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COMPARISON OF * qu~ ME’mcmS m
BBKEMARK (3t11’ICALIl’XCAWULMI(MS

by

Clarence E. Lee ad Lucy M. Carruthers

ABSTRACT

A quadrature generation technique is formulated on the unit
sphere for discrete ordinate transport programs. A computer
code is developed for automatic generation of weights and
directions for arbitrary order n. Critical dimension predic-
tions using the generated directed direction sets are compared
with analytical transport solutions, pn-l$ Dpn-2)/2;~d J%

iapproximations in one-dimensional, one-group s abs, cylinders,
and spheres. The ~ff of the six-energy group Lady Godiva
spherical benchmark problem is critiqued using various set
and solutions methods.

10 INTRODUCTION

Numerical solutions of the Mscrete Ordinates ~ method.have been

used extensively for neutral and charged particle transport calculations.

The basic ~ technique discretizes the particle direction variables of

the linearized Boltzmann transport equation. The numerical approximation

to the multigroup transport equation is made conservative by integrating

over the phase volume with constant cross-section properties assumed within

each mesh cell. The resultant coupled equations are approximated further

by assuming a finite difference (FD) linear relationship between the cell

centered and cell boundary values in the phase space. solutions
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typically require considerable computational resources. The computational

accuracy of the ~ method is limited by the assumption of constant

material properties in each phase space cell, by the number of mean-free

paths per cell, by the specific model of nearest neighbor coupling, and by

the particular choice of discretized directions wed in the calcu-

lations. In this paper, we focus on the development of different choices

of discretized directions and upon the critical radii and keff

eigenvalue predictions resulting therefrom.

The development of ~ quadrature sets has been investigated exten-

sively.1-8 These efforts were directed toward satisfying certain specific

symmetry conditions, predicting moment conditions, evaluating extrapolated

end-point predictions, direct benchmark computation, and developing

generalized direction sets that could be extended to multi-dimensional

geometries.

We develop an area mathod2’3 on the unit sphere for the direct

construction of positive-point weights and directions for an arbitrary

number of discrete directions, n. The method has been automated into a

CDC-7600 FORTRAN program, which can be used to efficiently produce the

required direction sets for the standard one- and two-dimensional neutron

transport codes. The rotation-reflectionsymmetry requirements first in-

troduced into the Sn quadrature sets2’3 and available in transport

codes,9-13 are derived and reviewed in Sec. II.

In Sec. III we explicitly construct a set of area method figures

satisfying rotation-reflectioninvariance symmetry. In Sec. IV we review

the counting procedure for the number of figures of each type. In Sec. V

we exhibit examples of these constructed direction sets and the moment

conditions that are satisfied.

Finally, in Sec. VI we compare the predicted results of these

direction sets on two simple classes of problems wing several different

numerical methods available in a modified version of a single discrete

ordinates ~ code.11 First, we investigate critical thickness predic-

tions and convergence as a function of n, for the one-group homogeneous

slab, cylinder, and spherical geometries.3 Second, using the various

direction sets, we calculate and compare keff for the Lady Godiva



Benchmark problem,14 ~sed on IAy Godiva15 using the Eaneen+toach

six-group cross sections.16 Approximately 2084 criticality calculations

are reported and compared, 1824 on one-group slabs, cylinders, and

spheres, and 260 benchmark comparisons are made on Lady Godiva.

11. ROTATION-REFLECTIONSYMMETRY

A proper set of discrete directions, suitable for usage in the

multidimensional numerical transport codes, may be constructed by placing

a triangular set of points on a spherical octant, These points are

located symmetrically relative to the three vertices with respect to 2s/3

rotations about the octant midpoint and inversion about the spherical arcs

connecting the midpoints and vertices. With the development of these

discrete directions, one should not expect the full-rotational symmetry

properties of the spherical harmmnic expansion of the angular flux to be

obtained.

The points are arranged in n/2 levels. As illustrated

define the ith level from the side opposite any vertex to

- i + 1 points. These total n(n + 2)/8 points define the

in Fig. 1, w

contain (n/2)

nth order ~

discrete direction approximation on the octant. Specific applications may

use from n (one-di=nsional slab and sphere) to n(n + 2) (full-sphere)

points.

and Oc.

vertex.

terms of

sides (BC, AB, and AC) by

axes on the unit sphere (R2 = 1) in Fig. 1 are denoted OA, OB,

k levels are defined es latitude circles with respect to a

position, Q8, of any discrete neutron direction is given in

the direction cosines, U, of its level position from the three

(1)
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Figure 1. Arrangement of quadrature points on the

where the indices satisfy the sum rule, 1 + j + k = (n +

direction cosines Ui, Vj, and Mk are the Qs projections on

OB, and OC, respectively. ‘X& coordinates of a point are denoted by the

otriad, i and are measured relative to the side opposite the named

vertex. oFor example,.in Fig. 2, the point 114 closest to the vertex B has

the representation (& = (ul, V4, Vi).

Applying the law of direction cosines to Eq. (1) yields the

condition that

ll; +ll$+ll:=ls i+j+k=(n+4)/2 , (2)

and for any integer q belonging to the set {i$j,k}, 1 < q < n/2.
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A

Figure 2. Labeling of octant points for S8.

Botation-reflection invariance Implies

equivalent under all permutations of

exactly three classes of such points:

that the points on the octant are

the indices (i,j,k). There are

A: i # j # k, which occurs six times for each distinct triplet;

B: i=j#k, i#j=k, or i=k#j, whichoccurthree times

for each distinct pair; and,

c: i = j = k, which occurs only as a center point and, therefore,

occurs only once, and only if (n + 4)/6 is an integer.

An i~diate consequence of rotation-reflection invariance and the

law of direction cosines is that

~~=V2+ (m- l)Dt , forms 1, 2, .OO, n/2 ,
1

and

(3)

D’ = [2/(n - 2)] [1 - 3v~] . (4)

5



This result may be seen by the following argument: Equation (1) is linear

in the variable 112. H one picks and fixes any two indices of (i,j,k),

then the third index, say k, is determined completely by the constraint

thati+j+k=(n+4)/2. Thus, if we pick the third index to be k + 1,

we have

u; + V$-l + ~2
k+l=l ‘ (5)

and

(6)vi-l +U; +Bi+l = 1 ,

where

i+j+k=(n+4)/2 ,

k is arbitrary in the range O ~ k ~ (n - 2)/2, and {i, j} are variable

subject to the constraint i + j = -k + (n + 4)/2. Subtracting Eq. (6)

fromEq. (5), we obtain

U; - V:_l = 11$- V:-l , i+j=-k+(n+4)/2 , (7)

which must hold for all {i,j} and arbitrary k subject to the specified

constraint. From the permutation of labels giving a rotation-reflection

invariant description, we can, therefore, conclude that

D~=B~- 2
%-l ‘

m= 2, 3, .OOO, n/2 (8)

where D’ depends only on n. Thus, using tranafinite induction we are led

to Bq. (3), where “n is one of the indices {i,j,k} and u? is an arbitrary

parameter. Finally, substituting Eq. (3) into Eq. (1) yields Eq. (4). If



p! is large, the points are clustered toward the center of the octant,

2 is small,for a given n, whereas, if U1 the points are spread toward

the vertices. The < must satisfy the constraint O <~~ < 1/3, since

otherwise D’, Eq. (4), will not be a positive quantity as assumed. Re-

gardless of the explicit value chosen for u:, the generated points will

then satisfy rotation-reflection invariance. Of course, the generated

point weights mst satisfy the same symmetries, and they should be non-

negative In order to avoid unphysical results.

It is readily shown that the so-called diffusion theory condition

12 pQ2= ~n12 w ~2 ‘1/3
1 88 1 mm

is satisfied if the normalization condition is given by

(9)

(lo)

wNch corresponds to integrating over the octant with the areas expressed

in units or m/2. InEq. (10) ~ is the multiplicity of points with

index s, and S is the total number of points on the octant. For Class A

points, ~ = 6; for Class B, ~ = 3; and for Claes C, ns = 1. The

other terms in Eq. (9) will be discussed and determined in the next

section.

111. AREA NETHOD: POINT AND LEVEL WEIGRTS

In order to develop an integration schem over the octant, we define

a discrete set of nonoverlapping areas {~} covering the octant. We

require that the {As} satisfy the rotation-reflection invariance condi-

tions and that the point weights {ps} are in one-one correspondence with

the {~}. On the unit sphere, we represent the integral of N(Q) over

dQ, or equivalently over a surface element a, as



~N(Q)dQ=fN(a)da= ~ ‘{A~}N{A }(QJ
s

where N(%) is some appropriate representation of N(Q) in

% ‘d ‘he ‘{A}
are the point weights associated with

integrals are over the quadrant; the sums are over all the area

A variety of assumptions on the connection between

weights, ps% and the areas, ~, are possible, but a simple

is that

PS = As

(11)

dQs about

AsO -

points.

the point

assumption

(12)

where the areas have

The ~ point

be determined using

been expressed in units of w/2.

weights, ps, and the level weights, ~, can now

the area method. We redefine the point notation to

include the insertion of two additional sets of direction cosines, using

linear interpolation in 1120 fi we denote these inserted direction cosines

by
~~= ~: + (m - 2/3)D , (13)

;&=2 I.ll + (m - l/3)D , (14)

then the set points defined by Bqs. (3)> (13), am (14) Cm k represented

by the relationship

I&= II; + (m ‘l)D , m= 1, 2, .O.z 1+ 3(n- 2)/2

and

D=2(l- 112 < 2/3n ,3w~)/[3(n- 2)] s ~ -

(15)

(16)

where we have defined PO = O, V3n/2 = 1, and the index constraint has

become i + j + k = 3n/20 This arrangement of levels and points is

illustrated in Fig. 3. using this extended set of points on the surface

8
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Figure 3. Arrangement of quadrature points on the octant for the area method
direction sets.

of the sphere essentially results in a set of “midpoints” for all

“triangles” formed by the principal points, v: , as shown schematically in

projection in Fig. 4. The auxiliary points are then connected by great

circle segments or their extensions. Principal points are indicated by

the small circles, auxiliary points by dots, as in an example for n = 8

given in Fig.”5.

For the general principal points, Qs - (Vi> MSs ~), a point is
called an interior point if 1 ~ m ~ (3n - 2)/2, where m belongs to {i$j,

k}. A point is on the octant boundary if m = O or m = 3n/2. Corner

points are those for which two indices equal zero, and the third index is

3n/20



Figure 4. Projection of u:.

~gure 5. S8 area domains on the octant



As is readily deduced, the generated figures are spherical hexagons

in the central region, spherical pentagons along the boundaries, and

spherical quadrilaterals at the vertices. This is illustrated in Fig. 5.

The area of the K-sided spherical polygon (in T/2 units) on the unit

sphere (R2 = 1) is given by

Area = (2/n)~=$ - 2(K- 2) , (17)

4 = C2hh , (18)

where 0 is the sum of the interior angles. The expressions for the areas

of hexagons (K = 6), pentagons (K = 5), and quadrilaterals (K = 4) are

then given by
*

‘%exagon =~~ am-8 ,

~’%exagon =1: am-6 ,

Area
quadrilateral

=~~ am-4 ,

(19)

(20)

(21)

where the ~ are the interior angles illustrated in Figs. 6-8.

Angles are computed using the spherical cosine law

cos(a) = cos(b) COS(C) + sin(b) sin(c) COS(A) , (22)

where A is the interior angle opposite the arc a and bounded by the arcs b

and c. shown in Fig 9.

If we denote the polygon sides as Shl’ ~’
illustrated in Figs.

6-8$ and use Eq. (22) to define the mrmalized angle function,

11
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s28

Figure 6. Hexagon spherical geometry labeling.

Figure 7. Pentagon spherical geometry labeling.



Figure 8. Quadrilateral spherical geometry labeling.

c

Figure 9.

a(x,y,z) = (2/r) arc

A

Spherical triangle labeling.

1/2 1/2
Cos(Xy - z)/[(1 - X2) (1 - Y2)] , (23)

- a(S s s
P19P’ P29P’ p 9p

)*

12

then the interior angles, ~ are given by

ap (24)

13



m Table 1 w list the associated p~ PI s ~ P values for hexagonss

pentagons, and quadrilaterals. In order to com~lete the calculational

prescription,

For Hexagons

we must identify the subscripts in ~ , m .
12

P 1

Pl 6

P2 2

P 1

PI 5

P2 2

P 1

Pl 4

P2 2

Corresponding

2 3

1 2

3 4

Pentagons

2 3

1 2

3 4

Quadrilaterals

2 3“

1 2

3 4

4

3

5

5 6

4 5

6 1

4 5

3 4

5 1

4

3

1

(im, jm, km) are given in table 2.

14



TABLE 2

~ ~N (~,jm,~) VALUES

m 1 2 3 4— ——

im %+2 i+l i-l i-2

jm j-l j+l j+2 j+l

km k-1 k-2 k-1 k+l

5

i -1

j -1

k+2

6

i+l

j -2

k+l

For pentagons, which occur only If i = 1 or j = 1, or k = 1, along the

octant edges, there are three distinct cases, which we summarize in Tables

3and4.

TABLE 3

THE HEXAGON (~,jm,kJ VALUES

m 1 2 3 4 5

k 1+X; i+xl
2

i+xl
3

i+xl 1+X1
4 5

jm j+xf j+x: j+x: j+xf j+xg

km k+x~ j+x; k+x~ j+xj j+x:

15



TABLE 4

~ PENTAGON X: (i

m 1 2 3

xl 2 1 -1
m

X2 -1 1 2
m

* -1 -2 -1

For i = 1, m use (x:, &m, #m,) in Table 4.

1)

4 5

-1 1

-1 -2

2 1

Forj=l, muse

(X2, X3, X:), ati fork= 1, m USS (X:, X:, X:)*
mm

Finally, for quadrilaterals, which occur only if % = j = 1, if

j =k=l, or if k = i = 1 at the octant vertices, there are again three

distinct cases, which are summarized in Tables 5 and 6.

TAELE 5

TEE QUADMLATEML (%ll*jm,%lJVfiuES

jm j+x; j+x: j+x: j+x:

km

16



TABLE6

~ QUADRILATERAL X:

m 1 2
1

x
m

2

2
x -1
m

1

1

3
x -1 -2
m

(i-j-l)

3 4

-1 -1

2 -1

-1 2

123
Fori=j=l, we use (x,x,x), for the column in Table 6. For

YTm
i=k=l s we use (x:, Xm, Xm), and for j = k = 1, we use (x~s xi, xl).

IV. CLASSIFICATION OF FIGURES

Three classes of points (A, B, and C) and three classes of figures

(hexagons, pentagons, and quadrilaterals) occur in the area method. Every

point is covered by a figure and every figure contains a point. An

enumeration of points and figures on the octant indicates that,

percentage~se, in the limlt of large n, almost all the figures are of

the type Class Ahexagone with octant multiplicity ~ - 6.

If we denote the indices of an octant point & (i,j,k), the point

classes and their associated octant multiplicities (ns) are

o Class A points —i#j#k, ~=6 ;

o Class B points -- two indices of (i,j,k) equal, ~ = 3;
and

o Class C points — i = j -k, ~ = 1, but this occurs only
if i = (n + 4)/6 is integer.



The total number of distinct figures is given by

S = N(iii) +N(iik) +N(ijk) , (25)

where N(iii) is the number of Class C (O or 1), N(iik) is the number in

Class B, and N(ijk) is the number in Class A.

If we use the fact that

n/2
11 k =n(n+2)/8 (26)

and count the octant multiplicities, it is clear that the total number of

points on the octant in n/2 triangular levels is

p = N(iii) + 3N(iik) + 6N(ijk). (27)

By direct enumeration it is easily shown that the total number of points

in the Classes A, B, and C is given ~ (m = O, 1,2, ...).

N(iii) =

[.

0ifn=6m+2

lifn=6m+2

[

n/4 if n/2 is even and n = 6m + 2

N(iik) =
(n+2)/4ifn/2isoddandn =6m+2

(n - 1)/4 if n/2 is even and n = 6m+ 2

(n - 2)/4 if n/2 is odd and n= 6m+ 2

%

I

n(n - 4)/48 if n/2 is even and n = 6m + 2

N(ijk) =
(n + 2)(n - 6)/48 if n/2 is odd and n= 6m+ 2

(n2 - 4n + 16)/48 if n/2 is even and n = 6m + 2

(n - 2)2/48if n/2 is odd andn= 6m+2 . (28)

18



If we use Eq. (28), the total number of distinct figures is (m = O, 1,

2, ...)

I

n(n + 8)/48 if n/2 is even, and n = 6m + 2

S - (n+2)(n +6)/48 ifn/2is odd and n=6m+2

(n+4)2/48if n/2 is even andn= 6m+2

(n2+8n+28)/48 if n/2 is odd andn= b+2. (29)

From these formulae,

N(ijk), and S for various n

limiting

N

N

N

so that,

values for large

(iii) =“Oorl

(iik) ~ n/4

(ijk) ~ n2/48

percentage-wise

three unequal indices.

The N(iik) points

The N(ijk) points lie in

n

construction of Tables for N(iii), N(iik), and

can be made.3 From Eq. (28), we see that the

take the form

only in hexagons. Enumerating

class and type (h = hexagon,

easily show that (m = O, 1, 2,

(30)

for large n, almost all the figures occur with

lie in hexagons, pentagons, and quadrilaterals.

hexagons and pentagons. The N(iii) points lie

fq(iii) = o

fp(iii) = o

fq(iik) = 1

the number of distinct figures f of a given

p = pentagon, q = quadrilateral), we can

● **)0

all n/2

all n12

ifn=6m+2

ifn=6m+2

all n/2

if n/2 is even

if n/2 is odd

19



I
(n-4) /4ifn/2ie even endn=6m +2

fh(iik) = (n-8) /4ifn/2is even andn=6a +2

(n -6)/4 ifn/2isoddendn=6m +2

(n - 10)/4 if n/2 is odd and n = 61U+ 2

and

fq(kjk) = O all n/2

fp(ijk) = I(n - 4)/4 if 2 is even

(n - 12)/8 if n/2 is odd

(
(n - 4)(n - 12)/48 if n/2 is even n = 6m + 2

fh(ijk) =

1

(n - 6)(n - 10)/48 ifn/2isoddandn= 6m+2

(n-8) 2/48 ifn/2isoddandn=6m +2

(Ilz- 16n + 76)/48 if n/2 ia odd and n = 6m + 2

From the definitions of the N?s end f*s, we have

N(iii) = fq(iii) + fp(iii) + fh(iii)

N(iii) = fq(iik) +fp(iik) +fh(iik)

N(iii) = fq(ijk) +fp(ijk) +fh(ijk) .

Defining g as the total number of figures of a given type, w have

‘~ = fq(iii) +fq(iik) +fq(ijk)

‘P
= gp(iii) +gp(iik) +gp(ijk)

% = gh(fii) + gh(iik) + gp(ijk)

where, of course,

s= gq+gp+gh= N(iii) +N(iik) +N(ijk) .

.(31)

(32)

(33)

(34)

Then, the g’s are given by

20



gq = 1 for all n/2

\

= (n- 4)/4 if n/2 is even
gp

(n - 2)/4 if n/2 iS odd

I
n(n - 4)/48 if n/2 is even and n = 6m + 2

= (n+ 2)(n -6)/48 ifn/2isoddandn= 6m+2
gh

(n2 - 4n ~ 16)/48 if n/2 is even and n = 6m + 2

(n2 - 4n+4)/48if n/2isoddandn =6m+2 . (35)

It is interesting to note that

gh = N(ijk)

13q + %p = N(iii) + N(iik) ; (36)

that is, the total number of hexagons is always the same as the number of

figures occurring six times, even though hexago- OCCUr tith octant

multiplicity ~ = 1, 3, and 6. Similarly, the total number of quadrilat-

erals and pentagons is the same as the figures occurring one and three

times. Finally, it is readily seen that in the llmit of large n, almost

all the figures are hexagons.

v. AREA METHOD DIRECTION SETS

Using the area method techniques described in the previous two

sections, a computer program for generating the direction sets was written

in FORTRAN for usage on the CDC-7600. The program constructs the point

weights and directions as used by the one- and two-dimensional ~

transport codes.

Using this program as a subroutine, we can construct direction sets

to full machine significance at execution time rather than relying on

transcriptions that can be prone to error. It is now possible to generate

automatically direction sets for much larger n previously available for a
2

specific choice of WI, if needed.

21



The point weights and directions were evaluated in single precision

on the CDC-7600 and are positive for all even n less than 2000. In double

precision, they are positive for all even n less than 10 000, which is the

largest case that was constructed and examined in the testing. Comparison

of the single- and double-precision results indicated differences in the

12th digit for n greater than 100. The preprocessing code renormalizes

the sum of the weights to unity at run time.

These direction sets differ from those produced previously using

293 for two reasons:the asymptotic directions (1)

tion on the orthogonality of intersecting level

boundaries was incorrect and led to a negative area

order n; and, (2) the free parameter, 11~,given by

V; = l/[3(n - 1)]

An implicit assump-

lines with quadrant

calculation for high

(37)

was used previously.

1/2
PI = 0069/n

was used. Comparison

In this investigation the parameter Bl, given by

- 00001 , (38)

of the level moment conditions

Qkn=~n/2 Wuk-l/(k+l)
9 1 mm (39)

indicates that the current choice of u;, Eq. (38), gives level moments by

a factor of 2 better than asymptotic choice, Eq. (37), which was used pre-

viously. Of course, neither of these choices for v; yield level moments

as accurate by several orders of magnitude as do the weights and direction

of the Pn_l and DP(n-2)/2 methods, which ware constructed specifically

to satisfy the moments exactly. Eowever, the Pn-l and Dp
(n-2)/2

direction sets do not generalize to cylindrical one-dimensional geometry

or to multidimensional ~ quadrature on the unit sphere, which was the

origin of this problem over two decades ago.

In Table 7, we list the asymptotic ~ directions for slabs,

cylinders, and spheres constructed by the computer program using U; given

by Eq. (37). In Table 8, w list the area method direction sets for
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TABLE 7

ASYMPTOTIC DIRECTION (AD) WEIGHTS AND DIRECTIONS

N“s2 10E =1 sLABS ANO SPHERES

o~oooooooooonoooo IJfl( l)A -10000000000000000
●500000000000000 U9( 2)= --5773S9?691 89626
;500000000000000 UB( 9)= .5773s~p6cJ189626

Q(i)= Oe

Q(I*I) Q(I*K2011 Q{I+?*K2+1) Q(T+3*R2*1)

15.4701 0,0000 .-23~0?O0 94b.4444

AVEf?AOE AB!WLWE PERCENTAGE

Ns~ 16E =2 CYLINDERS

W( l)a O*OOQOOOOOOOOOOOO
h( 2)= %t)ooooooooo?ooo
W( 3)8 ~st)ooooooooo!ooo

ERROR OF MOMENTS = 16,5869

UB( 1)s -a81649+s80927726
U13( 2)S -.s7735QPL$9~89626
lJB( 3)= s577350P691 89626

Nw4 Ic3E =1 SLA8S AND SPHERES

00000000000000000 IJB( 1)= -ltOOOooOOQOI)OOOOO
;le6666666666666 U8( 2)* -c88191”?1O%88I92
;333333333333332 U(3( 3)S -,333333333333332
;333333333333332 U13[ 4)= ●333333333333332
$le6666666666666 UB( !5)= ●881917103tIt88192

etl)= Oc

Q(I*l) Q(I+K2*1) ofI*?@K2*l) fA(T*l*K2+l)

3*2389 1,3346 8,3472 10,8968
-*0000 4*9383 IOa42S2 9,8765

Nm4 X6E4 CYLINDERS

W( l}= o~oooooooooi)ooooo
M( 2}s %166666666666666
U( 3)a .i@&ri&666666666
U[ 4)s ~lbb6~b6bb6t666b
U( 5)8 ●l~66666b666bb66
U( 6)= O:oooooooooocuooo
W( 7)8 ;166666666666666
W( 8)= ;166666666666666

U8(
Ue(
Ul?(
UB(
U8(
UB(
UB(
U8(

M@@lTS ● R.4508

1]=
2)A
3)ai
4)=
5)=
6)=
7)n
8)=

-.96280+n41aJ2063

‘~g~19171fi368819z
-.333333333333332
,333333333333332
QS6I9I7103688192

-.47;406Gzo791o38
-.333333333333332

●333333333333332
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Table 7 (continued)

N=6 16!? =1 sLABS AND SPHERES

U( 1)8 Oqouooooooofmooo 1)8 (
“( 2)=

1)9 -1OGOOOOOOOOOOOOOO
0100451046290544 Ue( 2)s

U( 3)= ~132631240752243
-*93094933t$251260

Ue( 3)= -o68313GO51O63969
W( 4)s .2b711771i?9!5?210 tJB( 4)*
k( 5]8

-D25819MJ89?47160
i267]1771295~210 116( s)=

M( 6]=
,25819qalI$974?]60

;1324312b075~243 UR( 6)= .6t)3130n~I(J63969
W( 7)= ~10045104b29~544 IJB( 7)= ~93t)949336?!31260

MOMENTS

N*6 Q(l)= O*

I Q(I+I) Q(I+K2+1) f3(I+?*K241) tJfy43bK2*l)

101808 5,4777 1201429
;

Ib,goaa
-boooo 8.2981 13.3233 14 ,S42S

3 2a2900 10,4992 14.1001 16.2291

AVERAGE ABSOLUTE PERCENTAGE ERROR OF MOMENTS = 8.s066

N86 IGE =2 CYLINO~RS

M( 1)=
U( 2)X
k( 3)9
W( 4)=
W( 5)=
W( 6)a
M( 7)=
w{ 81=
W( 9)=
W( 10)=
W( 11)=
W( 12)=
W( 131=
W( 14)=
W( 15)=

o~ooooooooooooooo
~100451046P90S44
●ob62~56203?6122
i100451046290544
;100651046290544
●Ob6215620376122
;100451046290S44

0:000000000000000
;Ob621562037b122
;06621562037~122
;06621S6203?6122
~066z15620376122

o~ooooooooooooooo
●1OO451O4629O544
;100451046290544

-.966091783079293
-,93094a33Ap51260
-.68313oo%1o63969
-*25819JWB9747160

●25819e889747160
●683130@JI063969
●93094Q?36XS1260

‘*73029s742q40226
-,6831300s1063969
-.258193$89747160

.25819FJ889747160

.683130n51063969
-.36514R371670120
-*25819R88Q747160

●258~99889747160

Ns@ IGE *1 SLABS AND sPHERES

U( 1)= 0:000000000000000
W( 2)S ~0-lz2bz022223608
w{ 3)=
U( 4)S

~OH52@0409fl~3$37

w{ s)=
s112713113702299
j22976445426(1654

M( 6)= ~2Z9764454260654
M( 7)= ●112713113702299
W( 8)= :085200609131343?
U( 9)= ~012262022223608

(m ( 1)+
lm( 2)=
IJR( 3)s
U9 ( 4]=
tJR( 5)=
us ( 6)=
IJ8( 7)s
IJR( 8)s
UR( 9)=

-1OOOOOO!)IIOO(JOOOOO
-.95118073~?l1341)
-9786795792469441
-,5”?7350>6Q189626
-*21821 70QO?35993

●218217tWO?3S993
,577350>69189626
●786795792469441
●951189731?11340
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Table 7 (continued)

MOMENTS

‘Nmg Q{I)= 0.

