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FOUNDATIONS OF DECISION ANALYSIS:
ASIMPLIFIED EXPOSITION

by

1.

W.J. Whitty

ABSTRACT

Any evaluationprocedurerequiresthe specification of evaluationcriteria that are
critical to the achievementof the objectiveand that are representativeof the system
underevaluation.These criteriaare expressed numericallyas performancemeasures.
The performancemeasures usually have dissimilar units, and a problemarises in
findinga means of relating them to a commonunit of measure.Once related to a
commonunit, they can be aggregatedto producea single scalar of overall system worth.
This reportpresents a simplified exposition of decision analysis, which is a structured
approachforevaluatingcomplex alternatives that providesan overall measureof
system worth.Evaluationsare discussed undersituations where the evaluator(s)knows
forcertainwhatthe outcomewill be for any course of action taken and for cases where
the outcomeis uncertainbutcan be estimated. Decision making undercertaintyis
coveredfirst, includingthe concepts of “total value,”“valuefunctions,”“weights,”and
“groupdecisions.” Then, decision making underuncertaintyis discussed. Includedare
the parallel topics of “total expected utility,” “utility functions,”“scaling constants,”
and “groupdecisions.” Extensions of the proceduresdescribed in this report,including
fuzzyset theory andoptimizationmethods, are discussed briefly.

INTRODUCTION

Complexdesign,evaluation,and selectionproblemsare oftencharacterizedby multipleconflicting
objectives,intangiblefactors,uflcertainties,and oftenseveraldecisionmakers.The label“decision
analysis”refersto the techniquesthat providea prescriptiveor normativeapproachformaking
decisionsunder theseconditions.

Decisionanalysisis a rapidlygrowingdiscipline.Within the last twodecades,it hasbeen formally
‘recognizedbycorporations,governmentalbodies,professionalsocieties,and academicinstitutions.The
subjectisnot difficult,but, unfortunately,much of the formalmathematicalworkisdifficultto
understand.Wepresentherea simplifiedexpositionof the foundationsofdecisionanalysis.

Aftera briefdiscussionofsomeimportant concepts,weexaminedecisionmakingwhenallpossible
outcomesare assumedto be knownwith certainty.Within this topic,wedealwith the conceptsof“total
value,W“valuefunctions,“ “weights,”and “groupdecisions,” and providean example.Wenextexamine
decisionmakingunder uncertainty.Includedin this treatment are the paralleltopicsof“total expected
utility,n“utilityfunctions,””scalingconstants,”and ‘group decisions”followedby an example.Finally,
wediscussbrieflythe applicationand extensionsof the topicsincluded.For examplesand additional
explanatorymaterial,seeRefs. 1-69.



II. BASIC CONCEPTS

Everyevaluationprocedureneeds.one or more evaluationcriteriaforcomparingcharacteristicsor
attributesofalternatives.Numerousmethodshavebeen proposedforselectinga fewcriteriathat are
criticaland representativeof the system.The criteriarepresentthe major areasof importanceand need
to bewelldefined.Thesecriteriaare expressednumericallyas performancemeasures.The performance
measuresusuallyhave dissimilarunits,and a problemarisesin tindinga common unit ofmeasure.For
anyalternative,the performancemeasureswillbe expressedas numbersor expressionsrepresenting
levelsof performance.However,in manycases,the actualworth ofa particularperformancelevelisnot
the number itselfbut a subjectivevaluejudgment madeby the evaluator.Thus, fordifferentpeople,the
perceivedvaluemaydiffer.70

There are twocategoriesof multiple-criteriadecisionproblems:decisionsunder (1)certaintyand (2)
uncertainty.For decisionsunder certainty,the evaluatorknowsthe outcomeforeachalternative.For
decisionsunder uncertainty,he knows,or can estimate,a probabilitydistributionforthe outcomeof
eachalternative.In decisionproblemsunder certainty,the relationshipsbetweenlevelsofperformance
and the subjectiveworthsoftheselevelsare usuallycalledvaluefunctions.In decisionproblemsunder
uncertainty,theserelationshipsare calledutilityfunctions.(The term “worth”isusedhereto designate
thenumbersassociatedwitheither valueor utility.)These transformationsofperformancelevelsto
eithervaluesor utilitiesgiveallperformancemeasuresa common unit of measure.Finally,the valueor
utilityfunctionscan becombinedto producea singlescalarofoverallsystemworth.

It is assumedthat, forallpracticalpurposes,the setofperformancemeasuresadequatelyrepresents
the setofcnteria and the levelsofperformancecan be specified.In the followingsections,weexamine
firstthe caseofmultiple-criteriadecisionmakingunder certaintyfollowedby decisionmakingunder
uncertainty.

HI. DECISION MAKING UNDER CERTAINTY

Assumethereare k alternatives,or coursesofaction, to be evaluated.Let thesebe designatedbyA=
{a,[i= 1,...,k].In addition, thereare m criteriathat characterizethe system,whichare designatedby
C = {Ci]i= 1,..., m].Eachof theseq’scan be furthersubdividedto producelower-levelsubcriteria.
Finally,foreachlowest-levelsubcritenon,a performancemeasureis specifiedthat measuresthedegree
to whichitsassociatedsubcriterionis satisfied.There is no lossofgeneralityifweconsideronlythe
lowest-levelcriterioninvolvedin the decisionproblem,with the understandingthat many problems
involvemore than one leveland the systemvalue isaggregatedfrom the lowestto the highestlevel.
Workingat the lowestleveland assumingC is the setof subcriteriaat that level,wefind that the m
performancemeasuresfor thesesubcntenaare representedby X = (Xili = 1,..., m].Aspecificsetof
numericalvaluesof the performancemeasures,referredto as levelsofperformance,can be displayedin
the vectorform~ = (X1,XZ,...,XJ.

