ee32b+8,.eb3ee42b
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1000

1+16.0b2ee52b+16.sbee62b+8.2872b
bb2=4./9,eb9-bB+16./7.eb7~4.eb6+96./25.eb5~-115.2
142.ebBee32b+16.0b7ee42b+80.ob6e852b+288 . ebS5ee62b+768.ob4ee72b
14+1536.0b30882b+2304.0b2892b+2304.ebes102b+1152.08112b
bb3mB./7.eb7-2.eb6+56./15,eb5—6.0b4+32,/5.0b3~24 .4+4, eb6ee32b
1424 .0bSeed2b+88 . 0b4eaS52b+224.eb30e62b+384. 0b2ee72b+384.
1ebesB82b+192.e892b
bb4>—8./3.eb3+2.eb2-8./3.eb+2,-4.9b2ee32b~8.ehee42b-8,«a82b
bbS>~-8./5.eb5+2.0b4~16./3.eb3+12,.0b2-96./5. ¢b+16.
1-4.9b4e93I2b-16.0b3ee42b—48.0b2e852b~96.ebeab62b-96.0872b
bb6=4.eb—1.4+2.0832b

gi=ttlebb4—bbilettd

c2=tt1ebb3-bblett3

Q3m2.ett1ebb5—-2_ebblett6

gd4=2 . ett1ebb5-2.ebb1ettS

oSm2.ett1ebb2-2.ebblett2

cBmtt3ohb6+tt4ebbS5—bb3e tt6-bb4etts
c7=tt3ebb5+tt4ebb2-bb3ettS—bbae tt2

c8mt t3ebb2-bb3ett2

cOmtt4ebbb6~bb4ettb

c10=mt t3ebb1~bb3e tt1
c11mtt3ebb4+ttSebb1-bb3ett4~tt1ebb5
c12w2.ett2ebb1-2.ebb2ett1
c13mttIebb6+ttSebb4—~bb3et t6~t t4ebbS

¢c14=2, et t2ebb4—2.ebb2et t4

c1S=tt2ebb3~bb2e tt3

c18=2.ett2ebb6-2.ebb2e tt6

017=t t2ebb5~bb2e ttS

c18=ttSebb8-t t6ebb5

02=0.0

012~500.

contlnue

teeti=qg1

test2ma2

ccl=ci+c2e02

cc2=c3+c4202+c500202
ccI=cSHc6e02+c7e02902+cBea02002002

cgcA=c17+c15e01

ccS=c16+c14eg1+c12eg1e01

ccBmc18+c13e014+c11e010a1+c 100g1ea1eal
detalmsqrt{cc2ecc2-4,ecclece3)
011=(detol-cc2)/(2.°ccl)

012=(~deto1~cc2)/(2-ecc1)

fixck1=1,/b2-g2eb2

1f{a11.gt.fixckl) ol=al2

1f(a12.gt.flxck1) ol=a11

1¢{al1.1t.0.0) ol1=012

1£(012.1t.0.0) ol1=011
deto2=sqrt(ccSecc5—4.eccéeccB)
021=(deto2~cc5)/(2.ecc4)

022=(~getao2~cc5)/(2.ecc4)

fixok2=1./b4-a1/b2

1f 021.|t.—o1/$2.0b2 ; 02=g22

1f(022,1t.~01/(2.0b2)) 02mg21

If 021.gt.f|xck2§ 92=022

if(022.gt.fixck2) 02=021
1f{obs{{test1—a1)/01).gt..0000001) go to 1000
If(obs{(test2-02)/02).gt..0000001) go to 1000
1f(a1.gt.flxck1) call exit(2)

1£{c1.1t.0.0) call exit(2)

1f{02.gt.fixck2) call exit(2)

1f(02.1t.~g1/(2.2b2)) call exIt(2)
vptxttieglegi+tt2eg2002+tt3e01e02+tt4e01+tt5002+t 16
vpb=bbleg1ea1+bb2eg2e02+bb3eg1ea2+bb4ea1+bb5ea2+bb6



vpb2=vpbevpb
vpb3=vpb2evpb
vpm2.evpt/vpb
x2npa1i=m2 et t1/vpb—2.e(2.0tt1eg1+tt3e02+tt4)e
1(2.ebb1eg14+bb3e02+bb4)/vpb2—2_ebblevpt/vpb2+2.e
1(2.ebb1eg1+bb3ea2+bb4)e(2. ebb1eal+bb3ea2+bb4)
tevpt/vpb3
x2np012=tt3/vpb—(2.ett1eg1+tt3e02+tt4)e(2_ ebb2eqg2
1+bb3ea1+bb5)/vpb2-bb3evpt/vpb2—(2.ebbleg1+bb3eqg2+bb4)e(
12.0tt2002+tt3001+tt5)/vpb242_e(2.ebb1eg1+bb3e02+bb4)
levpte(2.ebb2e02+bb3eg1+bb5)/vpb3
x2npa22=2.ett2/vpb~2.e(2.ett2002+tt3eq1+tt5)e(2.ebb2ea2
1+bb3001+bb5;/vpb2-2.Obbzovpt/vpb2+2.0(2.obb2oo2
14+bb3ea1+bbS)e (2. ebb2eg2+bb3eg1+bbS)evpt/vpb3
detr=x2npa12ex2npa12~x2npailex2npa22
if(§x2n9022+x2npo11).IQ.0.0) call exit(2)
1£{{x2npa22+x2npa11).eq.0.0) call exit(2)
if detr.gt.o.og call ethgz
if(detr.eq.0.0) call exit(2
return
end

function expi(u)

common b3,bS,rn,b,re mxeval,ql,02
expi=uee(rn-2.)eexp(~2.eb/u)
raturn

end



progrom tvZspi(kout.tty.tapeS=kout.taopeb=tty)
real keff
common rn.bere.mxeval.vp
call xsetf(0)
bbbe_0001
b=].476
c=1.6
kk=0
jj=0
mxaval=950
re=_000000001

100 continue
call flux
keffmsc—vp
write(8,200) b,bbb,keff
1f(keff.1t.0.0) bwb+bbb
if(keff.1¢.0.0) jj=1
if(keff.gt.0.0) b=b-bbb
tf(keff.gt.0.0) kkm1
1f(kk+jj.1t.2) go to 100

200 format(1x,3f20.10)
call exit(2)
end

subroutine flux

externcl expi

common rn,b,re,mxeval ,vp

rneg.
e92b=quad(expi,.0000000000001,1..re,mxeval .kount)
rn=8.
e82b=quad(expl..0000000000001.1. . re mxeval .kount)
rnms7 .
e72b=qucd(expi..0000000000001.1.,re.mxeval, kount)
rnmg,
e62b=quad{expi..0000000000001.1.,re mxeval kount)
ra=5.
lszb-quod(expi..0000000000001.1..rc,mx.vul.kount)
ro=4,

e42b=quad{exp!, .0000000000001,1.,re, mxeval ,kount)
ra=3.

032b=quad{exp1, .0000000000001,1.,re mxeval, kount)
b2=beb

b3=b2eb

b4<=b3eb

bS=b4eb

b6=bSeb

b7=b8eb

bb1x=4_/7 . eb7-b6+8./5.eb5—1,50b4+8.~72.0e82b—-144. ebee82b
1-144_ eb2e872b—8B _eb3esB2b—42_eb4ee52b—12.eb5ee42b~2.ebGes32b
bb4=—8./5.eb5+2.eb4~8./3.eb3+3.0b2~4.+24,.0672b+48.ebee62b+36.
1eb2ee52b+18.eb3e842b+4. eb4ee32b
bbEw4./3.eb3-b2+.5-2.eb2ee32b—4.ebes42b-2,. ee52b
tt1m2./7,eb7

t t4=—_ 8008

tt6=2./3.b3

ccimttiebb4~bi1et t4

cc2m2 . ett1ebbf—~2.ebblettB

cc3=tt4ebbb—bbae tt6

det=eqrt{cc2ecc2—4.ecclocc3)
911=(det-cc2)/(2.ecc)

012=(~det-cc2)/(2.eccl)

fixck=1./b2

912500,
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if(all.gt.fixck) gl=g12

if(a012.gt. fixck) o1ma11

if(011.1t.0.0) o1=g12

if(012.1t.0.0) gl=gl1

If(a1.gt.fixck) call exit(2)

1¢(a1.1t.0.0) coll ex1t(2)
vp=2.e((tt1eolegt+ttéeal+tt6)/(bblealeal+bbsegi+bbs))
bott=bbleglegi1+bb4eg1+bb6
x2ndder=2.ett1/bott—2.e(2.ebblegl+bbs)e(2.ett1e01+tt4)
1/battee2 ~2 ebble(ttilealeal+ttdeal+tt6)/bottee2.
142.0(2.ebbleg1+bb4)e(2. ebbleal+bb4)e(tt1ea1ea1+tt4ea?
1+tt6)/bottee3.

if(x2ndder.1t.0.0) call exIt(2)

If(x2ndder.eq.0.0) coll exit(2)

return

end

function expi(u)

common rn,bere,mxeval,vp
expimuee(rn-2.)eexp(~2.eb/u)
return

end
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program tv4spi(kout,tty.topeS=kout, topeb=tty)

real keff

common rneb,re,mxeval.vp

coll xsetf(0)

bbb=_0001

bm1, 4761

=1.86

kk=0

i]=0

mxeval=950

re=.000000001
100 continue

agll flux

ke ffmo—vp

write(8,200) b.bbb,keff

if(keff.1t.0.0) b=b+bbb

If(keff.1t.0.0) jj=1

if(keff.gt.0.0) bmb-bbb
ifékcff.gt.o.o) kiom=1
Tf(kk+}j.1t.2) go to 100
200 formot{1x,3f20.10)

coll ex!t{2)

and

qubroutine flux
external expl
common rn.b,re,mxeval.vp

::;;:;quod(cxpl..0000000000001.1..re.mxevo|.kount)
:ngi;quod(cxpi..0000000000001.1..re.mxevol.koun!)
:::;;;quod(expi..0000000000001.1.,rc,mxcvol.koun!)
rm=10.
2102b=quad(exp!,.0000000000001.1.,re, mxeval, kount)
:g;:;quod(cxpi..0000000000001.1.,rc.mxcvol,koun!)
:g;g;quod(cxp[ , .0000000000001.1. ,re, mxeval ,kount)
:;;Z;quod(expl,.0000000000001,1..re,mxlvol.kount)
::;g;quod(expl,.0000000000001.1..re,mxcvol.kount)
:gzg;quod(lxpi..0000000000001.1..ra,mxcvol.koun!)
rnad,

e42b=quad(expl,.0000000000001,1. . re ., mxeval ,kount)

r .
#32b=quad(expi,.00000C0000001,1. . re, mxeval kount)
b2=beb

83=b2eb

bdm=b3eb

bS=b4eb

b6=b5eb

b7=b6eb

bB=b7 e

b9mb8eb

b10=b9eh

b11=b10eb

b12=b11eb

b13xb12eb
bbi=4,/7.eb7-b6+8./5.0b5~1.5eb4+3,.-72, ¢892b

1=144 ebesB2b-144, eb2ee72b-96.0b30962b~42.0b4ee52b—-12.eb5ee42b
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1000

1~2._eb6e832b

bb2w4./11.eb11-b10+80./27.9b9-15./2.0b8+96./7. b7~
140./3.2b6+2400.-28800.¢¢132b-57600. ebee 122b~
157600.0b22112b-38400.0b3+6102b~19200.b4e832b-7680.¢
1bSeeB82b-2480.eb6ee72b—640.eb7ee62b—-130.ebBee52b-20.

1ebQee42b-2_eb10ee32b

bb3=8./9.ebJ-2.eb8+104./21,.eb7-11,.eb6+96./5.0b5-20.eb4
1+288 .-2880.8112b—5760.ebee102b-5760. eb2e292b-3840.
Teb3ee82b—1800.eb4ee72b~624.eb5e062b~164. eb6es52b

1-32.eb7e942b—4.ebBes32b

bb4=—8_/5.eb5+2 _eb4~B./3.eb3+3. eb2—-4.+24_ea72b

1448 .0bee62b+36.0b2ee52b+16.eb3ee42b+4.ob4ee32b
bb5=~8./7.0b7+2.eb6—~16./3.eb5+15.0b4~32.eb3+40.eb2
1-60.4480.0892b+960.ebee82b+720.eb2ee72b+320.eb3eeb62b

14+100.eb4ee52b+24.ebSee42b+4.eb6ee32b

bbB=4,/3.eb3~b2+.5-2.e852b—-4.ebes42b~2.eb2ee32b

tt1m2./7.eb7

tt2=2./11.0b11

tt3=4./9. eb9

tt4m—_ 8ebS

LS4, /7. 0b7

ttBm=m2,/3,.0b3

Ci=mttiebbd4—bbilett4
c2=mtt1ebb3~bblett3

e3m2 . ett1ebb6~2 . ebblettB

cde2 . ett1ebbS~2,.ebbl1ettS

0502, ett1ebb2-2_ebblett2
gButt3ebb6+tt4ebbS5~bb3ett6~bb4ettsS
c7xett3ebb5S+tt4ebb2~bb3et t5—bb4ett2
c8=tt3ebb2-bb3e tt2

a9=t t4ebb6~bbéet ts
c10=tt3ebb1-bb3ett1

Q11mt t3ebb4+ttSebb1-bb3ett4-tt1ebbS
012m2 ,ett2ebb1-2.ebb2e tt1
c13=tt3ebbb4ttSebb4—bbIettB~t t4ebb5
cl4m2.0tt2epbd-2.ebb2et t4
c16=tt2ebb3~bb2e tt3

c18=2 . 0tt2ebb6~2.ebb2et t6
c17=tt2ebbS5—bb2e t t5
c18=ttSebb6~-tt6ebbS

02=0.0

91=500.