I Q(I*l) Q{I*K2+1) t3tI*2*K2+1) QtT+3iW2+l)

●4111
:

7.1697 13.4076 ?6.3643
-“0000 90J099 14.4343 16*62ao
2*2302 ~007626

:
1%●2689 16s706!5

4,8627 12*1866 ~5c9119 16*6037

AVERAGE ABSOLUTE PERCENTAGE ERROR OF MOMENTS = 10.1210

Nm8 IOE =2 CYLINDERS

00000000000000000
~()?2242(j2~~~3b(j~
●04264020?906719
;04264020?906719
~OT224202222~608
●Ot2?4202222~608
;O*264020t9Q6?~9
~O*264020~QOb?19
;ot2z620i?222360a

0;000000000000000
~O*264020*90b?19
~oZ743270hN3~62
,04264020t9067~9
;o+~640~Of9Q6?~9
*Od~43270+Q88862
:04264020490b719

o~ooooooooooooooo
.IJ*~64020!Qo67~9
;O*264020~Q06719
;O*2640204906?19
00*264020~906719

().lJooonQoooofJyooo
●Ot224202i?223601q
~o?a~420Z2223608

lGE =1 SLAFJS AND sPHERES

0?000000000000000 tJB( 1)+
~0564624660~4014 tJB( 2)=
*0635R52778865W UB( 3)=
.074919355157779 lJs ( 4)X

W( 5)= ;10022225b635~87 uB( S)=
W{ 6)= ~2U4810642306331
W( 7)=

UB( 61u
~2114810642306331 ufJ ( 7)=

W( 81= ●ltJOZ22258b3b2f37 uB{ 8):
w{ 9)* ;ot49~9355157779 IJB { 9)W
M( 101= ;ob35~5277886!j88 IJB( TO)~
w{ 11)= ~05646246601~oi4 UBt I1)S

-*97590/Jb7?%8530
-.9s1189731?11340
-.7867%792469441
-*577350?W]89626
-c218217~90?35993

●218217tt90?35993
.57Y35n*6Q189626
,786795~92469441
●951189?31?i1340

-D816496W0927726
-.7B679q792&69441
-.57735g~6c)Itj9626

-021S217890?35993
●21821vRQo?35993
●57735!l~6Ql$9626
,78679579?469441

-,61721a399R4@371
-0577350xWIR9626
-.2182~?QQfi235993

c218217y)nP35993
.5”T735gxj91fi9626

-*308606A9Q~24184
-,218~17RQ0235993

●21B217R90?35993

-10000003000000000
‘*96225(J448649375
-08388?969?R078S7
-069388q6664Q8711
-.50917Ka77217314
-.19245nh8Q729875

●192450na972987!S
●50917R’177217314
,69388w$66488?11

●038870692ci078S7
•96z250448~49s?9
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Table 7 (continuad)

MOMENTS

N8 10 Q(l)= -07105E-12

I Q(I*lJ Q(I+K2+1) t3fI+2*K2+l)

●0412 7.9384 14.2070
: -soo00 9.4578 j5.0920
3 2.0497 10.8326 I!5.8589

~.2804 12.0790
:

16.5086
6.2355 13.2031 17.0+18

AVERAGE ABSOLUTE PERCENTAGE ERROR OF MOMENTS =

N =10 IGE =2 CYLINDERS

W( l)=
M( 2)a
;: 3)=

●)S

U( 5)=
W( 6)=
W( 7)=
W( 8]s
U( 9)=
w{ 10)=
W( 11)=
W( 12)=
W( 13)=
W( 14)=
JU( 15)9
U( 16)=
W( 17)=
W( 18)=
U( 19)=
W( 20)=
W( 21)=
w{ 22)=
W( 23)=
U( 24)=
U( 251=
H( 26)=
U( 27)=
U( 28)=
M( 29)s
W( 30)=
M( 31)=
W( 32)=
U( 33)=
M( 34)=
U( 35)=

0:000000000000000
.oS64624660i4014
~03179263:943~94
~028300432391715
~0~179263~943294
●0564624bbol+o14
:056662466n14014
;03179263~943~94
●02830043239171S
;03179263:Q43294
;oS6462466014014

o~oooooooooo(l~ooo
go~~792b3~943294
:018318490374349
●018318490374349
~0317Q263~943294
•O~179263~9k3296
.018318490374349
;018318690374349
;03179263k@43294

00000000000003000
~028300432391715
●018318490a74349
~02030043239171!i

“!028300432391715
●O183184~o?74349
;od83(Jt)43i!391715

0;000000000000000
:03179263&943294
;odlfQ2b3~943294
;03179263?943296
:031792638943294

0;000000000000000
●056b62466014014
;0564624660~4~~4

Qty+3&K2+l)

17.4597
17s7635
1799547
1s.03s0
19.0066

lio1450

-e98130476292s3~4
-;962251v+4FJ6493iS
-a83887w92R078S7
-m69388fw66d38711
-e509175~77217314
‘e19?45Qf189729875
.19245048Q729875
●50Q175077?17314
b69388a666d18711
●83887!)%92@07857
●962250$4~649375

-e86066?065J123870
-.83887049?RO?8S7
“-069388M66488711
-05fJ917%977?17314
-e192459~e9729fJ75
,19245a~A9729875
●509175!177?17314
●69388446f+4fJ6?~1
v83f18?069?fIU7857

-.720082P9QR23098
-.69388a466A88711
-050917R977217314
-*192450aRo7?9$7s

●192459wvH2987!i
●509175*77?l?314
,69388w66~8871 1

-.544331453091R26
-.509175977?17314
-e192450qfiQ72987s
.1924S?qIW72987S
●509175977P17314

-*272165526975913
-Q192450g8Q729R7~
.192450089729875
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Table 7 (continued)

N =1? lGE =1 sLARS AND SPHERES

Ogooooooooooooooo
~0*6357556555418
●0boa3829g71’#9~$
;057003591715130
~ob7974072877962
.~Yl?33466775Zla
:1U65Y3021356344
;l~h593fJ21356344
~Ov1233466775~l$
●067974072877962
;057003591715130
:050838zY07199~8
:o*63s75565554~8

Q(I+I)

-*1609
0,0000
1.8701
3.8076
5*51OO
7.0226

-o71O5E-I2

-1*090001J900000000
-.969223?69195117
-,8?038q?7Q77848s
-*75H78601o639326
-.62?64qa14460846
-.4b0566jRfj471835
“,17’80774!YW55697

●l”14077659Q55697
●46056ijlfMLt71B3s
.62764!W14460846
.7597869]063932$
●87038RP7Q?78485
●96922?369}95117

Q(I+K2+1) ofI*?*l(2+l)

~.4021 ~4,745s
9.6772 1s.5137
lfJ.8601 16,2024
11.9559 16.8123
12.9677 !7.3439
13,8971 1?.7977

AVERAGE AFjSOLUTE PERCENTAGE ERROR OF MOMENTS =

N =12 It3E =2 CYLINOERS

w{ 1)=
M( 2)=
w{ 3)=
M( 4)=
w{ 5)=
U( 6)=
W( 7)=
U( 8)=
W( 9)=
w{ 10)=
U( 11)=
U( 121=
U( 13)=
N( 14)=
W( 15)=
U( 16)=
W( 17)=
U( 181=
U( 19)=
W( 20)=

Ofooooooooooooooo
●0463s755655~418
;025419145359fJ64
●021q)9808762790
;021s19808762?90
;02541914539Y964
;0463q7$56555418
:o+63575565s~418
:0254191453S~964
;021s19fJ08762790
●0c?1519808762790
;0254191+535Y964
;O*635755655~418
0:000000000000000
$025419145359964
~o13963974189550
~01246722~676191
~O139G397+189550
.025419145?59964
;025419145359964

Q{y+3&K2+1]

t8,1744
1 s .4747
1R06993
18.8492
IR,9253
18.9290

1j.8639

ss.98473iW7t334662
-,96922Y36919S117
-a87038q?79778485
-.7SJ3786QI0639326
-.62?641W14460846
-e460566186b71fKM
-.1?407”7%5sQ5S697

●174077+55955697
g4605661a6&71f139
●627645”a14660t346
●7EM785QI0639326
●870~8QP7Q778485
●9692.27?b9195117

-*887625M4%98$W5
-*87038A~79778485
-.7S8786Q10639326
-a62764SW44$IO~46
-04605661ft6471935
-.I?40776S<Q5569”?
.17bo?7%%%955A97
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Table 7 (continued)

U( 21)=
W( Zz)tl
U( 23)=
W( 24)s
w{ 25)=
U( 26}=
W( 27)=
U( 28)=
M( 29)=
n{ 30)=
M( 31)=
W( 32)=
W( 33)=
U( 34)=
W( 35)=
W( 36)=
M( 37)=
W( 38)=
w{ 39]=
w{ 40)=
w{ 41]8
W( 42)=
W( 43)=
W( 44)=
W( 45)=
W( 46)=
W( 47)=
W( 48)s

●0139639741S9550
pO1246722!137~191
●013963974!IV?550
~oz5419145359964

Ofoooot)oooooooooo
:GZ151980876?790
●012467227676191
~o124f3722767eJ91
*oZlS19906762_f90
●021519808762790
●012467227676191
●0124672271$76191
;oZ]S19808762790

O*OQOOOOOOOOOOOOO
;021519808762790
:o139639741f39550
cOC!1S19808762790
0021919808762790
●O139639741~9550
:021s]9808762790

O*OOOOOOOOOOOQOOO
•02541914535~~64
~025419145359Y64
~ot?5419145359964
*O+?5419145359964

Oqollooooooooooooo
go463s75565!55418
~04635T556!j55418

~ =14 IGE =1 sLAf3SAND

W( 1)= 0.000000000000000
;039326869932498
●0*2397011687780
;0462?!)061116286
;052449506373218
;06z766s?8425365
;0643318021305N3
●1?2528170434266
:lt25z81?0434266
;084331R02130589
:ob~746~7842h36~
~Ob2449!jo$37~~lJ3
~0462200f51116284
●042397011687780
jo39326ab9e3249e

SPHERES

U13[ 11=
UB( 2)=
UJ3( 3)=
lJt3( 4)=
IJH( 5)=
1~~( 6)=
IM( 7)=
Uf3( 8)=
lIFJ( 9)s
IlfJ( io)i
118( 11)=
lJR( ?2)=
Utlf 13)=
(J8( 14}=
119(1!31=

●4605661FJ6671835
●62764q*)14460n46
●759786910639326
,87038q~7Q77848S

-*778493cJ44J 61527
-e75878hQ10h39326
-.627645914460R46
-.469566186471833
-b174077A5595sl$97

●~74077655955697
.4b056618~&7183q
●62764qQ14460846
●758786910639326

-.65133ti?47278933
-.627645Q14460$J46
-04b05661 86671835
-.174077655955697

●174077455Q55697
.460566j8647183S
●627645Q14460R46

-.492365Q6M17338
-~460566i86h71e3q
-,1740774!55@%697

.174077455955697
g460566fR667183S

-*246182Q91Q58669
-,17407765~935697

.174077455955697

-1s000000000000000
-*974021c334011413
-e891555nZFt?41724
-m800640769025435
-*69798244045211?
-*577359x391 89626
-042365’>z72R68161
-,16012a15aa05087

t16012Ri53$lo5007
,423659z72R68161
●577350*6Q189626
$69798?540652112
●690649769025435
●89155scIPR?41724
●9740211334011413
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Table 7 (continued)

MOMENTS

-e2799 8.7296 \5.1281
; -eoof)t) 9.8323
3 lc71i8

js*f3043
1008684 J604234

304z72 ll*040e 16.9858
: 4*9388 12.7917
6

17.4920
6.2990 13.6026 17.~421

7 7.5s91 14.3944 18.3367

AVERAGE ABSOLUTE PERCENTAGE ERROR OF MOMENTS =

N 814 I(3E ● CYLINDERS

M( 1)8
h( 2)9
w{ 3)=
k{ 4)=
w{ 5)=
W{ 6)s
M( 7)=
W( 8)=
W( 9)=
W( 10)8
w{ 111=
M( 12)=
W( 13)=
Mt 14)=
U( 15)=
W( 16)=
U( 17)=
w{ 181=
w{ lQ)=
W( 20)=
W( 21)*
W( 22)=
W( 23)=
W( 24)=
W( 25)=
W( 26)=
Ml 27)=
U( 28)=
M( 29)=
W( 30)=.

00000000000000000
~03932686V#332498
~Oi?l19850S843890
●O1744283Y180~50
~O16Cj9174071~787
~01744283~180850
~OzllQ8Sob843U90
.039B~6869R32*98
:039~2686983~498
:021198~05843890
:017462839180850
~O16!!i9174071y787
●O1744283yla0850
i02]198503843J390
:0393z686y832498

o~ooooot)ooooooooo
:021198sO~843890
bOl1336382754583
:O09633012466R22
0009633012466822
iOl133438275*583
~Oi?l198S0584~890
~Odl198505843890
zOl1334382754g83
~o09633012466822
~009633012466822
z01133438275’!583
:OZl198!jOs843890

o~oooooooooot)ool)()
●01744283~180850

18.6761
1$)09607
lQe1910
IQ.3674
19.4907
1Q,5613
19.s804

1 P ,38S2

-,987096933s8S646
-0974021S34011413
-089155qg2R~41724
-*80064~769!12!$43!3
-,697982b40452112
-057735326Q189626
-,42365Q272R68161
-.16012a153S05087

●lbOt28t5380~087
●423659e72s6816~
.5”1735~p6Q189&26
●69798244345i?l12
●80064076902S43S
●891S5CiQ28241724
●97~021=34011413

-.905821627_15675
-c8915515R2s241724
-,890640769025435
-,69?9824404521~2
-*5?73599691 89626
-*42365~27?n6~161

-o16012n153805087
c16012A153fi05087
s42365*272968161
.577350?691 89626
●6979fj?449&52112
●80064076902543!5
●891!3sqRp3?41724

-0816496%qoc)2?726
-.8906+076902S43S
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Table 7 (continued)

W( 31)=
W( 32)=
W( 33)*
W( 34)=
M( 35)8
W( 36)s
W( 37)=
w{ 38)=
M( 39)=
M( 40]a
w{ 411=
U( 42)=
W( 63)*
H( 44)8
M( 45)=
U( 46)=
H( 47)=
M( 48)=
W( 49)=
W( so)=
U( 511=
U( 52)=
U( 53)=
11(54)a
h( 55)=
W( 56)=
U( s7)e
U( 58)=
W( 59)=
W( 60)=
W( 61)=
M( 62)=
U( 63)=

N s16

u{ 1)=
W( 2)=
W( 3)=
W( 41=
h( 5)=
W( 6J=
W( 7)a
U( 8]=
w{ 9)=
U( 10)=
M( 11)=
W( 12)=
k( 13)=
W( 14)=
U( 15)=
W( 16)=
w{ 17)=

~O09633012466822
~(J(J@j94875131J02(J
●O0963301Z46@22
~o1744283Y1808s0
●oi7442t13?180850
bO09633012466822
~OtJ8594875130020
~oo963301246682i?
●0i74428A~18~850

OFOUOOOOOOOQOOUOO
~O16!j9174071~787
~00963301z4b6822
~o09633012466822
●016591740719787
;016591740719787
~009633012466822
~O09633012466U2~
sO16S917407~9787

o~ol)oocoooooooooo
●017442R3y18@S0
~011334382754583
~O1744283918?850
~Oi7442tJ3Y180850
~011334382754583
~01744283918~850

0:000000000000000
~Oi?l198505843~90
●Oi?l]C)850b843890
;021198503843890
oOZl198905843S90

o~ooooooooooodooo
●039326869832498
~0393z6869832498

IGE ml sLABS ANO S@HERES

o~ooooooooooooooo 118( l)B
,0341$jo743173670 US( 2)9
;6363?9491801?39 Ue( 3)8
;02)89b413~4(J5~36 UJ3( 41=
:&+2<i72021i19iti
;04891573583~746
;058595584986041
~078806650698751
●161240455990769
:16)240455990769
;0?88066506987!31
~oS6S95~8498604~
~O@$91573S831746
.04296720~ll1948
:038944135405336
:03637949180~?39
;0?4150743173670

-,69798~%406cs2112
-,577350p~o189626
-0423659>72R68161
-.16012a)53805087

●16012SIS3805087
•423b5Q~72f168]61
.S7?35fJ?69189626
~69”?982640b52112
●80064076902s43s

_,71611&974n39430
-0697982440452112
-,57735Q?69189626
_C423659a72a68161
-*160129!9>80S087

●160128151805087
.4236!50272868161
●577353P69~89626
0697982440&5i?l12

-.599144689%15278
_@57735fi~69199626
-,423659P7~a68161
-o16012S~518051)87

●16012815W?OS087
●423659?72R68161
●57?350?6Q189626

-,4s?!910a13657R46
-.423659s72$J68~61
-c16012a153~05087
0160128]53805087
.42365QF72R6816~

w.226455406n28919
-~16012qi%?no5087
cleo12a~53905087

-10000000000000000
-.97752!J?19Q07672
-.9Q67667005823!37
-*82999330b~32575
-.74535s092699928
-,649785x19653926
-*537483R49R86566
-e39440!j31847330s
-,~49071198499986

,149071i98499986
●39440531RR7330S
●53?483B49R86566
●649786x19b53928
*74?J35399F499928
●82999330h$t3257Kl
●90!37647009823S7
,97752S21990 ?672

30



Table 7 (continued)

MOMENTS

N=16 Q(I)= -,7105E-I2

I Q{ I+I) Q(I+K2+1) Q~I*2*K2+1)

1 -03!532 8.9749 1s.4130
2 -*00()() 9*9461 16.0159

1 ●g757 10*8666 16G5758
: 301171 11,7385
s

~7,0930
4.4791 12.!$634

6 5*7154
17,5678

13.3426 18.ob03
7 6.8661 14,0768 i8,3909
0 7.9498 14.7668 18,7397

AVERAGE ABSOLu7E PERCENTAGE ERROR OF MOMENTS ● ’

N s16 16C =2 CYLINOERS

o~ooooooooooooooo
●034150743173b70
~018189745900870
●O146Q36?99248S3
00135R60s~995992
;0135R60S8995992
~O1469367v924853
●01818974590~870
;0341S0743173670
:034]%0743173670
:0181897459008?0
;0146936?9924853
~O135fi605!!99s992
~O13S8605~995992
~O1469367~92+R53
.018189745900870
;034150743173?70

0;000000000000000

s018189745900870
:o(J955677!i555b29
:O07897542059QR2
;OO?51852366b189
~o07R9754205998~
~O09S56775555629
●o101@97+5900870
go~8189745900t!70
~009556775595629
●o07897542059982
iOo751$S23665789
:007897S42059982

Q(I+36K2*1)

19,0471
1903133
19.5386
19,7233
19.8679
19.972?
20,0381
20.0646

1?,7786

-0988f126464C46087
-.97752521QQ07672
-.90676h700g42357
-*82999?306%32575
-.7493%992499928
-.649786~A965392R
-b53748384Qf186s66
-*39440531af173305
-.14907119@&999f16

,14907119R499986
●394405?1RR7330S
●5374tJ3R4QR861366
.649784zwWJ3Q28
.74535=99?A99928
●82999330663257!S
●90676470t)q82357
,97752~21QQ07672

-,91&93&qR3672679

-.90b766700qR2357
-~829993306532~7s
-*74535q99?499928
-.b49706p$t965392R
-*53748384Qa8646~
-039440511 nfi73305
-“c14907119R49~986

,14Q07tl.9849~98~
●394405318R73305
●53748w4Qfi86566
.649786PR955392R
.74535$09P$99928
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Table 7 (continued)

W( 31)=
U( 32)=
W( 33)=
W( 341=
W( 3!5)=
U( 36)=
U( 37)=
U( 38)=
U( 39)=
U( 40)s
U( 41 s

IU{ 42 =
W( 43)=
W( 44)=
W( 45)s
W( 46)=
W( 47)=
W( 48)=
W( 49)8
W( 50)=
w{ 51)=
M( 521=
W“(53)=
W( 54}=
W( 55)=
U( 56)=
k{ 57)=
W( 58)=
W( 59)=
W( 60)8
W( 61J=
w{ 621=
W( 63)=
W{ 64)=
W( 65)=
w{ 66)=
W{ 67)=
W( 68)=
W( 69)u
W( 70)=
w{ 71)=
W( 72)=
W( 731=
w{ 741=
W( 751=
U( 76)=
w{ 77)=
W( 78)=
W( 791=
Wt 80)=

~O09!35677555S629
:01818974s90!870
o$ooooooooooo~ooo
~O14693679924~S3
●o07B97542fiS9982
;LJ06706570%o~189
~O067065705C8183
.0078975420S9982
:01469367Y924893
●o1469367~924~53
;o071397s4205Y982
~006706570508185
.oo6706570s08~8!S
~0078975*20599182
●O14fN367992*8S3

o~cloooooooooo~ooo
●o~358b05u995992
;007518523665789
:006706570508185
;Ot)75185236h5789
;O1358605!99b99Z
~O1358605!995992
●007918523665789
~O06706570S~818!3
ao07S18523665789
:013S8605!!995992

0:000000000000000
fo1358605~995992
:007$97542059982
.0078975*2059982
~O1358605Y9Q~992
●O13S8605~995y92
●O07t397542059~82
~O07897542q59982
●O1358605U995992

O:oooof)tlooof)oont)n”
,0146936799?48S3
;009s567755S5629
*01469367’#924853
*01469367~924853
~O09556775$5Sb29
~O146Q367~9248!33

il~ouoooooooof)oooo
●01$189745990870
●9181e9745900870
~olalt19745990a70
●0181R974S990870

0ZOOOOOOOOO090000
●0341s0743173670
.0341s0743173670

●82999%306q32!37s
@90676&700s823S7

-e84327&fi4?711570
-.82999~306GJ32575
-a7b535q99?499928
-.64978+PR9653928
-*537483R49R86S66
-b39440531LW7330!3
-s149071198499986
,]49071198b9998b
.39440631RB73305
●537483849m86566
●64978h?ft9653928
.74S35599?499928
,82999330b~3257S

-*760116Q50066092
-.74!535@Jw!&99928
-e64978h?f191$S3928
-.S37483f149@86S66
-039449%31Rn7330!!
-014907119$M99986

●14907~j9F1499986
b3944053j$tl17330s
●53748aa49n86q66
.6497@bpPJ9653928
●74535q99249992R

-s666666666666671
-e649786?89653928
-.=+748~849$t86!56b
-039440531w7330!5
-c149071)98699986
c14907ti9R499986
●39440%31Rta7330!3
●53748.3f?4Qaf16566
.649786x)9653928

-e!$57773351n2Z728
-.5374RM49R86566
-.394405-laa7330~
-*149071i9R&99986
~14907119R499986
●39440531nn7330s
●53748V3b9n86566

-e421637fJ?l?5S792
-*39440531RR73305
-016Q071i98499986

●149071\98499986
●3944’)5~lRR73305

-.210818510677925
-e1690711984Q9986

●14907119t34999Q4
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Table 7 (continued)

N EZO Irx =1 sLA8s AND SPHERES

Oyooooooooooooooo
w0270373MQ020M
~02835545256blo2
a02915R6530720196
;IJ31753818741?09
:034s12680197183
;038250093272212
iO~3629782027Rl 1
●0~2316254897~66
iO~0406017007737
;14405202S567428
;14405202S56 1428
:070406017007737
:052>16254897S66
;04362978202781~
;038250093272212
;OA4!512680197183
:0S1753818741?09
●O?9486530720196
;028355452!s66102
~02?0373450020S4

Q(I)= -D1421C-11

Q(I+l)

-*4288
-00000
103583
2,6437
3,7891
4.8328
5.8171
6,7!518
706437
8.4970

UB( 1)8
(JR{ 2)4
UR( 3)4
Us( 4\i
IIB( 5)*
IJB( 6)=
tpa{ 7)+
(IB( 8)=
uB( 9)w
uB( io)=
IJ8( II)?
IJB( 12)=
UB( i3)=
UR( 14)8
UB( 1s)=
US( 16)*
uR( 17)0
!18( 18)8
UB[ \91:
U8( ?0)8
(J8( 21)=

9.314!s
10.0983
10.8499
11.5707
12.2614
12,9228
13.s!355
14.1600
14,7367
15.28S7

-10000000000000000
-,9622994R6?5?499
-.92?17~64QQ4SV2~
9,868553950490281
-.8056%1s79172280
-.73746e40qq08196
-0662266i78532S19
-.57735fJ?6Qi89b23
-,47756693PQ40917
-.35043Q3?20?s230
‘,~324%P35?06s04

.l~2453?35T06504
,35043g?2~02s230

.4?7Sb&Q3?W)917
c57735{)z69 189623
.66226/j17Rq32519
.73746q405q08196
●8056~lq7Q172280
●86855>9!50490281
,9271?2649945526
.96229q486?57499

ls.bo74
~6.3021
16.7698
17.2107
17.6250
~8.0128
18,3742
j8.7094
19.0184
i9.3014

AvERAGE ABsULUTE PERCFNTA6E ERROR Of MOMENTS ●

Q(f*3*l(2+3)

19055B6
IQ.7901
19 .99s9
20.1764
20.3316
~0.4618
20.5670
2CI,64?6
2fl .7038
20.7358

13.3320
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Table 7 (continued)

N s24 I(3Eal SLABS ~NO SPHERES

W( 1)s
U( 2)=
W( 3)=
U( 4)=
U( 5)=
W( 6J=
w{ 7)=
:1 8)s

9)ta
U( 10)=
U( 11)=
M( 12)=
U( 13)=
W( 14)=
W( 15)=
W[ 16)=
U( 17)=
w{ 18)=
n( 191=
U( 20)=
W( 21)=
W( 22)=
W( 23)=
M( 24)=
W( 2s)=