A. TotaIValue

The total systemvaluecan bedefinedin many ways.An additivemodelcan providea good
approximationwithoutsignificantlydecreasingthe accuracyof the total value.71’72Under general
conditionsof independence(to be discussedlater)the additive modeliscompletelyjustified,and the
total systemvalueis

m...
‘(XI, X2,...,XIIJ = ~ ‘jvJxJ) , (1)

j=l

wherevj(xj)is the onedimensional valueofa particular levelofperformance,xj,andWjisa Positive
scalingconstantcalleda weight.The xj’s,vj(xj)’s,and wj’sare numbers.The choiceof the rangeof the Wj’s
andVj(Xj)7Sisarbitrary,but it is convenientfor them to be
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O < Wj < 1 ,

1 0 S Vj(Xj) 5 1, for j = 1,..., m ,

and

j~Wj = 1.

(2)

(3)

(4)

The systemwith the largesttotal systemvalueVW isselected.
Three topicsrequiringexplanationare (1)constructionand propertiesofvaluefunctions,(2)

independence,and (3)determination ofcriteriaweights.Eachof thesewillbe discussed,the techniques
appliedto groupdecisions,and an examplegiven.However,first letus introducethe conceptofa weak
ordering,whichwillbe usefulin the followingdiscussions.Assumethat C iscomposedof threecriteria:
cl,C2,and C3.For Eq.(1) to be used,that is, forEqs.(2)and (3)to be determined,a weakorderingof the
criteriamustbe possible.A weakorderingofcriteriameansthat the criteriaare comparableand that the
preferencesfor the criteriaare transitive.Also,forEq. (3)to bevalid,wemustbe ableto state in a formal
preferencestructurethe relationshipofone performancelevelto other levelsof the sameperformance
measure.For our threecriteria, transitivitymeans, forexample,that paired comparisonsmay yieldC, >

CZ,cz>C3,and c1>C3;where>means“ispreferredto” and givesthe orderingcl,C2,and C3.If the ordering
is transitive,the third comparisonneed not be made becauseit is impliedbythe firsttwocomparisons.
In somecases,an evaluatorwillbe indifferentin preferencebetweencriteria.For example,the evaluator
mayslightlypreferc1to C2or be indifferentin preferencebetweenc1and C2,whileat the sametime
preferringc1to C3.Here, the sameorderingwouldhold asbefore,and the firstcomparisonwouldbe c1>
C2,where>wouldbe read ‘/ispreferredor indifferentto.”That is,criteriacan be ranked in order of
preference(importance),and any adjacentcriteria maybe ofequalimportance.The weakordering
requiresonlythe conceptof the orderingby >. A preferencestructuremust be establishedboth for
determiningthe weightsand forconstructingthe valuefunctions.

I B. Value Functions

Avaluefunctionisa preferencerepresentationfunctionunder certainty.1,73Thus, a valuefunctionisa
scalar-valuedrepresentationofboth the preferencesofxj over x!(assuminglevelxjispreferredto level
x!) andthestrengthof that preference.Mathematicallystated, if

Xj > X! , (5)

then

Vj(Xj) 2 Vj(Xf) . (6)

Also,ifthe evaluator is indifferentbetweenxjand another level,x;,the valuesvj(xj)and vj(xj)are equal,
This is statedas

,
Xj - Xj ,

where - is read “is indifferentto;”then

Vj(Xj) = Vj(X~) .
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Avaluefunctionreflectsthe degreeto whicheachperformancelevelcontributesto theachievement
of the objective,or to the satisfactionof the criterion.Therefore,valuefunctionscan either increaseor
decreaseas performancelevelsincreaseor decrease.Valuefinctions can be representedon an interval
scalebecausetheyare uniqueup to a monotonictransformation.If v~(Xj)isa valuefunctionfor Xj,then
so is Vj(Xj), if forany positiveconstant,aj,

Vj(Xj) = ajvj(Xj)+ bj .

On an intervalscale,adjacentvaluesare separatedbya constantarbitrary unit of measurement,and the
ratio ofany two intervalsis independentofboth the unit ofmeasurementand an arbitraryzeropoint.
Becausethere is no natural origin,it maybe chosenin any convenientmanner. If the originis set to zero,
the least-preferredor worst levelofXjis set to zero and thebesl leveito one;then

The next step in constructinga value functionrequiresthat, within the endpoints or rangeof Xj,
enoughcoordinatesbe estimatedso that a graphcan be constructed.Byaskingqualitativequestions,we
can determinethegeneralshapeof the valuefunction(linear,concave,reverse-Sshaped,and so forth).
Fishbum74presentssomemethodsforestimatingvalue functionsand others forestimatingweights.In
oneof thesemethods,the evaluatorestimatesthe valueof the performancelevelmidwaybetweenthe
bestand worstlevels.This point nowseparatestwo intervals;midpointsare estimatedforthesein a
similarmanner.This subdividingcontinuesuntil enoughpointshavebeen establishedto plota graph.
ConsiderV1(XI)asan example.Letx!= 100be the worst leveland xi= Obe the best level.Supposethat
questioninghasdetermined that v,(X,) isa reverse-S-shapedcurve.The midpoint isexpressedas

