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6.1 INTRGDUCTICN AND BEQUATIONS (T,H,R.Skyrme )

In the numerical integratiorn of ordinary Aifferent 1al aguationg,
as discussed ir the last chapter, we have to £ind the value of cre or
more functions f(x) in a sequence of n values of the independent variable

for prcblems of similar type the lahour vegquired is areportioned to n.

In the integration of a2 partial differential eguation, we reguire the values
of a function f(X}, xa:.‘,) at a set of n. values of each of the m indeper-
dent variables Xp. Usaally the process of integration will recuire tnat all
the n, be of the same order of mapnituie,n, aven though we may nct wish te
know the value of f(xr) for a1l these vilues, and congeguentliyv the laocur
required is proporticned tc n™

Now in any problem irn which the values of the dependent varizbles
vary significantly over the range of integration {avd a’l interesting oro-
blems are of this ty:e)} aecurate reailts may be cbiained onlv if nne a
large number, The [irst consequence of this is that the effcrt nasded
inecreases enormously with the nurber m of indegendert variables; even with
the assistance of I B,¥, machires tclerably accurate soluticn to problens
with m» 2 cannot, in cractlice, be obtainad with’n a reascnably short time.
The subseguent Alscussion i3, therefore, limitad 4¢ the case m=2, with two
independer.t variables,

Seccndly, the large number of crerations reguired limits severely the
completion of each oceration. 4s in the 1ategration of crdinary 4iffer-

ential ecuations, there is scme chzine bLetweer decreasing the number of

operatlons and decreasing theip ngggicggjqu,.qsn with twe indeperndent
L ] v &
= -‘ - »
- L

variables the complications require ’ ta—rgjpc =the number of cperations

----- vee
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wner. the calculations are cax-ried ¢ut:bysfachines, If, aowever, we can
L J L J

sacrifice some accuracy there may be an overall gain,

This brings us to the tnird polnty nameay, that in two-variable pro-
clems there is a much greater premium on accuracy., Tn fact, it is very
41fficult to estimate the absolute accuracy ootainable with a given method
of intepraticn, and the necessary magnitude of n has been found mainly by
experimentation with particular pretlerms,

g,1=1 Hydrodynamical Fguations,

fhis chapter is concerned mainly with the intepravion of cne parti-
cular partial differential eguation, that of ‘he radially symmetric {lcw
cf a fluid in space, Analogcous methods s~uld, hewever, exist for many
partiii differential eguations of the second o~'er of "hyperbclie® type;
that 1s, eguations having real characreristics ani which can therefore he

sclved by a step-by-ste; integration process,

The rtuations of symmetriczal motion of a flaid in spar: ol & laen-
sicns (k = 1,2,23) may be formulated in two ways, from whichi the two prin-
sipal methods of integration are desired, In the first, or Lapranzzan
systen,he Iindependent variables sre the time t, anl 3 label coordinate

3 for the particlsj the dependent variable Is the Jistance 8 from a firad
origin of the particle § at any time t, It is cenventent te choose for

% cither the original pesitlon,r,of the particle before the fiuid pegan
Lo nave

r =R E.0) (1]

Paian}
-

sr a ™masa variable® m definad by

o 3/411(311‘?( £ ,0]

wiere /Q,is tne orizinal density of tke f1luid ia the neichborhood of the
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particle £ . (The actuglamgsszdif{egs-Qyia factor 1T or-%;z, for k =2, 3),

With this notation the BC‘]HEIL«f.GHE of.iwt:i.orédf the tluid is

¥R = -(B)*? - - (kB
at? (") /JC’%'E ( Y

(3)
where p is the pressure at the point r, t. The pressure is some given
function of the specific vclume v (equal to the reciprocal of the density)
and the entropy 5. 50 long as the rotion is continuous and heat condition
is neglected 3 S = 0 and S will be a function only cf the label r or m,
determined byatﬁe boundary caggitions ( a particle will only enter the field

of 1integration after it has crossed some boundary). The specific volume v

is given by the equation

k-1
vei (& AR = 2R
/PeNT dr  am (&)

The second, cr Eulerian, formulation of the hydrodynamical equatiocns
regards as independent variables t and R,and as dependent variables the

velocity u, pressure p, density /D . The equation of motion then takes the

form
24 4 wdu + 1 3p = O (5)
at 3 R Ve ak

while Bquation (4) is replaced by its time derivative, the equation of

continuity

p. Vst u 4+
3t 3 R SR

P rplay v Gepa= o (6)

6,1-2 Characteristics.