MOMENTS

N=24

I

:
3
4
5
6
7
8

1:

::

0.000000000000000
●022s77993115S99
:023240R2~176660
;02401498813975S
;02526013.0757786
cO~b850696116r]8
~od88501081 18882
●031416971700271
~0348~348956780s
9039778170417273
;o+7715262911175
;oe423~~4b59799(j
~13140951+380084
:13140951%80084
.06423184659”!990
;04771526291 1175
;03977817041 ?273
~0348s348956780s
●oj1416971709271
:O2885O1O8I1W82
;0268!j0694J 16710
.0i?52tkO130757786
~0240]49881397S5
●02324082!?176660
;02237799311b599

Q(l)= -Q1421C-11

-*4583
-90000
le1940
2,2998
3.20S3
4.1961
5.0S65
S.8775
6s6648
?.4221
801519
8.8S62

Q(I+K2+lt

9,S363
lno1933
10,8282
11,4417
12.0343
12.6065
13.1588
13.6913
14,204S
14.b984
1s.1734
1!3,6295

-looooooooooooofJl)fJ
-e9854006762498i?~
ae940263~70046871
-.892805?~l~22397
-e842700971~Oo383
-e7894~2R30~05S81
-.73227RI356328101
-.6702001M?%99833
‘.60192926%28844
-.52474cYT67832798
-,434057366141213
-031851)n~IM3s301
-e1203$JciR53t)85769

●12038W53085769
,31851~h281k35301
●43405731M141213
●5247ftW67Fi32798
c60192W61W8t344
.6702*00b?V$9833
.73227M%728101
t789422e30ft05f381
.84270Q97~AOo383
.8928NT?8152239?
.960243570046871
●9854a0676749824

0iI*?*K2+l)

16.0670
j6,4859
16,8863
17.2684
17.6322
?7.9719
18,30S4
lf).b149
18,9064
~Q.1800
j9.4358
IQ,6738

AvERAGE AtlsOLUT~ PERCENTAGE ERROR OF MOMENTS a

Q(T+3d(2+l)

IQ,8942
21).0970
26,2823
20,450S
?9.6008
20.7341
20,8S04
P6,9696
21.0319
2f●0975
2j.1464
?1,1788

13,7022
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Table 7 (continued)

N m28 ItX =1 SLA8S AND SPHERES

0.00000000000?000
0019089083961131
~OA96Q2950Q54~]9
;O~O17373!521405
;02099748030SI07
~022029006?9~O18
●02327s6632fl?697
~o~4788751099092
~02b660780471876
●029049244962621
*03i!238140]69s52
;036RO1966729094
~Ob415272409b060
~0594448106986S7
~lZ16056S9535571
z12160565~3?5571
●OS944481059~657
;O*4152724006060
●036801966729094
;032?38]40169592
;029049244962621
~G24660780477876
<G24788751099O92
~023?756632Q7697
*Oi?2029006299018
~02099748030!5107
~oa)17373@214t)5
●O19692950954A19
;O1908908396~131

-10000000000000000
-.9879771s7479507
-*94933374Q479724
-0909403641319159
-,867805qlQ545183
-.8240220q4121738
-D777777777777775
-*728604?$Ob77999
-e6758b2~03>66bb7
-.61f1660A84758888
--5S5S555!3LV!$555S4
-o4843221OM37$5)
-0400616808384886
0e293972367e96064
-0111111111111111

●111111111111111
,29397z367R96064
●400616R08?84886
●484322104fi37851
.555!555559!5555s4
●61f3640684758RM
.6758e2!303366467
●728604z80477999
●777777777777775
0824022fiq4121738
●86780SqlQ545183
●909483641319159
●94933374Q479724
,9f37977i57479507

Q(lj= -.2t32E-11

9(1+1) Q{I+K2+l\

-.4669 9e6Q16
;::::: 10*2S73

10.8069
2.0382 11.3407
2.9072 11.8!591
3*7140 ;:*:::;
4.+790
5.2113 13:3251
5.9159 13.7849
6.59s9 14.2305
702538 14.6620
7.8912 1s.0797
8.5fJ93 15.4836
901091 19.8738

Qtl*2*K2*l)

j6.2!505
16,b136
16,9633
]7,2996
17.6226
17,9323
18.2289
18,5122
18.7825
19.0397
19,2838
19.51s0
19.7333
i9.9387

AvERAGE ABsOLUTE PERCFNTAC3E ERROR OF MOMENTS =

~{j+3*K2+l)

2n,1312
2o.3I1O
26.4780
2tJe6324
~0.7742
en.9034
21.0201
2\.1244
?i .2163
?1.2959
?1.3633
?1.4189
?1.4617
?1.4929

13’.9668
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Teble 7 (continued)

N *3Z? IGE =~ SLABS AND SPHERES

U( 1)=
u{ 2)=
M( 3)s
U( 4)-
U( 5)=
U( 6)=
w{ 7)=
U( 8)=
U( 9)=
U( 10)=
W( 11)*
w{ 12)=
M/ 13)=
U( 14)=
M( 15)=
U( 16)=
w{ 17)=
u{ 1s)=
M( 19)=
w{ 20)=
U( 21)=
U( 22)=
W( 23)8
W( 24)=
U( 251=
W( 26)8
U( 27J=
U( 28)=
w{ 29J=
U( 30)=
U( 31)=
W( 32)=
W( 33)=

MOMENTS

N= 32

I

:
3
4

:
7

:
10
11
12

00000000000000000
●o1664332b757y38
●o170f!64*781b649
;OL739654W5’W761
●O1797646.~9~3~80
~(l18697205flS1399
oO1954837O1OO563
~0205480308Z1511
●021732162935595
;oZ3]57934689:86
;Od491552639d391
;OZ71!539274!11173
00~O139622S38597
;oS44104264)0850
~o@12fJ7309h70913
~@5591B22573321
.l137148705c35570
;113714870555s70
●055591R22573321
;O@1287309670~\3
;o3441o42$41O8!5O
.030139622s3US97
;02715392!401$73
;od691552b382391
.023]57934689386
;02173216293M9S
;020548030821S11
;(J195483701OO563
.01f369720*851399
;o1797646~9n3380
;017396546!590761
~O1708644781b649
yOlb64332$757938

-1*000000000000000
-098918RR71q7908S
-,f45602pp@063231
-e9216a2f126412884
-*885971Q16?49007
w.848781542F175948
-.80988q163769909
‘*76902399Ro651oo
-e725a6618b?l1293
-.679976&9Qn86s50
-*6307S309144354S
-e577350?691R9623
-.518475847369210
-,4S1996764666314
-e37387ft?f$0552981
-e274351630~84366
-,10369s169473042
c10369%169473042
.27435j630w34~66
●37387a25ns32981
.451996?64666314
.51847I5R47*6521O
.S77350?6Qld9623
●6307S309144354S
●679974A99h865!50
.725~661FJ6?l1293
●76902?938e6s100
.809885i63769909
●848791542f17s948
.88597tQ16349007
●921662$@661~884
●956022P74Q63231
,98Q18R871%7908s

Q(l)= -02132E-11

Q(I*l) Q[I+K2+1)

-,4653 9.0062
-eot)()() 1003030

●9638 1007874
1.9323 11.2597
2~6105 1I.7203
3e3356 1201692
4*0248 12.6068
4e6P62 13.0333
5.3240 13,4486
5094)3 13.8531
6*5399 14.2467
7.1215 14.6297

16.3869
1607073
]7,017s
17.317s
j?.6074
17,81J71
1801568
)8.4]65
18.666t
I8.9059
19,1356
19,3555

?fJ.3fJ7s
20,4686
21t,6201
zn.7619
?o08Q41
2100168
2101300
21.2337
21.,3279
2iG4127
2i.4882
?i ●554!l
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Table 7 (continued)

13 7.6871 15,0020 i9e5655 ?106114
8*2377

H
15,3639

$*7740
19,7657 21 m6592

15*7152 19.9560 2V*6978
16 9c~967 1600562 29c1366 *fe7z73

AVERAGE ABSOLUTE PERCENTAGE ERROR OF MOMENTS = 14,165?

N a40 16E =1 sLABS ANO SPHERES

w{ 1)9
M( 2)=
w{ 3)=
k{ 4)=
U( 5)=
w{ 6jx
M( ?)=
U( 8)=
M( 9)=
W( 10)=
M( 11)=
W( 12)9
W( 13)=
U( 14)=
U( 1s)=
U( 16)=
w{ 17)=
U( 18)8
U( 19j=
w{ 20)s
W( 21)=
U( 22)=
U( 23)*
U( 24)=
W( 25J=
M( 26J=
W( 27)=
M( 28)=
bJ(29)=
U( 30)=
U( 31)=
W{ 32)=
n( 33)=
W( .34)=
M( 35)s
W( 36)=
U( 371=
W( 38)=
U( 39)=
U( 40)=
n{ 4t)=

0,000000000000000
:013z48761J917Y78
●O~3!5118723!J0549
;0]3645718156071
;oJ3970258687021
~O14375504662528
~O14R431?6q\2361
~(J15373254381062
~Ui597292y940773
●O16654518271OS3
~O1743S82tJI 86347
~01834197]0651~1
~(J1940882788~381
●0Z06R929391~767
0@?226494y977925
●OZ426956s800262
~026941775687476
~030762791987602
●036Q1401994834!3
●0+9708142380843
4101666869331541
●1OI666869331541
~0497081’42380843
~oj69140~994~345
●030762751967602
;02694177568?476
~0242695$590026z
*02226494Y977925
~020~R9293919767
~O194tJ88278@3~81
.018341971065111
;O1743582~\88367
pO1665451#2710S3
*01!3972929940773
9o153732543a1062
~O14R4317851236\
●O1437550?662528
~013970258687021
●O13665718156071
●O13Sl1872300s49
;O1324876f+91?978

US( 1)= -10000000000000000
-099141~I%o?14416
-.96520&67Rt90697
-,938265957104]96
-*9105272?6Q75111
-*88191710368R192
-e8523b71R659*592
-0821713a66!%62152
-e78989j42cib7~448
-.75673b131455057
-*?Z20!a7R37W5!368
-e68362?7Q2672864
-,64?15~?~qq29430
-e60623w06027530
-e562351q9&R57979
-e5~47301a97432937
-04b22!5~163=J21022

-e402980q49w34656
‘*333333333333332
-.244599796235113
-e092450032T0420S

●092450fJ3270420!3
b24459Q795~35113
.333333333333332
e40?9doq49tlt14656
●46225016wt21022
,514730997432937
●562391ci94fi57979
●b0623q406027530
.64715fi~~q92943(j
●685627792672864
●722057R37965568
●756734131455057
.78989342%79448
●821713864562152
.852347186594s92
s88191TIfJ%588192
●91o527??W751 ~1
●93826q3571 04196
c96520A67!11 90697
●991416130214416

37



Table 7 (contfiued)

MOMENTS

N=40 d{l)~ -,?5!33E-11

1 Q(x+l) Q(I+K2+11

:
3

;
6
7
0

1:
11
12
13
14
15
16
17
18

:;

-*4492
-*0000

●8102
1,!3280
2.1736
2*7779
303545

3“9096
4*4468
4.9684

5.4760
5.9710
6*4542
6.9264

703881
7~83Q9
8.2R23
8.7156
9.1400
9*5959

9.9636
10,3631
10.7547
11.1386
11.5149
11 ●8837
12*2452
120S994
12*9465
1302$64
13.6194
13*9455
14.2646
1405770
14,8825
15.1814
15,4736
15,7!391
16,0380
16.3104

QiI*7*K2+l)

16,5762
16.8355
17,08$33
17 .33+7
17.5746
17.6080
1800351
18*25S8
le*4701
18c6781
i8.8798
i9.0751
19.2642
j9.4470
19.6235
iQ.7937
19,9578
?Oe1156
?0,2672
20.4127

AVERAGE A13SOLUTE PERCENTAGE ERROR OF MOMENTS =

N 848 I@i! =1 SLABS AND SPHERES

n{ 1]=
U( 2)=
U( 3)=
U( 4)=
I@( 5)=
U( 6)=
M( 7)=
W( 8)=
U( 9)=
w{ 10)=
U( 11)=
U( 12)=
w{ 13)=
M( 14)=
W( 15)=
U( 16)=
U( 17)8
W( 181=
N( 19)=
U( 20)=
W( 21)8
U( 22)=
W( 23)=
W( 24)9
W( 251=
W{ 261=
U( 27)9

o~ooooooomo!)oooo
●01100450001804s
~Oil175073723283
~ol1227862781~70
sl)l142941b333522
:011686132073598
iOl1980019417~86
:012307366916966
;0)26692076!$7044
~O1306900~!$21269
:013512086032125
~014005691553957
,014559396718087
.015185873794486
cO159O21333571O4
;016731525690443
;01770706062314s
~0188771~2513209
cod031646~516794
~022147078324144
00245R6900004138
,0Z807517906b400
:033690465021199tJ
i04536962r9~8145
;0927~4750S06257
;o~z7847505062S7
:o~536962!9?8145

U8( 11:
uf3( 2)9
IJB( 3)=
IJ8( 4):
I.IB{ 5)=
UR( 6):
11!3( 7)e
UB( 8):
UR( 9)=
uf3( 10)4
118( 11)=
UB( 12);
IJFJ( 13)=
IJB( 14)=
IIR( i5)E
un( i6)~
UR( i7)&
UFJ(IB)s
tte(i9)i
UR( ?0)=
IJR( al)g
(JB( ?2)q
[J9{ 23),
lJt3( ?4)=
tte( ~5)9
UF3( 76)+
U8( ?7)=

Q(T+3*I(2+1)

20,s920
?q,6#Sl
?f)e8121
?0,9331
?1.0479
2i.l!166
27,2593
21,3566
2T.4466
21,5313
21.6100
?1.6828
2i*7496
21 ●8109
2j ,8656
21,9148
21 .9s82
21.9958
2?,0276
2?,0536

14.4427

-l*otJooooooooooooo
-m992882471R14~9G
-,97t216974q92181
-.94c)057nlh126083
-t926367i13173]68
-.9031O7323O12R43
-087923241Q~OOi?23
-.8S4690R!$?R23flls
-0829423451P09351
-,803361731t)53940
-*776425707606734
-,7485ZliiO093S501
-.719!534916771863

-s6893310%143949
-*65”7741674R57391
-.624556m80?91816
-.s89!3363447$6560
-,S52235Q4%f151649
-.512~61nlg028205
-,46t1090345A20299
-.421075QAo533258
-.367095ql190375$
-*30364?IQ?q13982
-*2228~2kWt927729
-,0842151 Q?i066S2

•o8421~lQ21 06692
●2Z281?454927729

38



Table 7 (continued)

U( 28)=
U( 29)=
W( 30)=
W( 31)=
w{ 32)=
M( 33)=
W( 34)8
W( 35)=
W( 36)o
M( 37)=
W( 38)8
U( 39)=
W( 40)=
w{ 41)=
It{42)8
W( 43)8
w{ 44)=
W( 45)=
W( 46)=
U( 4718
w{ 48)=
U( 49)=

MOMENTS

N* 48

I

1
2
3

:
6
7
8

1:
11
12
13
14
15
16
17
la

%
21

::
24

●03369(J465928980
~o~~07517Y06b400
●OZ4586900004138
;02214707~324144
●020316463516794
;018877182513209
~O&77070b0623i4!l
~O&673152b69~443
●OA590213335t104
~015185873794486
~O14S5939b718087
~O140056915S3yS7
~O13512086032125
P013069005521269
~O~266920?657044
●O1230736691b966
~Ol1980019417486
!011686132073598
~ol142961b333522
~Ol12?7862781370
●011175073723283
POl100450001804S

Q(I)= -,4a63E-11

•3~3b~?99??13s82
,3670JYWI19037S8
.4210?WM0533258
●46~89024f4420299
.512261mGo?820s
.55223%a45n51b49
.589506q44746560
●6245%Iwo?91816
.6577@167AR5”t391
●68’33310qh\43949
●719534916771863
.7485211)oo33’3sol
.77642s707&06734
●8O336I731OS394O
,829423&51R093$l
s85469n$!5?Q23815
.87923241~300223
.9031OT323O12843
●92636?t13v73168
.949057i)16126083
.971216974392181
●992882471814699

Q(I*l)

-9427!!
-boooo

●7002
le3j33
1●8662
2e3854
ze8J)20
3.3612
3.8261
4.278S
4*7198
5*1511
505731
5.91J65
6.3918
6.7893
7.1795
7.5626
7.9390
8.3088
8.6723
9e0297
9.3810
9.7265

Q(I+K2*1) - QtI+?*K2*l)

10.0663 \6,7012
10.4005 16,9190
10.7293 y7a1322
I1oO526 j7.3410
lle3706 17.54s3
11.6834 17.7452
1109910 17.9407
12*2936 18,1317
12*5911 18e3183
12.8836 18.5006
13e1712 \fl.6784
1304!340 1808519
13.7319 f9,0210
14.0050 19.1857
14.2733 19.3462
14,5369 19.!3022
;:.;;:; 19.6S40

19.8014
1s:2997 19.9446
15.s447 20,0834
15.7851 ?0.2100
16.0210 ?0,3483
16.2S23 20,4743
16.4790 20e5960

AVERAGE AesOLUTE PERCENTAGE ERROR OF MoMENTS =“

QfT*3il(2+l)

?0,713$
20,82b8
21),9358
2100407
21.1413
2i.2377
?i ●3300
2i.4181
2i.So20
21.5817
z~.6574
2i.7289
?7,7962
i?i.8595
?i,9187
ai.9739
2?e0249
22.0720
??.1156
22,1539
2?,1889
2?.2199
2?,2469
2P.2700

14.6273

39



Table 7 (continued)

N G56 16E =1 SLABS AND SPHERES

U( 1)=
U( 2)s
Uf 3)=
U( 4)=
W( 5)=
W( 6)=
w{ 7)=
U( 8)=
U( 9)=
M( 10)=
U( 11)=
U( 12)=
U( 13)=
w{ 14}=
U( 15)=
W{ 1s)=
M( 17)=
U( 18)=
u{ 19)=
W( 201=
IO( 21)=
w{ 22)=
W( 23)=
M( 24)*
W( 25)=
M( 26)=
u{ 27)=
U( 28)=
U( 29)=
lt( 30)=
U( 31)=
W( 32)=
n{ 331=
U( 34)=
M{ 35)=
U( 36)=
w{ 37)a
M( 38)=
U( 39)=
M( 40)*
W( 411=
Iu( 42)=
U( 43)=
U( 44)=
W( 45)=
U( 46)=
U( 47)=
U( 48)=
W( 49)=
w{ 50)=
W( 511=
M( 52)=
w{ 53)=
U( 56)=
W( 55)=
U( 56)=
M( 57)=

o~ooooooooooooooo
●OO941O4933?4558
~O095?7733116603
zOU9S3882f066233
FOU967?55T286623
~Oo984800059~b56
●O100687~3524t127
;O102703334”?9242
~olo51203y845773
●O107747622!38558
~011060382690950
9011371579376893
9011711834736597
●O120R555~966283
●o1249831$29b336
;012957170782739
~o1347120Z656450
●O14052279882001
;(Jl?71623~947377
?015484759360071
~O~638843~53190~
~01747215~345081
~O1880497~955b94
●02050t)o0453~o06
;02275896SI!31359
~Oc?5Q88511907~99
●031187167731323
io9199982b272762
●06588713~476101
o085~8713~476101
~04199982b272762
;031187167731323
;025988511907099
.02275896S1S1359
:020500004530006
●018R04972955694
;o1747215~3450@l
fO1638843Y531903
:0154$)47s9350071
●01471623~847377
~o1405227%82001
!013471202656450
GO1295717G7~2739
~012498316256~36
ZU120855~+9662$3
~Ol1711R34736597
●011371579376893
~011060382690%0
~0107747b22SUE$5$3
●O1O5I2O3Y845773
tO10?7033a479242
cO)O048743524827
;0098460005905S6
jO0967255”~2f16623
yOo9S38fJ27066233
●oo9527733116603
;099410493374558

1)8( 1)= -10000000000000000
-.99392nQ1671013s
-,9754s638114430s
-*95663551R445509
-~937436866561086
-.91783671nn25431
-.89780fi780342782
-,877323754?07627
-*85634q83f1577670
-.834847109936717
.,8127?6759390946
w,790090136783402
-.766732539989523
-~742640661 097372
-,717740q62q65268
-.69194bQQ61938251
w.665149?8Q464177

-*63722R@?n49226
--608027112633117
-*5773SO?69189623
-*54494Q?60Q13064
-.S1049q896757316
-04?3S4?420742241
-e433440867780331
-~38924Q472090760
-0339339R22%?5318
-*2806917861O6894
-0205971460217774
-.0778498944161$2

●07?84QU94416192
●205971460?17774
●2806917R61 06894
●339339R2?q25318
●389249472080760
.433449FJ67780331
●47354?420T42241
●5104958967!37316
,544949960913064
●577350?69189623
●608027112fi33117
.63722eR4964922h
c66514978Q4641?7
●691944Q96Q38251
.717740q6?%5268
●7~2640661 097372
.76673?53QQ$)9S23
~790090136783402
●8127767q9~90946
●8348471o9936717
●85634RRwt57?670
,87732?754?07627
●89780R780142782
,91783671R~2S$431
●937b36R6kq61086
●95663551q445509
997545*?Rlj4430s
a993920916310j3s

40



Table 7 (continued)

kOMENTS

N=S6

x

:
3
4
5
6
7
8

1:
11

H
14
1s
16
17
18
19

%
22

%
25
26

:;

(t)(I}s -04263E-11

9{1+1) Q(I*K2+11

-04054 10.1387
-eoooo 10.42S9

●6174 10,7092
1.1533 10.9884
1.637S 11.2638
2,0933 11,53!s3
2.5300 11,8029
2,9s22 12.0668
3.3625 12,3270
3.762s 12e!5834
4*1534 12.8362
4es360 ]3.0854
409I1O 1303310
5.2789 13.5730
S*6402 13*8115
s.9952 14,0464
6.3443 14*2779
6.6876 14.5059
7002!3s
7.3s81 ::::;%
7*6856 1S.1693
8.0082 15.3836
8e3260
8.6392

;;:;;:;

8,9478 16.0063
9.2S19 16.?072
90ss17 16,4048
908473 16.S990

i6.7899
16.9776
17.1619
17.3430
17.5208
17.b954
17.8667
18.0348
18.1996
~8.3613
1805197
]806748
]8.8268
18.9?S6
j9.1212
i9*2637
i9.4029
1905390
~906719
19.8016

X:%;

%:;:$!’
20.4og2
20.5141
20,6219
20.7266

AVERAGE AnsOLUTE PERCENTAGE ERROI? OF MOMENTS =

Q(T+3&K2+1)

20,8282
20.9267
2].0221
?1.1144
?1.2037
21,2898
2i,3730
?i.4530
?i.5300
zi●6040
2i,6749
21●7428
21.8077
2f●869s
2i.9284
21●9842
??~037i
2sa087tj
2?.1339
??.1779
??.2189
22,2569

%: a
2?,353s
2?.3799
??,4034
22,4239

14,7s89

41



Table 7 (continued)

N 864 It3E =1 sLARS ANO SPHERES

M( 1)=
M( 2}=
M( 3)=
w{ 4)=
M( 5)=
W( 6)=
M( “?)=
H( 8)=
W( 9)8
w{ 10)=
M( 11)=
W( 12)=
W( 13)s
W( 14)=
W( 15}=
W( 16)=
b( 17)=
U( 18)=
I@(19)=
u{ 20)8
w{ 21)=
M( 22)s
W( 231=
W( 24)=
W{ 25)=
W{ 26)=
U( 27)=
U( 28)=
W( 29)=
W( 30)=
M( 31)=
U( 32)=
w{ 33)=
w{ 341=
u{ 35)=
Iu(36)=
W( 37)=
M( 38)s
M( 39)=
W( 40)=
M( 41)=
W( 42)8
w{ 43)=
w{ 44)8
W( 451=
M( 46)=
W( 47)=
W( 40)=
W( 49)=
kt 50)=
W( 51)=
M( 52)=
W( 53)=
w{ 54)=
Wt 5s)=

o~ooooooooot)oooot)
~O08Z1987693~7~2
zOo830383~861379
.0082919524t)988s
~o~83fJ473+~b31~q
s0085110973!8607
;O08b5625020b577
~oti88157861~++31
~O08988398f!5456Z
●009174084194021
;009373S03238252
~ou9s8776~43%679
$oo98]13378314971
~O1006720888U?79
*o1033656776i?+31
~01062926~5096~9
!O1O9487579OU892
:o11299275245663
~Ol168610i?7641S8
s012115900]63404
:012597197141915
●OA3141120263043
;O13762501691a79
:014481631434089
zOi5327143496272
sO16341O226O6168
:0175!3786Y67z86z
c019]73499951486
~I)21x16594sl!j999
●024307537e3&514
~02917035050?264
~03928457y4047g7
●0d03301917S6~67
;oiJ03301917S6567
;039?845794047!57
~029170350507264
~02430753!f131514
●OC?1286594S15999
;0191734999S1486
z0175R786Y672862
~o1634102260616fJ
●015327143496272
●Oi448163143+089
goi376250t691~79
~o13141120?43043
.012597197141915
io12r15900163*04
●01168610~764158
~Olls99275?65663
~O1094875”?9flf189z
fO1062926%09b19
zO1033656776~431
●O10067208t)e~779
●O09$183783t4971
;O09!w776~43!3679

-e996e96c)~?7q6f)70
-m9786071511a60206
-,96225044t?6b9371
-.94!56108S76$39296
-.9286731731199046
‘c911@2077s470191
-.893$35442R762S6
-.87’3697121353734
-,85?5~q660Q04130
-e838137mi9?n07857
-,819730?496079S3
-,800132x54198634
-.780042055574956
-.759421je53s63~48

-.738223?31$189423
-0716398Q9(J?47409
-m6931381M664f18707
-e6706231t+o~3579S
-.646521nlt251309
-0621484$12v123867
-.595391%R04P38444
-e56911ZiItWJR30896
-.53944Qn6?475121
-.50917=n77917314
-,47698?666708464
-.44245wwI?22739
-.40499q?64i95968
-.363696483726653
-.31796??43737113
D,262269z64f56481
-0192450N3Q7298?4
-*072730?Q674S331
.07Z73Q296745331
●1924Sfih89?2!9874
,262265264156481
●317063?43?37113
,3636964837266S3
.40499576&i95968
●442455$36R722739
●47698?466708464
●509175fJ77?17314
●53944qn6?475121
●5681t?fib8$J30f196
●59s39bn0433e444
.621c?84R??R23867
●646521011~51309
●67062314fJ135795
●693a8n6664$J8707
●71639@XO?47409
.738223P361$19423
●75942(IqqqP63848
.78004?n5q5”T49!36
●800132?6419a636
.819730P476079!53