Vl(xy”s)= O.5[V1(1OO)+ VI(O)]‘“ 0.5 ,

and Xf’smust bespecifiedby theevaluator. It is important to realizethat

v*(o) – V,(xy”s)= V,(X?”5)– Vl(loo) ,

or that movingfromOto X?shas the samedifferentialvalueas movingfromX?sto 100.Forexample,let
Xf”s= 41.Next,establishthe midpointsfrom0-41and 41-100,and so on.

If there isa natural zero,a ratio scalemay be formed;that is,bjequalszero.This can bejustified if the
valuefunctionmeasuresthe fractionalattainment ofan objective.Ifa performancemeasurehas no
naturalor logicalupperor lowerbound, then a practicaloperationalbound must be specifiedthat
representsthe limit ofwhatone mightreasonablyexpectto attain. For more detailon constructionof
valuefunctions,seeRefs. 1,65, 75,and 76.

The most important assumptionrelatedto Eq.(1)is that the performancemeasuresare value(or
preferentially)independent.Thisjustifiesusingaddition to combinethe individualvaluefunctions.
Looselyspeaking,valueor preferentialindependencemeans that an evaluator’spreferencesfora
specificlevelofone performancemeasuredo not influencehispreferencesfor levelsofany other
measure.Althoughin somecasesperformancemeasurescan bedependentwithoutaffectingresults,in
othercases,onlyby carefullycombiningsomeand/or eliminatingothers,can the total valuebe
maintainedwith minimum distortion.Care in definingcriteriaand performancemeasurescan
eliminatemany problems(see,forexample,Ref 77).Precautionstaken whenthe value functionsare
beingconstructedalsocan significantlyminimizethe effectsof interactions.More theoreticalexposi-
tionson independenceare givenby Fishburn74’78’7gand by Keeneyand Raiffa.l

C. Weights

Finally,wemust determine the scalingconstants,or weights.Wecan useseveralmethodsfor
transformingexperts’judgments into relativeweights.In the constant-summethod discussedhere,80
100pointsare distributedbetweeneverypair ofcritena at the samelevel.If Pjkis the numberofpoints
awardedto cjwhencj is comparedwith% the ratio ofpointsfor cjand ckisgivenby
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Pj~
rjk=~, j,k=l, ..., m , j+k,

where0< pjk<100, and Pkj= 100—pjk.
If thereare m criteria,m(m – 1)/2paired evaluationsare conducted,even thoughonlym – 1are

neededto constructthe weights.However,wecan useallestimatesto checkfor inconsistenciesand to
calculatecompositescalevalues.The scalevaluesare givenby

whereZjkis the logofrjk.The sj’shavea geometricmean of 1and are converted to the normalizedform
by

wj=~
hk ‘ j, k = 1,..., m .

Becausethe constant-summethod usescomparisonsofallpairs, it can be used to checkon transitivity
and to obtain indirectestimatesof the weights.For additionaldiscussionson weighting,seeRefs. 1,65,
72,and 81-89;and foradditionalweightingmethods,seeRefs.54and 90-95.Althoughsomeother
authors, includingKeeneyand Raiffa,’disagreewith thismethod ofdeterminingweights,most
weightingmethodsdescribedin the literatureare similar to it.

D. GroupDecisions

Equation(1)can be usedwith one or moreevaluators.In many cases,a groupofevaluatorswillbe
involvedin constructingvaluefunctionsand determiningweights.However,althoughin this caseit is
common to producegroupweightsand group valuefunctionsand usethem in Eq. (1),beforethis can be
done,someformofgroupconsensusmust be reached.

Apopularmethod fordetermining groupconsensususesthe KendallCoefficientofConcordance,96
whichholdsthat a significantvalue for the coefficientsuggestsprobableagreement.Accordingto
Kendall,if there isagreement,the bestestimateof the correctgrouprankingisgivenby the order of the
sumsof the ranks.9G’97However,other authors disagreewith this procedurewhencertain conditions
hold.98If there is consensus,the individualweightsand value functionsare eitheraveragedor developed
bygroupdiscussionsor Delphi-liketechniques.g%l~For more information On SOUP COW3NUS, see

Refs.101-115.
Not everyoneagreesthat a groupevaluationcan be conductedby usingone function,suchas Eq.(1),

forallevaluators.In a pioneeringwork in 1951,AITOW’lGproposeda setof fivereasonableassumptions
that shouldhold forany schemethat aggregatesindividualrankingsinto a groupranking.He proved
that no aggregationschemewascompatiblewithall fiveassumptions.Theseassumptions,alongwith
the proofthat there is no rule forcombiningthe individual rankingsthat is consistentwith the
assumptions,are knownas Arrow’sImpossibilityTheorem. BecauseArrowconsideredrankings,no
strengthsof individualpreferenceor of interpersonalpreferencecomparisonswereincluded.Keeneyl*7
proved that grouppreferencescan be aggregatedif valuefunctionsand utilitiesrather than rankingsare
used.The groupfunctionthusderivedby usingassumptionsanalogousto Arrow’sis similar to Eq.(1),
exceptthat m representsthe number ofevaluators,vjisa value function(undercertainty)or a utility
function(underuncertainty)for thejti individual,and wjisa positivescalingconstantdeterminedby
examininginterpersonalcomparisons.Acomprehensivediscussionof Keeney’sworkon the aggrega-
tion of individualpreferencesispresentedin Ref. 1.