Tne local "sound velocity" at any point in the fluid is

SRV

c= V(ap/a,) (7)

. If an infinitesimally weak disturbance be superimposed on the main

motion of the fluid, this disturbance will spread in all directions from

any point with the local sound yelocity¥efitiVe to the fluid, A disturbance

APPROVED FOR PUBLI C RELEASE
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"aralized at a point K. af€ dne -t P L !n 3' Lien, ifter an interval of tire
o @3 INELPTE e % d
4 " ybe zonfined within the indarvas Rb-uéa-h)zl SRR, ¢ (um)At where
- - e - .
z .

e nave thelr valies at'fi.2¢h. Ii.dj-cioar therefore, that thia small
TrIturbaace must alwayi remain wlthin the 1limits A«fined by the two caths
in (R.t) spaze, passing through (R, t,), that are the solutions of the
two d1fferentisl equations

£:3)

Nerky
|2
]
=
L]

!
1

N v
o~

The twe cne-parameter families of curves defined by these equations
in (R,t) space are called the characteristics. It can he shown that they
iimit the region over which any disturbance {no% neceasarily small) can
spread, provided only that no discontinuities are formed in the fluid,

Tf the fluid motion be known up to a certain time t, over the interval
Ri&HLH; , then, provided there ares no discontinuities, the differential
=quaticns will define thne subsequent motion only over a replon that is
the lesst region bounded by characteristics passing through Ri:Rq for
whish L3>t 5 and,conversely,the motion at any point in this region is
determined by conditions within an aggrupriate subinterval of (RI,RQ),

This properiy of tne characteristics 1s mest imocrtant for the nume-
2r1cal interration. For,elearly, ne method of integration can give correct
~=3u.ta that altempts to calculate, from the interval (RAS R&ER,) at time
Tor the values ¢f tne varlables withoot the rezion bounded by character-
tizs through R, Ryy dn fast, the attempt te do so will lead to instability
8 is shoan balow in 6 4,

n terng of the lagrangean variahles of Section 6,1-1, the paths of

‘he oharasteristics in (r,t) or (x, %) spaze are viven by

ir R!'Efii
v T A\F A

: (9)
dm . <w<.:.wcg con so
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Tne only discontinuily that can arize in the types of motion consider~ed
o 090 000 900 S80 o0
3 [ ] L] L] [ 4 LI
. N . ' P N A ® s o . . -~ . N
nere 1s 4 snock wave, thaleisele say, s ‘Qr?a:e in the fluid acrogs whish
= ze® ® owe SOF O

the pressure and material velocity charge discontimaously, 3ach a disg-
continaity moves relative tn the fluid wibh a velecity which 1is greater
than the loecal sound velocity ahead of the shoek and less thar thatl behind
{otherwise the discontimiity would be unstable ani break up into ordinary
acund waves), Since it is gapersonic wit: respect to the fluid ahead it will
adivance more rapidly than the charasteristics wnicn go in the same direction
and which therefore are gralauily eaten up., Consequently the motion of
the fluid ahead of tne snock (out not the limit of continuous motion) is
determined independently of the presence of the ghock, Waen sonditions
anead of the shock are known,there is one free parameter in the values of
the hydrcdynamical variables tehind the shock in terws of which all quan-

: . e
titirs may be expanded bv use of the Fankine-Huronjot equations' | Phig ome
extra ccndition reeded to define the motion of the shock {3 provided by the
characteristics that reach the ghock from behind, {(The shock is subsonic
aith respect to the fluid benind it,) The characteristica of the opposite
system suffer a disceontinuous change in directicn on cerossing the shock,

The gituation is i1liustratel in Flguacs 1,

. o
=%

=
s 0%

—CH.
FIGURE 3,

SHOCK
\+CH. e/ o Ty :.. oe
— s £ - PY e o
v it LR % TS
H ﬁ o oes ses sus see s’

&

~

See Sestior ¢, 2«1 below, Se 000 o ses 0 o .
s
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6.1-3 One Dimensicn: Ri 1
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The method of integratic

=

is essentially a generalizaticr of the well-known methoa of integration
of the equations when k = 1, ( 1line), and when the pressure is a unique
function of the density (or the entropy is constant), developed by Riemann,
It will be useful to outline the theory here for later reference.