continuse

teati=a1

teet2=o2

ac1=¢1+c2e02
ce2=c34c4e02+cBe02002
ac3=c9+c6ea2+c7e02002+cB002002002
004=c17+c15¢01
aeS=c18+c14ea1+c12e01e01
oclec18+c13e01+c11eg1ea14+c100g1eg1enl
detoleagrt{ccZecc2—4.eccloccl)
011=(detol1-cc2)/(2.ecc1)
012=(~detogl=cc2)/(2.0cc1)
fixgcki=1,./b2—g2eb2

if o11.gt.f|xck1§ 0l1=g12
1f(012.gt.fixck1) ol=mo11
12(c11.1t.0.0) 01mg12
1¢(012.1t.0.0) aleg11
deto2=eqrt(ccS5ecc5—4.ecc4ecch)
021=(deto2-cc5)/(2.ecc4)
a22=(-detaZ~cc5)/(2.ecc4d)
fixck2=1./b4—01/b2
1f{021.1t.—01/(2.0b2)) 02=022
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(022.1t.-01/(2.°b2)) 02=021

ozl.gt.flxckzg 02mg22

022.9t.flxck2) 02=021
obsﬁ?tcst1—o1)/o1).qt..0000001) go to 1000
$°b’ test2-02)/02).gt..0000001) go to 1000
al.gt.fixck!) call exIt(2)

If§o1.|t.o.o) cal! exlt(2)

1f
if
if
if
If
if

1f{02.gt.fixck2) call exit(2)

1f{02.1t.~01/(2.0b2)) call axit(2)
vpt=tt1401e01+tt2e02002+tt3eg1002+t t4e01+tt5002+t t6
vpb=bbleglegi+bb2e02e02+bb3eg1eg2+bb4ea1+bbSea2+bb6
vpb2=vpbevpb

vpb3=vpb2evpb

vp=2.evpt/vpb
x2npolim2.ett1/vpb—2.e(2.0tt1ea1+tt3ea2+tt4)e
1(2.ebb1ea1+bb3ea2+bb4)/vpb2-2.ebblevpt/vpb2+2. e
1(2.ebb1ea1+bb3e02+bb4) e (2. ebb1aa1+bb3ea2+bb4)
Tevpt/vpb3d

x2npa12=t t3/vpb—(2.ett1e01+tt3e02+tt4)e(2.ebb2e02
1+bb3ea1+bbS)/vpb2-bb3evpt/vpb2—(2.ebb1eg1+bb3ea2+bb4)e(
12.0tt2e02+tt3ea1+tt5)/vpb2+2. e{2.ebb1eg1+bbIeaz+bb4)
l1evpte(2.ebb2eg2+bb3ea1+bbS)/vpb3
x2npa22m2.ett2/vpb=2.0(2.0tt2e02+tt3eg1+tt5)e(2.0bb2e02
1+bb3001+bb5g/vpb2—2.0bb2ovn!/vpb2+2.0(2.0bb2oo2
1+bb3eg1+bb5)e(2.ebb2e02+bb3ea1+bbS)evpt/vpb3
detr=x2npo12ex2npal2—x2npallex2npa22
lf((xznp022+x2noo11;.lQ.O.O) call exit{2)
1£((x2npa22+x2npa11).84.0.0) call exlt(2)

1f dotr.gt.o.og call lxlt(2;

if(detr.aq.0.0) coll exIt(2

return

end

function expi(u)

common rn.b,re,mxeval.vp
expimyee(rn-2.)eexp(-2.eb/u)
return

end
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100

200

program tv2sp2(kout,tty,tapeS=kout.tapebmtty)
real keff

common /one/ rn,b,re ,mxeval.al

common /two/ b2,b3,b4,b5,842b.e52b,e62b,e72b
call xsetf{0)

bbbm=_0001

b=1,478

e=1.86

Kk=0

jj=0

mxeval=850

res=.000000001

oontlnue

aall flux

ool [=b3/3.-a1eb5/5.

xprodececol |

xx]1m . 250(b2—.5—bee42b-2.ee52b+(1.+b)eexp(~2.eb))
1~.25egle(b4—4./3.0b3+1.56b2-2.~b3e842b—6._ob2ee52b—18.ebee52b
1-24.0872b+exp{~2.ob)e{b3+3.eb2+6.0b+6.))
xlookmcexx||

ke ft=xprod/{col 1+xlegk)

wrlte(6,200) b,xleak, keff

1#{keff.1t.1.0) bmb+bbb

If(keff.1t.1.0) jj=1

if(keff.gt.1.0) b=b=bbb

Tf(keff.gt.1.0) kk=1

If(kk+jj.1t.2) go to 100

format(1x,3f20.10)

gall exlt(2)

end

subroutine flux

external expi

common /one/ rn,b,re.mxeval,al

common /twa/ b2.53,b4.b5,e42b,e52b.e62b,e72b
rnwmg,

w82b=quad{exp!, .0000000000001,1.,re, mxeval ,kount)
rn=8,

#82bmquad(expl, .0000000000001,1.,re,mxeval ,kount)
rn=7,

e72b=quad{exp!, .0000600000001,1. ,re,mxeval .kount)
rn=8.

e82b=quad{expi, .0000000000001. 1. ,re mxeval ,kount)
ra=S

e582b=quad(exp !, .0000000000001,1. . re.mxeval, kount)

roc4,

e42b=quad(exp!,.0000000000001.1. .re mxeval jkount)

ro=3.

e32b=quad(exp!,.0000000000001,1.,re,nxeval,kount)

b2e=heb

b3mb2eb

bamb 3eb

bSm=b4eb

bE=bSeb

b7=b&eb

bbim4, /7. eb7-b6+8./5.0b5~1.50b4+3.~72 . ee92b—144 ebeeB2h
1=144 .eb2e872b~96.eb3ee62b—~42. eb4ee52b—12, eb5ee42b-2.eb6ee32b
bb4e8./5_ob5+2.0b4~8./3. eb3+3.0b2-4.4+24,.0e72b+48.ebee62b+36.
10b20052b+18.eb3eg42b+4 . eb4es32d

bbBx4./3.eb3~b2+.5~2. eb2ee32b—4.ebee42b~2.0e52b

tt1=2./7.eb7

t tdm—_BobS

tt8=2./3. 003
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ccimttiebb4~bblett4

cc2m2,.ett1ebb6-2.ebblettf

cc3=tt4ebb6-bb4etth

detmsqrt(cc2ecc2-4.ecclecc3)

o11=(dat-cc2)/(2.ecc1)

012=(~det-cc2)/(2.ecc1)

flxck=1./b2

a1==500.

1f(a11.gt.fixck) g1=g12

1¥(012.gt. fixck) a1=a11

if(a11.1t.0.0) o1=012

1£(012.1t.0.0) at=a1

Tf{o1.gt.fixck) call exit(2)

§f(01.1t.0.0) call exIt(2)
vpu2.e((tt1e01eg1+tt4eal+tt6)/(bblealeai+bbeeal+bbb))
bott=bblealeni+bb4ea1+bbB
x2ndder=2.ott1/bott-2.¢(2.ebb1egi+bb4)e(2.0tt1ea1+tt4)
$/bottee2 2. ebble(tt1egleql+tt4egl+tt6)/bottes2,
192.¢(2.ebblen1+bb4)e(2.ebb1eg1+bb4)e(tt1eat1eal+t t4ea]
14tt6)/botteel.

lffondder.lt.0.0; call exit(2

1f{x2ndder.eq.0.0) call ex!t(2
return
end

function expi(u)

gommon /one/ rn.b,re mxeval.ol
expizuee(rn-2.)eexp(~2.eb/u)
return

end
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progrom tv4sp2(kout.tty.topeS=mkaut,topebmtty)

real keff

gogmon /one/ rn,bere.mxeval,ol,02

coamon /two/ b2.b3,b4,b5,.b6,b7,e42b.e52b,e62b,e72b,e82b, 632b
call xsetf(0)

bbb=, 0001

1,476

c=1.8

kk=0

}i=0

mxeval=850

re=,000000001

continue

call flux

001 1eb3/3.—a1eb5/5.-02eb7/7.

xprod=gcecoll

xx|1m 25¢(b2—.5—bee42b-2,ee52b+(1.4b)eexp(-~2.0b))
1-.25e01e(be—4./3.0b3+1.50b2-2.~b3ee42b—5.eb2ee52b—18. sheeb2b
1=24,0872btexp(~2.eb)e(b3+3.eb2+6.b+6.))~.25002¢(b6~8./3. «b5
147 .5eba—16.0b3+20.0b2—30.~b5«e42b—10.eb4ee52b~60.eb3ee62b
1~240. ¢b2e872b~500.ebee82b~720. e92b+exp(~2.ob)e{b5+5.eb4+20.
1eb3+60.¢02+120.0b+120.))

xleagkmcexxl||

kef fmxprod/(col1+x1eak)

write(5,200) b,xleak, keff

lf(klff.l!.1.0; b=b+bbb

T¢(keff.1t.1.0) jj=1

1¢(keff.gt.1.0) b=b-bbh

If(keff.gt.1.0) kk=1

Tf(kk+)).1t.2) go to 100

format(1x,3f20.10)

gall exit(2)

end

subroytine flux

external expi

common /one/ rn,b,re,mxeval,al,02

comuon /two/ b2,b3,b4.b5,b6,b7,842b,.052b,e52b,0872b,e82b,e32b
ram13.

0132b=quad{expl, .000000000000%,1. ,re,mxeval ,kount)
ro=12,
#122b=xquad(expi,.0000000000001,1.,re.oxeval kount)
ra=11,

#112b=quad(exp!, .0000000000001.1. . re . mxeval kount)
ra=10,

0102b=quad(expl, .0000000000001.1.,re . mxeval .kount)
rn=9.
e82b=quad{exp!,.0000000000001,1.,re,mxeval ,kount)
rne8,
e82b=quad(expi,.0000000000001,1.,re mxeval ,kount)
ra=7,
e72b=gquad(expl..0000000000001, I.,re.mxeval .kount)
ra=s.
#62b=quad(expi,.0000000000001,1.,re,mxeval,kount)
rn=S.

a62bwgquad(expl, .0000000000001,1.,remxeval,kount)
rhend
l42b-quqd(cxpi,.0000000000001,1..re,mxcvol,kount)
rn=3.
032b=quad(exp!,.0000000000001,1.,re.mxeval, kount)
bZebeb

b3=b2eb

béa=b3eb
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bS=b4ied

b6=bSeb

d7=b6eb

b8=b7eb

bS=b8eb

b10=bSeb

b11=b10eb

b12=b11eb

213xb12eb
bb1=4./7,.eb7-b6+8./5.0b5—1.50b4+0.~72.0092b
1-144 . 0bee82b—144 . eb2e972b~96.0b3ee52b~42,0b4e952b-12, ebSee42b
1~-2.eb6e832b
bb2=4./11.eb11-b10480./27.eb9~15./2.eb8+86./7.eb7~
140./3.¢b6+2400.~28800.08132b~57600.ebee122b~
157800,0b2e68112b~38400. ¢b300102b-19200.eb4ee92b-7680. ¢
1050882b-2480.0b60872b—B40.eb7eeB2b—130.obBee52b-20.
1sbfee42b-2,.eb10ee32b
Bb3=8_/9.eb9-2.eb3+104./21.eb7-11,eb6+86./5.eb5-20.0b4
14-288.-2880.08112b~5760.ebee102b—5760. eb2ee92b-3840.
18b3ee82b—-1800.eb4ee72b—624.0b5ee62b—~154.eb6eeS52b
1~32.eb7e842b~4.ebBee32b

bbdes—8./5. eb5+2.0b4~8./3.0b3+3.eb2—4.+24,0672b
1448 .0beeB2b+36.0b2ee52b+16.eb3ee42b+4, eb4ee32b
bbSe=B . /7.0b7+2.0b5~16./3.0b5+15 eb4—32.eb3+40. eb2
1-50.4480,0292b+960 . ebee82b+720.eb2ee72b+320.eb3e862b
14+100.eb4es52b+24.eb5ee42b+4 . eb6ee32b
bbbe=4./3.eb3~b2+.5~2,.0852b~4, ebeg42b-2.0b2032b
tt1=2./7.eb7

tt2=2./11.eb11

ttimdo/9.0b9

tt4m—_ 8ebS

tt5e—sq./7.0b7

tt8=2./3.eb3

gi=ttiebbd4~bblett4

c2=tt1ebb3~bb1ett3

cIm2,0tt1ebb8~2.0bblett6

cd4=2.ett1ebb5—2.ebb1ettS

c5=2.ett1ehb2-2.ebb1ett2
cBmtt3ebb6+tt4ebb5—bb3ett6~bb4sttS

07wt i13ebbS+tt4ebb2—bbIet tS5—bb4ett2
cBmtt3ebb2-bb3ett2

cOmtt4ebb6-~-bb4ae tts

c10=tt3ebb1-bb3ett1
climtt3ebb4+ttSebb1-bb3ett4—tt1ebbS
012=2,ett2ebb1-2.ebb2e tt1
613=tt3ebb6+ttSebb4—bbIett5~tt4ebbS
014=2.ett2ebb4—2.ebb2et t4

015=tt2ebb3~bb2e tt3

c16=2,0tt2ebb6-2,ebb2e t 8

c17=tt2ebbS—bb2e ttS

018wttSebbB-t tSebbS

02=0.0

01=-500.