E. Example

The conceptsdiscussedaboveare.illustratedin the followingevaluationofa volume-reduction
processforradioactivewaste.The evaluationcriteriaare effectiveness,flexibility,availability,
operability,and resourceuse.Effectivenessis the abilityof the processto meet the volume-reduction
objective,and the performancemeasureforeffectivenessis the volume-reductionfactor.Flexibilityis
the abilityof the processto accepta widerangeofwastecompositionsat differentprocessingrates.
Flexibilityisdeterminedby howwellthe processhandleswastein the four(subcriteria)categories:
normalcomponents,solidsthroughput,noncombustibles,and liquidthroughput.Normal components
includePVC,paperand rags,polyethylene,rubber,and densecellulosics.Acompositeformularelating
the percentageofeachcomponent in the feedand the feedrate is usedasa performancemeasure.The
performancemeasureforsolidsthroughput,forexample,is the rated capacity(kg/h)of the unit.
Availabilityis the frequencywith whichthe processoperatessatisfactorilyand couldbedirectly
measuredby calculatingthe percentageofuptime. However,becauseengineersare more familiarwith
downtime,that measureis used instead.Operabilityis the levelofoperationalcomplexityin terms of
equipment,controls,and manpower.The operabilityperformancemeasureis the minimum number of
parametersthat mustbe controlledfor the processto operateand meetall requirements.

Resourceuse involvesthe followingsubcriteria:energy,scarcestrategicmaterials,water,and land.
Performancemeasuresfor thesesubcritenaare expressedaccordingto theirdegreeof use—extensive,
high,moderate,etc. Figure1showsthe relationshipsbetweenthe top twocriterialevels.AllKendall
CoefllcientsofConcordanceweresignificantat the 0.05levelor better (seeRef.96 forthe meaningof
significance).

Ten processengineersused the constant-summethod to determineweights,whichwerethen
averagedand presentedto the groupfor modification/agreement.The listbelowshowsthe average
weightsfor the finalmain (upper-level)criteria.

Criterion Weight

Effectiveness 0.35
Flexibility 0.22
Availability 0.20
Operability 0.13
Resourceuse 0.10

1.00

OVERALL SYSTEM VALUE

I
EFFECTIVENESS FLEXIBILITY AVAILABILITY OPERABILITY RESOURCE

USE

1 [ I
HANDLING HANDLING SCARCE

CO!$;%4TS ‘H;~;Ai;uT
NON - LIQUID

THROUGHPUT ENERGY STRATEGIC WATER LAND
COMBUSTIBLES MATERIALS

Fig. 1. Criteriastructure.
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Eachevaluatorwasaskeda seriesofquestionsto determine the shapesofthe valuefunctions.Then,
eachonesketcheda curverepresentinghisperceptionof the value functionforeachperformance
measure.Aftercheckingforconsistency,the engineersaveragedthe correspondingvalue functionsto
producegroupvaluefunctionsand presentedeachto thegroupformodification/agreement.The final
groupvaluefunctionforthe volumereductionfactoris shownin Fig.2.

The evaluationprocedureinvolvesdeterminingthe specificlevelsofperformanceforeachalternative
beingevaluated,tindingthe correspondingvaluesfrom the appropriatevalue functions,and then
aggregatingallvaluesby multiplyingby the correspondingweights(seelistabove)and byaddingall
terms.

Forexample,if the volumereductionofa particularprocesswas25:1(performancelevelforvolume-
reductionfactor),from Fig.2weseethat the associatedvalueis0.74.The listaboveshowsthe weightfor
effectivenessas 0.35.Wederivethe total contributionofeffectivenessby multiplying(0.35)(0.74)=
0.26.If the total valueofthis processwere0.76,effectivenesscontributedapproximately34%of the
total.A thoroughdiscussionof this examplecan be found in Ref.65.

IV. DECISION MAKING UNDER UNCERTAINTY

In decisionsundercertainty,the alternativeaiwith the largesttotal valueis selected.In decisions
underuncertainty,the alternativeajwith the highestexpectedutilityis selected.The resultsshownin the
previoussectionneedonlya fewchangesto addressdecisionmakingunder uncertainty.Asbefore,we
haveA,C,and X representingthe setsofaltematives, criteria,and performancemeasures,respectively.
Also,the vector&can be specified,but with uncertaintyabout the individualxi’s.

A. Total Expected Utility

Let the total system’s expected utility be

U(Xl,X2,...,Xm) = ~ WjUj(Xj) ,
j=l

1.0

0.8

> 0.6
1-
i
i=
~ 0.4

0.2

0.0
0 10 20 30 40 50

VOLUME-REDUCTION FACTOR

Fig. 2. Groupvaluefunctionfor the volume-reduction
factor.