If we nultiply BRjuation (6}, with k = 1, by c%: and add to Equation
(5) we find

arL + _a_g:O (10)

28 + (u+c)au +¢c 22 + 1
t 3R P AR

[
It , 3R £

M

n
0

If p is a unique function of # then 3 p 2 2L , and if we introduce
3R 2R
Riemann's funetion

P
cr:jg}f_:/ (P c)dv : (11)
v

(where the lower limit of integration is arbitrary) then we can write

Bquaticn (10) in the form

A utg)+(urc) =0 {12)
at d R
Similarly,
dlu—~¢) + (u=-or¢) u - - 0 (13)

These equations state that along the characteristics with slope
{uge), (ute) is constant, In some special cases (when p & /ﬁx and
¥ has certain values) these equations can be solved analytically and the
problem is reduced to the solution of ordinary difterenitial equations
presented by the boundary conditionsj generally, however, step~by-step
numerical integration is needed.

In such a numerical integration we do, in effect, regard u + 5 as

are calculable, and R, t

the independent variables, from which u & ¢
as the dependent variables. I isimcst dondenteit to picture the steps

of integration in the ( R, t) plaa€ aérddd hifeh the characteristics form

APPROVED FOR PUBLI C RELEASE =~
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another coordinate network ORevadiies. absttees ¢, Thus,1f we ivow the values
e 5 Se s e o2
. lo Y00 s . e o L .
of u and ¢ ip an interval RPCREH] atdtitin ¥54#8 subdivide this Interval

by points Py, s0 that the variations of u or ¢ setween two adjacent points
are small, ard construct lines having slopes u g ¢ through all the Py,
Consecutive characteristics of opposite systems will then meet in points
Qs whose {R,t) coordinates may be found from the slopes of the intersecting
characteristics and whose {u ¥} coordinates are determined vy the pari-
icular characteristics that interssct,

This enables us tc find R, ¢, u, & at all the points Qi,which camn
then be taken a3 base points for the next step 4n the integration. The

process 1s illustrated in Figure 2,

FIGURE 2.

We omit any further details here 35 the procedure iz well known, and
indeed can be reparded as a special case of the procedurss discussed in
Sestion 6,3,
£.1-4 _Vethods of Integration

We shall now deal exclusively with the equations for radially symme'ric
motion in space, k = 3, Tt is natural to try to generaiize the methnd of
Riemsnn to this case, However, the additional term, P u/R, i» Bauation {5)
causes to appear a term g 2uc/R on the right-hand 3ides of {12} and (13)
ao that u 3 6 are no longer conserved alone the characteristres, Indeed
there i3 nc function of the variables u and ¢ that iy conserved zlong the
characteristics in this case {not even in the plane case when Lhe eniropy

{3 not constant, )

APPROVED FOR PUBLI C RELEASE
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Nevertheless, it will Re-copvenient often to think of the character—

L]
*

istics as if they carried wfﬁg ‘:eé thé»vé&uéu%f sone function, as u x 7,
so that the physical conditions, velocity and pressure, at a point are
determined by the intersection of two particular characteristics. In
genersl, the conditicns at the point are dependent not only on the
particular characteristics but on the path followed by them, although
their 'conservation property' is still true over infinitesimal distances.
A method of integration can indeed be devised which takes these facters
into acccunt, and this is the subject of Section 6,3 below,

While this method is, in some ways, the most natural inassmich as we
follow the paths of the signals that determine the fluid motion, the
operations to which it leads are somewhat complex; in practice,therefore,
their number is restricted and the accuracy limited. The most useful
applicaticn will usually lie in exploratory work where the qualitative
features of the motion are more important than the quantitative,

When, however, I.B.M. machines are available, greater accuracy is
obtainable with the same effort by a method which uses a large number of
relatively simple operations; such a one is most conveniently based on
the Lagrangean Bjuations (3) and (4) and this is described in detsil in
Secticon 6.4 below,Because, however, this integration follows paths diff-
erent from the characteristics,certain of the boundary conditions are
troublescnie to handle, This forms a large part of the subject of the
following Secticn 6,2,

These two methods represent somewhat extreme positions in the balance
between number and simplicity of operations. It seems, however, that an
intermediate type would be both too tedious for manual calculation and too
copmplex for the present scope of meehanip§l computations; though with the

. @ " . ) Y - .

development of the latter, the optigum ﬁaé'wefl %hiit;in this direction.