42



Table 7 (continued)

.009>73503238252
~V09174084194021
~008988398854362
●O08B19786164431
~OU865625b209577
~O0851109731tJ607
●Ot)8384734963119
~O082Q1952400885
~00830383~861379
tO082198769397S2

Q{l)= -OS684E011

Q(I+l) Q(?+K2+1)

-~3846 10.1923
-,0000 10,4442

.SS27 10.6930
1.0291 10.9388
1.4603 11,1816
1.8669 11.4213
2.2571 :: ● :6;:
2,6349
3*O02S 12:1232
3.3614 12.3S13
3b712!j 12*S767
4*i1566 ;:::;:;
493944
4.7262 13.2361
9*OS24 13*4S04
5.3733 13.6619
5*6892 13.8708
6.0004 :::::::
6,3070
6c6092 14.4813
6@9072 14*6795
7.2oIo 14.87S1
7e491fJ 1S*0680
7*7770 I!5*2!!X34
8*0593 1S.4462
8.3379 1S.6313
8.6130 15.8140
8.8846 15.9940
9*1S?7 16s1715
9,4175 16.3464
9,6790 16.!3189
9.9372 16.6887

●83887n49>a07857
●85758?A~oq04130
,87S8971?13!33734
,893835462R76256
●911420775Q70194
●928573i73n99046
●94561o857689296
.962250448649371
s9766071!%Iq60206
●99469492z786870

(3(I+$*K2+1)

i6.8s61
17,0210
~7.1833
j7,3431
17.5005
17,6553
f7.80?7
17a9576
it3,10So
]6.2500
18,392S
18.S32S
18.6701
i8.8oS3
i8.9380
]9.0682
190196~
19.3215
j9,444s
19.5650
y9.6831
~9,7989
19.9122
2ooo231
2001316
20.2377
20.341s
?0.4420
20e5417
20.6383
20.732S
20.8244

AVERAGE ABSOLUTE PERCENTAGE ERROR OF MOMENTS =

Q(Y+3dK2+l)

?II.9138
21●0009
?i,08s7
2i01680
2!.2481
21.32S8
21.4011
21,4741
?i.5448
21.6132
?i,6792
i?i.743ij
2j’.8o44
2i.@639
2~09203
2i,9740
2Pe0270
:;:;:::

2?.1699
2P*2130
22,2539
2?82925
2?*3288
PZ.3629
??.3947
27.4243
??,4517
2?e4769
??.4998
2?.5206
22.!3391

14,8574

43



TABLE8
AREAMETHOD (AM) W21GH28 AND DIRECTIONS

N=2

w{ 11=
W( 2)=
W( 3)=

MOMENTS

IOE =1 sLABS AND SPHERES

0.000000000000000” UR( 1)= -l~ooooooooooooooo
.500000000000000 Ug( 2)8 -0577350d69189626
●5000000~uoooooo UR( 3)= ~577350Z69189626

N=2 0(1)= Os

I Q(I+l) Q(I+K2+I) Q(I+2*K2+1) Q(I+3*K201]

1 15.477)1 000000 -23,0200 944*4444

AVERAGE ABSOLUTE PENCENTAOE ERROR OF MOMENTS ● 19~58b9

N;2 IGE =2 cYLINO~RS

U( 1)= 0,000000000000000 U13( 1)= -0816~965a0927726
U( 2)s ●5000000y!Joooooo UR{ 21= -e577350~69!89626
Wt 3)= ●50000000yoooooo U8( 3)= ;577~50269~89626

N=4 I(3E=1 SL@S ANO SPHERES

w{ 1)=
U( 2)=
W( 3)=
U( 4)=
M( 5)=

MOMENTS

N=4

i

i
2

0.000000000000000 UR ( 1)= -10000000000000000

s1666666b6666666 UR{ 2)= _~873$86~42b09706
,333333332333332 u13( 3)= -*343999999999999
●3333333~~333332 Ue( 4)8 ●343999999999999
●1666666$9666666 UB( !3)= ~873~86442609706

Q(l)= o:
Q(I+l) Q(I+K2+lj

40~124 -02236

0*0000 1?7794

AvERAGE ABSOLUTE PEtt~ENTAGE ERROR

Nx4 IGE =2 Cy~INDERS

W( Al=
W( 2)=
w{ 3)8

4)=
:1 5)=
U( 6)=
w{ 7)B
W( 8)=

0.00000000?000000
,166666699666666
●166666669666666
●16666666$666666
●16666666*666666

0.000oooouoouoooo
•1666666~~6b6666
●1666666~$666666

-~938?69b48071755
a~8736869k~609706
.;343999Y99999999

;343999Y99YY99Y9
;87d686+6~609706

-~466489465456343
-~343Y99999999999

~343999YQ9999999

44



TABLE8 (continued)

N=6 IGE =1 SLABS AND SPHERES

W( 1)= o,ooooooou~oooooo Ue( 1)= -1*000000000000000
2)* ●1004510~~290544 (JR( 2)= -0917~37003656793

;: 3)= ●1324312~~752243 Uq( 3)s -~678679141+51118
U( 4)= ●26711771~957210 uB( 4)=
U( 5)9

-~28069132042006S
●26711771d957210 UB( 5)=

U( 6)=
025069132042006s

●13243iZ~~752243 US( 6)= ~678679/41d511A8
w{ 7)= ●10045100~2905$4 UR( 7)= :917637003b56793

MOMENTS

N= 6 Q(l)= OS

I Q(r+l) QfI+K2+l) Q(I+2~K~+1)

i 208215 1?042s 2.3044
2 -00000 1.9574 1*8131
3 -oo19~ 203vS ●9666

AVERAGE ABSOLUTE PERgENTAQE ERROR OF MOMENTS =

N=6 IGE =2 CYLINOERS

M( 1)9
M( 2)=
W( 3)=
w{ 41=
U( s)=
W( 6)s
U( 7]=
M( 8J=
Wf 9)=
U( 10)=
W( 11)=
W( 12)=
W( 13)m
W( I*)=
Wf 15)*

0.000000000000000
●1004S10~$290544
●06~21S6iZU376122
●1004510~~290544
t1004%10+~290544
●0662156ZU3?6122
o1OO451O*?29O544

0.000000000000000
●0662156it~376~22
●06t$2156it~376122
.06621562U376322
.0662156$0376122

Ooooofjooouuoooooo
s1OO651O$$29O544
●1004510~$290544

lJf3( 1)=
ut3( 2)=
Un{ 3)=
U13( 4)=
UR[ !3)=
(JR[ 6)=
Ua( 7)s
UR( 8)s
UF){ 9)=
Un( 10)8
UB( 11)=
Ua( 12)8
UR( 13]=
UB( 14)’=
Ue( 1s)=

Ni8 IGE ~i SLABS ANO SPHERES

V( 1)= ooooot)oooo~oooooo
U( z)= ●0722420<~223608
W( 3)= ●08528040~813437
W( 4)8 ●l127131~$702299
U( 5)= ●2297644b~2b0654
W( 6)= ●2297644542606s4
w{ 7)= ●11271311+702~99
U{ 8)= .08528040?813s37
Wf 9)s .0722420<$223608

Q(I+3*K2+1)

-.1946
-1.6443
-3.3617

1●4233

-~95979809472661s
-*917837t)03656793
W067867$)741!51118
-*2806Q132042006s

●2806913?0420065
;6?ti$79t41d51118
●917837003656793

Wt734~34346064763
-0678679741351118
-~28069132042006S

.280b913?042006g

.678679741351118

-~396~%7+72178473
-~280$914P042006s

~280b91~20+20065

-l~ooooooooooooooo
-~939121d9sd383?4
-0779513Js4821139~
-~577350269189623
-~242951u39b09359

~242951639b09359
~577350Z69189623
~7795133s4821891”
●939121d9s438374- . –- --
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Table 8 (continued)

MOMENTS

N*8 Qtl)= OS

i Q(I+I) Q(IOK2+1) Q{ I*2*K2*~) Q(I+3:K2+1]

i 2,0s72 1s6900 4.8284 ‘D*9822
2 -*0000 2F0794 :.3694
3

-2c0673
● 1726 2~204fl .7434 -3~2898

6 letl@3 2:1118 ‘.0428 -4*641o

AVERAGE ABSOLUTE PER~ENTAGE ERROR OF MOMENTS = ~Q5479

N=8 It3E =2 CYLINDERS

U( t)=
U( 2)=
U( 3)=
W( 4)=
M( s)=
W( 6)=
U( 7)=
U( 8]=
w{ 9)s
w{ 10)=
U( 11)=
W( 121=
U( 13)9
w{ 14)=
U( 15)=
WI 16)=
w{ 17)=
W{ 18)=
U( 19)=
W( 20}=
w{ 2A)=
U( 22}=
U( ?3\=
WI 24)=

O.oot)t)ooouooooooo
●07w)20Z$2i?3b08
●042&4020~906719
●0426402U~906?19
,07~2420Z$223608
●07224202$223608
●04264020~906719
c04264020~906719
●0722420~$223$08

0.000ooooouoooooo
●04264020~906719
00274327U~888862
.042640202906719
●0426402UQ906719
●0274327U*888862
c04264020~906719

o.000oooo~uoooooo
●04264020~906?19
●04264020$906719
●042b402U$906719
.042640205906?19

O.o(jooooouuoooooo
●07~24202~i?23608
●0722420$<223608

UR{ 1)=
Ua( 21=
Ue( 3)=
Us( 4)=
(JFI( 5)*
UR( 6)=
(JR( 7)*
UR( 8)=
U13( 9)=
Uet 10)=
Ue( 11)=
Ua( 12)8
UR( 13)s
ut3( 14)8
US( 15)=
UR( 16)=
UB( 17)s
UR( 181=
UR( 19)=
UR( 20)=
U*( 21)=
uRf 22)=
US( 231=
UR( 24)=

N m10 IGE =1 sLABS AND SPHERES

w{ 1~=
U( 2)=
W( 3)=
U( 4)=
U( 51=
W( 6)=
W( 7)=
w{ 8)=
U( 91=
H{ 10)=
U( 11)=

0.000000000000000
●05646246$O14014
●06~58~2r!886588
0074919355157779
●1002222b~635287
●2048106~$306331
●2048106+~306331
●1002222b~635287
●074919355157779
.06358527!886588
,05h46~4$$O14014

U9( 1)=
UB( 2)=
UFI ( 3)U
UR ( 4)=
UR( 5)=
U8( 6)=
UR( 7)=
uR( 8)s
Uet 9)=
UR( 10)=
U8( 11)s

w~970038351$53692
-0939121295338374
-~7795133s4821891
-.577350269189623
-t24295183Q$093s9

.24295~83Qbo9359
;577~50269189623
0779513354~21891
~9391212Q5~38374

w~81bb96LwIo~27726
-077Y513354821891
-~577,~50Z49!89623
W0242951M39b09359

●242951U3Q509359
●577~50d69189623
.779913354821891

.~6Z6~85bfi7196283
-;577350d6Q189623
-;242~51839509359

;242951839309359
;577d50d69189623

-;343585~$wj437b39
wo242951t139~09359

~2@Z951t$39509359

-10000000000000000
-~951~56~6eV64573
-0831283190$53240
-~690226X4y50293
-0511$57”14s324719
-~217!97158551618

s217197L58~51618
●511~57t4t3?24719
~690$26954~50293
●8312831Q0553240
~951~56~64964573

46



Table 8 (continued)

MOMENTS

N= 10 Q{l)= -:710~E-12

I Q(~+I) Q(I+K2+lj (3(I+2*K2+~) Q{I+3*K2+1)

i 1,6262 l@91320 1.75*7 -1.1941

~ -00000 2~195!l 1,36S7 -2.0629

f ●2708 2~2666
1,0032

•07~2 -*.t)150

2!2120 ●2770 -?C0460

s 1059!36 2:0402 -04127 -5? 1515

AVERAGE ABSOLUTE Percentage ERROR OF MOMENTS = ~e683S

N =10 IOE =2 cy$IND~Rs

U( 1)=
U( 2)9
U( 3)=
w{ 4)=
W[ 5)=
U( 6)=
U( 7)=
U( 8]=
w{ 9)=
U( 10)=
W( 11)=
U( 12)=
w{ 13)=
WC 14)=
U( 15)=
M( 16~=
W( 17)=
U( 18)=
U( 19)=
U( 20)=
w{ 21)=
U( 22)=
U( 231=
U( 24)=
w{ 25)=
U( 26)=
U( 271=
w{ 28)=
U( 29)8
U( 30)=
U( 31)=
U( 32)~
W( 33)=
U( 34)=
w{ 35}=

o.000ooooo~oooooo
●0564624b$O14014
●03]7926~~9+3~94
●02B30043~391?15
●0317926<F943294
●0564624b~O14014
t0564624$~O14014
●0317926~~963i?94
●oa13004iz391719
●0317926~!943294
●05646Z*b~O14014

0.000000000000000
●03179263U943294
●01$318490374349
oo1831t34y1374349
●0317926M943294
●0317926~&943294
c01831849~374349
●01R31849U374349
●0317926~U943294

00000000000000000
●02R3004~<391715
●018318490374349
●02B3004A~391?15
●02R300432391715
cOIp3]809~374349
,o~030043z3917]5

O.oof)ooooulloooooo
●03179263~943294
.0317926~~943294
●0317926~~943i?94
,0317926<~943294

O*OOO(JOOOUUOOOOOO
●o564624b~O14U14
●0564624~~O14014

U8{ 1)=
Ue( 2!1=
lm( 3)=
UR( 4)=
UR( 5)=
UR( 6)=
(J9{ 7)=
UR( 8]=
UR( 9)=
I.IR( 10)=
UR( 11)=
(J8( 12)=
UF)( 13)=
(JR( 14)=
lJFl{ 15)=
Ua( 16)=
Ua( 17]=
U8( 18)=
UR( 19)=
UR( 20)=
UR( 21)=
Ua{ 22)=
UR( ?3)=
U13( 24)=
UR( 25)=
UR( 26)=
U8( 27)=

(JBt 28)=
(JR( 29)=
Ula{ 30)=
UB{ 31)=
(JR( 32)=
UFI( 33)=
UR( 34)=
UF)( 35)=

-0976J2775s~20764
-~951656~64~64573
wo831;83190553240
-e6902265G4950293
-;51165774R324?19
-~217197158~51618

P2171971%8551618
:511$57748324719
~690226!a54950293
~831th331q0553240
●951~56U64Y64573

o~8591t39d55685~16
-m831Z831QO!a53240
-~690226b54950293
-*511657(48324719
-;217197158~51618

;217197158~51618
~511657/48324719
:690k26354+J50293
●8312831c)@53240

-;7d35933?6974100
-~690226b54950293
-0511657148324719
-9217~97158b~16i8

●217197158551618
f511b57r4R-$24719
●690$265fj4950293

-e5S5849131b02830
-e511b57t4@24719
-0217197158~51618

~2171971s8551618
eSll$5774R324719

-:307163167332613
-;217i971585!j1618

~217i9715fi551618
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Table 8 (continued)

N =12 IGE =1 sL~Os AND SPHERES

W( 1)=

W( 21=
M( 3)=
W( 4)=
w{ 5)=
W( 6)s
W( 7)=
W( 8)8
W( ‘9)8
W( 10)=
M( 11)=
W( 12)=
U( 13)=

MOMENTS

N=12

i

i
2
3
4
!3
6

0.000000000000000

,04635755-5-18
●050R382y0719V28
●0570035Y~715130
●06797*0~$877~62
●091z334~$+775218
●18A5930@356344
●18@j930Z~356344
.09123346?775218
.0679740!+877962
●057(J035Y17A5130
bo5083829~719928
●046357!5b~555+18

Ug( 1)s

UB( 2)=
UR( 3)=
(JR( 4)=
UR( 5)=
UR( 6)=
UR( 7)=
tJR( 8)=
us ( 9)=
UR( 10)=
(JR( 11)=
(JR( 12)=
UJ!I( 13)=

-12000000000000000
-0959919133766732
a~863140d82t65184
-075*041U64(369965
-e626?14499b56497
00464447U3R235473
-;198i858428?0421

:198185uR870421
;464447038235473
:6242143QQQ56497
●7!54u41(J44U69965
;863140382765184
~959~19133766732

Q(l)= ‘q7105E-12

Q(I+l) Q(I+K2+1) Q(I*2*k2*l)

1.3131 201681 1.7864

-00000 2~31cJ2 1*4490

●3357 2?3776 ~.0413
●9919 2~3496 ,5657

1,!s301 2~2396
1,9124

.0245
200508 -,5798

AVERAGE ABSOLUTE PE~~ENTAr3E ERR(’JR OF MOMENTS =

N SS12 16E =2 CYLINDERS

Q(I+3:K2+1]

-1,2449
-1,9684
w+~7478
w3~5809
-4.4649
-s b397!3

1*7776

W( 1)=
U( 21=
U( 3)=
U( 4)=
W( 5)=
W( 6)=
U( 7)=
U( 8)=
W( 9)*
W( 10)=
W( 111=
U( ]2)=
U( 131=
U( 14)=
U( 151=
W( 16)=
W( 17)8
WI 18)=
w{ 19)=
W( 20)=

0.0001)OO09UOOOOO0
c04635755b555418
~02541914b359964
●02151980~762790
.02151980f7b2790
t02~A191?~359964
●04635759b555418
●0463575bb555418
●02%4]9145359964
●021s198U~762790
~02151Worn762790
co2q41~l@~359964
.04fj35755b555418

0,000000000000000
o02q4]91*~359Y64
●01396397?189550
●012467227676191
~Ola9639{+189550
●02%419145359964
●02q4191+~359964

UB( 1)=
UR( 2)=
(JB( 3)=
tJ~ ( 4)=
UFJ( S)*
(JR[ 6)=
UFJ( 7)=
Un( El)=
UR( 91=
UR( 10)=
un( 11)=
UR( 12)=
(JR( 131=
UB( 14)=
IJla( 15)=
UB( 16)=
UR( 17)=
uR( 181=
uFl( 19)=
UR( 20)8

-0980164461$X50071
w,959919123766732
-~8631403R?76518t
-0754041(J4486996S
.~6ti6214399656497
-:464447U38Z35473
-*19~lf15~42870421

:19&185t$4~870421
●4b4447038235473
~6Z6214499b56497
●754041U44@69965
s8631403#)~765184
;959919133766732

-;885~O0896V47544
-;86314031a2T65184
-0754041044~6996!3
-~626214d99b56497
sDe464447(J3R235473
-s198i85bA~870421

●198185t$4#J70421
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Table 8 (continued)

w{ 2J)=
Wt 22)8
w{ 231=
U( ?4)=

W{ 251=
W( ?6)=
U( 27)8
U( 28)=
U( 29)=
U( 30)=
U( 3A)=
W( 32)=
U( 33)=
U( 34)=
w{ 35)=
W( 36)=
w{ 37)=
W( 38)=
U( 39)s
W( 40)=
W( 41)=
U( 42)=
Wf 43)=
U( 44)=
W( 45)=
W( 46)=
U( 47)=
W{ 48)=

N ;14

U(
W(
W(
W(

::
w{
w{
Wt
U(
W(
U(
U(
U(
w{

1}=
2)=
3)=
4)s
5)=
6]=
71=
8)=
9)=

10)8
11)s
12)=
13)=
14)S
35)8

●O139639151&9550
.012467227676191
.01396397?189550
s0254i914~359964

o.000oooou~oooooo
~021s1980!762790
●O124672Zt676191
●O1246722~676~91
●02151980!!762790
●0215198uU762790
●0124672~7676191
c0124672?7676191
●021519809762790

O.oof)noooq)oooooo
,0215]9809762790
co139639~!189~50
c02151980~7b2790
●02151980!762790
so13963972189g50
●0215198UV762790

o.000oooo~uoooooo
●0254191$~359964
,025419145359964
●02%4191*b359964
●0254191$3359V64

0.000000000000000
●0463575b+5554~8
●04635755$555?18

UB( 211=
UQ( 22)=
UR( 23)=
UR( 24)=

UFJ( 2s)=
UR( 26)=
UR[ 27)=
UR( 28)=
U9( 29)=
U8( 30)=
UB( 31)=
UB( 32)=
UR( 33)=
UR( 34)=
UB( 35)=
UR( 36)=
UR( 37)8
UB( 38)=
UB( 39)=
UR( 40)=
UR( 41)=
UR( 42)=
UR( 43)=
UB( 44)=
UB( 45)=
Ua( 46]s
UFI( 47)s.
UR( 48)=

IGE ●I SLABS AND SPHERES

0.000000000000000
●0393268$~83~498
●0423970116tJ7780
c04s2200~ll16284
●05244950b373218
●06F7465’?~425365
●08&33180+130589
●1725?817U434266
c17a5?817~434266
●08433180~130s89
.06a7465-!b425365
●05244950~373218
.0462200~~l16284
●042397011687?80
●03Q3268$~832$98

UB (
UR (
UR [
UB {
UB (
un (
IJR (
(JB (
U8 (
UR (
UP (
UR (
(JR (
Ua {
UR (

1)s
2)=
3)=
4)=
5)=
6)=
7)s
8)8

91=
10)=
11)=
12)8
13)s
14)=
15)=

●4b4447~38235473
;62b~14~~9b56497
~7S4041U44u69965
c863140~$i2765184

w:77Y650UQ9866631
-~754~41U6486996S
-06Zb2143q9b56497
-;464447u3(w3S473
-@198~85&62870421

;1Y8185U42U70421
;464$47u3~235473
:626214$99b56497
i754041U4486996S

-;6bb827Jr)047662S
-:626214399b56497
-,464447U38L35473
-~198&85U42~70421

~19fj!85~42ti70421,
●4b4447U3e235473
;626214399656497

-,504Y64037967035
-:464447030235473
o*198A85~42u70421

;19tl185842tl?0421
;464447038235473

-;280?77106~57707
-;19tJ185~42~70421

~198185ti62870?21

-1.000000000000000
-~965775002427268
-~884801870~7458a
w~79S~30L5~4889~0
-;695Allt65b69260
-0577~@69189$23
-:428~U41 121825
-o183f10d%6919573

@~3$10i!56919573
.c42~35304112182!3
●577350Z69~89623
~69511174!j569260
,795b30Acss488940
~884801U70374588
●9b5775u02427268
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Table 8 (continued)

MOMENTS

N= 14 Q(l)= -s7105E-12

i 1,0881 203147 1,8418

2 -00000 2~4350 1,5469

: .3654 2!487!$ ~,2f)lo
●9708 2*4759

s 1.4705
,8059

2~403z
b

●36$9
1.86S5 2~271Lt -s1264

7 2,1212 2e0840 -,6605

AVERAGE ABSOLUTE PER$ENTAOE ERROR OF MOMENTS ●

N ;14 IGE 82 CYLINDERS

U( 1)=
U( 2)=
U( 3)=
w{ 41=
U( 5)8
W( 6)=
w{ 7)=
U( 8)=
U( 9]9
Wt 10)=
U( Ii)=
U( 12)=
Wf 13)=
W( 14)0
W( 15)=
W( 16]=
W( 17)9
U( 18)=
U( 19)=
w{ 20)=
WI 2A)=

U( 22)=
W{ 231=
W( 24)=
w{ ?5)=
W{ 26)=
U( ?7)=
W{ 28)=
U( 29)=
M( 30)=

0.000tjoooy)oooooo
g03Q3P68~y832498
●02]19850!a843890
bO1744283Y180850
.01A5Q17@u719787
aO1744283~180850
●0211Q85Ub843890
●0393?68$~tl~2@98
●0393P68b~832498
.0211985~~843890
cO174628~~180~50
●016591740719?87
•O174428a~lt10~50
.021]985U5843~90
●0393268b~832498

o,oo(lt)ooou~oooooo
●0211985Ub843890
●OI13343~~754583
●oOQ6330~$466822
●o0963301~466~22
bOI13343~k754583

●02119850b843a90
●0211985~5043890
●Ol13343UZ754583
●00Q63301~466?22
●OOQ63301$466~22
●ol13343v754583
●021]985U~843890

0.000000000000000
●O174428~ylUO~S0

-1.2378
-1.8S70
-2;!5164
0~.2146
+,9501
-4.72~2
-5.526s

UR{ 11=
u8( 2)=
UR( 3)=
US( 4)=
ut3t !5)=
UR( 6)=
UFI( 7)=
UR( 8)=
U8( 9)=
UR( 10)=
UF)( 111=
UR( 12)=
UR( 13)=
uFlf 14)=
U8( 15)=
UR( 16)=
llq{ 17)D
US( 18)=
UB( ~q)8

(JR( 20)9
uR{ 21)=

Unt 221=
UF$( 23)=
US( 24)=
UR{ 25)=
UR( 26)=
U8( 27)=
UR( 28)=
UR( 291=
UR( 30)=

-.983036457948888
-*96b?75002?27268
-08~4801B70374588
-.795$30155488940
-;695111~4s~69260
-;S77~50269189623
-;428353U41J2182!3
-;1834104s6Y19573

0183410256919573
;428353U41i2182s
~5773SOdtj9189623
~69b~llt49b69260
~7Y5b301G5498940
:R&)4801870~?4588
0965?75002427268

-~903~ll*60~40iS7
-~884801870d74588
-~7Y56301ss488940
wo695111fcis569260
-0577~50Zh9189623
0t428~53U61H1825

-~183~10d~6919573
o1834~0256919573
●428353u6~12182S
i577~50d&9189623
~69blll?6s569260
●795b301~q488960
i884801u7@745i38

-:8164965R0927726
-i795b301qq48ti940
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Table 8 (continued)

W( 31)=
U( 32)=
M( 33)=
W( 34)=
w{ 35)=
W( 36)=
U( 37)=
U( 38)=
w{ 39)=
w{ 401=
W( 41)=
W{ 42)=
U( 43)=
U( 44)=
w{ 4s1=
W( 46)=
w{ 67]=
U( 48)=
U( 491=
U( 50)=
W( 9A)=
U( !s2)=
U( 531=
U( 54)=
Wt 55)=
U( 56)=
w{ 57)=
W( 58)=
U( 59)=
W{ 60)=
U( 61)=
U( 62]=
U{ 63)=