(7)
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where uj(xj)is the onedimensional utilityofa particularlevelof performance,xj,and wjisa positive
scalingconstant.Equations(2)and (4)stillhold, and

O = Uj(Xj) = 1 , for j = 1,..., m . (8)

Constructionand propertiesof utilityfunctions,independence,and determinationof the scaling
constantswillbediscussedin turn, followedby a discussionofgroupdecisionsand an example.

B. Utility Functions

Autilityfunctionisa value function,but the oppositeisnot necessarilytrue. If wehavea value
function,a utilityfunctioncan beconstructedby incorporatingthe elementof uncertainty.Alter-
natively,ifa valuefunctiondoesnot exist,the utilityfunctioncan be deriveddirectly.Most techniques
involvethe useof lotteriesin questioningthe evaluatoron preferencesforspecificlevelsof perform-
ance.

Assumethat the criteriacan beweaklyorderedand a preferencestructurecan be statedforeach Xj.
Also,ifxjispreferredto x! then

Uj(Xj) > Uj(Xf) . (9)

Also,wheneithera setof probabilities(ifxjisdiscrete)or a probabilitydensityfunction(ifxjis
continuous)can be associatedwith ~ a utilityfunctioncan be constructedsatisfyingEqs.(8)and (9).
Consideranother level,x].Let x]>xl.Then, uj(x])> uj(xj)> uj(xf’).However,at somepoint, an
evaluatorwouldbe indifferentbetweenobtainingxjforcertain and a lotteryL(gamble)witha n chance
at the more preferredx}and a 1– z chanceat the lesspreferredx!.This lotteryis represented
rotationally by

L@,xjl;(l – 7t),x;] .

The indifferencerelationshipis representedby

Xj - IJ-7’C,X/;(l – X),X!] .

Furthermore,the evaluatorwouldbe indifferentbetweenobtainingx]forcertain and the lotteryonlyif
z= 1.Also,he wouldalwaysprefera lotteryinvolvingx!to obtainingx!withcertaintyunlessn = O.The
interpretationofn is the probabilityofobtainingx],wherehighvaluesassociatedwithn willtend to
havethe evaluatorselectthe lottery,rather than the certaintyofobtainingxj.Ifx~is thebestor highest
levelachievable,then uj(x])= 1,and ifx!is the lowestlevel,uj(x~)= O.Now theremust be some
intermediateutilityuj(xj)forxj.From the abovediscussionand becauseuj(xj)must equalthe expected
utilityof the lottery,

Uj(Xj) = 7U.lj(Xj) + (1 – 7t)Uj(Xf) .

Solvingform,weseethat

X = Uj(Xj) .

Remember,n isnot the probabilitythat x}willoccur;it isa lotteryticketsuggestingthe evaluator’s
preferencesforx!,xj,and x].(However,foreveryalternative in A,eachperformancemeasureiscovered
bya probabilitydistribution.)The utilityfunctioncan be constructedby repeatingthe lotteryseveral
timeswithjudiciouslychosenlevelsofperformance.

Utility functionsare constructedfrom value functionsbya method similarto the onedescribed
above.For example,ifvj(x])= 1,vj(x$)= O,and n is the chanceof obtaining Vj(xj) in a lottery, then

l,~vj(xj)] = n. This lotterywouldbe repeateduntil enoughpointswereavailableto plot the utility
function.

8



Aswithdecisionunder certainty,sometypeof independencemust hold ifweare to usean additive
model.Earlierwedescribedpreferentialor valueindependence.For decisionunder uncertainty,weare
concernedadditionallywith utilityindependenceand additive independence.Assumptionsofutility
and additiveindependencenot onlysimplifythe combinationof separateutilityfunctionsand the
constructionof individualutilityfunctionsbut alsocan be verifiedbyquestioningevaluatorswhenthe
individualfunctionsare constructed.Letusconsiderfirstutilityindependenceand then additive
independence.

Preferentialindependenceinvolvestradeoffsamongdifferentperformancemeasures,whereasutility
independenceinvolvespreferencesforlotterieswith differentperformancelevelsforoneperformance
measureand fixedlevelsforother performancemeasures.Dependence,then, ispresentwhen
preferencesfor lotteriesoverone or more performancemeasuresdependon levelsofotherpefiormance
measures.

LetXirepresentperformancemeasurei and Xi-represent the remainingperformancemeasures,or
complementofXi.Then XiisutilityindependentofXi-, providedthat preferencesforall lotterieson Xi
that are definedover the performancelevelsxi,with the levelsof Xi- fixed,are unaffectedbythe
amountsofxi-.This conclusionimpliesthat the conditionalutilityfunctionover Xi,givenXi–fixedat
anyvaluexi–,is a positivelinear transformationof the conditionalutilityfunctionof Xiforsomeother
levelofXi-.Thus, a conditionalutility functionisa utilityfunctionevaluatedover Xiwith Xi- held
fixed.