22 600 ©00 S0% =¢8 *O

There remains one very differeit ?Ey,OfIﬁénﬁxgng:the partial diff-
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erential equaticon, When the® ﬂnféprf’ivﬂ'of°3#veral ptoblems of a similar
.. ... ... Ol. ... ..
type has been made., it nmj be.fc&n&“thaj theﬂseluticﬂq can te represerted

(approximately) in some rather simple Guasi-analytic form, Forexample,

it might be that the pressure gradient was nearly constant in space, so
that the pressure at any time and place couid *# expressed in terms of tweo
numearically-given functicns of the time, T{f such is the case we may try
to sclve another protlem of the same type by assuming the same quasi-
analytic form for the sgeoluticn, and it may be pogsitle to chcoose tuis in
such a way thrat the whole prcblem can be rethiced tc the soluticn of a
systern of ordinary differential equations, Trese egquations would be suit=-
able averages of the true equatiocns, chosen,if convenlent,bty 3 variaticnal
princ}ple, When, however, ihis has been tried in practice, the resulting
equations have been sc complicated as to cutweligh the advantages which
might otherwise ne expected from this approach,

6,2 BOUNDARY CONDITIGHS (Skyrme)

v

The boundary conditiong needed to determine the solution of ocur
differential equalion are slapie in theory, If the integraticn starts
at time t; cver an interval »1$Flgﬂﬂ, we must xnow the initial velocity,

oressure and entropy or density distributicn cver this intervaly then,
unlass discontinuities form, the sclutlon is determined over the reglen
vounded by characteristics through Rj,R;, If we desire to extend the
soluticn beyond either of tnese bourndaries, then we must supply cne add-
iticnar conditicn at the boundary ¢f the field of integration to¢ replace
ine informaticn sunplied by characteristics coming from without the flield
which must be eguivalent to cne relaticn, explicit or implicit, hetween
the hydrodynamzical variables at easch instant of time,

The rtoundaries of such acegion within which the integraticn is

~ontinuous way be paths along whirn a.,;wditicn.da prescrioed a prieriy

- . . ' .
L4

or interfaces between two mediag on diapqn,Lﬁuimxpc in the fluid motion,

rna e
ans
Y]

a

NILXT)

*rat is shock-wave fronts
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Suppose first, for exangle;.}bg} gge.motlon of the particle which is at
Ry at time t_ is given. Thqn g&.éveq} time'wb shall know the velocity for

a certain value of the radius R, If we combine this intormation with that

supplied by the characteristic coming frou within the field of integration,
1

wa can determine( )the pressure at the point and thereby extend the field of

(1)

- - - O il —— ————

Speaking rather loosely in the sénse mentioned - Section 6.1~4

. - -

s A R Sl M T AR B A B e 2 N i -~ ———-—

integration to this point.

Now suppose that R1 vwere the boundary point between two media and that
the motion of the medium in}iéih_is also being found by numerical integration,
Now if the motion of this interface point were prescribed as in the preceding
paragraph, then we could at every instant determine the pressure on either
side of it by integration frou that side. These pressures must be equal,
however, and this imposes one condition at every instant suificing to deter—
mine the unknown motion of the interface.

We have stated this interface problem in a somewhat elaborate way as this
is the form in which it appears when we integrate along characteristics to
find the field of velocity and pressure. As such it will be elaborated upon
in Seclion &,3, But when we are integrating in Lagrangean variables to find R
as function of time and particle coordinate, an interface presents no difficulty.
So long as the acceleration of the intertace point is properly related to the
preasure gradient across the interface, the boundary conditions look atter
themselvea, This will be touched upon again in Section 6.4 It is clsar from
this that the latter method of integration is preferabie when the problem
involves several intertaces,

The lagrangean method has however no such advantage when we deal with

shock wave boundaries, and the rest of this section deals with this problemn.,

see . -.. l.. LA )

Let us suppose that at time t a sﬁork 1s-moan¢ it the same outward dir-

APPROVED FOR PUBLI C RELEASE -
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ection as the + characterisficsEan&“is:id}tiéﬁiy at HaR_, For definiteness(z
.'. .:. : l:. :.. :6‘ <

. e e,

(2) T T

If not, the motion of the tluid ahead may be determined tirst and the
same argument then applies,

v

w— T . i g TRl -~

- ———

let us suppose that the fluid ahead of the shock is at rest at constant pressure,
If now the vel. city of the shock, and theretore its path, were known as function
of time, then the pressure and material velocity behind the shock, being
functions of the shock velocity, would also be known., But through every point

of the path of the shock there passes a 4 characteristic coming from within

the field of integration(B)which determines a relation between these quanti-

G T T

See end of Section 6,1-2,

T

ot e

ties. This provides information to deterwmine the values of all quantities
at the shock as functions of time.