N =16

w{ 1)=

w{ 2)=
U( 3)=
W( 4}=
U( 5)=
U( 6)=
w{ 7)=
U( 8)x
W( 9)=
w{ 10)s
w{ 11)=
w{ 12)=
w{ 13)=
U( 16)=
W( 15)=
W( 36)=
U( 17)=

●OOQ63301<466~22
●OOR59487b130020
●O096330i?466822
cOIT662849180e!S0
•O174b28~~180850
●00963301$*66~22
‘.0085948?9130020
soOq63301~466822
●o174428~y180850

o,oooooooo~oooooo
.0~@j91740719787
●o096330i$466822
0o0963301$466822
oOl~5C)17*U719787
•01~~9174U719787
bO09633012466822
●oOq6330~~466822
●OI@9174U719787

0.000ooooouoooooo
●OlT4428~:~808So
tOl13343~~754583
●0174428~?180850
oo174428+yla0850
•0113343~~754b83
●01744283?180850

o,ooooooo~~oooooo
c02119850b843890
●021198509843890
●0211Q8505843890
●0211985U~843890

0.000oooouooooooo
●0393268~V832498
●0393268ty832~98

UB( 31)=
UR( 32)=
UR( 33)=
UR( 341=
UR( 35)8
UR( 36)=
U9( 37)=
U8( 38)=
UB( 39)=
Ula( 40)=
U8( 41)=
UR( 42)=
u@l[ 43)=
UR( 44)=
(JR( 451=
UFl{ 46)=
UR{ 471=
U8( 48)=
tJR( 49)=
UR( !30)=
U8( 53)=
UR( 521=
UB( 53)=
Ua( 54)=
UR( 55)=
UFlt 56)=
Un( 57)=
Uf!lt 58)=
U13{ 59)=
UB( 60)=
URt 61)=
UR{ 62)=
UR( 63)=

16E =1 SLABS AND SPHERES

O,ooooooouuoooooo Un ( 1)8
●03415079~173670 UR{ 2)=
●03A37949~801739 (JR( 3)=
•03R94413~405~36 UR{ 4)=
•04296720zlll~48 UR( 5)=
s0489157~~831746 uB( 6)=
●05R59556?986041 (JR( 7)=
●07880665U698?!51 UR( 8]=
●1612404b~990769 UB ( 9)=
,16124045b990769 (JR{ 10)=
●07@80665~698751 lJB( 11)=
●0585955~~986041 W( 12)=
●04R9157~~831746 W( 13)=
,04296720~111948 Ul?( 14)*
●03n9441~940s~36 UB( 151=
●03637~4y!801739 US( 16)=
●0341507$+173$70 UB( 17)=

-p695i11 ~4qb69260
-*577350d69189623
-;428353U61121825
-0183410256919573

q183410256919573
~428353u4~121825
●577350Z69189623
~69S111745569260
t795~30155~88940

-~718901tt)4605081
-06951~l?4s569260
-~577350269189623
-~428353t)4112182s
-~183410d56919573

:183410k56919573
c428353U41121823

●~577~502h9i89623
~695111745b69260

-.605?82b80238256
-~577350Z69189b23
-:428~5304112182!$
-q1834102s6919573

●I834102569195?3
;428353041121825
*577350269i89623

-;465967+34679$23
-b4Z8353U4112182S
-c183410256Y195?3

i183410d56919573
i428~53U411~1825

-~2593111Z72~13998
-~183410Z56~19573

0183~10256919!373

-l~ooooooooooooooo
-~970141999Y15473
-c900512Y6R89209]
-:8250283]1~02534
-0741V02t13#66956
-a648203~16SY8540
-;538438516187S79
-~399579958U27353
-0171500000000000

;171500000000000
;399579958027353
;538438516187579
b648203bl@98540
;741902U38Z66956
:825U28*Ild02534
;900512~68892091
~.970441999915473



Table 8 (continued)

t40MENTS

N= 16 Q(I)= -:7105E-12

i fil(Iol) Q(I+K2+I) Q(I+2*Kih4)

i ●9194 2*4357 1.9023
2 -00000 2*5364 1,6414
3 ●3796 2~5R411 1.3418

●9461 2*5837 1 d;:;
: 1,4132 2~5352
6 1G7788 2z4413
7 2,0629

●2221
2*303q -C2213

8 2,279+ 2:1234 -,6982

AVERAGE ABSOLUTE PERCENTAGE ERROR OF MOMENTS =

w{ 1)=
w{ 2)=
W[ 3)=

W( 4)=
W( 5)=
W( 6)=
Wt 7)=
W( 8)=
W( 9)=
W( lo)~
U( 1A]=
W( 12)=
W( 131=
W( 14)=
W( 15)=
U( 16)=
M( 17)=
W( 18)=

w{ 19)8
U( 201=
WI 21)=
W( ?2)=
w{ ?3)=
w{ 24)=
W( 25)=
W( 26)=
w{ 27)=
u{ ?81=
W( ?9)=
W( 30)=

0,0000OOOLJOOOOOOO
●0361507$~173670
●01R1R9745900870
●O146Q36t~9248S3
●O135860b~995992
●0135R605U995992
●O1469367y924~53
@olplR97~5900870
00361607:<173670
●0341507::173670
●018189745900870
,01469367:9Z4&J3
●0135860~~995992
,0135R609&995992
,0146936t~924853
.01R1897$~900870
.034150744173670

0.000000000000000

●01f3189745900~70
oO095567t~555629
●0078975~+059~82
●oo?51852366s789
●OO?R9754~059982
,00q55677b555629
●01R1897!b900870
solFlla97?5900~70
●ooQ5567f5555629
●O07R975~2059982
,00~5185~~665-r89
●0078975+$059982

Q(I+3:K2+1]

-1Q2074
-1,7481
-2,3192
-t!,9~96
-3.548!5
-?,2047
w*~8873
-5,5952

109216

UR( 1)=
UB( 2)=
UR( 3)=
UR( 41=
UB( !5)=
URt 61=
Uef 7)=
UFI( 8)=
Uf?( 9)=
lmf 10)=
UR( 11)=
UR( 12)=
UB( 13)=
lm( 14)8
Un( 1s)=
W( 16)=
(JU( 17)=
UR( 1818

UB( 19)=
UB( 20)=
lm( 21)=
UR( 22)=
UR( 23)=
U(?( 24)=
UR( 25)=
U13( 26)=
UR( 27)=
UR( 28)=
UR( 29)=
U13( 30)=

wa985~84119847656
90970141999915473
-s900$129M892091
0*82502831 1202534
-~741902838266956
-c64tl”i?03b-l #98540
-9538438516187579
-*39Y579Y5R027353
-0171500000000000

;171500000NOOOO0
;399579958027353
;538438516187579
●64t1203b16b98540
~741902a3R266956
●8Z5028311~02534
;9~0512Y6~892091
;970141999915473

-:916698345772947

-0900512Y@92091
-08Z51j2831 1202534
w;74190283@66956
-;648z03blbb98540
-;;S38438516187579
-0399579Y58t)27353
-;171500000000000

:171500000000000
i3V9b799GfiU27353
~531J438316187579
~648d03b16598540
●741902H38266956

52



Table 8 (continued)

W( 31)=
W( 32)=
w{ 33)=
w{ 34)=
U( 35)=
w{ 36)=
w{ 37)=
U( 38)=
U( 391=
w{ 40)=
U( 41)=
U( 42)=
U( 43)8
U( 64)=
W( 45)=
U( 46)=
W( 47)=
U( 48)=
U( 49)=
U( 50)=
w{ 51)=
U( 52)=
U( 531=
W( 54)=
u{ 55)=
U( s6)=
U( 57)=
W{ 58)=
U( 591=
W( .601=
U( 61)=
U( *2)*
W{ 63)=
U( 64)=
U( 65)=
U( 661=
U( 67)=
U( 60)=
U( 69)=
U( 70)=
w{ 71)=
W( 72)=
w{ 73)8
U( 74)=
U( 75)=
U( 76)=
U( 77)=
W{ 78)=
U( 79)=
W[ 80)8

eoo95567f9555629
●01s1$9745900870

0.000oooouuoooooo
.o146936?~924853
oo07R975~d059982
●oO&7065!U508i85
~oO&70657~508185
,o07R975~?059982
●o1469367Y924~53
,o146936?~9i?4853
-007~9754+059982
●ol)670657~508185
●006706570506185
,007t1975+do59Y82
~O146936!Y924~53

0.000000000000000
,013s860b~995V92
,0075185??665789
,00A70657U508185
●O07Slt15Z~665789
.01358bO~~995992
.0135R605~995992
.007s1852~665789
●0067065~u508185
●O0751t15i+b65789
●O13S860~~995992

O.of)l)oooouooooooo
●OI~513605U995992
cO07a975~~059982
●O07R9754Z059982
●01~s860b~995992
●O13S8605:995992
●007R9754~059982
●o078975~$059V82
cO135860b~995992

oooooooooo~oooooo
oo~469~67~924853
●O095567f95S5629
•O146936~~924~53
●O1469367y924853
●OO~556775555b29
●o1469367:9i?4853

0.000oooouuoooooo
●OlPlP97~~900870
●0191s97?5900870
.olf)lR974~900870
.01p1897$b900870

0.000oooouuoooooo
.0341507~4173b70
●03415074$A73670

UB( 31)=
URt 32)=
UR{ 33)=
UR( 341=
UR( 35)=
uR( 361=
(JR( 37)=
UR( 38)=
UB( 391=
(JR( 40)=
UR( 41)=
UB( 42)=
UB( 43)s
Um( 44)=
uR( 45)s
UR( 46)=
lxl( 47)8
U8( 48)=
Un( 49)=
UR( 50)=
UR( 51)=
U13( 52)=
U$l( 53)=
UR( 54)=
UR( 55)=
U8{ 561=
uB( 57)=
uR( 58)=
UR( 59)=
UBt 60)=
IJFI( 611=
uB( 62)=
U8( 63)=
UR( 64)=
UB( 65)=
UR( 66)=
UR( 67)=
uFl( 68)=
(J8( 69)=
UR( 70)=
UB( 71)=
UB( 72)=
UR( 73)=
UB( 74)=
URt 75)=
UR( 76)=
u13( 77)*

.U13( 78)=
Un( 79)=
uR( 80)=

~82b028311202534
~9005129~889209~

-*842664t9Q481806
-~82b02831 lti02534
-~741Y02638<66956
-*648203b16598540
-;538438516187579
-~399579ySflo27353
-*171500UOOUOOOO0

;171500UOOUOOOO0
~3Y9579Y~@U27353
~53t)$38!a16i875?9
●6482036]6598540
:741~02838d66956
;8&5028411202534

-;761$67U52096524
-;741~02b38266956
-0648e0361 659854o
-,538438516187579
-a3Yy579y58027353
-;171500UOOOOOOO0

.111500UOOOOOOO0
;399579Y58027353
;538438516187579
~648Z03bt6~98540
●741902~38~66956

-F670507403815520
-~64U203b16b98540
-~538438516!87579
-*39Y579y5R027353
-;171500000000000

;171500UOOUOOOO0
~399579Y5RU27353
053~438~16187579
●648Z03b16b~8540

-c5b5091S9@94765
-e538?3Rb16187579
-a3y~5?Yy58Q27353
-Ol?lsoounouooooo

;171500UOOOOOOO0
;39Y579Yw027353
;5384385161875?9

-e434829i53b42156
w,399~79Y58u27353
-;171500UOOOOOOO0

;171500UOOOOOOO0
;399579958027353

-:24z537b25947000
-*171500ullooooooo

●1’tl!500uoouooooo

53



Table 8 (continued)

N i20 IOE =1 sLA8S ANO SPHERES

W( 1)s
W( 2)=
W( 3)=
M( 4)=
w{ 5)8
w{ 6]=
Ut 7)=
w{ 8)=
W( 9)9
w{ 10)=
U( 11)=
U( 12)=
w{ 13)=
W( 141=
W( 15)*
W( 16)=
U( 17)=
w{ 18)=
w{ 19)=
w{ 20)=
W( 21)=

MOMENTS

N=20

i

i
2
3
4
5
q
7
8

1:

0.000oooouuoooooo”
●0270373~~O02054
●02Q3554~4566102
●02Q686530720196
co3175381y741709
●0365126~U197183
●03s125009~272212
,04362978<027811
●05231625@897566
●070406017007737
●1440520k~567428
.1440Si?OZ956?428
●070406017007737
.052316254897566
oo4362~7u~027811
●0382500y~272212
●0365126$~197883
●031753B1!741709
●02q6R653~720196
902835545+566402
●0270373~~002054

Q(l)= ‘:142~E-~1

Q(l+l)

●6851
-00000

●3046
●aR50

1,3059
1 ,b499
1,Q343
2.1688
2.3s92
2,s092

UR (
Ull (
Uu(
UR (
u13(
(JB (
UB t
UB t
UB (
us (
UB (
UB (
lJR [
UR t
UR (
uB {
UB (
us (
UR (
Ug {
us{

206214
2*6981
20?411
2?7s20
227319
2F6821
2*6034
2~496Q
2~3633
2c2038

1)=
2)=
3)=
4)=
s)=
6)=
7)s
g)=
9)E

10)s
11)=
12)=
13)8
14)=
15)s
16)=
17)=
18)=
191=
20)=
21)=

-1,000000000000000
-*976+19829117284
-~921~06117~81200
W086397215~880113
-0801978431407749
-~734772+R6b53391
w~6b076bi99376202
w;577~50dIj9189623
-o47964O17391O18O
-~33b056d68930870
-~153Z88b9044748s

●153288b~0447485
~3b605621j8V30870
~4?9~40173910180
~577350i!69189623
~6bO?66199~76202
z734?724R6653391
08019783g1407749
;86397215#801i3
~921~06117$81200
2976219629117284

2,017S
1.8068
1.5716
i.3126
l:;;;:

●3978
,0689

-,3213
-07121

AVERAGE ABSOLUTE PER$ENTA(3E gI?Rt?R OF MOMENTS =

Q(I+3:K2+1)

-1.1230
-&,5536
-Z*O033
-2.471s
-2.9579
-~04619
-3.9829
-4.5205
-5.0741
-5.6432

2.0123

54



Table 8 (continued)

N w26 I(3E =1 sLqES AND sPHERES

U( 1)=
U( 2)=
w{ 3)=
w{ 4]s
w{ 5)=
W{ 6)=
W[ 7)=
U( 8)=
U( 9)=
U( 10)=
w{ 11)=
Wt 32)=
U( 13)=
U( 14)=
W{ 15)=
U( 16)=
U( 17)=
U( 18)=
w{ 39)=
w{ 20)=
U( 211=
U( 22)=
U( 23)=
U( 26)=
w~ 25)=

MOMENTS

NE 26

i

i

;
4
5
6
7
R

1:

:;

0,000000000000000
g02237799~l15599
.023240~$$l?6660
●0240149f3&139755
~02q2601du757?86
●o2685069~l16718
●02R8501U~l18882
●03141697L700271
s0348534U~S67~05
c03Q7781!~417273
●0477]52$$911175
●064231846597990
b13140~51~380064
●1314095~!380084
.06423184$597990
●0477152b$911i7g
●03Q7781{U417273
●o348534U~567UOS
●0316169~~700271
to26R5010Bl18882
,02A850692116718
●0252601~W757786
●02401498~139755
●02>2408&~l?6660
,02237799:115599

Q(l)= ‘s1421E-11

(JR( 1)=
UR( 2)8
UR( 3)=
UR( 4)=
UBt 5)=
UR( 6)=
U8( 7)=
UB( 8)=
U13( 9)=
Ua( lo)=
UR( 11)=
UR( 12)=
Ue( 13)=
U8( 14)=
UR( 15)=
UB( 16)=
UR( 17)=
UR( 18)=
UR( 19)=
U8( 20)=
(m{ 21)8
UB( 221=
us( 23)=
UR( 24)s
UB( 25)w

-ltooooooooooooooo
-~900248J22997860
-gg35580~50b88272

-i888b70665101255
-0839142499934816
-~786501~69U53609
-0730074a61618679
-z668Y04y91574195
. ..601b46t32~62799
-~525b26366e89176
w;436700t%9065905
-’0324240YQ755311S
-;139~45b60d10033

s1398456~o$loo33
●3242409Q795311!5
0436?o065906590$
~525b26d46489176
~601b46732Y62799
●668904Yq1574195
●730074~61~18679
;786501569ti53609
i839142+99y34816
;888670665101255
●935580~50688272
~980?48i2299786Q

Q(I+l] Q{I+K2+lj Q[I+2*K2+1)

●5317
-00000

●3756
●l1267

102099

10!5322
10I3076
200437
2.2452
2.6~~2
2.5559
2.h692

207567
2s8196
2?8s90
2087s7
208707
~0844~
207981
207317
2~646(1
2:5413
2.4183
222773

2.1187
1.9429
107SO2
105409
i.3159
~oo743

.8175
●5454
.2585

-.0431
-.3590
-.6889

AVERAGE ABsOLUTE pE~~EN7Af3E ERROR OF MOMENts ●

Q(I*3~K2+l)

-1oO326
-~ .3897
-io7599
-20 143Q
-205386
-209465
W~O 3663
-307978
.402407
-4.6947
-5*1594
-5.6347

2,0778

55



Table 8 (continued)

N =28 IGE =1 sLABS AND SPHERES

M( l)a

U( 2}=
U( 3)=
W( q]=
Wf 5)=
W( 6)=
W( 7)s
W( 8)=
w{ 9)X
W( 10)*
w{ 11)=
W( 12)=
M( 13)=
Wt 14)=
U( 1s)=
U( 16)=
U( 17)=
U( 18)=
W( 19)=
U( 20)=
M( 21)=
W( 22)=
W{ 23)=
U( 24)=
U( 25)=
WI ?6)=
W( 27)=
W( 28)=
w{ 29)=

MOMENTS

N*28

i

i
2
3
4
!3
4
7
R

1:

:;
13
14

O,ooo(joooouoooooo
•0190890~~961~31
●01969295~954119
●02017373!521405
.0209974~U305107
●02~0290Ub299018
e0232756~~287697
●02478875~099092
●0266607UU4?7876
.029049244962621
●03?2381?~169~52
●03~80196$729094
●0461527Z~O06060
s05q44481U691957
●1216056b’?S35571
c1216056~?535571
●05cJ44481~691657
●04A15272$O06060
●0368019$$729094
●03223814U169552
●02904924*962621
.0266607UU477876
●0247887~~099092
~0232756b<287697
●02?0290Ub299018
●02fi9~74~U305107
g02017373{521405
cO196929~0954119
.01908908$961131

Q(l)= ‘~2132E-11

Q(I+l)

.4244
-aoooo

●361s
.7732

1,1255
1.4275
1.6910
1.9222
2,1251
2,A023
2,4558
2,qR71
2,6977
2.7s85

Q(16K2+1)

2~8609
229145
2~9511
20970~
2*9746
2.962s
2*9351
2*89?R
2.8360
20764Q
206800
2~5815
2*4696
2*3447

(J~( l)U

U!3( 2)=
UE4( 3)=
UR( 4)=
UR( 5)=
UR ( 6)s
UBf 7)=
UB { 8)=
(JB ( 9)=

U8( 10)=
Us( 11)=
U8( 12)=
Uq( 13)=
UR( 14)=
Ua( 15)=
UB( 16)=
Ua{ 17)=
u13( 18)=
UR( 19)=
UR( 20)~
UJ3( 21)=
UR( 22)=
U!?( 23)=
UFJ( 24)=
UR( 25)=
UFJ( 26)=
UR( 27)=
(JR( 28)=
uFI( 29)=

-l~ooooooooooooooo
-*983113649b43620
W094!j22639~~99854
-*9057561631~2~~3
-s864485+32051591
-0821143~65445458
-~775~81715654930
-~726744s74347315
-*674$09922b32?30
-~618093374U83408
-~555~59y55795604
0c48b717162377824
-;403!5616R4!)03922
-.2996713?7575593
-*129397143188183

;li?9397143~88183
;299$71327575593
:403b61tIR4503922
;485717162~77824
;555~59955795604
~618~93374~83408
●674b09922b32730
~72b744574347~lS
~775~81r15b54930
●821143U6S?45458
*86@85432051591
●905756143i~2313
;94S~26b96t199854
;983~13b69b43620

2,2o7o
2,0s67
1,89?0
1,7192
1,5326
1.3342
1,1243

●9031
●6709
.4277
.1738

-*u906
-.>653
-,6s02

AVERAGE ABSOLUTE Percentage ERROR OF MOMENTS ●

Q(I+3:K2+1)

-*9451
-1.2497
-1.5639
.1.8875
d.2204
-2*5623
-2,9130
-3,2724
-~,6403
.~oo~65
-4.4009
-Q.7931
-5.1931

-5,6007

k~ 1268

56



Table 8 (continued)

N 93Z IQE =1 SLllfj5 AND SPHERES

U( 1)= 0.000000000000000
U( 2)=
U( 3)=
U( 4)8
U( 5)=
U( 6)=
W( 7)*
w( 8)=
W( 9)=
U( 10)=
u{ 11)8
W( ]2)=
W( 13)=
;: ;:::

U( 16)=
U( 17)=
U( 18)=
U( 19)=
w{ 20)=
U( 21)B
U( 22)=
W( 23)=
U( 24)s
U( 25)=
U( 26)=
U( ?7)=
W{ 28)=
U( 29)=
W( 30)=
w{ 31)=
W( 32)=
U( 33)=

MOMENTS

Nm32

i

i
2
3
4
!3
6
7
8

1:

::

●01*643326757938
●0170864*!816649
●o1739654$590?61
.o179764~:903380
D01R60720~851399
●olq5483/U~O0563
so2054BO~U821511
.0217321?+935595
●0231579A~689386
●0249155ti~382391
c02T15392!401173
●0301396Z$538597
●03441042b410850
●04128730~670913
go5s5918Zd573321
●113714870555570
.l137148”~0555~70
●05s5918Zk573321
●0412873UQ670~13
●O3441O42*41O85O
●0301396Z2538597
●0271S392!401173
●02691552~382391
,02315793$689~86
,02173216<935S95
●0205*80A~821511
●0195483~U100563
●018697204851399
●O179764@903~80
oO1739654~590761
.0170864$!816649
●o1664332~757938

Q(l)= ‘s2132E-11

●3457
-eoooo

●34!59
●7250

1?0515
103352
1.3861
1.8(t99
200098
2.1881
203466
2.4866

u~( 1)=
(JR{ 2)=
US( 3)=
,u13( 4)=
U9( 5)=
UB( 6)=
U8( 7)=
UF/( 8)=
uR( 9)=
Ua( 1(J)=
u13( 11)8

UB( 12)=
UB( 13)=
uf3( 14)=
UF)( 15)*
UR( 16)=
Ue( 17)=
U9( 181=
uRf 19)*
(JB( 201=
UR( 21)=
(JR( 22)=
lIR( 23)=
UR( 24)=
UR( 25)=
UB( 261=
U8( 27)=
UF)( 28}=
UB( 291=
U8( 30)=
U8( 31)=
UB( 32)=
UR( 33)=

2*9437
209914
3.0258
3*0472
3Q0561
3.0!32R
3*0376
3?0108
2@9726
2y9~3~
2*8631
2*7923

-lgoooooouoooooooo
-*985256136U77826
-~952360Z37+28!524
-091t)286059823540
-*@82/#99U~4Z05702
-~B4b0329y9479502
-*807484b70 ?56150
-~767001865363834
-w724259?R0353037
-;67tl~31Tf18/38908
-~630~37d59~49066
-m577350Zh9189623
-~519224133y71793
-0453711438321973
-;3?6980bP@86~74
-~279Y55005061728
-.120975919{54679

~120975Y19754679
.2799ss005661728
~376Y80bR5486174
9653711438321973
●519~24133971793
;577350Z69i89~23
;630137259149066
;678631788!38908
:724$59!80?53037
:767001~65~63834
~807~84b70756150
~846032!J79*79502
0882~99064~OS702
~918286b59823540
●952~60Z37a28!a24
~985256136077826

Q(I+2*K2+1)

2,2850
2.15?1
2.0138
1,86~2
i07054
i.5377
1,3611
1.1758

,9820
.7796
+5690
●3501

Q(I+3:K2*1)

* ●8624
-1.1277
9B104OO4
0106802
-109671
-Z*2609
-Z.5616
-2.8689
-301828
-3*5032
-~*8299
-4,1629

57



Table 8 (continued)

13 2,6093 2~7110 ● 1233

1+ 2.71s6 20619S -.1116

2.n064 2*5178 -*3562

:: 2.R8~2 2*4063 -.6045

AVERA6E ABSOLUTE pEKSE~TA~E ERROR OF MOME~Ts =

N =40 I(3E =1 SLABS AND SPHERES

w{ 1)=
W( 2)=
W( 3)=
W( 4)=
W( 5)=
W{ 6)=
M( 7)=
W( 8)=
W( 9)=
W( 10)=
Wf 11)=
W( 12)=
w{ 13)=
W( ~4)=
w{ 15)=
W( 16)=
W( 17)=
W( 18)=
W( 19)=
WI 20)=
W( 21)=
W( 22)=
w{ 23)9
W{ 24)=
W~ 25)=
W( 26)=
W( 27)=
Wt 28)=
w{ ?9)=
U( 30)=
W( 31)=
W( 32)=
W( 33)=
W( 34)=
w{ 3s)=
W{ 36)=
w{ 37)=
W( 38)=
U( 39)=
WI 40)=
W( 41)=

o.000oooo~ooooool)
.013248766917978
QO13Sl18/~300549
cO13~657i~156071
●Ol~9702b~68?021
,0143755U~662528
●o148431f~512361
●o153732~~381062
●0159729ZY940?73
●o1665451~2710s3
●O174358<~188347
cOlR3419/!065111
●O194088Zt883381
●0206892~$919767
●0222649@V977925
●02&2695$9800262
●026941775687476
●0307627b~987602
●03691401V948345
co4970e14~3801343
s101666869331~41
●10166686y331541
●04970814+380843
●03691401~948345
●03076275~987602
●0269417:b687476
●0242695~5800262
.0222649*9977925
●0206892~~919767
.01Q4088Zf883381
●o183419/1065111
●o17435@188347
s01~65451~271053
●0159729ZY940?73
cO1597325f381062
●O1484317e512361
●014375504662528
●0139702b~687021
●01364571~156071
sO135118?~300549
●O132487b8917978