1000 contlnue

testimal

tee t2=a2

acleci+c2e02

0c2me34c4e02+c5002002
cedmcO+cBeg2+c7002002+cB8002002002

acdne174+c15001

ecS5=c16+c14egl+ci12ealen
ocBmc18+c13ea14+c11eg1eg1+c10ealegleal
detoli=eqrt(cc2ecc2—4.eccleccd)
o11=(detal~cc2)/(2.9cc1)
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012=(-deta1—cc2)/(2.ecc1)

fixckim]./b2-g2eb2

if(a11.gt.fixckl) o1mg12

i£(012.gt.fixck1) al=a11

1¢{011.1t.0.0) o1=gi12

1£(012.1t.0.0) ol=mo11

deto2=sgqrt(ccSecc5—4.ecc4eccB)
021=(deto2-cc5)/(2.0cc4)

022=(-data2~cc§)/(2.9cc4)

fixck2=1./b4—a1/b2

1f o21.|t.—o1/§2.002;; 02=022

1€(022.1t.—a1/(2.eb2)) 02=021

T¢(021.gt.fIxck2) 02=022

1¢(022.gt.flxck2) o02=g21

if obus test1-01)/a1).gt,.0000001) go to 1000
1f{obs((test2—02)/02).gt..0000001) go to 1000
If(a1.gt.fixck1) call exit(2)

if(01.1t.0.0) coll exit(2)

if{o2.gt.fixck2) coll exit(2)

1f{a2.1t.—c1/(2.°b2)) call exit(2)
vptmttieglegi+tt2e02e02+tt3Isalea2+tt4ea1+ttSea2+t t6
vpb=bbiegleg1+bb2eg2eg2+bbleg1e02+bb4eg1+bbSea2+bb6
vpb2=vpbevpb

vpb3=vpb2evpb

vp=2,.evpt/vpb

x2npg11=2. ett1/vpb—2.e(2.ett10014+tt3ea2+tt4)e
1(2.ebb1eg1+bb3ea2+bb4)/vpb2-2._ebblevpt/vph2+2. e
1(2.vbb1eg1+bb3eg2+bb4}e(2.ebblegi+bb3ea2+bb4)
levpt/vpb3
x2npa12=tt3/vpb—{2.ett 1001+t t3002+tt4)e(2.ebb2ea2
1+bb3ea 14+bb5)/vpb2-bb3evpt/vpb2—(2.ebb1ea1+bb3ea2+bb4)e(
12.ett2002+tt3e01+tt5)/vpb242.e(2.ebb1eal+bb3ea2+bb4)
levpte(2.ebb2eg2+bb3ea14+bbS)/vpb3 ,
x2npa22m2. et t2/vpb—2_e(2.ott2e02+tt3eq1+tt5)e(2. ebb2e02
1+bh3001+bbsg/vpb2—2.Obbzovpt/vpb2+2.0(2.0bo2oo2
14+db3e01+bb5)e (2. ebb2eag2+bb3eg1+bb5)evpt/vpb3
detr=x2npol12ex2npal12-x2npailex2npa22
lf((x2npo22+x2npo11;.|!.0.0) call exit 2;

lfé(x2npo22+x2npo11 .8G.0.0) call exit(2
if(detr.gt.0.0) call ex1t(2)
1f(detr.eq.0.0) call exl1t(2)

return

and

function expl(u)

common /one/ rn,b,re.mxeval,ol,02
expl=uee(rn=2.)eexp(~2.eb/u)
return

ond
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262

100

200

program tdtsp2(kout.tty.topeS=kout.topeb=tty)
external fleagk

real keff

common xpi,b,re,mxeval,bex

call xsetf(0)

bbb=.00001

b=1,4948

e=1.80

k=0

Ji=0

xpl=3.1415026535898

oxevaol1=950

rex. 000000001

continue

bex=mb+, 4455

gol l=bex/xpie({bex/xpiesin(xpi/bexeb)-becos(xpi/bexeb))
xprod=cecol |

xy 1=b~_0000000000001
x[eok-.zsocoquod(f[eok.0.0.qu.rc.mxevol.koun!)
keff=xprod/{coll+x1eak)

vrl!c(8.200) b,bbbokeff

1f(keff.1t.1.) bmb+bbb

[ffkcff.l!.1.) j=

1t{keff.gt.1.) bmb~bbb

1f{keff.gt.1.) kim

1£())J+kk.1t.2) go to 100

format{1x,3f20.10)

call exIt(2)

end

function fleak(r)

common xpil.b.re,mxeval,bex
fleak=ein(xpi/bexar)e((beb=rer)e(e1(b+r)=e1(b~r))+(b+r+1)
1eexp(—(b—r))—(b—r+1)eexp(~(b+r)))

return

end



100

350

400
500

550

800
900

program tv2sp3(kout,tty.topeS=kout,topeb=tty)
dimension xterm1{5000)
dimension rxi{5000)

dimension test(5000)

raal keff

common b3,b5.rn,b,re.mxeval 01
call xgetf(0)

JdIm=1001

bbb=.0001

b=1.4768

c=1.8

egt=1.0

8gs=. 4

sga=sgt-sgs

egfumcesgt-sgs

k=0

Jj=0

mxevao =950

re=_000000001

continue

call flux

col1mb3/3.~01eb5/5.
xprodmegfuecol!

xgbswagaecol |

delrrs2 eb/float(]dIim=1)
kdIm=(jdim+1)/2

Tuxi=kdm—1

do 400 I=kdim. jdim
1f(1e8g.jdim) xtermi1(i)=_25¢(2.eb+1.-exp(~2.0b))
1f(i.eq.]dIm) go to 350
re=flogt(l-1)edelrr-b
xterm1(1)=.25¢((beb~rrerr)e(e1(b+rr)—el(b—rr))+(b+rr+i1.)e
1exp(=(b=rr))=(b=rr+1.)eexp(—(b+rr))}
continue

rxi(i)=xterm1(i)

continue

continue

do 550 i=1,juxl
rxi(i)=—rxi(jdimt1-i)

contlinue

do 1000 l=kdim,}dIm

co=0,

bb=0.

Tu=l-1

do 800 J=1,lu

delr=dalrr

1f(j.0q.1) delr=.5edelrr
rrx=f|ootéi—])0de|rr
ag=ga+rxl{j)ee1(rrx)edelr
gontinue

Tlmf41

1¢{i1.eq.jdim+1) go to 900

do 800 j=i1,}jdim

delrmdelrr

if(j.eq.jdim) delr=_ Sedelrr
rrx-floot%}—l)‘delrr
bbebbsrxi(j)es1(rrx)edeir
contlinue

continue

Yy=1.0

19(7.8q.)dInm) yy=.5
epa=.Sedelrr
etasgeerx](1)e(1.~axp(-aps)+apseal(eps))eyy
test{!)=(oo+bb)esgse S+st+xtarmi(1)
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1100

1300

continue

1cc=0

rxi{kdim)=0.0

kkd i mekd i m+1

do 1100 imkkdim, jdim
1¢(aba((test{i)-rxi(i))/rxi(i)).ge..00001) Icc=1
rxi(1)=teat(i)

continue

If(1cc.aq.1) go to 500
x1e0k=0.

do 1300 I=kdim, jdim
dslr=delrr

if(l.cq.jdim; delr=_ Sedelrr
rr=mfloat{i—1)edelirr-b
xlegkmsgfue(l.~alerrerr)erxi(i)erredelr+xieak
continue

kef f=(xprod—x1ieak)/xabs
wrlte(B,1500) b.bbb.keff
if{keff.1t.1.0) b=b+bbb
1t{keff.1t.1.0) jjmi
Tf(keff.gt.1.0) b=b-bbb
1¢(keff.gt.1.0) kkmi
1¢{)j+kk.1t.2) go to 100

format{1x,3¢20.10)
oall exIt(2)
end

subroutine flux

external expl

cogmon b3,bS.rn.b,re.mxeval. .ol

rnwgd.
#82b=quad(expi,.0000000000001,1.,re,mxeval ;kount)
ra=8.

e82b=quad(expi, .0000000000001,1.,re,mxeval, kount)
rn=7.
l72b-quod(cxpi..0000000000001.1..rc.mxcvol.kount)
rn=8.

e62b=quad(expi, .0000000000001.1. .,re,mxeval kount)
rn=S.
e52b=quad{exp!,.0000000000001 1.,re ,mxeval kount)
rne=4

942b=quad(expl..0000000000001,1.,re.mxeval kount)

rn=J.

032b=quad(exp!, .0000000000001.1.,re mxeve! kount)
b2=beb

b3cb2eb

b4=b3eb

bS=b4eb

bB=b5Seb

b7=b8eb

bbimd./7.eb7-b8+8./5.eb5~1 .5eb4+8.-72.0892b-144.0bee82b
1=144_eb2e872b~86,eb3ee52b-42,.sb4ee52b-12,ebSee42b~2. eb6ee32b
bb4e—B8./5.0b5+2.0b4—8,/3.0b3+3.0b2—4.424 . 0672b+48.ebesb62b+36.
10b2ee52b+15.eb30e42b+4.eb4ea32b
bbb6=4./3.eb3=b2+.5~2.eb2ee32b—4.ebee42b~-2.0852b
tt1m2./7. .07

t t4e BebS

tt6m2./3.0b3

oci=ttlebb4—bblett4

cc2=2,ett1ebbB-2.ebblett8

ac3=tt4ebbb~bbéetts

det=agrt(cc2ecc2—4.ecclece3)

a11=(det-ca2)/(2.ecc1)



012=(~det-cc2)/(2.ecc1)

flxck=1,/b2
0 1=-500.

if(o11.gt.flxck) g1=g12

1¢(a12.gt. fixck) al=gll

1£(a11.1t.0.0) o1=012

11(012.1t.0.0) ol1=q11

lf§o1.gt.flxck) call exit(2)

1£{01.1t.0.0) call ex!t(2)
vp=2.e((tt1ealeal+tt4eal+tt6)/(bblealegl+bbseal+bts))
bott=bbleglegl+bb4ea1+bb6
x2ndder=2.ett1/bott~2.e(2.ebbleg1+bb4de(2. ett1ea1+tt4)
1/bottee2.-2 ebble(tt1ealegl+tt4ea1+tt6)/bottes2.
142.¢(2,ebb1eg1+bb4)e(2.ebbleal+bbd)e(tt1ealeal+tt4eq
1+tt6)/bottes3.

If(x2ndder.1t.0.0) coll exit(2)

If(x2ndder.eq.0.0) call exit(2)

return

end

function expi(u)

common b3,bS5.rn,b,re.,mxeval,of
explmuve(rn-2, )eexp(~2.eb/u)
return

end
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100

&3

800

800
900

progrom tv4sp3(kout.tty.topeS=kout.tapeb=tty)
dimension xterm1(5000)

dimension rxi{5000)

dimension test(5000)

real keff

common b3,b5,b7,rn,b,re,mxeval ,01,02
call xsetf(0)

Jdlm=1001

bbp=.0001

b=1.4759

¢=1.6

sgt=1.0

ege=_4

sgo=sgt-sgs

egfu=cesgt—sgs

kk=0 .

1j=0

mxeva =950

re=,000000001

continue

call flux

col lmb3/3.~01eb5/5.-02eb7/7.
xprodmggfuecoll

xgbs=sgagecol
delrr=2.eb/float(jdIim=1)
xdim=(Jdim+1)/2

Tuxi=kd a1

do 400 I=kdim,jdim

1f(1.0q.jdim) xtermi(i}=.25¢(2.eb+1.-exp{-2.eb))
1f(1.eq.]dIm) go to 350
rr=flogt(l=1)edelrr-b
xterm1(i)=.25¢((beb—=rrerr)e(et(btrr)—el(b=rr))+{b+rr+i.)e
1exp(~(b=rr))—(b-rr+1.)eexp(~(b+rr))
continue

rxi(i)=xtermi(i)

continue

continue

do $30 i=m1,juxl
rxi(1)=rxi{jdim+1~i)

continua

do 1000 lmkdIm, Jdim

0020.

bb=0.

Tu=l=-1y

do 800 J=1,lu

delr=delrr

1f(j.eq.1) delr=.5edelrr
rrx=float(l-j)edelrr
9g=ag+rxI(j)ee1(rrx)edelr

continue

i1=l41

1f(il.eq.jdim+1) go to 900

do 80O j=iil,jdIm

delredelrr

1f(j.eq.jdim) delr=.Sedelrr
rrx=floot{j~i)edelrr
bbmbb+rxi1(])ee1(rrx)edeir

continue

continue

yy=1.0

1f(l.eq.}dim) yy=.5

epew_ Sedeirr
et=sgeerxi(1)e(1.—axp(-spe)+epsesi(eps))eyy
teat(1)=(oo+hb)eagee . S+st+xtarmi(i)



1000

1100

1300

1500

continue

lcc=Q

rxi(kdim)=0.0

kkdim=kdim+1

do 1100 imkkdIm. jdim
1f(abs((test(i)-rx1(i))/rx1(i)).ge..00001) lccm=1
rxi(f)=test(i)

continue

if(lcc.eq.1) go to 500

x100k=0.

do 1300 i=kdim, jdIm

delr=delirr

ff(i.eq.}dIm) delr=.5edeirr
rr=flogt(1—1)edelrr—b
xleakmggfue(1.~0lerrerr—ag2errerrerrerr)erxi(i)

1erredelr+xleok

continue
keff=(xprod—xleak)/xabs
write(5,1500) b,bbb, keff
jf{keff.1t.1.0) b=b+bbb
If(keff.1¢t.1.0) jj=1
1f{keff.gt.1.0) bwb—bbb
1f{keff.gt.1.0% kkm1
1¢(j)+kk.1t.2) go to 100
format{1x,3£20.10)

call axlt(2)

end

subroutine flux

external expl

common b3,b5.b7,rn.b.re,mxeval.a0l,02

rn=13.