This is the principle follewed when integrating along characteristlcé, and
it 1is elaborated in Section 6,3. When using the Lagrangean equations we
naturally do not wish to find the paths of characteristics explicitly.

Instead we shall relate the motion of the shock to the gradients of preasure
and density behind it. In this way we leave a small gap between the shock

path and the edge of the rield of integration, and this is bridged by relations
derived from a coubination of shock conditions with the orainary hydrodynamic
equations, This is discussed turther in the following subsections together
with related problems arising when the shock wave crosses an interface.

6.2-1 Conditions Acruss a Shock-Front,

When we are dealing with a singlie shock we shall use the following

notation. Pressure, specitic volume, sound velucity, terial velocity,

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE
Vie ZdLe " T

[ 1\|Il

K ]
L]

a0 Qe

L]
L]

shock velocity are densﬂ.‘ed by B,V 18 iy U and subscrlpt.s 1, 2 refer to the

low— and high-pressure 31633 'of t‘tfe'&hock srespectively. Then g, Vs W are

known functions of time and position and the Rankine-Hugoniot shock conditions

(4)

determine two relations between p2, v2, u2 +- rirst the energy conservation

(4) -
The equation is(1/2Xp, 4 p1)(vy - vp) = Ep~Ejwhere E denotes the internal
energy, a function of p and v. If we neglect the change of entropy across
the shock, p = P(v) is simply the adiabatic relation.

determines

Py = P(v,5 pyy V) (i4)
and the other conditions determine that

2 -

(u =) =(p, - pilv -v,) ‘ (15)

The shock velocity is related to these by the equstions
- /P2-P1 P2P1 A.
u"“1+"1 u2+vﬂ/v ~ (18)
Y17v2 1772

Instead of shock velocity in space it is more convenient to consider the

velocity of the shock relative to the mass of the material divided by

. ) —
4 T R, W = \/(pz-pl) / (vy=vy) (17)

le has then the dimensions (density x velocity). Analogously, it will

be convenient to introduce the acoustic impedances W defined by

~ i Y
w =/ = (~(2p/3m),) (18)
The stability of the shock requires the condition

LIRS PR (19)
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A very usetul relat?l b: ‘Td\"fxd’ 'by d-ax ferentiating equation(15) with
respect to time along the Q%tﬁ of*" ﬂhﬁ"sﬁbck. If we denote such ditferenti-
ation by t.he symbol d/dt, and divide this equation by (vi-v,) after

differentiation, we obtain

2 uj~-uy (dul_duz\ - (dpz_dpl +:/PZ.P1") dvy _dvy) (20)
V- dt dt / dt dt \vl-vz, dt dt /

This may be rearranged and written in the form

X, = X (21)

where X, denctes a combination or derivatives on the i- side of the shock,

®

dv dp du
X = w2 b S S i
17 T12 &t dt A, T (22)

When the pressure is a unique function of density

o= (W, ~w) =& + ),

o] o
# 2

The expression (22) for X; may be transformed in a number of ways by
combination with the equations of moticn and continuity. Using only the -

spatial derivatives of

X =(3w212+ ") (v3%) 1 + wiz (Vg_‘}%)i - M ("%) 17 2‘1;“ (“:182 - (@)

An intermediate formn which is useful is
- 2, dvy 2 2 ( Qv p\ _ buivy 2
X, =W wp) = " My "aR> -3y, v '3‘) - M2 (20)

If we wish to transforu so as to have time-derivatives (at constant mass),
rather than space derivatives, we must introduce the entropy gradient, Let S

denote the entropy or some function of it, then we find

_ “19 /%@ 3“?2 Léux.l, J{“*ivi w%2 3P oYy
X - GA ) 3 * i 65"7 B~ ** R Wiz i \GS\JV-—W “"»?l-%ﬁ/i

(25
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.han qs.g}.qntropy, we shall have to consider

also the result of dlifarentihtdjgiiéudtion (14)along the shock. We can

[N Y

LTI T T 1}
ceasd
ll.'