UB( 1)=
US( 2)=
UR( 3)=
Ua( 4)=
UB{ 5)=
UR( 6)=
UB( 7)=
UR ( 8)=
UR( 9)=
LJR( 10)=
Ul?f 11)=
UR( 12)=
UR( 13)=
UB( 14)=
Un( 15)8
UR( 16)=
uRf 17)=
UR[ 18)=
U8( 19)=
UR( 20)~
UB{ 21)=
UB( 22)=
(JR( 23)=
UB( 24)=
UB( 2s)=
U8( 26)=
UB{ 27)=
LIB( 28}=
UFJ( 29)=
Us( 30)=
UB( 3 )=

AUS( 3 )=
UR( 33)=
UB( 34)=
UR( 35)=
UR( 36)=
uR[ 37)=
UIJ( 38)=
U9( 39)=
UR( 40)=
U8( 41)=

-4,50~9
-4*8469
.5*1977
-5.5542

2,164!3

-10000000000000000
-,988245614367752
-:962207dR7016053
-~935444w6Y59630
-*907~931Jqj886102
w*879478Y76323995
-~850115?70?49599
-c819701291651608
-~788~13999625061
-,755206bqo432967
-;720798594715902
a:6846634R1983559
-*6465118~4295264
-e605~62tMJ7~74071
-.562498435218473
-;515~81371891664
ae463+99112s8020!J
w~405024362904966
-~336538tlf)l !77808
-~249?43b615954!39
-e108098579Z75809

~10809837927S809
z249943661~95499
●33653m)o1777808
:405024962504966
~463499i12~8020s
●!315~81371891664
:562&98w&18473
;605~62uf17d74071
g646sllM34Z95264
●684663481~83559
:7207985+9471S902
:755<06b90+32967
;788A13999625061
*81~tOl%91651608
●850+l!3”f20749599
;879478Y76323995
0907~93W5886102
;9354444!j6959630
Q962207417~16053
~988245b14+67752
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Table 8 (continued)

MOMENTS

Q(l)= -g3553E-11

Q(l+l) Q(I*K2+1)

●239$

-00000
●31s6
●6439
Q9291

101815
104091
106160
1080s0
1,9778
2.1358
2.2801
2.4116
2.s31O
2.6390
i?073f)()

2.8225
2.F1989
2.9657
300230

300713

301107
3*1416
391640
301783
3* 1847
3! 183?
3.01741
3*1574
30133s
3*1023
3*0640
3Qo188
2096~7
2f9079
2~8424
2:7703
20691R
206070

.2051!58

Q(I*2~K2+l)

2,416!3
2.3151
2.2057
200903
1.9690
10842O
107092
1.5708
lo~268
1.2773
101226

●9621
●7965
. 62S6
●4496
.268s
●08~3

-*1088
-.30?8
-.5057

AVERAGE ABSOLUTE PE~gENTAQE ERROR OF MOMENTS =

N =48 IQE =1 SLABS AND SPHERES

U( l)E
W( 2)9
W( 3)=
u{ 4)=
M( 5)8
W( 6)=
U( 7)s
U( 8)=
M( 9)=
W( 10)=
H( 11)=
U( 12)=
M( 13)=
W( 1418
W( ]5)s
W{ 16)=
U( 17)=
U( 18)=
U( 19)=
w{ 20)=
w{ 21)=
U( 22)=
U( 23)=
W( 24)=
W( 25]=
W( 261=
W( ?7)=

0.000000000000000
●OI10045~UO18045
●0111750~~7Z3283
,0112278b$7tJl~70
•Ol142~4!:333522
●0116861~$073598
●01198001~417486
●0123f)73~$916966
●012669207657044
●0130690U9521269
●O13S120~$032125
●o140056Y1553957
s014s5939$718087
●olIjIB~8{~?94486
•O159021~S357~04
●0167315Z~690443
,01770706U623145
.01R8771U2513209
●0203164$:516794
o02~1470f~324144
~0245R690~O04138
●02P07517~066400
●03>6904b5928980
●04s3696i?928145
●09~7847b0506257
●o927R475U506257
.04s36Y6Zf928145

Uh( 1)=
UB( 2)=
(JB( 3)=
UB( 4)=
UR( 5)8
(J8( 6)=
UB( 7)=
UB( 8)8
(JR( 9)8
(JH( 10)=
Ue( 11)*
UB( 12)=
UB( 13)=
UB( 14)=
Un{ 15)D
UB( 16)=
uB( 17)=
UN( 18)s
UB( 19)=
US( 20)=
(JR( 21)=
UR( 22)=
UB( 23)M
UR( 24)=
UR( 25)=
UR( 26)=
u8( 27)=

Q{I+3*K2+1)

-07114
-*9218

-1.1369
- ~. 3569
-1,5807
-108094
-2~0424
-4.2799
-2.5216
e~.767!J
WD9.0175

-302717
-9.5299
-~.7921
.4.0582
-4.3281
-406019
94,0793
-5.1604
-5,4451

2.2199

-1 OOOOOOOUOOOOOOOO
-*990231126256908
-f968b83Yn6384758
-*946b45r35896983
-*9d408213~r64749
-~9U0953b?0836361
-087721531R388301
-~8b~~16Y23204713
-082?699*?R118361
00801795+73Y89824
-;775~26dfi6397989
-~747298641b86330
-0718501U63087321
-0688501b61089486
-~657133301e41370
W06241905?7747089
-0589$09410y63462
,;5524428409b6737
-~512~ltV+19461023
-~4691364d@3y37274
-042Zb659RI 164638
-~369258zB9918647
-j3068249?0778443
-m2z7883b70b08908
-~098592YP1435210

oOY859i.?VP1435210
●227883378S08908

59



Table 8 (continued)

W( 28)s
W( 29)=
W( 30)=
W( 311=
W( 32)=
w{ 33)=
W( 34)=
W( 35)*
W( 36)=
W( 37)=
W{ 38)=
W( 39)=
W( 40)=
w{ 41)=
W( 42)=
W( 43~=
w{ 44)=
W( 45)=
w( 46}=
W( 47)=
W( 48)=
W( 49)s

MOMENTS

Na68

i

1
2
3
~
g
6
7

:
;;

:;
1$
1s
16
17
18

;;
21

:;
24

●03369U4:3928980
●02Q07511Y066400
●02458690UO04138
•02214701U32~144
●0203164b+51b794
SOIR8771~Z513209
.0177070b~62314S
●O167315Z~690443
●01q90213~357104
●OlS1858f<794486
cO1455939~718087
●o140056y~553957
●0135120B~032125
sO130690~5521269
●Ol?66920T657044
bO123073$~916y66
.01198001~417486
.01168613?073598
.011429419333S22
,0112278b~781370
●0111750/~723283
,01100450~O1804S

Q(I*I)

c1722
-00000

●2808
●5790
●8328

1,0601
1 ●2674
1.4583
1*6349
107987
1.9s08
2,0922
2.2236
2,3454
2,6!jR3
2.S627
2,6588
2,7472
2.8200
2.Q015
2,9680
3,0276
300806
3,1272

uf3( 28)=
UR( 29)=
UR( 30)=
U13( 31)R
UR( 32)=
Uf?( 33)=
UR( 34)=
UR( 35)=
UR( 36)=
uRf 37)=
UfJ( 38)=
UB( 39)=
UR( 40)=
uBt 41)=’
u8( 42)=
U9( 431=
UR( 44)s
U8( 45)=
(JR( 46)=
UR( 47)=
Un( 48)=
(JR( 49)s

301673

3~2016

3* 2297
3~2520
3@268g
3*2794
3*284$
302848
3* 2794
3*268R
3~2530
3*2322
3?2064
321?5?
3.140j
320997
3*0547
3*O04Q
209s06
2.8917
2~8284
2~7606
2F688S
2~6120

~30b~24W3778443
●369258d39y18647
~4Z2565Y81 764638
●469864Z03937274
;512818*19*61023
;552*42~40~66737
~589409010y63462
●624190b27?47089
s657133M)1641370
~688501061089486
c71~bOle43U87321
~747298b41586330
s775026206597989
:801~95473989824
:8276994?81 18361
;852816Y?3204713
;877?15blfi388301
;900953b2@3636~
●924082132764749
;946645t35tJ96983
,968683906384?58
;990231726&5690S

Q(I+2*K2+11

2,!3312

2,4462

203571
2.2630
2,1664
2,0650
1,9595
i,8501
1,7368
1,6197
1,4986
1.3738
4,2493
101130

,9770
●8374
,6942
●5475
●3972
●24y4
, 08~2

-.0744
-,2384
*,4i)57

AVERAGE ABsOLUTE pEKSENIA~E ERROR OF MOMCN?S ●

Q(I*3~lC2+l)

‘o!i764
-07503

-*9274
-4,1077
-1,2912
-1,4778
-~06675
-108602
-2.0560
~A!~2547
-2*4563
-2.6609
-Z.8683
-~c0786
-3*2917
-3.5075
-3~7260
-3*9473
-4.1712
-4.3977
-4b626a
w408584
-?.0926
-5.3292

Z*2597

60



Table 8 (continued)

N s56 IGE =] SLABS ANO SPHERES

W( 1)=
H( 2)s
W( 3)=
W( 4)8
w{ ~)=
W( 6)a
w{ 7)9
U( 8)=
U( 9)=
M( 10)=
W( 11)=
W( 12)=
W( 13)=
U( 14)=
w{ 15)8
W{ 16)s
W( 17)=
W( 18)=
Wt 19)=
w{ 20)=
Wf 21)=
w{ 22)=
W{ 23)=
W( 24)=
W{ 25)=
W( 26)=
W{ 271=
W( 28)=
W( 29}=
M( 30)=
W( 3L)8
W( 32)=
w{ 33)=
W( 34)=
w{ 35)=
W{ 361=
W( 37)=
U( 38)=
w{ 391=
W( 40)=
Wt 41)=
w{ 62)=
W( 43)=
W( 44)*
W( 65)=
W{ 46)=
Wt 47)=
W( 48)=
w{ 691=
W( 50)=
W( 53)=
W{ 52)=
W( 53)8
W( 54)=
W( 55)=
Wf 56)=
w{ 57)8

0.000000000000000”
●oOCj4104$J+374558
●009s27734116603
●O095388Z~Ob6233
●Oo96725~!286623
●o0984800U590556
●o100487~f524827
cOI02703+4?9?42
●0105120d9845773
●Olo?747bZ258558
●0110603~;690950
001137157~376893
.01171183+736S97
,0120855@966283
oO124983L~256336
001295717~782739
s01347120$656*50
●O1405227~882001
.0147162+~847~77
oO154847bY360071
0016388439531903
●O174721b~345081
●01f180497+955$94
.020500005530006
●0227589~~151359
,02swJ85+~907099
003118716!731s23
●0419998~$272?62
,0858871~~476iOl
.08!j8871+U4?6111
.04~999a+272?62
●031]871P!731323
e0259885i~907099
●0227589?5151359
●0205000W530006
●OlM0497+955694
,0J74721W345081
001638843Y531903
,01s4fi475~360071
●O147162~~847~77
•O1405i?27~88200~
●01347120$6s6~50
.01295711~782739
●o1249U31~256s36
●OlP08555?966283
●Ol]7]183*736~97
•Ol13715f~376~93
00110A03~~690Q50
●Olo7?47b+258558
sO1O512O+M45773
,0102703+479242
●O1OO487$3524827
00098480~~590556
●00f?6725b”!286623
●O09S388Z{066233
●0095277+116603
●00Q4104y~374558

Ua ( 1)s
UR( 218
W?( 3)=
UR( 4)=
UB( 5)=
Un{ 6)=
U8{ 7)=
(JB( 8)=
uBt 9)=
UR( 10)=
Un( 11)=
lull 12)=
UFJ( 13)=
Ua( 141=
UFJ( 15)=
UQ( 16)=
Un( 17)E
US( 18)=
UR( 19)=
UR( 20)=
U9( 21)=
(JR( 22)=
UR( 23)=
U8( 24)=
UB( 25)=
U9( 26)=
U8( 27)=
UB( 28)=
UR( 29)=
UB( 30)=
UR( 31)=
Uq( 32)=
UB[ 33)=
US( 34)=
ue( 3s)=
(J8( 36)=
US( 371=
U9( 38)=
uf3f39)=
Ul?( 40)=
UB( 41)=
Uf3( 42)=
uf3{ 43)s
UB( 441=
W3( 45)=
lJ9( 46)=
U8( 47)=
UB( 48)=
URf 49)=
UR( 50)=
UR( 511=
UR( 52)=
UR( 53)=
Un( 54)8
uR( 55)=
u8( 56)8
Un( 57)=

-1s000000000000000
w~991646(36U33182
-e9?3a67Y36+81308
-f954535333495i02
-e9354a7b72~33592
w~915921~79547208
-e8959901?7406602
w;875b06*?4428?70
w;85~736L?~504150
-e833343305190979
-e811386b471?2171
w;78tl~19U6S509934
we765586536594419
-j74162657j 744369
-e716866Z34955990
-;691219520646406
-i6b4583tJ191 11872
-i636835048~16115
w~607820tR4796523
-0577350d69189626
-e545179383939036
-;510987v14OO7O6
-~474336493+34268
-*434605845501430
-0390857349741161
-~341s50*27827801
-~2t)3802610~68589
-*21O$86Y74347789
.;091Z05128459786

;091~05128459786
;2S0786974347789
:283602b]0368589
;3415S0+?7827801
•390~57j49r411bl
●43A+605845~O1430
;4743364Q3334248
~510~87LJ71@O0706
●S451793P3S39036
●517350269189626
:607020184~96523
*636835048Y16113
●664583~19111872
●691Z19b20646506
●716866d34W55990
;741~26371744369
●7655869M594419
;71MV419U65509934
;81JW6b471721?l
;W3343J05190979
;8bf$736L?la04150
~8756064?4@28970
~8959901?7406602
~915921*79~47208
~935427b72133592
●954535373+95102
●973267y36~81308
5991646736U3318~

61



Table 8 (continued)

MOMENTS

N=56

i

i
2
3
4
5
~
7
0
9

;;

;:
1+
1!3
16
17
18
19
20
21
2e
23
24

%
27
28

Q(l)= -s4263En11

Q(I+I) Q(I+K2+1)

● 1264 3.2448
-eoooo 3m2752

●2657 3*31)~1
●5263 3*3228
s 75!53 303401
•962~ 3*3533

1.1523 3@3624
1,3288 3.3674
1.4937 3*3689
10648O 3*36S6
1, 7v29 3c358s
1.9289 3~3483
2,0567 3.333Q
2,1766 3*3159
2.2896 3,294?
2,3956 %::8;
2,+946
2,5874 3F2077
2,6742 3:1718
2,75S0 3o132q
2,83o2 3.0898
2,0998 3*0437
:.:::: 2.9949

2*9415
3:0771 2.8856
3.1261 2~0264
361704 207640
3,2o99 2~6984

Q(I*2*K2*1) .

2,6297
2,5s79

:::%
2,3242
2.2403
2,15~S
2.0637
~.97~o
1.8754
1.7770
i.6757
i~s717
lo46t9
1 ●3s53
i.2430
1.1280
1.0103

.8900
●7671
,b4~!3
,!5134
●3827
.2495
.1138

-~ 0244
-~1651
-03082

AvERAGE ABSOLUTE PER~ENT~6E ERROR OF MOMENTS =

Q(I+3*K2+I)

-*4537
-06016
-07519
-e9045

-1.0595
-ie2167
-ie3763
-1.5381
-J.7021
-108684
-2.0368
-2.2074
-2,3801
-2.55S0
y;::

-3:0921
-3,2752
-~,4603
-3,647S
-$;8366
+02~6
+.2205
0404154
+e6121
-+.8107
-9,0111
-S,213+

?~2905
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Table 8 (continued)

N =64 IGE =1 sL~EiS AND SPHERES

w{ 1)=
W( 2)=
W( 3)=
U( 4)=
M( s)=
U( 6)=
U( 7)=
W( 8)=
W( 9)*
W( 10)=
U( 11)=
U( 12)=
U( 13)=
U( 14)=
W( 151=
W{ 161=
Wf 171=
W( 18)=
U( 19)s
U( 20)=
U( 21)s
U( ?2)=
W( ?3)=
W( 24)=
W( ?5)=
W( 26)s
W{ 27)=
W( 28)a
W{ 29)=
W( 30)=
Wi 31)=
W{ 32)=
W{.33)S

U( 34)=
w{ 35)=
W{ 36)=
U( 37)=
U( 38)=
W( 391=
w{ 40)=
W( 41)=
U( 42)=
W( 43)*
W( 44)=
w{ 45)=
W( 46)=
W( 47)=
W( 48)=
U( 49)=
Wf 50)=
W( !51)=
u{ !s21=
Wt !!%3)=
W( 541=
U( !35)=

0.00000000!000000
●OO%?198!$939752
aOOfi3038~y861379
●OoRp9195~40080S
.00R3847S~563119
coORSl10~~318~07
●OOR6562!)~205577
●00R8157~~164431
●OOR9883y&854562
●OOQ1740B~194021
●O093735~~238ZS2
●OOQ5F1779Y435979
●009818316314971
,01006720~880779
bO103365$7762431
●O106292@509619
,01094875i908892
oOl129927b245Q63
cOl168610~764i58
c01211590U163404
●o12!59719~14191!5
.013161120263043
●01376250~691879
●O144R16~~434089
,01532714~496272
●O163410~~606168
●O17s8786~b72862
●01917349’$951486
●02~28b5y*515999
s02430?53!831514
●0291703bU507264
●03928457~404757
●0803301Y1756567
●0803301Y1756567
●0392@45?~404757
g02917035u50?264
.0243075~?831514
●0212865~!5 15999
●01Q1734YY951486
●O175878b~672862
001636102~b06168
.01%3271+:496272
.01448163!434089
sO1376250~691~79
cOlq14112~263043
●01259?lY”~161915
cOl~l159UO163404
sOl168b10;7b4158
●011299275265663
●O1O94875!9O8892
●Olo6292b%09619
cOlo33b5~?762431
●O1001S720~880?79
cO0981837~314971
●OOo~R77b’+435679

(J8( 1)8

UR( 2)=
US( 3)=
UR( 4)=
ltB( 5)=
UR( 6)=
(J~( 7)=
UR( 8)=
Ue( 9)=
U8( 10)=
lm( 11)=
U8( 12)=
UB( 11)=
UR( 14)=
UR( 15)=
U6( 16)=
UFJ( 17)=
U8{ 18)=
uR( 19)=
UR( 20)=
u13( 21)*
Un{ 22)=
UR( 231=
UR( 24)s
UR( 25)=
Ul?( 26)=
UR( 27)=
UR( 28Y=
UFI( 29)=
UR( 30)=
(JB( 31)=
UB( 32)=
Ua( 33)=
uB( 34)=
UB( 351=
Un( 36)=
UR( 37)=
UB( 38}=
us{ 39)=
uB( 40)=
UB( 41)=
Um[ 42)x
UB( 43)=
UB( 44)=
us{ 45)=
(JB( 46)=
UR( 47)=
Uf?{ 48)=
Ufl( 49)=
(,JR( 501=
Ul?( 511=
US( 52)=
(m{ 53)=
W?( 54)=
Uf?( 55)=

=l~oooooooooooooocl
-.992705835079047
-e97b6$3it25Ws518
w~9bO+93341796856
-*943822+4sU16052
wt926~55159074843
-c90977531o128463
w;892Z64f38~26007
-e874403b74379180
0e856169t177343834
wm837$39J16602406
-~81f3484792Qb3177
-s798975Y71 4674!58
-.778978/?2948477
-:758654414444476
PZ737359U35188543
-~715tyt201w653197
-s693245153$21163
-i6701001h$Oit34141
-o646126+1oT81722
-;621ii213dfM709990
-Fs~52B9fOb510549
-p568168181bb9201
-~539~85499b9611S
-;509$13165b74740
-;47765136s132457
-t443j91W39004873
-*4062521fllb28192
-e3b5358140137200
.~319267b28406&17
-*265286762828937
-’i197033t90~Y0216
-FO~5250UOOOOOO00

●OfJ5250UOOfJOOOO0
;197033t90Z90216
e265286?62828937
;31V2b7b28$06617
~3653581&o137ZO0
●406252781b28192
●443391b59u04873
~477b51365132457
c5096131w674740
●539b85399696115
;5681681Rlb69201
~59!5289fn6~10549
●621Z2~d$18709990
;606126410781722
06701~OU60234141
;693245153421163
;715ba2Un5b53197
*737~5W2s188543
07W454*14444476
●778~78{?2~48477
079897Sy71~67458
e818484fQ2063177
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Table 8 (continued)

W{ 56)=
w{ 57}=
W( 58}=
M( 591=
U( 60}=
W{ 61)s
u{ 62)=
W{ 63)s

‘W( 64)=
W( 65)=

MOMENTS

N=64

i

i

:

s
6
7

:
lQ

::
13
14
15
16
17

H
20
21
22
23

%
26
27
2a

:

:1

●OOq37350:238Z52
co091740B@194021
●OOq9883y~854562
●00R81578P164431
●OOR65629~205577
●00s51109!318607”
.00R38473+563119
●oOR29195~40088S
●oOR30383Y861379
●00821987$939752

c 0938
-*0000

●2460
●4828
●6916
c8814

1.0571
102212
l~37s4
1.s207
1,6581
;::7::

2,0277
2.13al
2.2428
2,3419
2,4357
2.s244
2.6082
2,6872
2.7616
2,8316
2.R972
2,9586
3.01s9
3.0692
3.1186
3.1642
3.2o6o
3,2441
3,278?

-~s6a4E-11

Q(I*K2+1)

3C309FI
3! 3373
303615
3z3R24
3 ~3999
3*414?
3.4254
304334
3s4383
304401
3b+390
3*434n
3~427a
3~4~7R
3!40!30
3F3a93
303709
3*3496
3*3257
3.2990
3!2697
3*2377
3*2031
3* 16!5Q
3@1261
3@0837
3*0389
20991q
2F9417
2.8894
2.8346
2E7775

UR! 56)=
U8( 57)=
UR[ 58)=
Un( 59)=
U8( 60)=

(JR( 61)=
U8[ 621=
US( 63)=
UR( 64)=
UB( 6S)=

●837539316602?06
;8S6169677343834
●874403574379180
~892264f38~26087
~909!75310128463

~926955Js9074843
●943822345016052
~960~93361?9685&
~976~83225SOS518
~992705835079047

Q(I*2*K24~)

2,7180

2.6s6O
?,S918
2.%?s2
2,4s63
2,3851
2.3116
2,2398
2,1579
2,0777
i.9953
i.9107
4.8239
1.73!30
1,6440
1.5508
1.4556
1.3582
i.2588
1.1s74
1,0539

●9484
,84o9

●7314
,6200
●5065
,3912
●2739
● 1s47
●0337

-008$3

-.2141

AVERAGE ABSOLUTE PENCENTAC3E ERROR OF MOMENTS =

Q(I+3~K2+1)

‘*3408
‘~4692
-05995
-;7316
-~865S

-1CO012
.A.1386
-i ●2777
-~.4186
-1,5612
-1,705s
-108514
-1,9990
-k. 1483
-2.2992
-264517
-2.6058
-d,7615
-2.9188
-9.0777
w3.2380
-304000
.+*5634
w3b7283
-3.8947
-400626
-~*2319
-?.4027
.4*5749
-4~7485
-4.9236
W5*0999

2,3162
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slabs, cylinders, and spheres in Eq. (38). The level

for each direction set.

mments are listed

The computer code used to determine these generalized direction

sets is listed in Appendix A. It was also used for all applications of

critical calculations involving the area mthod or the AD sets. The other

direction sets were loaded to the full machine accuracy in the case of

‘he‘n d ‘p(n-2)/2 or the accuracy available if

VI. RESULTS AND COMPARISONS

In order to examine the behavior of the

direction sets, we calculated a number of simple

less was quoted.

constructed area method

test problems. In these

17 DIaOUd Difference (DD), and Step (SF)computations w utilized the LSNS .

Function solution methods for the Area Method (AM), the asymptotic di-

rection (AD), Pu-l and DP(n-2)/2g ad ‘he ~ quadrature sets.

First, - investigate critical thickness predictions and conver-

gence as a function of n for the one-group homogeneous slab, cylinder, and

spherical geometries.3 Second, using the various direction sets, we

calculate and compare ~ff for the Lady Godiva Benchmark problem,14

baaed on Lady Godiva15 using the Hansen-Roach six-group cross sections.16

Approximately 2084 criticality calculations are reported and compared:

1824 one-group slab, cylinders, spheres, and 260 comparisons on the Lady

Godiva benchmark calculation.

VI.A One-Group Homogeneous Slabs, Cylinders, and Spheres

We consider, first, homogeneous problems in one-space dimensional

slab, cylinder, and spherical geometries with a single uniform material in

one neutron energy group. All dimensions are expressed in mean-free path

units (l/u). The critical dimensions of such systems are calculated

parametrically as a function of c, the excess number of neutrons per

collision,

(40)
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where v is the number of neutrons per fission, cf is the macroscopic

fission cross section, as is the scattering cross section, and at is

the total cross section. The Mrk boundary condition, no incoming neutron

flux at the outside boundary, was used exclusively. The Marshak boundary

condition, no incoming neutron current at the outside boundary, is not

generally available in the ~ transport codes.

In general, as c increases, the critical dimensions decrease, and,

hence, are more strongly affected by the outside boundary. Thus, while

for small c-1, diffusion theory might be an accurate approximation, for

higher c values, one would expect to use higher values of n in the ~

approximation for an accurate critical dizmsion determination. The

values listed as “exact” were taken from the work of Carlson and

~1118s19 -d are based on extrapolated end-point and variational

calculations.

Three numerical methods were utilized in the representation of the

angular flux at the cell center in terms of the values at the boundary.

These methods were LSN, Diamond Difference (DD), and the Step Function

(SF) approximation.