For simplicity,considerthe two performancemeasuresXl and X2.If u(xl,xz)is a utilityfunctionand
Xl isutilityindependentofX2,preferencesforlotterieson Xl and Xzdo not depend on the particular
levelofX2,sayX2.Therefore,

U(XI,X2)= a + bu(xl,x?) (lo)

forallxl and x2,wherea and bare constantsand b >0. If, in addition, X2isutilityindependentofXl,
theyare calledmutuallyutilityindependent.If Xl and X2are mutuallyutilityindependent,

u(XI,X2) = U(X~,X2) + U(Xl,X~) + Ku(x~,x2)u(xl,x’j)

forsomeconstantK.
AnotherrepresentationofEq.(11), givenas Eq. (13),isobtainedby setting

U(xq,x?)= o and

U(x+,xj)= 1

and usingEq. (10)and somealgebraicmanipulation,and assumingmutual utilityindependence.

u(x1,xJ = klul(xl) + kzuz(xz)+ klzul(x@z(xJ .

Because

Ul(xf)= U2(X?)= o , and Ul(xi) = U2(X!)= 1 ,

and becauseutilityfunctionsare unique up to a positivelineartransformation,

U(X1,X?) = klul(xl) , and

U(X!,X2)= k2uz(xJ .

Also,

k, = U(X\,X?) , k2 = U(X$,X:) , k12= 1 – kl – k2 , and

K = k12/(k1k2),

(11)

(12)

(13)

(14)

(15)



wherekl and kzare positivescalingconstants.The proofor derivationofEq. (13)is straightforwardand
can befound in Ref. 1.

Mutualutilityindependenceisa necessarybut not a sufficientcondition foradditiveutility
independence.Additiveutilityindependence,however,doesimplymutual utilityindependence.If, for
Xl and X2,preferencesover the two lotteries

L1[0.5,(xl,xJ;0.5,(x~,x?)] and

L~0.5,(x1,x9);().5,(X?,X2)]

dependonlyon their marginalprobabilitydistributionsand not on theirjoint distribution,Xl and X2
are additiveindependent.If Xl and X2are additive independent,the evaluatoris indifferentbetweenLI
and Lzbecausetheyhave the samemarginalprobabilitydistribution.Becauseof the indifference
betweenLIand Lz,their associatedexpectedutilitiesare equalor

0.5 U(X,,X2) + 0.5 U(X7,X9) = 0.5U(XI,X9) + ().5U(X~,X2) .

From Eqs.(12), (14), and (15),wefind

U(XI,X2)= klul(xl) + kzuJx2) , (16)

withkl and k2asbefore.
Equation(13)is the sameasEq.(16) exceptforthe last terminEq.(13). Therefore,ifX, and XZare

mutuallyutilityindependent,the utilityfunctionu(xl,xJ can be expressedeitherasan additive function
whenK= Oor asa multiplicativefunctionwhen K # O.(Theabovediscussionisbasedon Refs. 1and
79.)

The resultsshownto hold for the two performancemeasuresXI and X2can bedemonstratedto hold
forXiand Xi-..Theseresultswillbestated withoutmuch discussion.

The pair ofperformancemeasuresXiand Xjis said to be preferentiallyindependentofXti.,where
Xti_is the complementof Xij,if the preferenceorder for the pair xi,xjwith xij-f~ed doesnot depend on
the fixedXq-.If XiismutuallyutilityindependentofXi-, and Xiand Xjare preferentiallyindependent,
u@Jmustbe either the additive form or the multiplicativeform.The additive form is

u(xI,x2>...>xm) m ~ kiul(xl), (17)
i=l

with

ski = 1,
i-l

whereIG==wifrom Eq.(7).The multiplicativeform is

1 + Ku(xI>x2>...>xm) e fi[l + ~iui(xi)] ,
i=l

with

m, # 1 , and –1 < K <0 .
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If K= Oin Eq.(18)or ifZki= 1,Eq.(18) reducesto Eq. (17).SettingallXi’sto theirbest levelsin Eq.
(18)produces

1 + K = H (1 + wi) ,
i=l

(19)

whichcanbe solvedfor K. Equation(17)correspondsto Eq.(7),and Eq.(18)isa newform. (Theabove
discussionwasbasedon Refs. 1and 118-120.)

C. Scaling Constants

The scalingconstants,ki,are determinedbyaskingthe evaluatorto comparea performancemeasure
at itsbest leveland all the othersat their worst levelswith a lotterywith allperformancemeasuresat
theirbest levelswith probabilityof occurrence(under the lottery)n or withallperformancemeasuresat
theirworstlevelswith probabilityofoccurrence1– x. The objectiveis to find the valueofn wherethe
evaluatoris indifferentbetweenthe lotteryand the certaintycase.This is statedas findingz so that the
evaluatoris indifferentbetween

, ~~,x?+,,...,x~)(Xy,...,x?-,

1“(1– nJ,x?],wherex{(j= 0,1)is the vectorofperformancelevels.The expectedand the lottery~~i,xi,
utilityofthe lotteryis equalto the utilityof the certaintycaseor

U(X/,Xf-) = ~Ui(X/) + (1 – ~)Ui(X?) . (20)

Substitutingforu(x!)and u(x?),wefind

U(X/,X?–) = Xi ,

but

U(X/,X~–) = ki (21)

fromEq.(17)or (18).Assumethe ki’sare ranked and the largest,saykl, isdeterminedasdescribed
above.The remainingkj’scan be related to the largestscalingconstant,kl, by questioningthe evaluator
about preferencesfora levelof Xi,sayxl,and a levelofXj,say x;, so that he is indifferentbetween

(x~,x$,x&)and(x~,x~,x~_). (22)

Therefore,

kiui(x~)= kjuj(x~). (23)

Ifx~= x](i= 1andj = 2),wefind kz= klu,(x’J,whereu,(x’Jis easilyfound forx~iful(XJ isavailable.
Next,another levelofX,, sayx;, is selectedand a comparisonofpreferencesisconductedwith x$(j= 3)
so that the evaluatoris indifferentbetween (x~,xS,x?3-)and (x!,xJ,x!J-).Therefore,kJ= klul(x’~).We
proceedin this manner until allki’sare determined.