.ﬂluﬂll\l

When we cannot ne

J08
.!—-‘
|¢ﬁ-|u

write this as

dpz - dv2
a?'"‘"ﬁ T T4 (28)

Where A = (apz/a vl)(dvl/dt) + (o Pz/b pl) (dpl/dt) can be considered as
kncwn; if conditions ahead of the shock are constant, A = O, Then Equation

(24) may also be written as

_ 2 2, dvyp p Luov )
X, = (W% W) =2 - 20 (v 2_.)2 2W, (v%r 2¥2 w212 -y 2D
We can also eliminate the entropy gradient from Bjuation (25)
- M2 Wiz o pg) WZ Lu,v
X,5 - (1+ - ) , 3, Q L 22
2. 2[- 2 2t /m ( ) >m R 12

e

+ g— A ¢1:9)

O, 22 Shock Fittlngc

When the integration is carried out by the method of Section 6.4 in

5
Lagrange coordinates it is possible( )to carry the integration across the

(5)

First pointed out by von Neumann,

shock as if the motion were continuous, and it will be shown in Section 6.5

that this is a justitiable approximation il the shock is not too strong. Even,
however, when the approximation should be sufficiently good this process
introduces superponent oscillations which tend tc obscure the detailed structure
of the fluid motion behind the shock and which also make more difricult the
detection of errors,

Accordingly, methods of "shock Ilttkn&” have been developed in which the

shock conditions are satistied cqrrecpl:‘and tiHe pauh of the shock is
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fitted on Lo the he un*ar_ g We fdeid.qf "regelar® inteyratior by means
*e T e T e s s
of certain sutsidlary caldulatdongimide L&r each Iratant of time at whien

3

lrrived for

fas

[

the integration is gerform- The most satisfantos; asth
it this d: Uased on the f9llewing orinciple, 7Ti is assumed the' the
varistion of all nuantities between the shock and trne et » of the Tiald
of integraticn is srall and may e a33umed lirear in any space variable,
If ther at any time the value cf the pressure, say, 3@ “rown both alb the
sheek and the edge,the pressure cradient at the shock may be deduced
{agsumed equal tu the average graldient over the intervall); smilarly for
any cther space-gradient,  When these values are substituted into one
cf the formulae of Bguation (1l4)we can ceduce the ‘acceleration’ of the

shock and Tind the pressure pehirnd it at a suhsequent tire, At the sane

R4

ire, we uge the knowledpe of conditicns at the sheck to extend the £ield
¢f Jrnterration out frorw 1ts vournding characteriatic . and the cyelie of
coerzsicng may then be repeated it the next irstant of tire,

Songider the important case when the ficid iheal of the shaok 1s at
rest at congtar?! nressure,  Then, In tne nctation ol 8Sccuion €,2=1,

Y1 =0, A =0, T we uge tine Biuation (277 for Xp we Find that behird the

few]

ds

i vrap . 2 (29
dt. ‘"(ﬁ _/w.ﬁc)( 'é"? i e _usvg F 29 )

-
i

in tnis case pp Is A known funcbtion of vy, and therefore go alsn

Are dp, K., Wy oo that iz, all the cocl{icients in Bouatacr (29 sre
12

krewn fanctions of vy, The motion of the shock 13 eiven by the equation

o ¥

Suppcse 1t one tire the values of R,v = vy are known at Lthe snock,

The praiients (vav, @R}, {vdp dR) ar d4 Dy taking the difference

E:cac‘f)

of va,pa w#ith the adiacent values .ga U dntegration, respectively,

*
)
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and dividing by the spdtThI‘iﬁféfV'l"'ﬂhen Bquation (29 will determine

dvq/dt and (30) gives dRth thuo'H?é 1ound the values of R, v at the shock
at the next instant. Finally, the field is extended to complete the cycle
by using the pressure gradient calculated here to find the acceleration of
the particle at the edge of the field which is not otherwise determined by
the integration behind the shock. In application, the Equations (29) and
(30) are integrated to second order accuracy, rather than to first order as
described above for simplicity of explanation, by deterwining v, by trial
and error so that (29) integrates 'backwards' correct to second order. The
nwierical value actually used will be discussed in Section 6.4 in connection
with the intepration.

As time increases, the gap between shock and the adjacent particle will
increase, and we nust do more than just extend the field of integration to
this particle. This point is met by adding new particle-points in the gap
by suitable interpolation when the gap becomes too large.