In Table 9 we give a summary and index to the 1824 homogeneous

critical calculations. Only the Area Method AM and Asymptotic Mrection

AD were available for cylindrical calculations. The Pn-l ad

DP(n_2)/2 quadrature sets do not generalize to one-dimensional cylinders

or multidimensional systems. The Carlson BQn$ Case A and B, are

generalizable to cylinders but mre not run as such. In Tables 1O-47 we

summarize the one-group homogeneous critical radius calculations. The

percentage differences of these critical radii and the values of Carlson

and Bel118’lg are displayed graphically in Figs. 10-47. More accurate

evaluations of the integral transport equation eigenvalues one-group

Benchmark problems are reported by Kaper, Lindeman, and Leaf20 but do not

significantly

“exact” value

0.3108.18’20

tion sets.

alter any of the conclusions

listed for slabs, C = 2.0,

All S2 calculations default
●

herein. In particular, the

should be 0.3110 instead of

to v: = 1/3 for all direc-
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TABLE 9

TABLE AND FIGURE INDEX SUMMARY

ONE-GROUP HOMOGENEOUS

CRITICALITY CALCULATIONS

LSN

DD

SF

LSN

DD

SF

LSN

DD

SF

LSN

DD

SF

LSN

DD

LSN

AM”

AU

AM

AD*e

AD

AD

PN
●ae

PN

PN

DPN#

DPN

DPN
CA##

CA
~B###

10

13
16

19

22

25

28

30

32

34

36

38

40

42

44

11 12

14 15

17 18

20 21

23 24

26 27
●

29

31

33

35

37

39

41

43

45

DD CB 46 47

● : Area Hethod Direotiona
●☛ : AsymptotloDirections
●❆❆☛ : Full RangeGause*LegrendreDirections
# : Half RangeGauss*LegrendreDirections
## : Carlson,E%, Case A

### : Carlson, E~~ Case B

VI.A.1. One-Group, One-Medium Comparisons

We use the term “essentially identical” in the sense that by

overlaying two grapha the differences are essentially not

distinguishable by a curve width. We reference figure numbers in

parentheses; e.g., LSN (10) means the LSN method, Fig. 10.
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Figure 10. Percent error of critical half thickness for slabs versus c
using LSN with Area Method directions.
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Figure 13. Percent error of critical radius for cylinders versus c using DD
with Area Method directions.



CYLIPJ13ERS

10

10

10

z

1

0

-1
10

-2
10

m

4

-3
10

# 1 1 I D
1.0 1*Z 1.4 1.6 1.8 2.0

c

m QRER METHOD
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with Area Method directions.
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o SLABS

AM: The LSN (10) and DD (13) are essentially identical for all n

and all c. The SF (16) is less accurate than LSN (10) or DD (13)

for c less than 1.4, after which for higher c values, SF is slightly

more accurate than either.

AD: The LSN (19) and DD (22) are essentially identical for all n

and all c. For n = 2, 4, and 6, SF (25) is slightly more accurate

then LSN (10) or DD (22) for c greater than 1.4. For n= 8, 12, and 16,

SF (25) is more accurate than LSN (19) or DD (22) for c between 1.2 and

1.6; otherwise, it is less accurate than either.

PN: The LSN (28) and DD (30) are essentially identical for all n

and all C. The w (32) is less accurate tha LSN (28) or DD (30)

for c less 1.4; and n = 2, 4, 6, and 8, SF is more accurate than

LSN (28)or DD (30)for c greater than 1.4 for all n.

DPN: The LSN (34) and DD (36) are essentially identical for all n and

all c, except for n = 4 at c = 1.8 and 2.0, where DD (36) iS more

accurate than LSN (34). The SF (38) is less accurate than LSN (34)

or DD (36) for all n and all c, except n = 4, between c = 1.2 to

1.4,where SF (38) is more accurate than either of the other two.

CA: The LSN (40) and DD (42) are essentially identical for all n and all

c. The SF was not run.

CB: The LSN (44)and DD (46) are essentially identical for all n and all

co The SF was not run.

AM-AD: The AM method is less accurate than AD in LSN (10, 19) and DD (13,

22) for all n = 2, 4, and 6,allc; forn=8, c greater than 1.3, and for

n = 12 and 16, c greater than about 1.6. For n = 12 end 16, c less than

1.6, AM is more accurate than AD.
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O Slabs (cont.)

AM-PN: The AM method is more accurate than PN for n = 4, all c, in

LSN (10, 28) and DD (13, 30). For all n greater than 4, all c, PN Is more

accurate than AM. “

AWDPN: The DPN mthod is anre accurate than AM in LSN (10, 34)

and DD (13, 36) for all n, all c. This is not a surprising

result.

AD-PN: The AD method is more accurate than PN in LSN (19, 28) and

DD (22, 30) for n = 2, 4, 6, all c; and, for n = 8 above c = 1.4. For

n = 12 and 16 and all c less than about 1.9, the PN is more accurate

than AD.

AD-DPN: The DPN method is more accurate than AD in LSN (19, 34)

and DD (22, 36) for all n, all C. This is not a surprising result.

PN-DPN: The DPN method is more accurate than PN in LSN (28, 34)

and DD (30s36) for all n~ all c. This is not a surprising result.

AM-CA; The AM method is less accurate than CA’ in LSN (10, 40) and

DD (13,42) for all n, all c.

AD-U: The ADmthod is more accurate than CA in LSN (18,40) and DD (22,

42) forn=4,allc;n= 69 greater than 105; and> n - 8, c 8reater t~n

1.4. Otherwise, CA is mre accurate than AD.

PN-CA: The CA method is more accurate than PN in LSN (28, 40) and DD (30,

42) fern= 4, 6, 8, and c; fern= 12 and 16, c less than 1.8 Fern= 12

and 16, c greater than 1.8, PN is more accurate than CA.

CA-CB: The CA method is more accurate than CB in LSN (40, 44) and DD (42,

46) for all n, all c.
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o CYLINDERS

AM: The LSN (11) is more accurate that DD (14) for all n, all c.’l!heSF

(17) is less accurate than either LSN (11) or DD (14) for all n, all c.

AD: The LSN (20) is more accurate than DD (23) for n = 2, 4, and 6, all

co For n greater than 6, the LSN (20) and DD (23) are essentially

identical for all n, all c.

AM-AD: The AM is more accurate than AD for LSN (11, 20) and DD

(14$ 23) for ~1 n, ~1 C> except for n = 2. For n = 2 and c

greater than 1.5, Al is more accurate than AM for both LSN (11, 20)

and DD (14, 23).

o SPHERES

AM: The LSN (12) is more accurate than DD (15) for n = 4, 6, 8,

all c, and essentially identical for n = 12 and 16. For n = 2, DD

(15) is more accurate than LSN (12), as is also the situation for

n = 4 at c less t- 1.05. The SF (18) is less accurate than n = 4

LSN (12) for all n, all c, except at n = 4, c = 1.2.

AD: The LSN (21) is more accurate than DD (24) for n = 4, 6, 8, all c and

essentially identical for n = 12 and 16. For n = 2, DD (24) is more

accurate than LSN (21), as is also the situation for n = 4 at c less than

1.05. The SF (27) is less accurate than n = 4 LSN (31) or DD (24) [except

c = 1.2] for all n, all c.

PN: The LSN (29) is more accurate than DD (31) for n = 4, 6, 8, all c

greater than 1.1, and essentially identical for n = 12 and 16, and c. The

SF (33 is less accurate than n = 4 LSN (29) or DD (31) for all n, all c,

except c = 1.2.
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SPEERES (cont.)

DPN: The LSN (35) is less accurate than DD (37) for all n, all c.

The SF (39) is generally less accurate than n = 4 LSN (35) or DD

(37) except between c = 1.1 to 1.4.

CA The LSN (41) is more accurate than DD (43) for n = 4, all c;

LSN (41) and DD (43) are essentially equal for n greater then 6,

all c.

CB: The LSN (45) is more accurate than DD (47) for n = 4, all c;

MN (45) and DD (47) are essentially identical”for n = 6, 8, and 12

for c greater than 1.2, below which LSN (45) is more accurate. LSN

(45) is less accurate thanDD (47) for n= 16, all c.

AM-AD: The AM Is more accurate than AD for LSN (12, 21) and DD

(15, 24) for all n, all c. Note that this is opposite the behavior

in SIAM.

AM-PN: The AM is less accurate than PN for LSN (12, 29) and DD

(15, 31) for all n, all co This is the same result as for SUBS,

except for n = 4.

AM-DPN: The AM Is less accurate than DPN for LSN (12, 35) and DD (15, 37)

for all.n, all c.

AD-PN: The AD is less accurate than DPN for LSN (21, 29) and DD (24, 31)

for all n, all c.

AD-DPN: The AD is generally less accurate than DPN for LSN (21, 35) and

DD (24, 37) for all n, all c.

PN-DPN: The PN is less accurate than DPN for LSN (29, 35) and DD (31, 37)

for all n, all c,.except for c greater than 1.1 and n less than 8 and c

less than 1.1.
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Spheres (cont.)

Au-CA: me AM is less accurate than CA for LSN (12, 41) =d DD (15, 43)

for all n, all c.

AD-CA: l’haAD is less accurate than CA for LSN (21, 41) - DD (24, 43)

for all n, all c, except for MN (21, 41) with n less than 8andc

less than 1.1.

PN-CA: The PN is more accurate than CA for LSN (29, 41) - DD (31, 43)

for all n, all c.

CA-CB: The CA is essentially identical to CB for LSN (41, 45) and DD (43,

47) for all n, all c; except for n = 4, where CA is more accurate than CB,

and for n = 16, where CA is less accurate than CB.
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VI.A.2 Summary of One-Group, One-Medium Problems

For slabs, the ordering of the direction sets in terms of

decreasing accuracy appears to be DPN, (PN, CA, AD), AM, CB, where

the (PN, CA, AD) sequence depends on which solution methods and

value of c are being used. LSN and DD are generally equivalent in their

predictions, except LSN does not generate negative fluxes whereas DD does,

and it therefore requires a fix=up procedure.

For cylinders the LSN-AM method and direction sets should be used

for best accuracy.

For spheres, the ordering of the directions sets in terms of

decreasing accuracy seems to be DPN, PN, CA, AM, AD$ and CB. The

LSN method ~ems to give better results for n less than 12 than

does the DD method If either PN, AM, or AD directions are used. If the

DPN or U directions are used, then the DD method is as accurate or more

accurate than LSN. However, the user should be aware of the difficulties

of negative flux generation in DD, which LSN automatically prevents while

still giving excellent neutron balance.

In multidimensional problems, the DPN and FITdirections are not

available, so the user is llmited to the sets AM, AD, CA, and CB.

If n larger than 16 is to be run, and if CA and CB are not

available, the direction sets by AM and AD are readily generated. It iS
2

simple to alter the selection procedure for determining Vl; for example,

one could arrange, using the subroutine supplied in Appendix A, to have a

different direction set in each material region dependent on the region

properties, provided the transport code could run with that assumption.

Finally, ff one fe interested in methods and directions uniformly

giving an error less than 0.1% in critical dimensions for all c values,

then consider:

STABS

DPN-LSN (34) n greater than 8

DPN-DD (36) n greater than 8

. .-
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SPHERES

PN-LSN (29) n = 16, max error 0.15% at c = 2.0

PN-DD (31) n = 16 max error 0.15% at c = 2.0

DPN-LSN (35) n = 16

DPN-DD (37) n=16

CB-LSN (45) n=16

CB-DD (47) Q=16

For methods and directions with 1% accuracy in the critical dimen-

sions, examination of the results indicates a large number of potential

candidates. However, for improvements at the 1% accuracy level in multi-

dimensional calculations, without running very high order in calculations,

significantly improved new methods will

VI.B. Lady Godiva Benchmark Problems

As an additional evaluation of

need to be developed.

the generated direction set and

methods available in Discrete Ordinates Code, DSN,11 modified to run with

the Diamond Difference DD, pure Step Function on approximation SF, and the

LSN17 methods, w calculated the Lady Godiva Benchmark Problem.L4 This is

a small spherical critical experiment 15 of 8.71-cm radius composed of a

homogeneous mixture of 235U, with atomic densities of 0.045447 x 1024 and

0.00256 x 1024 atoms cm3, respectively. The multigroup approximation

16 si~group cross sections and fission spectrum wasusing the Hansen-Roach

used● The outside angular flux boundary condition, the Mark boundary

condition (no ficomfng neutrons) was assumed. The relative changes in

the pointwise scalar flux over the entire system and in the computed

eigenvalue, &ff, were required to be less than 10-6 for all calcula-

tions. With these inputs, we calculated the multiplication factor as a

function of angular quadrature n and the number of space Intervals I.

Previous results analyzing this benchmark problem solution mre

obtained and reported by Lethrop, Greenspan, Engle, and Whitesides in the
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Benchmark book.14 These results are outlined and summarized in Tables 4S

and 49 for comparison purposes.

In Table 50 w have given the DSN results for LSN and Pi.amendDif-

ference DD solutions for direction set determined by the Area Method (@).,

Asymptotic Directions (AD), Pn-l(PN), DP(n-2),2 (DPN),and two E% direc-

tions sets suggested by Carlson,8 (CA) and (CE).

In Table 51 = compare the extrapolated ~ff [I=, n-] obtained

by the various benchmark solutions with those found from Table 50.. The

interpolations in Table 51 were performed using k = a + ~M_2 + m4, where

M = Im for sequences (b), (c), (d), and (e), and M = I for the aequem~e

(f), the integral transport $olution. l?enote that even in the worst c~.e.

of the comparison, [(e),(f) - (e)], there is still agreement of 0.001 in

&lk/k. This comparison indicates that the DPN and PN directions are more

accurate then the others, which would be ranked CA, AM, CB, and AD in

order of decreasing accuracy with respect to.predicting the extrapolated

critical ~ff for I = -, n = =. Comparison with the integral transport.

result [1 - Al - 4, (f)] of ~ff = 0.99597 also indicates:

(1) The AM directions represent an improvement over the AD direc-
tions.

(2) The PN and DPN directions are mst accurate in the limlting
case.

(3) TIW CA is an improvement over the AM directions and almost ae
good as PN.

(4) The LSN and DD methods have comparable accuracy for a speci-
fied directi6n set.

The extrapolated ~ff comparison with benchmark solutions is

useful in the limit. In standard production runs, however, the large

values of I are run infrequently. It is, therefore, useful to compare the

accuracy of the nethods and directions sets in the finite parameter range

frequently run by the computer codes. For this purpose, we form 6k/k from
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TABLE 48
SUNNARYOF LADY GODIVABENCHMARKSOLUTIONS

Ben&mark Author Year Code Computer Organization

Number
ti&&6&&&&&-titiA6fi--&&&&&&ti*66&A&&&&&&&*&&6&6&&&&6A&66&&A&&u-*hAA&
I-Al&l K.D. Lathrop 1966 DTF*IV IB1467030 Gulf General

Atomio

1-A1*2 H. Greenspan lg66 SNARGID CDC-3600 ArgonneNatll
Leboratery

I-AI-3 W.H. hgle 1966 ANXSN sBt467090 Union Carbide

IBM~360/75
1*A1*4 K.D. Lethrop 1967 MGSPIN IBM-7030 Los Alamoa

SoientifioLab.
1AA1A5 G.E. ~lteaidea 1966 KENO IBH-360/75 UnionCarbide

SBtI1-360/50

&&*&6b&&-A&&-&&&a**&&&*&Ab&ti*&&&-&6A&**&*66&&*&*A&&*-&A&"*&-*&*&&&-
TABLE 49

SUNNARYOF LADY GODIVABENCHMARKPROBLE14S
ti&b&&&&&&&&&&&&&*&&&&&&&&A&&&&&&&&&&&&*&A&&&b&&h&
l*AI*ISC.D.Lathrop$DTF-IV

I/n 4 8 16 32 64

10 1.00506 .998564 .996722 .996212 .996113
20 1.00514 .998564 .996675 .996179 .996079
40 1.00514 .998554 .996679 .996161 .996060
80 1.00514 .998550 .996674 .996155 .996055
160 1.00515 .998549 .996673 .996154 .996051

1sA1*2H. Greenspan,SNARG 1*D

I/n 4 8 16 24

10 1.00615 .999034 .997066 .996595
20 1.00622 .999031 .997038 .996562
40 1.00623 .999019 .997020 .996543
80 1.00623 .999015 .997016 .996538
160 1.00623 .999015 .997015 ---A

l*A1-3W.M. EngleANISN Pn&l

I n keff

10 4 1.00505
8 .998534

:: .gg6666
80 ;: .996133
160 64 .995968

l*Al&4K.D. Lathrop,IntegralSolution

I ‘eff

j?: .9955227

80
.9958613
.9959467

160 .9959661
320 .9959702

1*A1*5G.E. Whitesidea,KENO Monte Carlo

#Histories ‘eff

3,::;::: .995252.00072
.99458~.00193

187,875 .9911~.00286
32,565 .997242.00691

&&&b&&&&&&&6&&6&&&&*&&&&*&&&&&&&&a&-&&&*&&&&&&&&&&



TABLE50
LADY GODIVAkeff FOR I SPACE CELLSORDER Sn

I/n 4 8 16 32 64

(LSN,AM)

10 1.00275 .999463 .999206 .997488 .996982
20 1.00412 .999575 .998750 .996973 .996579
40 1.00484 .999679 .997667 .996798 .996411
80 1.00524 .999779 .997661 .996760 .996356
160 1.00526 .999850 .997675 .996753 .996343

(I)D,AM)

10 1.00562
20 1.00569
40 1.00570
80 1.00570
160 1.00570

(LSN,AD)

10 1.00338
20 1.00473
40 1.00540
80 1.00578
160 1.00600

(DD,AD)

10 1.00615
20 1.00612
40 1.00623
80 1.00623
160 1.00623

(LSN,PN)

10 1.00239
20 1.00367
40 1.00433
80 1.00471
160 1.00492

.999960

.999959
● 999949
.999946
● 999945

1.00066
1.00057
1.00064
1.00071
1.00077

1.00087
1.00087
1.00086
1.00085
1.00085

.999271

.998631

.998507

.998491

.998507

● 997757
.997733
.997717
.997712
● 997711

.999084

.998494

.998348

.998328

.998344

.998408

.998385

.998370

.998365

.998364

.997869

.997079
:;;:::;

.996675

.996821

.996789

.996771

.996766

.996764

.997981

.997410

.997199

.997142

.997132

.997193

.997162

.997145

.997140

.997138

.996988

.996481

.996270

.996192

.996165

.996403

.996369
: ;;:;:;

.996343

.997228

.996806

.996623

.996558

.996540

.996597

.996563

.996545

.996539

.996538

.996509

.996220

.996095

.996046

.9$6028

(DD,PN)

10 1.00506 .998564 .996722 .996213 .996079
20 1.00514 .998564 .996696 .996180 .996044
40 1.00514 .998554 .gg6680 .996161 .996025
80 1.00515 .998551 .996675 .996156 .996020
160 1.00515 .998550 .996674 .996155 .996019

(LSN,DPN)

10 1.00498 .999655 .997705 .996811 .99&10(j
20 1.00468 .998460 .996935 .996375 .996161
40 1.00471 .998027 .996636 .996201 .996061
80 1.00476 .997885 .996529 .996138 .996025
160 1.00480 .997844 .996492 .996116 .996012

(DD,DPN)

10 1.00480 .997834 .996516 .996161 .996o66
20 1.00489 .997843 .996495 .996130 .996032
40 1.00490 .997836 .g$16480 .996112 .996013
80 1000490 .997833 .996476 .996107 .996008
160,1.00490 .997832 .996474 .996105 .996006
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TABLE 50 (oontinued)

(LSN,CA)

10 1.00275 .999575
20 1.00410 .999122
40 1.00477 .999069
80 1.00516 .999086
160 1.00537 ●999117

(DD,CA)

10 1.00553 .999189
20 1.00560 .999189
40 1.00561 .999179
80 1.00561 .999176
160 1.00561 .999175

(LSN,CB)

10 1.00338 .999509
20 1.00473 .999059
40 1.00540 .999007
80 1.00578 .999024
160 1000600 .999055

(DD,CB)

10 1.00615 .999128
20 1.00622 .999127
40 1.00623 .999117
80 1.00623 .999114
160 1.00623 .999113

.997411

.996630

.996356

.996282

.996265

.996316

.996292
: ;;3;;;

.996270

K
eff

.—..-.-..--.-—————--——””
Hethod (a) (b) (0) (d) (e) f-

)
f-g f+ f-g

Xlo Xlo Xlo Xlo
..--— ------------- ——..n-——— ..*n.--*—-O.———————

1-AI-1 .99604 .99602 .99598 .99603 .99603 -5 -1 -6 -6

l-Al-2 .99630 ---A ---- .99633 .99633 * ‘- -36 -36

lP.A1-3 .99597 .99591 ---- -*- .99602 +6 ‘i- ‘-- ‘5

l-Al-4f .99597 .99597 .99597 .99597 .99597 -0- *o& &o& *o& .

l-Al-5 .995252.00072

LSN,AU --- .99619 .99641 .99690 .99693 -22 -44 -93 -96
DD,AM ---- .99619 .99641 .99690 .99690 ‘= 44 -93 -93

LSII,AD --- .99631.99668.99745.99747 -34 -71 -148 -150
DD,AD —- .99631 .99668 .99743 .99743 ~34 -71 -146 -146

LSN,PII --* .99597.99598.99604.99609 &o. -1 -7 -12
DD,PN --*A .99597.99598.99603.99603 -o- -1 -6 *6

LSH,DPN — .99597.99597.99606.99601 *O. *o& -9 -4
DD,DPII — .99597.99598.99606.99606 ~o- *1 -9 -9

LSll,CA ---- -— ---- .99609.99616 ‘“ ‘“ -12 -19
DD,CA ---- —- --- .99608.99608 ‘“ ‘“ *11 ~11

LSNCB’ — &&&b .-a .99524.99531 --- --- +73 +66
DD,~B -~ ** ~- .99523.99523 *’” ‘“ .&:7~&+74
..*w——-—--*——————— ——.n&..--&————

a. Benohmrk ProblemBook Results,Ref. (14).
b. (I,n)= (40,16),(80j32)~(160,64)
o. (I,n)= (40,8), (80,16)~(160~32)
d. (I,n)= (40, 4), (80, 8)$ (160,16)
e. (I n) = (10,4), (2% 8)$ ( 40~16)
f. (If = (80s 160~ 320) = (40t 80~ 160)in 1-A1-40”
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the integral transport result

Thus, in Table 52 we compare

6k/k = 1 - k(I,n, Table

for fixed spatial intervals end various n.

50)/k(I,l-Al-4) . (41)

This will specifically address the relative accuracy of the

Discrete Ordinates wthod at a specified spatial representation relative

to the integral transport solution for a specified n. In Table 52 we

observe that

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

l-Al-l and DD, PN are almost identical.

l-Al-2 (PN) is less accurate than DD,.PN for all n.

l-Al-3 (PN), for the sequence given, is more accurate than DD,
PN (LSN, DD, LSN, DPN) for the same sequence. It iS less

accu-ratethau DD,-DPN

LSN is more accurate
CBe

&cept at 1 = 160,N = 64.

than DD for n = 4, 8 in AM, AD, CA, and

LSN is more accurate than DD for n = 4 in PN and DPN.

For n greater than 8, LSN is less or equally accurate than DD
in AM, AD, PN, DPN, CA, and CB.

LSN, DPN and DD, DPN are more accurate than l-Al-l, LSN, PN
and DD, PN for all n.

DD, DPN is more accurate than LSN, DPN for all I, all n.

LSN, CA (DD, CB) is more accurate than LSN, CB (DD, CB) for
n=8and 16. Forn=4, LSN, CA is more accurate thqn LSN,
CB, but DD, CA is less accurate than DD, CB.
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TABLE 52

COMPARISON’OFSn Keff CALCULATIONS

VERSUSINTEGRALSOLUTIONSFOR THE

SA14E NUNBEROF SPATIALINTERVALS,I

6k&f/k=ffxlo3

I/n 4

1-AI*1

9.681
:: 9.317
80 9.231
160 9.221

141-2

10.745
:: ;$;;;
80
160 10:305

1-A1-3

&&&
:! ~~~
80 ~-~
160 ~-

LSN,A?!

8.636
:: 9.016
80 9.331
160 9.332

DD, AN

10.213
:: 9.880
80 9*793
160 9.773

LSN,AD

$).249
:: 9.578
80 9.873
160 10.075

DD, AD

20 10.645
40 10.412
80 10.325
160 10.305

LSN,PN

20 8.184
40 8.504
80 8.799
160 8.990

8

3.055
2.704
2.614
2.593

;.:;;

3:081
3.061

3.025
~db
&&&
&h&

4.071
3.834
3.848
3.900

4.456
4.105
4.016
3*995

:.;;;

5:019
4.823

5.371
5.019
4.923
4.904

:.:;:

2:555
2.551

16

1.157
.8211
.7303
.7098

;: :::

1.074
1.053

*A*
.808
&b*
&&&

3.243
1.813
1.721
1.716

2.220
1.863
1.772
1.752

;.:;;

2:519
2.388

:.;:;

2:428
2.408

1.563
.9285
.7534
.7118

32

.6593
● 3009
.2091
.1887

-**
-*-
.66
&*&

&-&
66-

.1887
*&&

1.457
.9406
;;;:;

1.272
.9135
.8226
.8011

1.986
1.343
1.200
1.171

1.647
1.289
1.198
1.177

.9626

.4104

.2463

.1997

64

.5588
?1995
.1087
.0852

*&b
--*
&**
-**

&&b
-b-
*&&

.0019

1.061
.5520
.4110
.3784

.8501
● 4907
● 3999
.3784

1.289
.7649
.6138
.5762

1.045
.6865
.5947
.5742

; :;:;

● 0997
.0622
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TABLE 52. (Continued)

DD,PN

20 9.661
40 9.317
80 9.241
160 9.221

LSN,DPN

20 9.198
40 8.885
80 8.849
160 8.870

DD,DPN

20 9.409
40 9.076
80 8.990
160 8.970

LSN,CA

8.616
:: 8.946
80 9.251
160 9.442

DD,CA

20 10.123
40 9.789
80 9.703
160 9.683

LSN,CB

20 9.249
40 9.578
80 9.873
160 10.075

DD, CB

20 10.745
40 10.412
80 10.325
160 10.305

3.055
2.704
2.615
2.594

2.951
2.175
1.946
1.886

2.331
1.983
1.894
1.873

:.:;:

j w;
●

:.:;:

3:242
3.222

3.552
3.159
3.090
3.101

3.621
3.269
3.180
3.160

1.179
.8221
.7313
.7108

10419
● 7779
.5847
.5280

.9767

.6213

.5315

.5100

1.746
1.129

: ;;:;

1.405
1.048

.9572

.9367

10112
.4968
:::::

:::::

.3256

.3051
-&&&&&A&&6&&&&&&&&&&**&&*&&&&&***&&&&&*&&**&*&&*&&

(10) AU the direction sets yield 6k/k of the order (all I)

(a) 8- 10 x 10-3 for n = 4,

(b) 2- 4 x 10-3 fern= 8,

(c) o.3- 3 x 10-3 for n= 16,

(d) 0.2- 2 x 10-3 for n= 32, and

(e) 0.02 - 1.3 x 10‘3 for n = 640
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The corresponding values for DPN are 9 - 9.4x10-3, 108 -

(11)

2.3x10_3, 0051 - 98x10_3, 0014 -

0051x10-3, respectively.