IfZki= 1,Eq.(17) is used;otherwise,Eq.(18) isused.When Eq.(18)isappropriate,Eq. (19)can be
solvediterativelyuntil Kconverges.If 1< Zk,,then –1 < K <O; and ifXki<1, then 0< K.l The
additive form ofthe utilityfunctiongivenby Eq. (17)holdswhen additive independenceconditions
existfor X. Additiveindependenceinvolvesindifferencebetweenlotteries,whereasutilityin-
dependenceinvolvesindifferencebetweena lotteryand its certaintyequivalent.The multiplicative
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formgivenby Eq.(18)holdswhenmutual utilityindependenceconditionsexistforX. Rememberthat
additiveutilityindependenceimpliesmutual utilityindependence.This leadsto someinteresting
interpretationsofK. Accordingto Keeney119and Keeney and Raiffa, *K indicateshowthe amount of
oneperformancemeasureaffectsthe valueofanother performancemeasure.For the two performance
measuresXl and X2,theycan be either substituteswhen K <0 or complementswhen0< K. When K=
Othere isno interactionofpreferencesbetweenXl and X2.Selectionofeither Eq.(17)or Eq.(18)foruse
withan actualproblemdependson K. ProceduresforchoosingthecorrectvalueofK are presentedin
Ref. 1.

It is important to checkthe consistencyof the individualconditionalutilityfunctionsand the scaling
~ns~ntsol.lzl checking consistency is not difficult;many proceduresto facilitatethis are apparent from
the abovediscussion.For example,the proceduresforselectingthe correctK alongwith Eq.(19)are one
consistencycheckon K. Anotherexampleofconsistencycheckingis that the kishouldbe ordered
identicallyto the preferenceorderingofX. However,kidoesnot indicatethe degreeof relative
importanceofXito any Xj.For a thoroughdiscussionon checkingconsistency,seeRef. 1.

D. GroupDecisions

Finally,weconsiderthe aggregationofn individuals’utilities.Two possibilitiescan occurthat apply
to groupaggregationofvalue functionsas wellas of utilityfunctions.In onecase,one finaldecision-
maker (evaluator)combinesthe utilityfunctionsofeithera supportingstaffor a groupofexperts.In the
othercase,the finalutilityfunctionwillbe determinedfora groupof individuals.The groupdecision
problemismore interestingbecauseofdifferencesin preferencesand relatedprobabilities.However,in
thissurvey,weassumethat individualand grouputilityfunctionscan be constructed.

Equation(17)with m = n can be consideredto be the grouputilityfunctionwith the k:s actingas
positivescalingconstantsand uias the utilityfunctionfor the i’hindividual.The multiplicativeform
givenby Eq.(18)hasa correspondinggrouputility functionwith the samesubstitutionsas mentioned
aboveforEq.(17).For singleevaluators,the ki’swouldresultfrom the evaluators’interpersonal
comparisonsof their individualpreferences.Ifa groupdecisionis involved,the assessmentof the ki’sis
difficult.One method ofdetermining the scalingconstantsin the groupsituationwouldbe to setup
somearbitration schemethat wouldlead to a setofconstantsagreeableto eachgroupmember.
However,the conditionalutility functions(or valuefunctions),ui,can beassessedbyeach individualin
thegroup.Independenceassumptionssimilarto those foroneevaluatorare requiredfor thegroup
decisionproblem.

Formore on groupdecisions,seeRefs. 1,43,46,56,73, 117,and 122-127.For twoother pointsof
viewon individualand groupevaluations,seeRefs. 128and 129,respectively.

E. Example

Considerthe examplegivenin Sec.HI as a hypotheticalutilityproblem.Assumethat the rankingof
the main criteria isas indicatedin the list in Sec.111.E.Alsoconsidera realisticupperbound forthe
volume-reductionfactorto be 50givingU1(50)= 1.Likewise,uI(0)= O.The utilityfunction,Ul(xl),was
assesseddirectlyby usingcertaintyequivalents.Firstwedetermined the centralpoint, that is, the
certaintyequivalentX?sfor the lotteryproducingeither x!= Oor xl= 50,eachwitha probabilityofO.5.
The remainingpointswerefoundby determiningthe certaintyequivalentsforthe midpointsof the two
intervalsproducedby the first lottery.This processwasrepeateduntil enoughpointswereavailableto
plotthe utilityfunction.The hypotheticalutility functionis shownin Fig.3.