VWhen the fluld ahead of the shock is in motion, the principle is exactly
the same but the application is more tedious, because the pressure Po is no
longer a function of the single variable v, but depends also on the varying
quantities pl, vy In the first place Xl # 0 and has to be calculated at
each step as follows. OSuppose that the solution ahead of §he shock is known
and that for some time to the values of R, Uys Pys Vys Uy Poo v2 are known,

Then anhalogously to (30) the shock velocity

-—

% Sy Wty (8Y
is known, and with it the position of the shock at the next instant, For
this new position and time Uy, Py V) are already known and by differentiating
them with their values at a suitable earlier time we can deduce the values of

dul/dt... at time t . Then X é;é b% éalc@la?ed:a%cording to formula (22),
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‘v!.’..—::ug-.:a‘ . T

we use Bquation ( 24, putting I}-:mil.: .:Q:U""e,‘as Lo
dvy, = 2 [‘1 (1+ '3)("3"‘ | 3 (vigl ¢ 2 !
12 LA + + 2V + X
T TRV T 53) M2 \ /W )2 i SPANEY: # " ] ( 39

12
We have calculated Xj,and wza is a known function of pa,vg. There=

fore, dvy/dt may be evaluated and the cycle of operations corpleted Just

as before; only when we have found v"vl'plﬂ at the next instant we have

to calculate pay from the energy formula (14), The operations can be made

cerrect to the second order as before, but with correspondingly more effort,
In application it may be more cenvenient to perfarm the intepration

similtaneously on both sides c{ the shock, although of ccurse at each step

we must integrate aheal of the sheck first, This latter integration can be

made by using the ordinary equaticns over the gap between the shock and

the edge of the field; no adiitional Information is needed because the

shock runa into the characteristics ahead of the shock,

§,2-3 Sheck Crossing an Interface,

®hen a shock-wave crosses an interface between two différent media,
a disturbance will, in general, be reflected bacik intc the first medium
and there will be a sudden change of presaure behind the shock, These
rapid changes over short distances cannot be haniled very satisfactorily
by the integration process, If the shock is being treated by the approx-
imate method described in secticn 6,35 this does not matier wuch, but if
the shock is being treated as a discontinuity by a process such as that
described in the last sectirnyundesirable fluctuation will be intrecduced
unlegs gome way 1s used of getiing away from the region of very rapid
change,

The method adopted has been to use an analytic expansion for tines

and prsitions close to the instant the shogk cggsggpitbe interface, and

“a_ shock is reflected

zvw “ww

this %ill now be described. We Willriiupfagséé_tr;m

sasn & we°® .

back into the first medium; then the”gdlacént boriidn of the (R,t) plane

e
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R

ransnitted
shock

Reflected

Incident
shock
Interface R

Figure 3
Region O is that ahead of the incident shock, 1 is behind the incident
and ahea? of the reflected shock, 2 and 3 are the regions in the two
medja belween the reflected and transmitted shccks, and 4 is ahead of
the transmitted shock. The 3oluticn will be known in 0,1,4; now the
problem is to find an analytic expansion for regions 2 and 3,

Since pressure and velocity are continuous across the interface,
it #ill be convenlent tc detertine first the values of p.u,(%%%)m,(jL%)

a m
at the interface., When these have been found, it is easy to determine ihe
values of all other quantities and their derivatives from the hydrodynamical
equations in the two regions,

First, to determine p,u we must use the Buations (14 hnd (15) across
the reflected and transmitted shocks, Since UiP1V]: UgPeVe are known
these will determine two relations between the values of p,u at the inter=
face, As ps increases so does ug and the relation between p,u so deter-
mined may be represented by the curve T in the Figure 4. Similarly

§ﬁbck ¥hich” Eas negative slope

a curve R is determined by the refledip&
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in the (p,u) plane, The lowes g ¢ nt én -&h&aaurwe 2 is (p1,4y) when the

() ﬁ\

'@ &%
dep

cted shock just vanishes. IT ‘(.?l' ul) lfe andve the curve T there is a
rarefacticn refl sectedynot a shockjand this case i3 discussed in the next
siabsection, W#hen an intersection exisns,its cosition may first be found

aporozinately from this graphical picture and then by analytic approximaticn,

Pa

»
w

Figure 4
ANnen p,=ps, Us=tig and therefore vg,ve,.,, have been found, we can cal=
culate (Qp/at), (du/dt) by use of the formulae of Section 6,2-1. This
requires the sciutlon of the two similianeous linear equaticns,
Xa - X* \
(B
. *
Here X1, Xg are xnown now that the initial shock velocitles have been found,
and X5, Xa are taken in tne form of Bjuaticn {(28) wherein the only unknowns
aow are (3 p/at),(du/dt), W., A are calculated from the derived form
of Bguatiorn (14},