0132b=quad(expi, .0000000000001,1.,re,mxeval, kount)
rn=12.
e122b=quad(expl,.0000000000001.1.,re, mxeval kount)
roell,
¢112b=quad(expl..0000000000001,1. ,re,mxeval, kount}
rn=10.
0102b=gquad(exp! . .0000000000001,1.,re . mxeval kount)
rn=g,

092b=quad(exp!, .0000000000001,1. ,re ,mxeval kount)
rn=8.
e82b==quad(exp!,.0000000000001,1.,re,mxeval ,kount)
rn=7.
#72b=quad(exp!,.0000000000001,1. . re,mxeval, kount)
rn=6.
#62b=quad{exp!,.0000000000001,1.,re,mxaval .kount)
r

l52b;quod(cxpi,.0000000000001.1.,rc.mxevol,kount)

r .
842b=quad(expi..00000000000G1,1.,re mxeval ,kount)
ra=3,
e32b=quad(expi,.0000000000001,1. .re, , mxeval ,kount)
b2=beb

b3=b2eb

bé4eh3et

bBmb4eb

bB=b5eb

b7«=bBeb

b8=b7eb

b9=bBeb

b10=bSeb

811=b10eb

267




268

b12=b11eb

b13=b12eb

bbled, /7. eb7-b6+8./5.0b5—1.5¢b4+9.-72,.0e92b
1-144 . ebeesB2b~144.eb2ee72b~96. sb3ee62b—42.eb4ee52b—12.ebSac42b
1-2.eb6es32b
bb2=4./11.eb11-b10+80./27.¢b3-15./2.eb8+96./7.eb7~-
140./3.¢b5+2400.-28800.08132b~57600.ebes 122b~—
157800 .9b2¢08112b-38400.¢b3¢0102b—19200.eb4ee92b-7680.¢
1b5e082b~2480. ¢b6ea72b~E40 . eb7¢962b~130.ebBee52b~-20.
1eb9ee42b-2.eb10ee32b

bb3=8./9.eb9-2.ebB8+104./21. eb7-11.eb6+96./5.¢b5-20.eb4
14288 .~-2880.+8112b—5760. sbee 102b-5760.eb2ee32b~-3840.
1eb3e882b~1800.eb4ee72b~624.eb5¢862b-164.ebBee52b
1-32.eb7ee42b—4.0bBes32b
bb4m—8./5.eb542.0b4—8. /3. eb3+3.eb2~4.+24.0872b
1448 .ebee82b+38.0b2e052b+18.eb3ee42b+4. eb4ee32b
bBS5=—8./7.9b7+2.eb6-16./3.e5554+15,eb4~32. eb3+40. eb2
1~80.+480.0682b+360. ebee82b+720.eb2ee72b+320.b3ee62b
1+100.eb4a852b+24.ebSee42b+4.eb6e832b
bbS=4./3.eb3~b2+.5~2.e652b=4. ebeesd2b-2.eb2ee32b
tt1m2,./7.eb7

tt2=2./11.¢b11

tt3=d./9,. b9

ttde—_ BebS

ttSm—4./7. b7

$t6=2./3.¢b3

olmttiebb4—~bblett4

c2=tt1ebb3~bblett3

c3=2.8tt1ebb8-2.ebb1et t8

cdx2 ott1ebb5—2,.ebblettS

cS5=2.0ett1ebb2~2.ebblett2

cBmtt3ebbS+tt4ebbS—bb3e tt6—bb4etts
c7=tt3ebbS+tt4ebb2—bb3ettS5—bb4ett2
cButt3ebb2-bb3ett2

g9=t t4ebb5~bb4et t6

cl0=tt3ebb1-pb3ett1
cli=mtt3sbb4+ttSebb1~bb3ett4~tt1ebbsS
c12m2,ett2ebb1-2,8bb2e tt1
et3mtt3ebbB+ttSebbs—bb3et t6~t t4ebbS

cl4m2 ot t2ebb4~2. ebb2e t t4

c1S=tt2ebb3~bb2ett3

c168=2.ett2ebb6-2,ebb2ett8

c17=tt2ebbS~bb2et t5

c18=ttSebbB8~-tt6ebbS

02=0.0

01500 .

continue

teeti=01

test2ma2

001=m¢ 14c2002

oc2=c3+c4e02+cS5e02002
003=cP+cBe02+c7002002+c800200202

cc4mc17+c15e01

ccS=c164+c140014012001001
ccBmc18+c13001+c110010014+c 10001001001
detolmsqrt(cc2ecc2—4.ecclecc3)
o11=(deta1-cc2)/(2.9cc1)

012=(~detal—cc2)/(2.ecc1)

flackim1,/b2-g2eb2

1f(a11.qt.fixckl) o1=xg12

1f(012.qt. fixck1) gl=g11

1f(011.71t.0.0) o1=ma12

11(012.1t.0.0) ol=a11
deta2=eqrt(ccSecc5—4.ecc4eccB)




021=(dnto2-cc5)/(2.+cc4)

022=(~deta2-cc5)/(2.ecc4)

fixck2=1,/b4—-a1/b2

if(021.1t.-01/(2.eb2)) 02=022
11(022.1t.-a1/(2.b2)) 02=021

1f(021.gt. fixck2) 02=022

1f{022.gt.f1xck2) o2=021
lf(obsg(tlsl1—o1)/o1).gt..0000001) go to 1000
1f(aba({test2-g2)/02).gt..0000001) go to 1000
If{a1.gt.fixck1) coll ex1t(2)

1f(01.18.0.0) coll ex1t{2)

1f(02.gt.fIxck2) cail exit(2)

1£(02.1t.~a1/(2.eb2)) call ex!t(2)
vpt=ttiegleo1+tt2002002+tt3eqg1002+tt4ea1+tt5002+tt6
vpbmbblegl1eg1+bb2e02e02+bb3eg1002+bb4eg1+bbSeq2+bb6
vpb2wvpbevpb

vpb3=mvpb2evpb

vp=2.evpt/vpb

x2npo11m2, ett1/vpb=2.e{2. e tt1eg 1+t tIen2+tt4)e
1(2.0bb1oo1+bb3-o2+bb4§/vpb2-2.Obb10vp!/vpb2+2.o
1(2.ebb1eg1+bb3ea2+bb4)e(2.ebb1sa1+bb3ea2+bb4)
Tevpt/vpbl

x2npa12wmt t3/vpb—(2.ett1ea1+tt3e02+tt4)e (2 ebb2ec2
1+bb3ea1+bb5)/vpb2-bb3evpt/vpb2—(2.ebb1ea1+bb3ea2+bb4d)e(
12,0t t2002+tt3001+tt5)/vpb2+42.e(2.ebb1eg1+bb3ea2+bb4)
levpte(2.ebb2ea2+bb3eg1+bb5)/vph3
x2npa22=2_ett2/vpb~2_e(2.ett2e02+tt3e01+tt5)e (2. ebb2eq2
1+bb3ea1+bb5)/vpb2—2_ebb2evpt/vpb2+2.¢(2.ebb2ea2
14+bb3eg1+bb5)e(2.ebb2ea2+bb3eg1+bb5)evpt/vpb3
detr=x2npa12ex2npai12~x2npoiiex2npa22
11{(x2npa224x2npa11).1t.0.0) coll exit(2)
1f((x2np0a22+x2npa11).eq.0.0) catl exit{2)
if(detr.gt 0.0} caoll exit(2)

if(detr.eq.0.0) caoll exit(2)

return

end

function expi{u)

common b3,b5,b7.rn,b,re,mxeval,01,.02
explmuee(rn-2.)esxp(~2.eb/u)

return

end
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program tv2cii(kout, tty.topeS=kout, tapeb=tty)
real keff
common b.re,mxeval.vp
call xsetf(0)
bbb=, 0001
b=1.0209
c=1.8
kk=0
J]=0
mxeva =950
re=.000000001

100 contlinue
aall flux
ke f f=c—vp
write(8.200) b,bbb,keff
lf(k-ff.lt.o.o; b=b+bbb
Tf(keff.1t.0.0) ]j=1
If keff.gt.o.og b=b-bbb
Tf{keff.gt.0.0) kk=1
f{kk+jj.1t.2) go to 100

200 format(1x,3£20.10)
call ex1t(2)
end

subroutine flux

external fbb1

external fbb4

external fbb8

coemon b,re,mxeval.vp

xbb1x=quad( fbb1,.0000000000001,b, ~e, ,mxeval kount)
bb1=10./63.ebee7 . ~xbb1

xbb4=quad( fbb4, .0000000000001,b,re,mxeval .kount)
bb4=—28./45.ebee5.+xbb4
xbbs-quod(fbbs,.0000000000001,b,rc,mxcvol.koun!)
bbf=2./3.ebee3.~2. exbbb

b2=beb

bd=b2eb2

bEeb4eb2

tt1=b6/6.

L tdas Sebs

tt6=b2/2.

ce¢l=ttiebb4—bblett4

ac2=2.ett1ebbB8-2,ebb1ett6

co3=tt4ebb6—bb4etts
det=eqrt(cc2ecc2-4.0cclecc3)
a11=(dat~cc2)/({2.%cc1)

912=(~det-cc2)/(2.ecc1)

fixck=1,/b2

01==500.

1t o11.gt.flxckg a1=g12

1f(012.gt.flxck) 01=011

1£(011.1t.0.0) o1=g12

$f(012.1t.0.0) al=a11

1f(a1.gt.fixck) call exit(2)

1£(01.1t.0.0) call exit(2)
vaw(tt1eglegi+tteegi+tt6)/(bbleglegl+bb4eal+bbb)
bottmbblealeai+bb4ea1+bbB
x2ndder=2.ett1/bott=2.¢(2.ebbleg1+bb4)e(2.0tt1ea1+tt4)
1/bottee2.~2 . ebble(ttieglegi+tt4eg1+tt6)/bottee2,
142,¢(2.ebb1eg14+bb4)e(2.ebb1ea1+bb4)e(tt1ealeal+tt4eal
1+tt6)/bottee3.

1f(x2ndder.1t.0.0) caoll exit(2)
1f(x2ndder.eq.0.0) call exit(2)
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return
end

function fbbi1(r)

common b,re,mxeval,vp
fbbixbeal1(r)ebesk1(r)e(10./9.eree7.+8./9 eree5_)+besk0(r)
1ebeslO(r)e(10./9.0ree7 +4_ /3 eree5. )-besi1(r)ebesko(r)
10(14./79. eree6.48./3.0ree4_)~4./9. oreet, obeskl(r)ebasiO(r)
return

end

function fbb4(r)

common b re,mxeval.vp
fbb4=(28./8.eree5.+8./8.0ree3.)ebasi1(r)ebaski(r)
14(28./9.0ree5.34. /3. 0ree3_)ebeskO(r)ebesiO(r)-
1(32./9.0ree4.48./3 . eree2. )obesii(r)ebesko(r)
1-4./9.eree4 ebeski(r)ebesiO(r)

return

end

function fbb6(r)

common b, re,mxeval,vp

fbbS=ree3 . e(besl1(r)ebesk1(r)+beskO(r)ebes!O{r))~rer
lebeskO(r)ebesii(r)

return

end
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program tv4cii(kout,tty,topeS=kout.taopeb=tty)
real keff
common b,re,mxeval,vp
call xsatf(0)
bbb=, 000001
b=1.020859
c=1.8
Kkk=0
1)=0
mxoval=050
ra=. 000000001
100 continue
call flux
ke f fmc—vp
wrlte(8,200) bebbbokeff
If kcff.l!.o.og b=b+bbb
Tf(keff.1t.0.0) jj=1
if kcff.g!.o.og b=sb-bbb
Tf(keff.gt.0.0) kkm=1
Tf{kk+jj.1t.2) go to 100
200 formot{1x,3f20.10)
call ex1t(2)
end

subroutine flux

external fbb1

external fbb2

external fbbJ

external fbb4

external fbbS

external fbbb

common b,re,mxeval.vp

xbb1=quad( fbb1..0000000000001,b.re,mxeval .kount)
bb1=10./83.ebee7.~xbb1

xbb2=quad( fbb2, .0000000000001,b.re.mxeval .kount)
bb2=178./2475.ebee11 ,~xbb2

xbbJ=quad( fbb3, .0000000000001,b.re, mxeval ,kount)
bb3=428./2025.ebee8.~xbb3

Xbb4=quad( fbb4, .0000000000001 b.re ,mxeval kount)
bbde—28./45 . ebee5 +xbb4

xbb5=quad{ fbb5..0000000000001,b,re,mxeval kount)
B S5==-828./1575, ebee7 .+2, e xbb5

xbb6=quad( fbb6, .0000000000001,b,re,mxeval kount)
bBbB=2./3.ebee3.~2 . exbb8

b2=beb

b4=b2eb2

b6=b4eb2

bB8=b6eb2

b10=b8eb2

tt1=bg/6.

tt2=.1¢b10

tt3=.250b8

ttde . Seb4e

ttSe—1,/3.0b6

tté=b2/2.