To evaluatethe scalingconstants,the hypotheticalevaluatorwasaskedat what point (probability)he
wouldbe indifferentbetweenXl beingat itsbest level(50)and allother performancemeasuresbeingat
their worstlevelsand a lotterywith allperformancemeasuresat their best levelsor all at theirworst
levels.This situation isgivensymbolicallyby Eq. (20).Assumethis probabilityis0.4 for the volume-
reductionfactor.Then from Eq.(21),kl = 0.4.Next, the evaluatorwasaskedat what levelsof the
performancemeasuresX, and X2wouldhe be indifferentbetweenx!and x?togetherand x!and xl
togetherwithallother performancemeasuresat their worst levels.This situation isgivenby Eq.(22).

12
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Fig.3. Hypotheticalutilityfunctionfor the volume-re-
ductionfactor.

Also,weassignedx;= x!so that Eq. (23)couldbe used.Here X2representsthe percentageofdowntime,
and x!= 5%with UZ(5%)= 1.Also,x!= 80%with U2(800A)= O.The evaluatorwassearchingforx;with
80%ofdowntimeand forOwith 5%ofdowntimewherehe wouldbe indifferentbetweenthese
consequences.Assumehe pickeda volume-reductionfactorof 20(xj= 20).From Fig.3,u1(20)= 0.58.
Therefore,fromEq. (23)and the conditionsspecifiedabove,kz= (0.4)(0.58)= 0.23.For the complete
example,15scalingconstantsare requiredfor the additiveutilityfunctiongivenbyEq.(17). We
assume,fromquestionirtgevaluators,that additive utilityindependenceholds.The completespecifi-
cationof the total additive utilityfunctionisproducedby repeatingthe stepsillustratedaboveuntil all
the individualutility functionsand scalingconstantsare determined.Then the total utilityis combined
usingEq. (17)by multiplyingthe appropriate individualutilityfunctionsand scalingconstantsand
summingall the resultngterms.

Assumethe total utilityfora particularprocessthat hasa volume-reductionfactorof 25is0.84.From
Fig.3,U1(25)= 0.75.The total contributionofeffectivenessis (0.4)(0.75)= 0.3,or approximately36%of
the total utility.

V. APPLICATION AND EXTENSIONS

Operationalconsiderationsdictatethat a decision-makingprocedurebe relativelyeasyto understand
and explain,easyto implement,economical,reasonablystableagainstsmallerrors in estimates,and
easyto modifyslightly,ifnecessary.The decisionanalysistechniquespresentedheresatisfyallof these
considerations,are welldevelopedtheoretically,and are used in a widerangeofoperationalsettings.

Aprimarybenefitofthe procedureis that it helpsstructurea complexevaluationin a systematicway.
The arrangementof the criteriaand performancemeasuresin a hierarchicalstructureallowsa visual
representationof the complexevaluationprocess.The evaluatorcan observeat a glancethe structural
relationshipsamongallcomponents.This visualizationcan be very important at the earlystagesofan
evaluationand can aid in restructuringthe problem, ifnecessary.Visualizationisalsoimportant when
morethan oneevaluator is involved.Furthermore,additional alternativescan be synthesizedduring
evaluation.The graphicstructurewillallowthe evaluatorto feelcomfortablewith the evaluation.Ifhe
doesnot feelcomfortable,this also is valid information, indicatingthat somethingiswrong.The
evaluationprocedure,if not completelysatisfactory,at leastforcesthe evaluator to clarifiand quantify
factorsimportant to the overalldecision.One of the primary benefitsof the procedureis that a
systematicapproachcan be taken to quantify the problem,whichin turn allowsthe evaluatorto
examinehisor herchoicesand to communicatethe rationaleused.
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Pursuingall the stepsdescribedaboveisoften unnecessary;at somepoint, it maybe obviousthat
furtheranalysisisunnecessary.Afterthe objectives,criteria,performancemeasures,and performance
levelsare identified,one or two systemsmaybe clearlysuperiorto (dominate)allothers.Manyinferior
alternativescan alsobe eliminatedin a preliminaryscreeningofdesignalternativesby usinga simple
deterministicmodel.The remaininganalysiscould focuson areaswheremore refinedinformation is
required.

Extensionsto the proceduresdescribedin this sectionformultipleznteria decisionproblemsinclude
fuzzyset theo~l~ljs t. accountfor the imprecisionor illdefined nature ofsomeproblemCOrnpOnf3nt%

and optimizationmethods13&139for thegenerationofeflicientsolutionswhenthe numberofcriteriaor
numberofalternativesis large.The performancemeasures,preferencerelations,weights,and value
(utility)functionscan be fuzzy.The rank orderingof the alternativescan alsobe fuzzy.’30,131Someof this
fuzzinessmay bedue to the imprecisionthat involvesalmostall real-worldproblems,causing
evaluatorsto balkat providingpreciseestimatesofweights,probabilities,or utilities,’32althoughthey
maybewillingto state them in terms of linguisticvalues,suchas “moderatelyimportant,” “very
important,”and so forth.134These linguisticvaluescouldbe mapped as fuzzynumberson theclosed
interval[0,1].In group-decisionproblems,consensuscan beexaminedby fuzzygroup-preference
relations.ljsAnadded advan~ge of usingfuzzyset theory is that sensitivityanalySiSiSaIltOmatiCally
includedin the calculations.lJZ.lJJFUZZYcalculuscan alsobe appliedto muhiple-criteriaOptimization
methods.’a More informationon multiple-criteriaoptimization,fuzzyapplications,and otherex-
tensionscan be found in internationalconferenceproceedingsgivenin Refs. 141-154.
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