The differences in LSN and DD for the

0.61x 10_3, and 0.04 -

same direction set are due

to the different solution algorithms used. LSN always gives

nonnegative extrapolated fluxes and exact neutron conserva-

vation, whereas DD predicts some (usually few in these problems)

negative extrapolatedfluxes that znmt be “fixedup” or “set to

zero.” Inconsistent and/or artificial modifications of the

original difference operator can produce nonconservation of

neutrons in the system. Additionally, such procedures destroy

reciprocity, orthogonality of the flux and edjoint solutions

and preclude the equality of the flux and adjoint eigenvalues.

LSN maintains the physical properties of neutron conservation,

flux positivity, and equality of flux and adjoint eigenvalues,

but at the expense of the

approximation comparison.

variable weighting scheme,

which always lies between

eigenvalue accuracy for a specified

That results because L8N uses a

different in each phase dimension,

DD (2~ order) and SF (lst order),

and guarantees positivity of the extrapolated angular fluxes.

Examination of the computing ti-s of the benchmark problems indi-

dicates that they represent a significant effort of the computers then

available. In Table 53, = indicate a comparison of the computing speeds on

the Lady Godiva [1 = 40, n = 16] problem.

The single case given in Table 50 for Lady Godiva represented about

l/60th of the total computing effort necessary to generate the values I =

10, 20, 40, 80, 160 versus n = 4, 8, 16, 32, 64.

TA3L253

3mJu2v2mmmM2at s%200T Ilm

MU IMD2VA ~ C4WJUT20U3

mcb2m Total T2ms hvarn Rdativa

m
22M-7090 Smim 20.8
2n+7030 3 dm 12.s
-MM 2. 1s da 900
2mH40/75 1.32 tin 305
CDC-7400 1404SW 1.0
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VII. CONCLUSIONS

We have formulated and compared a new quadrature technique on the

unit sphere with applications to the Discrete Ordinate ~ transport theory

methods. A computer program, listed in Appendix A, provides for the rapid

generation of weights and directions at run time for arbitrary order n, as

needed by the one- and two-dimensional transport codes. Positive point

weights are generated for arbitrary order n less than 10 000. Typical

computer times are less than a microsecond per diagram on the octant on a

CDC-7600.

Typically, a full case of the one-group problems in Tables 10-47

requires about four minutes on the CDC-7600.

In general, the AM direction in cylinders and spheres yields more

accurate results than the ADs for the LSN and DD solution methods. The AM

direction sets are directly usable by the multidimensional discrete ordinate

transport codes● The” Pn-l, DPn-2)/2, =d E% directions exhibit

greater accuracy than AM but do not (except for EQJ extend to multi-

dimensional systems.

In the AM and AD method direction sets stbdies presented here, we

have restricted our selection of p to depend only on n. These results are,

therefore, best only for c - 1 luar zero. !Chiswas done primarily to

compare with results obtained previously in a uniform manner.

It is well known that l.Ishould depend on c - 1, even in S approxi-

mations,21-23 if nmre accuratelsolutions are to be obtained. ;or values

ofc- 1 not near zero, even as n increases, the errors of the critical

radius in slab geometry increase. It is now possible to investigate

alternative direction set representation automatically, using the program in

Appendix A for higher order n values. If different direction sets are

allowed In each material region of an ~ calculation, then the available

program packages till require modification; however, some versions already

exist with this feature available. If the system average c is used, then

the program packages in current usage muld be easily mdified by specifying

a single direction set at run time.
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c
c

:
c

:
c

]0

20

c
30
40
go
60

APPENDIX A

COMPUTER PROGRAM LISTING

AREA WEIGHTS AND DIRECTIONS

LOS AIAMOS IDENTIF1CATIONNO. LP-1550

PROGRAM AMWo (OUT) AMWO
PARAMETER [NM0$7=80)t(NHALF=NMOST/2) t(KMOS~=3%WALF)S( MOSTQ=2*NMOS SIZE

lT*A) SIZE
Wiwo

AREA METHOD U~1(3Hts AND DIRECTIONS COO~O iiMwD
AMNO

THIS PROGRAM WAS WRITTEN IN JUNE 197!38Y AMWO
L. ME cAHRuTHERs &lu9
C. ~~ LEE qMwll

AT LOS ALAMOS ~CIENTIFIC LABORATOR~C AMMO

DIMENSION w[NMQST)~ UB(NMOST), Q(MOSTQ?
DIMENSION NSET1161

A?4W0
AMWI)
AMWII

OiTA NSETl2$&i$e8-~O~~?,l4vl692ov2~*28*32#40~48,S6#64/
COMMON I~E

AMWO

01f4ENSION wO(tibO)
00 20 INS=l~16”
N=NsET~lNs} -
PRINT 30
IGE=l
PRINT 40? NsI?~
PRINT 50
CALL CSNC (NswuUS)
r.Jl+@J/2
DO 10 I=lsNH
lNDEX=NH+l+I
wO(I)=W(INDEXI.*W(INOEX)
CALL CSNW (N}u?su8~NH+2}so)
IF (INS06T.8) ~0 To 20
IOE=2
PRINT 40, NsI~~
PRIhT 60
CALL CSNC [NsWFUB)
CONTINUE
CALL EXIT

FORMAT (lH1}
FORMAT (4H N ~~12t3Xs5HIGE m~Ii)
FORMAT (lH+.lMxs17HSLABS AND sPHERES/j
FORMAT (IH+t16A09H~YLINDERS/)
ENO
SUBROUTINE CSNG(NSwSUB)
PARAMETER (NMO~T=80)s(NHALFENMOST/?) ?!Kt40S~=30NHALF) t(MOSTQS2*NMOS gIZ~

lT+l) SIZE

---
Ai’wl?
A?WO
AMWO
AWL)
AMIIO
AMWO
hum
AMMO
mm
Aotwo
~MUO
AMWO
AMwD
AMWO
AMWO
AMWO
AMWD
AMUO
AMNO
AMWO
AMWO
AMWO
AMwO
AMNO
AMMO
AMwO
AHwo
AMMO

DIMENSION w(l)~ UB~l)
oIMENSION wN(N~ALF~NHALF)
00U8LE PREcISION U
COMMON dJU/ uIKMOST)
CONMON IOECK3
uoNE=sQRTf20/(30*N)).,
J(N=N

c ASYMPTOTIC DIR~CTtoNS OF LA-2s99
UN=l.0/SORT(3~U*XN-300)

c AREA METHOO l)l~ECTIONS
UNxo.69/sQRT(Xh]-oool
UN2WNWJN
Ki=30N/2.2
NHsN/2
K3=N*1
NC=NH*(NH*2)

~MWO
AMWO
AMUO
AMUO
APlwo
At4W0
AMwO
AMWO
AHWD
AMWO
AMuO
AMul)
~MWl)
hmwo
AMWO
AMWO

16

::
19
20
21
22
23

g
26
27
28
29
30
31
32
33
34
3s
36
3?
38
39
::

42
2
3
M
4s
46
47
48
49
50
q
52
53
S4
Ss

::
58
59
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c

10
c

c

20
c

c

30

60

t#

60

70

80

90

ioO

i10

ZERO THE ARRAY FOR UE16HTS
00 10 1=1.NH
w(I)=ooo
CONTINUE
TRTPLE LEVEL ~yAcINQ
DEL1=O.O
IF (NoNE.2) 0~~1=2~/(w2.)~(lo-30~uONEoUON~)
oEL=oEL1/3,
POINT COSINES
DO 20 1=’I,K1
U(I)=SQR7(UONE9UONE+ (1-l)OoEL)
cONTINUE
THE (K1+l)sT ELEMENT IS USEO AS THE ZEROTH ELEMENT
U(K~+l)~OOO
U(K1+2)=I.O
LEVEL COSINES
IF (NIloEQ.1) 90 TO 260
U8(1)=UN
00 30 I=20NH
UB(I)=SQRT((I-!)@{l.-3C*UN2)/(NH-l~) +uN2)
CONTINUE
Ntll=N1l-I
IF (N-6) 220slaO$40
NR=MOD(NH193)+I
00 TO (50s60s?!}s NR
I-NH
JwNH
::N:; 80

J=NH i
GO TO 80
I=NH-2
J=NH+ 1
P=HEXA(N,I,JI
K=30NH-Imd
LIA=I/3
LI=LI1+l
IF (1.EQ.J) 60 TO 120
LJL=J/3
LJ9LJ101
IF (J*EQ.K) GO TO 100
LKl=K/3 -
LK=LK1+l
IF (IGE.EQ,2) ~
P2mP+p
M(LI)=W(LI}*P2
W(LJ)=W(LJ)+PZ
W(LK)=W(LK}+P2
60 TO 16o
WWILIICLJ)IBp
WW(LIiSLK}=p
WW(LJISLI)=p
WU(LJISLK)=p
WW(LKl~LI)=p
wU(LKICLJI=P
60 TO 160
IF (IGE.EQ.2) ?0
U(LI)=M(LI)*P
W(LJ)=W(LJ)+P+y
00 TO 16o
wW(LI1$LJ}=P
wti(LJl$LI)=P
ww(LJisLJ)sp

TO 90

To 110

ho
Anwo
AMMO
AMWO
AMMO
AMWD
AMWO
AMWD
AMuO
AMMO
AMWU
AHUll
AMUD
AMWO
AMUO
AMWO
AMMO
AMUO
AMUD
AMMO
AMwO
AMwO
Anwl)
AMWO
Anwo
Anwo
AMWO
AMUIO
AMWO
A?4w0
A14w0
AMwO
AMUO
AHwO
AMwO
AMwO
AMwll
AMull
AMUO
AMWO
AMwo
ANWO
AMWO
AMWO
AMwO
AMWO
AMWO
AM#O
AMMO
AMMO
AMwO
AMwI)
AMWO
AMWD
AMwO
AMMO
AMdO
AMwO
AMwO
AM#O
A#lwO
A?luO

60
61
62
63
6*

::
6?
68
69
70
74
72

;:
7s
7*
77
.78
79
80

::
83
84
8S
86
87
88
89
90

;:
93
94
9s
96

::

lR
101
102
103
104
10s
106
10?
108
109
110
111
112
113
114
115
116
117
116
119
1?0
121
A22
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120

i30

i40

150

~60

170

180
190

200

210

220

230

240

250

(30 TO 160
IF (J.MZ.K) @ TO !40
IF (IGE.Et3,2)go TO 130
W(LI)=ti(L1)+P
GO TO 160
WW(LIl~LI)=P
GO TO 160
LKl=K/3
LK=LK1+l
IF (IGE.EQ.2) QO To 1S0
W(LI)=lU(LI)+P*~
W(LK)=W(LK)*P
aO TO 160
WW(LI1$LI)=P
WW(LI1$LK)=P
WW(LKISLI}=P
IF {1.EQ.JJ GO To !70
J=J”3
60 TO 80
IF (IoEQ.4) G? TO 180
1=1-3
J=(3*NH-1)/2
J=J-Moo(J-ls3)
60 TO 80
J=l*3*[NHu2)
P=PENTA(NsJ)
l(=3*t.Jt.l-~.J
MS2
IF {JoEQ.K} M=!
LJ3=J03
LJ=LJ1+l

LKl=K/3
LK=LK1+l
IF (IGE.EQ.21!!0To 200
PM=H*P
W(l)=w(l)opkl
W(LJ)=M(LJ)*PN
W(LK)=lt(LK)*PM
GO TO 2i0
W(LJ)=P -
WW(LJIS1)=P
WW(LJISLK)=P
IF (LJoEfJ.LK) gO To 2!o
w(LK)=P
wW(LKlsl)mP
wW(LKISLJ)=P
IF (JoEQ.4) GO TO 220
J=J-3
60 To 190
P=QUAO(N)
W(NH)=P
IF (IGE.EQ.2)QO TO 230
W(l)=W(l)*P*P
GO TO 250
W(l)=P
WW(NH-ltl}=P
GO TO 250
CONTINUE
uB(l)=l.o/sQR?13*o)
W(l)=loo
CONTINuE
00 260 I=1oNH
lp=lONHtl

nMuo
AMWO
AMWD
AMWD
AMWI)
AMWD
hwo
AMWO
Anwo
AMWO
AMWO
AMWL)
AMWO
AMwO
AMWO
Anwo
Mm
ihlwo
AMWO
AMwD
AMWO
ANWO
AMwO
AMWO
AMWO
AMWO
auwo
AMWO
AMWl)
Anwo
AMWO
AMwO
AMWO
AMWO
AMWO
AMWil
ANWO
AMWO
AMtiO
@Mwo
AMwO
ANWO
A14W0
AMWO
AMWO
AMWO
N4W0
AMWO
AMWO
AMMO
AMWO
AMWO
Amwo
AMwO
AMwO
AMWO
AMWO

.AMWO
AMwO
A14W0
AMuIO
AMWO

123
i2*
12s
126
127
128
129
130
131
132
133
134
13s
136
13?
138
139
140
141
142
143
144
149
146
147
148
1+9
180
191
152
1s3
154
155
156
157
158
159
160
16t
162
163
164
169
166
167
:::

170
1?1
172
173
174
175
176
177
178
179
180
181
182
183
184
18s

I

164



w(IP)=w(~)*oo5
UB(IPI=U8(II

260 CONTINUE
DO 2?0 I=IsNH
lP=NH+l*I
IM=NH*2-!
W(IM)=U(IP)
UB(IM)=-UBtXP).

270 CONTINUE
W(l)=ooo
UB(l)=-1,0
IF (IQE.NE.2) 00 To 3oo
U13(l)=-SORT(l*@JB(NH*2) @*21
IF (NoE@.2) @ TO ~00
NH1=NH-1
00 290 JatIoNti~
K31=K3*1
W(K31)-000
UB(K31)=-SQRT(~.O-yB{J*NH*2)**2)
NHI~NH-J
00 280 1819NHI
ILs~ONH+l
Ip8K40~L-J
IM=K~+2+NH1-I
W(IP)=WW(J~l)g!CS

21vl

290
300

310

320
330

c
340
350

c

10
c

UB(IP)=UB(ILI ‘-
W(IM)=U(TP)

CONTIfWE-- “
K3=K3*Nti14NliI*!
CONTINUE
CONTINUE
WSUM80C0
00 31O I=19K3
WSUM=WSUM+W(I !
IF (ti(I),~TofJ~?)
CONTINUE
IF (wSUM.EQCl:o)
WNORM=100/tisUM
DO 320 I=l~K3
w(I)=W(I)OWNO~M
cONTINUE

PRINT 3400 N~ItW{Il

GO TO 330

PRINT 350t (I~V(I)sIoU8(I)~I=IsK3)
IF (IGE.NE.2) NETURN
IF {K3.NE,NC) ~ALL EXIT
RETURN.

FORMAT (8H FOR N =s17$3M w(s17s3H) =~Els”5?
FORMAT (3H W(S?3S2H)=$F20,15S5X~3HUR(013C2H~9$F20”lS)
ENO
Subroutine CSNw(NowSUBSQ)
13::3~:xON-W(l~~ U8(!)o Q(l)

K3=2*N*I
ZERO MOMENT ARUAY
00 10 I=1tK3
Q(I)=OOo
CONTINUC
COMPUTE O TO ZN MOMENTS W(J)eU8(J~**K
SUMQ=O.O
DO 30 1=IsK3
SUf4ASoOo
DO 20 J=l.K2

AMWD
AMWI)
AMUl)
AMWO
AMWD
AMWO
AMWD
AMWO
AMUO
AMWO
AMWO
AMWI)
ANWO
ANuO
AMWO
ANW(I
AMWO
AMWO
AMWO
AMWO
AMwO
ANWO
ANWO
AMUO
AMMO
ANWO
AMWO
hwo
ANWO
Ak!wo
~MwD
4MW0
AMwO
AMuO
ANWU
AMwO
AMWO
AMWO
ANWO
AMWo
AMWO
AMWO
Anwo
AMWO
AMWO
AMWO
hNwO
ANWO
ANWO
imwl’)
AMwl)
AMWO
AMlvo
AMMO
AMwI)
AMWU
AMMO
AMdll
A?!wO
AMwO
AMWU
AMWU
AMuO

186
\ 87
188
189
190
191
192
193
194
195
196
19?
198
199
200
201
202
203
206
20s
206
207
208
209
210
211
212
213
214
21$
219
217
218
219
229
22i
222
223
224
22$
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248

165



SUMA=SUMAOW(J)~(UB(J)**(l-1) ) #Iwo
?0 CONTINUE

Q(I) =(SUMA*I-lqO)*100S
AMWD

SUMQ=SUMQ+ABS(~cI))
AMwD

30 CONTINUE
AMWO
A14wD

PRINT 40, NsQ(~)c(1sO(I+l)sQ(I+K2*1) 9Q(I*2*K201) sQ(I*3*K2*1) SI=l$K AMWO
12)

SUM=SUMQIK3
+Wo
qMwD

PRINT 50Q sUM
RETURN

AMWD
AMMO

c AUWij
40 FORMAT (///aH MOMENTS~/4H N =sI!5s5Xt5HQ(l)=OE11.+//4H Is9xs6HQfI AMWLI

l*l)~5XS9HQ(I*K#*l) 93XolIHQ( I+z*K2*l) s3Xtl~HQ(I+3*K201] //(1XS13s1xt AMuO
24F14c4J) AWD

50 FORMAT flHOs4~5AVERAGk ABSOLUTE PERCENTAGE ERROR OF MoMENTS =,4XSF AMuO
11094////)

END
AMWO
AMMO

FUNCTION Q(IAD (N)
PARAMETER (NMO$T=80)t(NHALF=NMOST/2) C(KMOS~=39NHALF) S(NOSTQq2*NMO$ ~Z~
17+1) SIZE

DOUBLE PPEcIS1ON U9ANG~ALP~QCOS~S12SS13~Sl~~S23~~24SS36 AMWO
00uBLE PI?EcISIQN E~BoC hlwtl
cOHMON /uu/ U{KMOS?) - AMWO
DIMENSION A(3) AHwO
ANG(NltN2$N3sN*9N5~N6)=(U(NI) W{N2)*U(N3)*U(N4)*U(N5)*U(N6) )
ALp(EsBsc)=e6+@619??2~564q10*Gcos( (C-E9B)/~DSQRT{~.000-~*E) w)sQR1( :~%

11.000-aan}})
N1=2

AMWO
AHWO

N283 AMWD
N31t3*N/2=4 AffWO
N4=N3*1 Anwo
N5=N3*3 A?4wD
N68N3*4 A@lwD
S12=ANG(NltN29N19N5~N3$N4} iMiiD
S13=ANG{N2,N50N50Ni?sN40N4} A14w0
s14=APlG(N2~N59~5sN5sN4~N6) AMWO
S23=ANG(NI.N2SNlsNssN3$N4) AMwO
S24=ANGfNI~N5sNl?N5sN3tN6) AMWO
S34=ANG(N2sNS9NStNs$N4$N6) hm~o
A(1)=ALP(s12sS43SS13) AMUO
A(2)=ALP (s14~~~2,S~4)
A(3)=ALP(S3**S14$S33)

Amwo
ANWO

QUAO=A(l) +A(2].~A(2\*A(3)-4e AMWO
00 lo 1=1s3 AMwO
IF (A(I).LT*OS!) PRINT 209 NSIDA(I~ AMwo

10 coNTINuE At4W0
IF (QUA06LTOOg~\ PRINT 30, NO(JUAOS@ AMWO
RETURN Aklno

c
?0 FoRMAT (8H’FOR N =917s3H A(s17t3t+)=9E150S!
30 FORMAT (3H N=$1506H QUAOZOF20.1!3/~F20.15)

AMWO
AMUI)
AMwO

ENO
—

AMUD
FUNCTION PENTA (NoJ}
PAI?AMETEP (NMO~T=60)$(NHALFBNMOST/21 t(KMOSI=3*NHALf) t(MOSTQ82*NM13S %:

1741)
OIMENSION A(5)

5AZE
imwo

00UBLE PRECISXON UtANG*ALPQ6COStSl2sSl3tSl4sSA5tg23.S24ts2SSS34~S3 AMl#O
159s45

00uBLE PREcIS~$N tisesC
ABwO

COMMON /uu/ U~KMOST)
A’!WO
Apwo

ANG(NlsN2?N3cN*TN5sN6]= (u(Nl) 6U(N2)+U(N3) %I(N4)+U(N5)MJ(N6) )
ALP(E~Bsc)E063~619?72~564R10*eCOS( (c-E*B)/(OSQHT(1,000-~*E)o~S.QRl( ~~~

11.000-B*B))) .

269
2s0
251
252
253
2S4
259
2S6
257
2s4
259
260
261
262
263
264
26S
26’6

a

272
27?
274
27S
276
277
278
279

284
289
286
207
288
289
290
291
293
293
294
295
296
297
298
299

302
303
304
30s
306
307
300
309
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10

c
20
30

N182
NZ83
IU3=4.2
N4=J91
N5=J* 1
N@J+2
N7=3*N/2.@3
N88N7+ 1
N98N7*3
N1O=N7*4
Nll=N7*J~2
S12*ANG(N10N2SN5$N4~N7SN8)
S13=ANG(N2SNliPN4sN6~N8,N@)
S14=ANG(N2~Ni~?N4@N4$N8QN10)
Sl!3=AN6(Nl,N2SN3$N!sN9QN6)
S23=ANG(Ni*NllsN59N6tN7.NR}
S2*.ANG(Nl.NllSN5~N4~N7,N10}
S2!5=ANG(NioNl$N3SN50N9$Nl)
S3*=AN6(N4~N6tNlo~NR~Nll~Nll)
S39*AN6(Nl tNl+SN3$N6tN9,NR)
S45=ANf3(Nl oNlltN3QN4~N9sN10}
Afi)=ALP(slS~S!2SSa5)
A(2}=ALP(s12sS~3SS13)
A[3)=ALP(s230$#$sSZ4)
A(4)=ALP(S340$4%S35)
A(5)=ALP(s45*9is*s14]
PENTA=A(l] +A(2!*A(3)*A(4) +A(S)-6.
00 10 1=19!5
If (A(I).LTooo?) PRINT 20Q NoIsAtI)

IF (PENTA6LT.0SO) PRINT 30~ J~N~P@NTA9A
RETURN

FORMAT (8H FOR N ●s17t3H A(,17~3H) =sE1S05)
FORMAT (3H J=$1403H N=CISt?H PENT~=sF20.lS/3F30.lS/2F20015)
END

AliwO
AMwO
hull
AMMO
AMWO
AMMO
AMwD
AMwO
AMwO
AMWO
AMUD
AMMO
AMwI)
AMwD
Amwl)
AMWO
AMWO
AMWl)
AMMO
AMMO
AMWO
AMWO
AMWO
AMWO
AMMO
A?lwo
AMWO
AMwO
AMWO
AMWO
AMWD
AHWD
AMMO
AMwO
AMMO
AMwO

FUNCTION HEXA ~N$19J) Anuo
PAR

AT*A
Dou

15?s
Dw
OIM
Corn
ANCi
ALP

1100
Nl=
N~8
N@
N,48
N$a
N6*
N7*
N@
&98
N1O
Nll
:::

S13
Sls
S16

310
311
312
313
314
31s
316
317
318
319
320
321
322
323
324
32S
326
327
328
329
;:;

332
333
334
33s
336
337
33a
339
340
341
343
343
344
34s
346

2

34:
349
3s0
3s1
3S2
353
3s4
35s
3S6
3s7
358
3s9
360
361
362
363
364
36$
366
367
368
369
370
371
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S23=ANQtN3SN29N70N~SN90N10) ANMO
S2@ANG(NION3~N70N7sNllCN9) AMWO
S26=ANG(N3CN3~N5tN7~Nll~N9) At4Wll
s34=AtJG(Nl,N2sN70N6sNil.N16) AMWO
S35=ANG(N20N2$N60N8sN12~N10} AMWO
S45=ANG(N1.N2JN7SN6sNlloNl?) Amwo
S46=ANG(NI,N3*N7tN!5~NllsNIl) AMWl)
S56=ANG(N3eN2~NS~Nb~N~l~Nt2) AMWO
A(ll=ALP(s16ss~20S26) AMHD
AC2)=ALP(S12S~~3$S13) AMWO
A(3)=ALP(s230~~4$S@)
A(4)=ALP(S349S?S?S35)

AMwO
AMUO

A(5)=ALP(s45s$560S$6) AMWO
A(6)=ALP(s56s~!60s45} APIWO
HEXA=A(I)CA(2!+A(3)*A(4) +A15}+A[6)-8~ AMWO
00 10 M=l~6 AMMO
IF (A(N).LT.Ogg) PRINT 20. Ns?Il~A(M1. AMwO

10 CONTINUE AMwO
IF tHEXA.LT*O..~) PRIN~ 30t IcJsNsH~XA~A AUWO
RETURN AHWO

c AUWO
?0 FORMAT (8H FOP N =s17c3H A(s17t3ti) =tE1S05)e AMMO
30 FORMAT (3H I=9X4t3H J=c1403H N=915sSH HEX=!F20.lp/3F20.15/3F20015) AHWO

ENO AMWO
00UBLE PREcISIoN fuNcTIoN6cOS(Vl AMWO
00UBLE PREcIS1ON VtU~PI AMWO
OATA PI/3.141~~26s~589793/ Anwo
u-v AMWO
IF (UOEQ.1),0) GO To 10 AMWO
GCOS=OATAN(OSykT (l~OoO-Uiw)/U) AMWO
IF tGCOS.LTSo~!) G$OSGCOS*P! AMWII
RETURN AMWO

10 Gco3m:~0500ePI AMWO
AMWO

ENO AM#10

3?2
373
374
37s
;;;

378
379
380
381
382
383
384
38S
386
387
388
389
;::

392
393
394
39s
396
397
398
399
400
401
402
403
404
405
406
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mm
mm Prkecode

001423 A02
A03

031475 Ao4
076100 A03
101-125 A06
126-130 A07

Mhd5c&9 (MI)

1s1-175 A- 201-323 A14
176200 A09 324-330 AM
ml-233 AIO 351-375 A16
226-230 All 37UO0 A17
331-275 A12 401435 A18
27b300 A13 434430 A19

NTIS
Psgom Prk8cd

. ., . ..-.

451475 Am
476-300 Ax
501-523 Az3
n4-530 A33
551-s7s A24
s76doo A23
6ol-q)” A99

%hltutumaxapdcecplata
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