¢lmttiebb4~bblett4

C2mtt1ebb3-bbilett3

c3m2.0tt1ebb6~2.ebb1et t6
c4=2.ett1ebb5-2.ebblett5
cS=2.ett1ebb2-2.ebblett2

cBett3ebbb+t t4ebb5—bb3ett5—bb4ettS

a7t t3ebbS+tt4ebb2-bb3et tS5~bb4ett2
o8x=tt3ebb2-bb3ett2
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c9=tt4ebbBb~bb4s tt6
ciO=tt3ebbi-pb3ett1
c11=tt3ebb4+ttSebb1-bb3ett4—-tt1ebb5
c12=2 . ett2ebb1-2.ebb2ett1

c13wt t3ebbB+ttSebb4—bbIet tE~tt4ebb5
Cl4a2 ott2ebbd—2, ebb2ett4
c15=tt2ebb3-bb2ett3
c16<2.ett2ebb6~2.ebb2e tt6
017=tt2ebb5~bb2e t t5

a18=ttSebb&~t t6ebbS

82=0.0

012~500.

contlnue

teotimg1

test2=02

cel=mc[+c2e02
cc2we3+c4002+c5002002
ccImcB4cH5002+c7002002+c8002902002
ccém=c17+515e01
ocS=c184c14001+c12001001
ccB=c18+c13e01+c11egleai+c10ealeaiegl
detoimagrt(cc2ecc2~4, ecclece3)
011=(detol~cc2)/(2.°cc1)
012u(~deto1—cc2)/(2.ecc1)
fixcki=1,/b2-g2eb2
1f{o11.gt.fixckl) a1=g12
lféo12.gt.f|xck1) al=a11
1£{a11.1t.0.0) o1=a12
1f(012.1t.0.0) ol1=a11
deto2megrt(ccSsoc5~4.ecc4eccB)
a21=(deto2—cc5)/(2.ecc4)
022=(~deto2—cc5)/(2.ecc4)
flxck2=1./b4~01/b2

if 021.|t.—o1/$2.0b2)) 02=022
1£{022.1t.—q91/(2.9b2)) 02=021
if(o21.gt.fI1xck2) 02=022

if(022.gt.fIxck2) o02=q21
if obssgtcst1—o1 /a1).gt..0000001) go to 1000
if{oba((test2-02)/02).gt..0000001) go to 1000

1f{a1.gt.fixckl) calt exit(2)
19(01.1t.0.0) coll exIt(2)
lféoz.gt.flxck2) call exit(2)
1f(02.1t.—a1/(2.eb2)) call ex!t(2)
vptuttiealegl+tt2e02e02+tt3e01002+tt4001+t 5002+ L6
vpb=bblealeg1+bb2eg2e02+bb3ea1ea2+bb4ea1+bbSe02+bbs
vpb2=vpbevpb
vpb3=vpb2evpb
vp=vpt/vpb
x2npa11=2. et t1/vpb~2.0(2.0tt10g1+tt3002+tt4)e
1(2.ebb1ea14+bb3e02+bb4)/vpb2~2.ebblevpt/vpb2+2.e
1(2.ebblea1+bb3ea2+bb4)e(2,ebbleal+bb3ea2+bb4)
Tevpt/vpbd
x2npa12mtt3/vpb—{2.ett1e014+tt3e02+tt4)e(2. obb2e02
14+bb3ea+bb5)/vpb2~bb3evpt/vpb2—(2.ebb1ea1+bb3eg2+bb4)e(
12.0tt2e02+tt3e01+tt5)/vpb2+2.0(2.obb1e01+bb3202+bb4)
levpte(2.ebb2eg2+bb3ea1+bb5)/vpb3
xX2np022e2.0tt2/vpb—2.0(2.0tt2002+tt3eg1+tt5)e (2. ebb2eg2
1+bb3ea1+bb5)/vpb2~2, ebb2evpt/vpb2+2.e(2_ ebb2ea2
14+bb3¢01+bb5)e(2.ebb2eg2+bb3eg1+bb5)evpt/vpb3
detr=x2npo12ex2npa12-x2npallex2npa22
1f $x2npo22+x2npo11).|Q.0.0) call ex1t(2)
1f((x2np022+x2np011).eq-0.0) call axit(2)
If(detr.gt_0.0) call axit(2)
1f(detr.eq.0.0) call exIt(2)

273



274

return
end

function fbbi(r)

common b,re,mxeval,vp
fobi=besi1(ryebesk1(r)e(10./9.0ree7. +8./9.0ree5, )+bosk0(r)
1ebesiO(r)e(10./9.0ree7 .4+4./3.0ree5.)-besl1(r)ebesk0(r)
10(14./9.0ree6_+8./3.0ree4.)—4 /9. ereeb ohaski(r)ebealO(r)
rsturn

end

functlion fbb2(r)

common b,re,mxeval. vp
fbb2=besk1(r)ebesi1(r)e(178./225,.eree11.4+418./225.ereeg.
1412B./25.eree7 )+beskO(r)ebesiO(r)e(178./225. eree11.+184./75.
1eree9.4+320./25.eree7 )—beskO(r)ebesl1(r)e(314./225.
1eree10.4508./75.0ree8.4640./25.eree6.)~besk1(r)ebesiO(r)e
1(136./225.0re010.464./25.eree8.)

return

end

function fbb3(r)

common b,re,mxeval,vp
fbb3=beek1(r)ebeel1(r)e(428./225 . eree9.+616./225,0ree7,

14384 ./75.0eree5 )+besiO(r)ebeekO(r)e(428_/225.eree3.+284,/75.
1eree7.+320./25.0rse5.)~beskO(r)ebesi1(r)e(664./225.eree8. .+
12424./225 _eree6.4640./25.0r0e4, )~besiO(r)ebeski(r)e(236./225.
leree8.+64./25.0re06.)

return

end

function fbb4(r)

common b,re . mxeval,vp
fbb4a(28./9.9ree5.4+8./9.eres3 )ebesi1(r)ebaski(r)
14(28./9.0ree5.44./3.0ree3.)ebesk0(r)ebesiO(r)-
1(32./9.0r004.48./3. 01002 )ebesi1(r)ebesko(r)
1~4./9.eree4 ebeski(r)epeslO(r)

return

end

functlion fbbS{r)

oommon b,re.mxeval. vp
fbbS=beel1(r)ebesk1{r)e(314./225.eree7.+208./225.eree5. +384.
1/150.eree3. )+beskO(r)ebeelO(r)e(314./225 . eree7.492./75.
1or005.+32./5.or003.)-besk0(r;obesi1 r;0(352./225.0r005.
14304./75.ereed +84./5.eree2. )~besiO{r)ebeski1(r)e(88./225.
1eree8.+32./25.9r0e4.)

return

end

functlon fbb6(r)

common b,re,mxeval,vp

fbb6mree3. e(besl1(r)ebesk1(r)+beskO(r)ebesiO(r))-rer
1ebaskO(r)ebesii(r)

return

end




100

200

progrom !v2c|2(kout.!!y.topes-kou!.topes-!ty)

external flegk

real keff

cogmon b,re.mxeval.al
call xsetf(0)
bbb=_000001
b=1,020884

c=[,.80

kk=0

})=0

mxeva =250

re=. 000000001

xp |=3.1415826535898
contlinue

call flux

00! 1m2. expie(.5ebeb—.25¢010b0e4,)
xprog=cecol |

xlegk=2 ecexpiebequad(fleak,1.0.100000.,re.mxeval.kount)

ke ff=xprod/{coll+xleak)
write(6.200) b.bbb.keff
Tf(keff.1t.1.0) b=b+bbb
1? kcff.lt.1.0; ji=
1f(keff.gt.1.0) bmb—bbb
1f(keff.gt.1.0) kkmi
1f(kk+)j.1t.2) go to 100
format{1x,3f20.10)

oall exIt(2)

end

eubroutine flux
external fbb1
external fbb4
external fbb8

common b,re,mxeval,al

xbb1-quod(fbb1..0000000000001,b.rc.mxevol.koun!)

bb1=10./53.ebee7 ~xbb1

xbb4aquad({fbb4, .0000000000001,b.re,mxeval, kount)

bb4e—28./45.ebee5.+xbb4

xbbS-quod(fbbS,.0000000000001,b,re.mxevo1,kount)

bb6m2./3.ebee3 . ~2 . exbb6
b2=beb

hd=b2eb2

bS=b4eb2

tti=b8/6.

ftdn—_ Sebd

tt6ed2/2,
cci=ttiebb4—bbilett4

9c2=m2 . ett1ebbB—2.ebb1et t6
ccImtt4ebbB~bbeett8
det=gqrt(cc2ecc2—4.ecglecc3)
gli=(det-cc2)/(2.°cc1)
012=(~det—cc2)/(2.ecc1)
flixck=1./b2

01=~500.

1f o11.gt.f|xckg al=g12
1t{a12.gt.flxck) al=g11
1f(011.1t.0.0) o1=g12
1f(012,1t.0.0) oima11
Tf{a1.gt. fixck) coll exit(2)
1£(a1.1t.0.0) coll exit(2)

vp=(ttlegleai+tt4ea1+tt6)/(bbleglegi+bbseg1+bb6)

bottebbleglegi+bb4eg1+bbs

x2ndder=2.ett1/bott—2.e(2.ebb1eg1+bb4)e(2. e tt1eg1+tt4s)
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1/bottee2.~2 . ebble(tt1eglegi+tt4eal+tt6)/bottes2,
142.0(2.ebbleg1+bb4)e(2.ebb1egi+bb4)e(tt1ea1eg1+t t4ea1
1+tt6)/bottee3.

if(x2ndder.1t.0.0) coll axit(2)

if(x2ndder.eq.0.0) call exit(2)

return

end

function fbb1(r)

common b,re,mxeval ,al
fbb1=bccl1ir)obcck1(r)o(10./9.or007.+8./9.OrOOS.)+bcsk0(r)
1ebaeiO(r)e{10./8.0ree7.44. /3. 0ree5.)~bhesi1(r)ebesko(r)
10(14./9.eree6.4+8./3.0reed . )—4,/9.0ree6 ebesk1(r)ebesio(r)
return

end

functlon fbb4(r)

common b,re,mxeval,al
fbbd=(28./9.eree5.48. /9. oree3, )ebesi1(r)ebeski(r)
14(28./9.0ree5 4+4./3 eree3.)ebeskO(r)ebesgiO(r)-
1(32./9.0ree4 +8./3.0ree2,)obesi1(r)ebesk0(r)
14./8.eree4 obeskt(r)ebesiO(r)

return

and

function fbb&(r)

commen b,re . mxeval .01
fbb6zree3.e(besl1(r)ebesk1(r)+beskO(r)ebesiO(r))-rer
1ebeskO{r)ebeel1(r)

return

end

function fleak(x)

common Y,re,mxeval,ol

bbx=bex
f1eok=beskie(bbx)e(besl1e{bbx)e(b/(xex)—alebee3, /(xex)
{—4.egfeb/(xee4 ))+besiOe{bbx)e(2.eg1ebeb/(xee3.)))
return

end



100

200

program tv4ci2(kout.tty.topeS=kout.topebmtty)
external fleagk

real keff

common b,re,mxeval,al.02

call xsetf(0)

bbb=, 000001

b=1.020859

c=1.80

kk=0

] =0

mxeval=950

re=.000000001

xp1=3,1415926535888

contlnue

call flux .
coll=2, expie(,Sebeb—.25e01ebee4.~1./6.0020bee8.)
xprod=cecol |

x]eakm2, ecexpiebegquad(flieak,1.0,100000.,re.mxeval .kount)
keff=xprod/(col1+xieak)

wrlte(6,200) b.bbb,keff

1f kcff.l!.1.0; b=b+bbb
Tf(keff.1t.1.0) jj=1
If

kcff.gt.1.0g b=b—bbb
Tf(keff.gt.1.0) kk=ml
T¢(kk+]}.1t.2) go to 100
format(1x,3f20.10)

call ex1t(2)

end

subroutine flux

external fbb1

external fbb2

external fbb3

externgl fbb4

external fbbd

external fbhé

common b,re,mxeval,o01,02

xbb 1=quad( fbb1, .0000000000001,b,re ,mxeval, kount)
bb1m10./83.ebee7 .~xbb1
xbb2=gquad(fbb2,.0000000000001,b,re, mxeval ,kount)
bb2=178./2475.ebee11 _~xbb2

xbb3=quad{ fbb3, .0000000000001,b,re.mxeval ,kaunt)
Bb3=428_/2025.ebee9.—xbb3

xbbd=quad( fbb4, .0000000000001,b, re,mxeval .kount)
bb4s-28 . /45 .ebee5 4+xbb4

xbbS=quad( fbbS, .0000000000001.b.re,mxeval ,kount)
bbS=-828./1575.ebee7.+2. exbb5

xpb8=quad( fbb6. .0000000000001 b4, re.mxeval .kount)
bbBm2,./3. ebee3 . ~2.exbbb

H2=beb

b4=b2eb2

bS=b4eb2

b8ebGeb2

b10=h8eb2

tt1=h5/64

tt2=.1eb10

tt3e, 25008

ftdom Seb4

ttS5=--1,/3.0b6

tté=b2/2.

g1=ttiebbd~bblett4

c2ettiebb3~bblet t3

c3=2.ett1ebb6-2.ebblett8
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c4=2 . ett]ebbS5—2.ebb1ett5
cS=2.ett1ebb2-2.ebblett2
cBmtt3ebb6+tt4ebbS5—bb3ett6-bbsettS
c7=tt3ebbS5+tt4ebb2~bb3ettS5—bb4ett2
c8=tt3ebb2-bb3ett2
c9mt t4ebb6—bb4et t6
c10=tt3ebb1-bb3ett1
c11=tt3ebb4+t tSebb1-bb3et t4—tt1ebbS
012=2.ett2ebb1-2, ebb2e tt1
c13=t t3ebbb+ttSebba~bb3e tt8-tt4ebbS
014=2 . ett2ebb4~2.ebb2et t4
ciS=tt2ebb3-bb2e tt3
018=x2,ett2ebb6~2.ebb2e tt6
c17mtt2ebbS~bb2et tS
c18=ttSebbS—-ttBebbS
¢2=0.0
01=-3500.
1000 continue
testimal
test2=02
ccimci+c2e02
cc2=c34c4eg2+c5002002
cc3me94c6002+c7002002+cB002002002
ccdmc174+c15001
ccSwe {6+c14001+c12001001
ccB8xc184+c13ea1+c11ea1e01+c10ea1001001
detolmegrt(cc2ecc2~4.0cclecel)
911=(detat~cc2)/{2.ecc1)
012=(~detol—cc2)/(2.ecc1)
fixck1=1./b2—a2eb2
1f(o11.gt.fixckl) al=ql12
1f(012.gt. fixckl) al=011
If 011.1!.0.0; al=gl2
1£(012.1t.0.0) o1=g11
deto2msgqrt(ccSecc5—4.ecc4ecch)
021=(de ta2-cc5)/(2.ecc4)
022=(~deta2~cc5)/(2.ecc4)
fixck2m1,./b4~a1/b2
1£(021.1t.~-01/ 2.0b2)g 02mg22
1£(022.1t.—01/(2.¢b2)) 02=021
1¢(021.gt.flxck2) 02m022
tf{a22. z.f-xckzg 02=021
1f obs(gtelt1—o1 /o1).gt..0000001; go to 1000
1f{abs((test2—a2)/02).gt..0000001) go to 1000
Tf{a1.gt.fixck1) call ex12(2)
1£(01.1t.0.0) call exit(2)
1f{02.gt.fixck2) call exIt(2)
1f(02.1t.~01/(2.0b2)) call exIt{2)
vpt=ttieglegl+tt2eg2002+tt3eg1eg2+tt4e01+tt5e024t L6
vpb=bbleglegi+bb2e02e02+bb3ea1e02+bb4ea1+bbSea2+bb8
vpb2=vpbevpb
vpb3=avpb2evpb
vp=vpt/vpb
x2npolim2.ett1/vpb—2.0(2.0tt1e01+t 3902+t t4)e
1(2,ebb1eg1+bb3e02+bb4)/vpb2~2.ebblevpt/vpb2+2.e
1(2.ebb1ea1+bb3ea2+bb4)e(2.ebb1ea1+bbIea2+bb4)
1evpt/vpb3
xX2npa12=t t3/vpb~(2.0tt1e01+t t3002+tt4)e (2. ebb2e02
1+bb3ea1+bb5)/vpb2-bbIevpt/vpb2=~(2.ebblea1+bb3ea2+bb4)e(
12.0tt2e02+tt30a1+tt5)/vpb2+2.e(2.ebb1ea1+bb3ea2+bb4)
{oevpte(2,. ebb2eg2+bb3eg1+bbS)/vpb3
x2npa22=2.ett2/vpb—2.e(2. ett2eg2+tt3e01+tt5)e(2.0bb2e02
14bb3ea1+bb5)/vpb2-2. ebb2evpt/vpb242.¢(2.ebb2e02
14bb3ea1+bbS)e (2. ebb2eg2+bb3eg1+bb5)evpt/vpb3
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detir=x2npg12ex2npa12-x2npallex2npg22
if{(x2npa22+x2npa11).1t.0.0) call exit(2)
if((x2np022+x2npa11).eq.0.0) call exit(2)
if(detr.gt.0.0) coll exit(2)
1f(detr.eq.0.0) call exit(2)

return

[LY]

function fbb1(r)

oommon b.re.mxeval .g1,02
fbbi=bes!1(r)ebesk1(r)e(10./9.0ree7.48./8 . eree5, )+besk0(r)
1ebes10(r)e(10./9.eree7.4+4./3.0ree5. )~besi1(r)ebesk0(r)
10(14./9.0ree6.48. /3. 0r0e4_)—4./9.0reeb.0beski{r)ebealO(r)
return

snd

function fbb2(r)

common b,re,mxeval,01,02
fbb2=besk1(r)ebesi1(r)e(178./225.eree11.+416./225.er0e9,
14128./25.eree7. )+beskO(r)ebesiO(r)e(178,./225 eree11_+184./75.
1eree9.+320./25,.0ree7 . )~baskO(r)ebesi1(r)e(314,./225,
1eree10.4608./75.0ree8.+640./25,0ree6_)~besk1(r)ebesiO(r)e
1(138./225.0ree10.464./25.0r008.)

return

end

functlion fbb3(r)

goemon b,re,mxeval,o01,02
fbb3wmbesk1(r)ebesl1(r)e(428./225.eree8.4+616./225.eree7,
14384./75.0ree5,. )+besiO(r)ebeekO(r)e(428./225.0ree3.4+284,/75.
16ree7.4320./25. eree5, . )~beskO(r)ebesi1(r)e{664./225.erveB .+
12424, /225.0ree6.4640,/25 . eree4. )-besiO(r)ebesk1(r)e(236./225.
Teree8 +654./25.eree6.)

return

end

functlion fbb4(r) .

common b,re,mxeval ,q01,02
fbb4c=(28./9.0ree5 .48, /9 0ree3 )ebeal1(r)ebeski(r)
14(28./9.9r0e5 44, /3, eree3, )ebeskO(r)ebes1O(r)~
1(32./9.eree4 +8./3 01002 Yobesl1(r)ebesk0(r)
1—4./8.9ree4 obaski(r)ebesio(r)

return

end

functlon fbbS(r)

eommon b,re,mxeval. g1,02

fbbS=bes! [(r)ebesk1(r)e(314./225 eree7 +208./225.eree5 +384.
1/7150c0ree3. )+beakO(r)ebesiO(r)e(314./225.0r0e7.492./75.
10r005.+32./5.or003.)—besko(r;Obesi1(r)0(382./225.or008.
14304./75.0r0e4,4654./5.eree2,)~bosiO(r)ebesk1(r)e«(68./225.
loreeB.+32./25 ereed )

return

end

function fbb8(r)
oommon b.re,mxeval,01.02
fbbB=ree3.e(bes!1(r)ebsak1(r)+beekO(r)ebesiO(r))-rer



1ebeskO(r)ebesi1{r)
return
end

function fleok(x)

gommon b,re,mxeval, 01,02

bbxrbex
fleak=beskle(bbx)e(besl1e(bbx)e(b/{xex)—alebee3. /(xex)
1—4.e0leb/(xee4_)—g2ebee5./(xex)~16.002¢bee3./(xee4.)
1-84.e02eb/(x%e8.))+basiOa(bbx)e(2.ea1ebee2, /(xee3.)+
14.002¢bee4./(x0e3_)+32.0020bee2./(xee5.)))

return

end
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100

200

progrom tdtclz(kout,tty.topcs-kout.topes-t!y)

external fleak

regl keff

common xpigb,resmxeval .bex
call xsetf(0)
bbb=.00001

b=1,0327

c=1.80

kk=0

})=0

mxaval=950
re=.000000001
xpl=3.1415926535838
continue

bex=b+. 4455

¢ollmbexe2.expiebebes;j1(2.405¢b/bex)/2.405

xprod=cecol |

xleak=2.expiebecequad(fleak,1.0.100000.,re, mxeval, kount)

keff=xprod/(col1+xieak)
write(6,200) b,bbb,keff
If keff.IQ.1.0; b=b+bbb
Tf(keff_1t.1.0 -1
1f(keff.gt.1.0) bmb—bbb
1f(keff.gt.1.0) kke1
1(kk+]].1t.2) go to 100
format(1x,3£20.10)

call exit(2)

end

functlion fleak(x)

common xpl,b.re.,mxeval .bex
ok1=2,405eb/bex
ck2=2.405/bex

flegkmbeskie(bex)/(xee3.+xeck2ee2. )o(cklebesji1(ck1)
1ebesiOe(bex)+bexebesjO(ck1)ebesite(bex))

return
end
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100

200

700
800
900

progrom tv2ci3(kout.tty, tapeS=kout.tapeb=tty)
externgl term?

external xtr1

external xtr2

external xtr3

dimensfon x1(500)

dimensTon xterm1({500)

dimension xterm2(500)

dimension test(500)

dimension xtr(500.500)

real keff

gommon b.re.mxevol.rr,rp.ol

call xsetf(0)

] dinm500

bbb=_,0001

be=1.0287

c=1.§

3gt=1.0

0gs=0.4

sgo=sgt-sqgs

sgfu=czsgt—sgs

kk»Q

J}=0

mxevaol=950

xp1=3.1415926535898

contlnue

re=, 000000001

oall flux

re=.0001

col1=2.exple(bebe.S—alebeesd. ¢ .25)
xprod=sgfuecoll

xgbs=sggecol |

delrr=b/fioat{jdim—1)

do 200 i=1,jdim

rr=flogt(i~1)edelrr
xtermi(i)=bequad(term1.1.0,.2500.,re.mxeval kount)
xi(i)-xtcrm12?)

continue

do 800 i=1,jdim

rr=flogt(i—1)edelrr

Ix1lmi+1

1f(Tx!1.8q.)Jdim+1) go to 400

do 300 n=Ix11,]dim

rp=float(n—1)edelrr
xtr(l.n)=qnc7(xtr1.1.0,2500..rs.mxeval, kount)
continue

aontlnue

Pf(1.eq.1) xtr(1.1)=0.0

ff(i.eq.1) go to S00
xtr(i,i)=qnc7(xtr2.1.0,1000000.,re.mxeval kount)
continue

Ixulml—q

if(ixul.eq.0) go to 700

do 600 n=1,ixul

rp=float(n—1)edelrr
xtr(l,n)mgne7(xtr3,1.0,2500.,re,mxeval kount)
contlnue

contlinue

contlnue

continue

do 1400 i=1,jdlm

xterm2(1)=0.0
do 1000 n=1.;dim
rp=float(n~1)edelrr



delr=delrr
if(n.eq.1) delr=_ Sedelrr
if(n.eq.jdim) deir=.5e¢delirr
xtcruZ(i;-xtlrMZ(i)+dc|rorpoxi(n)-xtr(i.n)
1000 contlnue
1400 contlinue
lce=0
do 1500 i=1 jdim
test(i)=xterm1(i)+sgsexterm2(i)
1f(abe((test(i)—x1(i))/x1(7)).gt..00001) lcc=1
x1(1)=test(i)
1500 continue
If(1cc.eq.1) go to 900
xleok=0.0
do 1800 i=1,jdim
rr=float{i—1)edelrr
delr=deirr
1f(i.eq.jdim) delrm Sedelrr
x1eak=x|eok+sgfue(1.~alerrsrr)e2.expierredeirexi(i)
1600 continue
ke ff=(xprod—xleak)/xcbs
write(6,1700) b bbb keff
Tf(keff.1t.1.0) bmb+bbb
1f(keff.1t.1.0) jjmi
1f(keff.gt.1.0) b=b—bbb
1¢{keff.gt.1.0) kk=1
1¢(kk+]j-1t.2) go to 100
1700 format{1x,3f20.10)
call exit(2)
snd

subroutine filux

external fbb1

external fbb4

external fbb6

common b,re,mxeval,rr,rp,ql

xbb1=quad( fbb1, .0000000000001,bere,mxeval ,kount)
bb1=10,/63.9bee7 ~xbb]

xbb4equad( fbb4, .0000000000001,b,re ,mxeval kount)
bb4e~28 . /45.ebeeS5 +xbb4

xbb8=quad( fbb6, .0000000000001,b,re,mxeval kount)
bb6=2./3.ebee3_~2, exbb6

b2=beb

bé=b2eb2

b6=bdeb2

tt1=b8/8.

tt4m— . 5eb4

tte=b2/2.

calmsttiebb4—bbilett4

©c2=2.ett1ebbf—2.ebbletts

acI=t t4ebbE-bb4ettb

det=sqrt{cc2ecs2—4.ecclecc3)
o11-édct—cc2)/(2.-ccl)

012=(~det~tc2)/(2.eccl)

fixckw1./b2

01==300.

If(o11.gt.f|xckg g1=g12

If§o12.gt.f|xck 01=011

1£(011,1t.0.0) 01=012

1£(012.1t.0.0) o1=011

1f(a1.9t.flxck) call axit(2)

1f(01.1t.0.0) call exit(2)
vp=(ttleglegi+ttdegi+tt6)/(bblealeal+bbseal+bbb)
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bott=bblegiegi+bb4ea14+bbb
x2ndder=2.ett1/bott—2.e(2.ebbleg1+bb4)e(2.ett1e01+tt4)
1/bottee2.~2 ebble(tt1e0leal+ttdeg1+tt6)/bottee2.
142.0(2.ebbleai+bb4)e(2.ebb1eg1+bb4a)e(tt12alegl+tt4eal
14+tt5)/bottee3.

If(x2ndder.1t.0.0) call ex!t(2)

1f(x2ndder.eq.0.0) call exit(2)

return

end

funotion fbbi(r)

qommon b,re,mxeval ,rrrp,al
fbbi=besii(r)ebeek1(r)e(10./9.0ree7.48./8.0ree5. )+boek0(r)
1ebesiO(r)e(10./9.eree7 .+4./3. oreeS.)-besi1(r)ebesk0o(r)
10(14./9.0ree6.48./3.0r0e4.)~4. /8. .0reeB obesk1(r)ebesio(r)
return :

end

function fbb4{r)

common b,re,mxaval,rr,rp, 01

fbb4e=(28. /9. eree5 +8./9.0ree3 . Yebes!1(r)ebeski(r)
14(28./9.0ree5.44./3 . eree3, )ebeskO(r)ebes!O(r)~
1(32./9.0ree4 48, /3. eree2. )ebesi1(r)ebesk0(r)
1-4./3.ereed obesk1(r)ebesiO(r)

return

end

functlion fbb8(r)

common b.re,mxeval,rr,rp,o1

fbbB=ree3 . e{besi1(r)ebeski(r)+beskO(r)ebesiO(r))—rer
1ebaskO(r)ebeeil{r)

return

end

function termi(x)

common b,re,mxeval,rr,rp,al
termi=beskie(bex)ebeaiOe(rrex)eexp(—(b-rr)ex)/x
return

ond

functlon xtri(y)

comwon b,.re,mxevael,rr,rp,01
xtri=beskOe{yerp)ebesiOe(yerr)eaxp(~(rp-rr)ey)
return

end

functlion xtr2(y)

common b,re,mxeval,rr,rpgaal
xtr2mbeskQe(yerr)ebeslOe(yerr)
rgturn

end

function xtr3(y)

common b,re,mxeval,rr,rp,aol
xtr3mbeekOe(yerr)ebealOe(yerp)eoxp(~(rr—rp)ey)
return

end
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200

88

3838

program tv4ci3(kout,tty,tapeS=kout,topeb=tty)
external termi

gxternol xtri

external xtr2

external xtr3

dimension xi(500)

dimension xterm1(500)
dimenslon xterm2(500)
dinsneion test(500)

dimension xtr(500,500)

real keff

common b.re,mxeval,rr,rp,01,02
oall xsetf(0)

]d1m=500

bbb=. 0001

bw=1.0287

¢=1.6

egt=1.0

sgs=0.4

sgo=sgt—sgs

sgfu=cesgt—sgs

k k=0

1)=0

mxeval=950

xpl=3.1415926535898

contlinue

re=,000000001

call flux

re=.0001
gollx2.exple(bebe.5-alebeed e .25-02ebeet./6.)
xprod=sgfuecol!

xgbs=sggecol |
delrr=b/float(jdim—1)

do 200 i=1,jdin
rr=flogt(i~1)edelirr
xterm1(1)=bequod(term1,1.0.2500..re mxeval, kount)
xl(i)-x{erm12i)

continue

do 800 i=1,jdia
rrmfiogt{1-1)edelrr

Ix]lml4n

1f(Ix11.eq.jdIm+1) go to 400
do 300 n=lIxl1,]dIm
rp=float{n—1)edelrr
xtr(l,n)=qne7(xtr1,1.0,2500.,.re.mxeval kount)
continue

oontinue

1f(i.eq.1) xtr(1.1)=0.0
1f(1.eq.1) go to 500
xtr(l,i)=qne7(xtr2,1.0,1000000., re.mxeval .kount)
gontinue

fxulmli-—

If(ixul.eq.0) go to 700

do 600 n=1,ixul
rp=float(n-1)edelrr
xtr{i,n)=qnc7(xtr3.1.0,2500.,re,mxeval, kount)
continue

contlinuse

continue

contlnue

do 1400 [=1,}dIm

xterm2(1)=0.0

do 1000 n=1.jdim
rp=floot(n=~1)edelrr
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1000
1400

1500

1600

1700

delrmdeirr

if(n.eq.1) delr=.5edeirr

if(n.eg.jdim) delrm Sedelrr

xterm2 i;-xtermz(i)+dclrorpoxi(n)-xtr(i.n)
contlnue

continye

lec=0

do 1500 i=l,jdim
teot(1)=xterm1(1)+agsexterm2(i)
lf§obn((hst(l)—xl(i))/xi(l)).g!..ooom) 1cex1
xI(i)=teat(i)

¢ontinue

1f(1cc.eq.1) go to 900

x1eak=0.0

do 1600 i=1,jdin

rre=floagt(i~1)edelrr

delr=delrr

If(i.eq.jdim) delr=.5edelrr
xleak=xleak+sgfue(1.~g1erree2.—q2erreeds.)e2 oxpierredelirexi(l)
continue

keff-sxprod-xleok)/xobs

write(B6,1700) t,bbb,keff

Tf(kaeff_1t.1.0) bmb+bbb

1f{keff.1t.1.0) ]jm1

lf(kcff.gt.ho; b=b=bbb

If{keff.gt_1.0) kk=1

Tf(kk+]j.1t.2) go to 100

format{1x.3f20.10)
aall ex!t(2)
end

subroutine flux

external fbb1

external fbb2

external fbb3d

external fbb4

external fbbS

externol fbb8

common b,re,mxeval,rr,rp,01,02

xbb1=mgquad(fbb1, .0000000000001,b,re,mxeval ,kount)
bb1x=10./63.ebee7. —xbb1

xbh2=quod( fbb2,.0000000000001,b,re,mxeval ,kount)
bb2=178./2475.¢bee11 —xbb2

xbb3=quad(fbb3, .0000000000001.b.re.axeval kount)
bb3=428./2025_ebeeg8 _—xbb3
xbbé=quad(fbb4,.0000000000001 b, re. mxeval ,kount)
bb4=—28./45_ebee5.4+xbb4

xbbS=quad( fbb5, .0000000000001,b.re,mxeval ,kount)
bbSw~828./1575_ebee7.42.exbb5

xbbBeguad( fbbB, .0000000000001,b.re, mxeval .kount)
bbEem2./3.ebee3 -2, exbb8

b2=beb

b4ab2eb2

bB=b4eb2

b8=bBeb2

510=mbBeb2

tt1=b6/6.

tt2=, 1eb10

tt3=.25b8

ttdm— Seb4s

ttSo=1./3.0b8

tté=b2/2.

61=ttlebbd~bblett4



1000

c2=tt1ebb3~bblett3
cIw2,.ett1ebb6~-2.ebb1ett6

Q4=2 .ett1ebb5-2.ebb1ett5

c5m2 . ett1ebb2-2,ebblett2
c6mtt3ebb6+tt4ebb5~bb3et t6-bbde ttsS
c7=tt3ebb5+tt4ebb2—bb3ett5~bb4et t2
cB=tt3ebb2-bb3ett2
c9z=tt4ebbS—bb4ett8
c16=tt3ebb1-bb3et t1
c1i=tt3ebba+ttSebb1—bb3Ietta—t t1ebbS
c12=2 . ett2ebb1-2,.ebb2et t1

c13=t t3ebb8+ttSebb4—bb3ett6~t t4ebb5
c14=2.ett2ebb4—2.ebb2et t4
018=tt2ebh3~bb2ett3

c18m=2 ett2ebbB8-2.ebb2et t8
a17=tt2ebb5—bb2e t tS

c18=ttS5ebb%~t t6ebbS

02=0.0

q1=500,

continue

testi=ai

test2mg2

cclmci+ceq2
cc2mc3+c4002+c5002002
ac3xc9+c6002+c70020024cB0g2002002
cc4ec17+c15001
ccS=c16+c14e014+c12eg1eq1
006=c18+c13e01+c11e01ea1+c10eglegieql
detol=eqrt(cc2ecc2~4_ecclecc3)
o11=$deto1—cc2)/(2.occ1)
012=(—detal~cc2)/(2.ecc1)
fixcki=1,/b2-g2eb2
lf(o11.gt.f|xck1; 01mg12
if(012.gt.fIxckl) ol=a11

1 u11.|!.0.03 01=g12
1£(012.1t.0.0) o1=a11
deto2=sqrt(ccSecc5—4.ecc4ecch)
021=(deto2-cc5)/(2.ecc4)
022=(~tdeta2-cc5)/(2.ecc4)
filxck2=1,/b4—g1/b2
1f(021.1t.—01/(2.0b2)) 02=g22
11(022.1t.~a1/(2.9b2)) a2=021
1f(021.gt.fixck2) 02=022

1£(022.gt.f1xck2) 02=a21
1f(aobe g(.s!1—o1)/o1).g!..0000001) go to 1000
If(abe({teet2-02)/02).gt..0000001) go to 1000

Tf(o1.gt.fixck1) call exit(2)
lf$o1.|t.o.o) oall exit(2)
if{02.gt.fixck2) coll exIt(2)

1f(02.1t.—a1/(2.eb2)) call exit(2)
vptmttieolegl+tt2e02e02+tt3eat1e02+tt4eal+ttSec2+ttB
vpbebblea1eg1+bb2e0202+bb3ea1e02+bb4ea1+bbSea2+bbb
vgb2=vpbevpb

vpb3wvpb2evpb

vpmvp t/vph
x2npoti=2.9tt1/vpb—2.e(2.ett1e01+tt3e02+t t4)e
1(2.ebb1ea1+bb3e02+bb4)/vpb2~2.ebblevpt/vpb2+2.e
1(2.ebb1eg1+bb3e02+bb4)e(2. ebb1eg1+bbIea2+bb4)
1evpt/vpb3
x2npg12=tt3/vpb—(2_ett1e01+tt3e02+tt4)e (2. ebb2eo2
1+bb3ea1+bb5)/vpb2-bb3evpt/vpb2—(2. sbblea1+bb3ea2+bb4)e(
12.ett2e02+tt3ea1+tt5)/vpb2+2. (2. ebbleg1+bb3eg2+bb4)
levpte(2.ebb2eg2+bb3ea1+bb5)/vpb3
2¥2np0o22=2.ett2/vpb—2_e(2.0tt2e02+tt3ea1+tt5)e(2.ebb2ea2
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1+bb3001+bb5;/vpb2-2.0bb2ovpt/vpb2+2.o(2.0bb2-o2
1+bb3eg1+bb5 0(2.Obb2002+bb3001+bb5)ovp!/vpb3
detrmx2npa12ex2npal2-x2npoliex2npa22
ifs(xan022+x2npo11).lQ.O.O) call exit(2)
1f{(x2npo22+x2npa11).eq.0.0) caoll exit(2)
Ifédetr.g!.o.o) call exTt(2)

1f(detr.eq.0.0) call exl1t(2)

return

end

funotion fbb1(r)

gommon b.re,mxeval.rr,rp.al,02
fbb1-be.i12r)0besk1(r)0(10./9.0roo7.+6./9.oroos.)+beck0(r)
lebeeiO(r)e(10./9.eree7 . +4./3.eree5.)~beei1(r)ebeeko(r)
10(14./9,0r0eB.+8./3.0r004.)—4./9.ereeB8 . ebesk1(r)ebesiO(r)
return

ond

functfon fbb2(r)

common b,re,mxeval,rr,rp,03,02
fhb2m=baski(r)ebesi1(r)e(178./225.eree11.4+416./225.0reeg.
14128, /725. 01007, )+beskO(r)ebesiO(r)e(178./225 eree11.+184./75.
lereeg.4320./25.eree7. )=beskO(r)ebesl1(r)e (314, /225,
1eree 0. 4+608./75.0ree8.+640./25.eree8, )~besk1(r)ebesiO(r)e
1(1368./225.0ree10 . 464./25 . 07008, )

return

end

function fbb3(r)

oommon b,re.mxeval,rr.rp,01,02
fob3=besk1(r)ebesl1(r)e(428,/225.0ree8.4818./225, 01007,
14384./75.0r005. )4besiO(r)ebeskO(r)e(428./225. ereeg.+284./75.
leree7.4320./25.eree5.)-beskO(r)ebesi1(r)e(664./225 erees_+
12424./225.0r006.4540./25.eree4,)~besiO(r)ebeski1(r)e(236./225.
1eree8. +64./25.er=06.)

return

end

functlion fbb4(r)

common b,re,mxeval,rr,rp,01,02
fbbA=(2B./9.eree5 +8./9.eree3 )ebes1(r)ebeski(r)
14+(28./9 .0ree5 44 /3.0ree3 )ebeekO(r)ebes!O(r)-
1(32./9.0ree4 4+8./3.0r002 Yebeei1(r)ebesk0(r)
14,/ .eree4 ebesk1(r)ebesiO(r)

return

ond

function fbbS(r)

common b,re,mxeval,rr,rp,01,02
fbbS=besl1(r)ebesk1(r)e(314./225.,0ree7.+208./225.0r0e5. 4384,
1/150.eree3. )+beskO(r)ebesiO(r)e(314./225.eree7.492./75.
10r005.+32./5.or003.)—blsko(rgObcsl1 r)e(382./225.eree8B.
14304 ./75.er004 +B4. /S eree2, )~beslO(r)ebesk1(r)e(68./225,
loree8.4+32./25.0r004.)

return

end

function fbbs(r)



common b.re.mxeval .rr rp.,a1,02

fbb6=ree3. e(besi1(r)ebesk1(r)+beskO(r)ebesiO(r))~rer
1ebeskO(r)ebesii(r)

return

end

function termi{x)

common b,re.mxeval.rr rp,01,02
termi=beakie(bex)ebaeiOa(rrex)eexp(~(b-rr)ex)/x
return

end

function xtri(y)

common b,re,mxeval,rr rp,o01,02
xtrimbeskOe(yerp)ebesiOe(yerr)eexp(—(rp-rr)ey)
return

end

function xtr2(y)

common b,re,mxeval,rr. rp,a1,02
xtr2mbeskOe(yerr)ebeslOe(yerr)
return

end

function xtr3(y)

common b,re,mxeval,rr,rp.01,02
xtr3=beskOe(yerr)ebeslOe(yerp)eexp(—(rr-rp)ey)
return

end
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program tvé4eig{kout.tty.topeS=kout,topeb=tty)
common rn,b,re,mxeval.vp
call xsetf(0)

b=.5

mxava =950

re=,000000001

coll fiygx

wrlte(5,200) b.vp
format(1x,320.10)

call exIt(2)

end

eubroutine flux

externoi expl

coamon rn,b.re ,mxeval.vp

b2=beb '

b3=b2eb

bé4=b3eb

bS=b4eb

bS=bSeb

b7=b6eb

bB=h7eb

bS=bB8eb

tti=. 4eb5

tt2=2./9.b9

tt3=4./7.0b7

ttdoed /3, ep3

ttSo— BebS

tt6=2.eb

rn=3.
e32b=quad(expi,.0000000000001,1. re mxeval .kount)
ra=4.

e42b=quad(expl, .0000000000001,1.,re, mxeval .kount)
rn=5,
#52b=~quad(expi..0000000000001,1..re.mxeval .kount)
ra=6e
o82b=quod(expi,.0000000000001,1.,re,mxeval .kount)
rn=7,

#72b=quad(exp!, .0000000000001,1.,re.mxeval kount)
rnm=8.

e82b=quad(exp!, .0000000000001,1.,re, mxeval ,kount)

roxg.

eS2b=quad(expl ., .0000000000001,1. ,re,mxeval kount)

ra=10.

#102b=quad{expi..0000000000001.1. re, mxeval .kount)

ra=11,

#112b=quad(exp!. .0000000000001,1.,re, mxeval .kount)
bb1=.8eb5~b4+8./9.0b3—4./3.42.eb4ee32b+8. eb3ee42b
1416_.eb2ee52b+16. ebeeB2b+8.ee72b

bb2w4. /9 .eb9~bB+16./7.eb7—4,.eb8+88./25.eb5—-115.2
142.ebBee32b+16.0b7e842b+80.2bBee52b+288. ebSee62b+768.eb4e872b
141536, eb3ee82b+2304. eb20692b+2304. ¢bee102b+1152.e112b
bb3=8./7.eb7~2.eb6+56./15.eb5—6.0b44+32./5.¢b3~-24.+4.eb6ee32b
1424 .eb5e042b+88. eb4ee52b+224,eb3ee62b+384.0b2ee72b+3054.
1ebee82b+192.0892b
bbée—8_/3.eb3+2.0b2~8. /3. eb+2.~4 . 0b2e032b-8.ebee42b-8.0852b
bb5e~8./5.0b5+2.eb4—16./3.eb3+12.0b2~-96./5.¢b+16.
1=4.eb4ee32b—18.eb3ee42b~48, eb2ee52b-96.ebes62b~96.0e72b
bbB=4,eb~1.+2,.0832b

ci=ttlebb4~bblett4

c2=ttiebb3~bblett3

c3x2.ett1ebb6~2.ebb1ett8

c4m2 ott1ebb5~2.ebbletts




c5=2.ettlebb2-2_ebblett2
cb=t t3ebbb+tt4ebbS—bbIett6~bb4etts5
c7=t t3sbbS+t t4ebb2-bb3ett5—bb4ett2
cB8=tt3ebb2-bb3ett2
c8~tt4ebbB~bb4ett6
c10=tt3ebb1-bb3ett1
cl1=tt3ebba+ttSebb1~bb3ett4—tt1ebbsS
c12=2.ett2ebb1-2,ebb2et t1
¢13=tt3ebbS+ttSebb4—bbIett6—tt4ebb5S
G14=2 . ett2ebb4~2 ebb2etts
c15=tt2ebb3-bb2e tt3
c16=2.ett2ebb6~2.ebb2ett6
017=tt2ebbS~bb2et t5
c18=ttSebb6—t t6ebb5S
02=0.0
01=~300.
1000 continue
teetimg
test2=q2
cclmgidc2eg2
cc2=c34c4deg2+c5eg2002
cc3mcS+cbe0g2+c7202002+cBeg2002002
cclmc174c 15001
ccBmc16+c140014+¢ 12001001
ccBec18+c130014+¢11001001+c 10001001001
detol=eqrt(cc2ecc2-4.9ccleccd)
011=€d-!o1—cc2)/(2.occ1)
012=(~deto1—c2)/(2.%ccl)
flixck1=1,/b2~02eb2
If{a11.gt.fixckl) ol1=g12
Tf{a12.gt.f1xck1) gl=011
1€(011.1t.0.0) o01mg12
1f(212.1t.0.0) ol1=qg11
deto2=sqrt(cchecc5—4.ecc4ecc8)
021-§det02-cc5)/(2.0cc4)
022=(~deto2~cc5)/{2.ecc4)
fixck2=1./b4—01/b2

1f{(021.1t.~01/(2.eb2)) 02=q22
if(022.1t.—a1/{2.eb2)) 02=021
1f{021.gt.fixck2) g2=022

1f(022.gt.flxck2) 02=021
1f(gbe((teat1—a1)/a1).gt..0000001) go to 1000
1f(obs((tesat2-02)/02).gt..0000001) go to 1000
If(o1.gt.fixck1) call exlt(2)

1£(a1.1t.0.0) call ex1t(2)

if(02.9t.f1xck2) coll exit(2)

1€(02.1t.~01/(2.eb2)) call oxIt{2)
vpt=ttiegleol1+tt2e02002+tt3001002+t t4eg1+ttSea2+t B
vpb=bbleg1ea1+bb2e02e02+bb3ea1ea2+bb4eg1+bb5ea2+bb6
vpb2=vpbevpb

vpb3=vpb2evpb

vpe2.evpt/vpb

x2npa11m2 ett1/vpb—2.e(2.0tt1e01+tt3002+tt4)e
122.0bb1001+bb3°o2+bb4;/vpb2-2.0bb10vp!/vpb2+2.0
1(2.ebb1eg14bb3ea2+bb4)e(2.ebblea1+bbIea2+bb4)
levpt/vpb3
x2npg12=mtt3/vpb—(2.ett1eg1+tt3e02+tt4)e(2.ebb2e02
148b3ea1+bbS)/vpb2~bb3evpt/vpb2~(2.ebb1ea1+bb3ea2+bb4)e(
12.0tt2002+tt3e01+tt5)/vpb2+2.e(2.ebb1e01+bb3e02+bb4)
levpte(2.ebb2ea2+bb3eal1+bb5)/vpb3
x2npa22=2.ett2/vpb~2.°(2.0tt2e024t t3e01+tt5)e (2. ebb2eg2
14bb3ea14+0b5)/vpb2—2. ebb2evpt/vpb2+2.+(2. ebb2e02
14bb3e01+bb5)e (2. ebb2e0a2+bb3=01+bbS) evp t/vpb3
detr=x2npoi12ex2npa12~x2npailex2npa22
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if€$x2n9022+x2npo11).lQ.0.0
i f{(x2np022+x2npa11).2q.0.0
lfsdetr.gt.o.o) call exit(2
if(detr.eq.0.0) call exit(2
return

end

function expi(u)

common rh,b,rea.mxeval. vp
explzuee(rn-2.)eexp(-2.eb/u)
return

end

call exit(2
call exit(2

3



&%

700

$00

1000

progrom tv4lop(kouti.tty, topeS=kouti,tapebmtty)
dimension xterm1(2001)
dimension rxic§2001)
dimension rxi1{0:50,2001)
dimension test{2001)
dimension xic(2001)
dimangion xi1(0:50,2001)

call xsetf(0)

11¢ct=S0

jdIm=1001
b=11,9895
sge=.8
delrrz2.eb/fioat(jdim—1)
kdlmm( jdim+1)/2

TuxTwmkdim=1

do 300 i=kdim, jdim

lei.cq.jdim; xterm1(i)=.25¢(2.eb+1.—exp{-2.eb))
if(1.eq.)jdim) go to 200
rewmflogt{i=1)edelrr=b
xtermi(i)=.25¢((beb~rrerr)e(ei(b+rr)~e1(b-rr))+(btrrii.)e
18xp(~(b=rr))=(b-rr+1.)eexp(~(b+rr)))
continue

rxlc(l)mxterm1(1)

contlinue

continue

do SO0 I=1, Tuxl
rxla(l)a=rxic(jdim+1-1)

continue

do 900 Ixkdim,jdim

90=0.

Bb=0.

Tyml~1

do 800 j=1,lu

delr=desirr

1¢(j.eq.1) delr=_.Sedeirr
rrx=float(i—j)edelirr
oo-vo+rxic(j§oc1(rrx)-dclr

continue

T 1ml41

1f(11.0q.]dIm+1) go to 800

do 700 j=I1,]dim

delr=delrr

1f().eq.jdlm) delrx.Sedelrr
rrexfioat(j~I)edelrr
bb=bbtrxlc(]j)eei(rrx)edelr

contlnue

continue

yy=1.0

1£{1.eq.}dIm) yy=.S

epy=_ Sedelirr
steggserxic(i)e(1.~exp(—eps)+epseci(eps))eyy
test(i)=(ao+bb)esges. Stat+xtermi (i)
continue

tcowd

rxlc(kdim)=0.0

kkdimekdim+1

do 1000 [=kkdIm, jdim
Tf(obs((test(1)~rxtc(1))/rxlc(l)).ge..00001) lcc=1
rxlc(l)mteat(1)
rrafloat(l—1)edalrr—b
xle(1)=exic(i)/rr

agontinue

1f(loc.8q.1) go to 400
xTc(kdim)=0.0
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1010

1020

1100

1180

1200

1300

1400
1500

1550
1800

contlnue

tcc=0

sum=0.0

do 1020 i=kdim,jdim
delr=delrr

1f(i.eq.kdim) delr=_Sedelrr
if 7.|q.jdim§ delr=_5edelrr

rp=float(i—1)edelrr-b
esum=gum+delreexp(~rp)exic(1)
continue

teat(kdIm)=exp(~b)+egseaum
tf(obe((test(kdim)—xic(kdim))/test(kdim)).ge..00001) lce=1
xlc(kdim)=test(kdim)
1f(lcc.eq.1) go to 1010

do 1100 i=kkdim,jdim
rx11(0, i )=xtermi(i)
rr=flogt(i~1)edelrr-b
x11{0,i)=rxi1(0.i)/rr
xI1(lisct,i)=xil(0,i)

continue

rxil{0.kdim)=0.0

xlls Jkdim)mexp(~b)

xI1{1isct, kdim)=x11(0,kdim)
TomD

continue

To=10+1

1f(1o.egq.iisct) call exit(2)
lol=1o—1

do 1200 i=1,iux]
rxllglol.i)-—rxll(lol.jdim+1—l)
eontinue

do 1600 i=kdim. jdim

ag=0.

bb=0.

jumi=1

do 1300 j=1,iu

delredeirr

1¢(j.eg.1) delr= 5edelrr
rrx=floot(i—j)edelrr
gawaatrxl1(1ol,j)eet(rrx)edelr
continue

Taxl4+1

1f(il.eq.]dim+1) go to 1500

do 1400 j=11,]dIm

delr=delrr

1f(}.0q.}jdIm) delrx= Sedelrr
rrx=float(]j—i)edeirr
bb=bb+rx11(iol,})ee1(rrx)edelr
continue

continue

yy=1.0

1f(i.eq.jdim) yy=.5
eps=.5edeirr

etmsgserxl| iol.igo(1.-cxp(-eps)+epsoc1(cps))oyy
rxil(io,i)=(0o+bb)esgse.5+st
rr-floo!([-130delrr-b
1f(1,eq.kdim) go to 1550
x11{1o,1)mrxl1{i0,1)/rr
xT1(1Tact,i)=xT1(ilsct,1)+x11(lo,1)
contlnue

cantinue

x11{lokdim)=0.0

do 1820 iwkdim,jdIm

delr=delrr



1620

1700

1750
1800
1900

if}l.cq.kd?m) delr=.5ede!irr

1¢(i.eq.jdim) delr=_Sedelrr

rp=fioat(i—1)edelrr—b

xil(io. kdim)=xil(io,kdim)+sgsedelreexp(~rp)exil(iol.i)
continue

xI1(T1isct. kdim)mxil(Tisct,kdIm)+xil(io.kdim)

do 1700 i=kdim, jdim

If(xi1(iisct, |) gt.xic{i)) caoll exit{2)
1f(obe((xii(iisct.i)—xic(1))/xic(i)).gt..001) go to 1150
continue

writo€5.1900) b.kdIm,io
wrlte 5,1800; (xTc(7),ickdim,jdim)
write(5,1800) (x11(iisctyi)ei=kdim,jdim)

do 1750 j=0,io

write(5,1800) (xil1(jei).i=kdim.jdim)
continue

formo!$1x ,3220.10)

format(1x.f20.10.2i5)
call exit(2)
end
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progrom xplot{koutl.tty.output. tapeS=xout1, tapebmtty,
1taope7=output)
dimgnsion xic{1001)
dimension sum{-1:50,1001)
dimension xi1(0:50,1001)
dimension rpr(1001)
dimension d11pj(1001
dimanalon dilpa(1001
dimenelon Ipkray(50)
read(5,1100) b.kdim, lect
read(5,1000) (xlc(1),1=1.kdim)
read(5,1000) (xi1(50,1).1=1.kdIm)
do 100 j=0.lsct
read (5,1000) (xi1{j,1),T=1,kdim)
100 contlnue
delrr=1./f10at(kdIm=1)
do 200 [=1,kdim
rpr(i)=float(i-1)edelrr
200 continue
do 400 2—1 .Isct
do 300 i=i,kdim
sun(},i}=0.0
300 contlnue
400 contlinue
do 600 J=0,lsct
do 500 I=1,kdim
sum( j,1)=sum(J=1,1)+x11(). 1}
500 continue
800 continue
call gplot(thu,12hdiespla plot,.12)
ni=llnest(Ipkray,50,40)

call lines("total leokage probabi!ity$".ipkray,!)
call lines("jth partial sum of leakage probabillty$",.ipkray,2)
call lines("jth term of leokage probability$~.ipkray.3)

do 800 )=0.isct

do 700 =1 _kdim

dilp)(id)=xit1(j,i

dllps(i)=sum(j.!
700 continue

call bgnpi(})

call physor(1.0,1.0

call poge(12.0,15.0

call titie{1hx,0,17nfroctlonal radlus,17,19hleakage probablilty

1,19,10.0,11.0)

xetp=.1

ycycle=11,/8.

Imark={kdim-1)/10

aall y10g{0.04xstp,.00000001 . ycycle)

gall curvcérpr.xlc.kdlm.Imorkg

agall curve(rpr,dlips, kdim, lmark}

oall curve(rpr dilpj.kdim. imark)

call legend(Ipkroy,3,1.0,11.0)

aall endpi(})
800 continue
1000 formot(1x,3620.10)
1100 formot(1x,f20.10,2i5)

cal! gdons

call exlt(2)

end
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