Refliected Ra*e'fa Lion Wave

R it d T AT R A &

If, in the {p,u) diagram of the last suhsection (Figure 4 ) the

point {pl,ul)lies anove the curve T, then a rarefactlon wave is reflected

Rack into the {irst medium, The rep;to"is l 2 of- Pivur'i'

asae

3 are not sep-

ated nowty a line of diaconunuﬂ.y ou b by a, uniue Jegion F covered

-

-

. ey 2
P |

. -
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by the rarefaction wave, as shcat i Prgure 5s:

Transmitted Shock

Incident
shock

<+

nterface

Figure 5

The boundaries of regions F and 1 and F and 2 are characteristics, having
initially the slopes (ul—cl) and (ug=-cg ), respectively, and all the charac-
teristics of this system in F pass through the apex A,

The condition that determines uz,p; and provides the continuation

downwards of the curve R in Figure 4, 1is !

Up + 02 = U] 40, (34:

whare o~ is Riemann's function (see seztion 6,1-3) taken at the entropy S,

which is jnchanged through F,

. _ ‘e 1/2 :
o g j (/o-)dv-J;\ dp/d V)S dv (s5)

Anen uz,pz,vzhave been determined we may determine (& u/d t'), (ap/at?
2t the interface in a way similar to that used when there is a reflected
shock, The EBjuations (33) are replaced by

Yz :Y«.

= (z8)
s = X4

Here Y is a certain function of the derivatives of u,p, that is con~

served across F, just as X 1is consetrved across a shock, The expression

for ¥ may be written as . see s ese ses oo
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2_

(37

where (u+ O is a constant equal to the value of either side of Bquation ( 34)
and the upper limits of the integrals are arbitrary, (v 83/d1) has equal
values in regions 1,2 because the entropy i3 conserved and 2 contains the

velocity ani pressure gralients,

2= LiZE [(3n/3u), +(1/o%K 35708, ] (38
S ep [bd/ aR +(1‘§d 2 (dp/dR) + Zu/‘.’{J { 39)

Tnis case 1s then just the same as in S:ction 6,2-3 except that a special
trestment is neecded to find t'e analytic expansion for the region F, If r
is a Lagrangean coordinate as in 8sction €,1-1 and r = a at the apex A,then
it is convenient to introduce a variable z defined by
z = {a-r)/t (40)
wnere t is measured from zero at A, Then in F the analytic expansion can
be written 7
i(roe) =a -t §02) +3/2t2 $(z) (4D
The expansions for<${z),d%(z) are most cenvenlently expressed in terms of

a parameter p related to z by the equation

2
A2 = -(3p/av), (42)
° Sy
Then we find
P (z2) = (coo)  ~ (u+0) ( 43
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‘1’;(‘) = 2(H V-/SE)/“)S, +(vo 5/3R)(3p/65)/u,s, +

2fafc2(b s )
/ [ (Po—-')+ QC(M-&O'—O')/“)S‘
KHere H(v) is defined by the equation

Y(v) = Y(v1) = Y (46)

S _INTEGRATION ALONG CHARACTERISTICS (Skyrme)

8,1

As has been stated in Section §,1-4, the generalization of the Riemann

method of integration to thres-dimensional problems does not leed to a

very satisfactory method of integration, Nevertheless, when mechanized

caleculation 18 not available, it seems the easieat to use, For this

reason we shall describe in some detail the handling of the equatilons,

In the three-dimensional case Egquation (10) contains an additional
term, becoming
du ot + (Lac)Sw /IR + C/p[(CBP/dt) + AL (o‘p/& i° )]

+ l/p(dP/dR)+ Quce/R= 0 (48)

Now the pressure is a function of the density £ and the entropy,
In the most usual type of problem the entropy of a particle i1s constant

throughopt the motion(ﬁ) and ,therefore, if we differentiate along a stream-

line :
310/:3(: + »u._(dP/d.R): Qz(dp/dt + u,ép/dR) (47)

F

— - BRAR. B [XT ER X XY
s e . [ - [

%) R S
If the entropy were a functioh of tHe timc’only, we could transform
the term /o (Ip/IR) imle c‘/f(ép/&'i)and derive similare quationsg

in the most general case when thé #ntpoby talide both in time and

space, an additional term haé_}fs bo,fde-}ed 't the equations,

L
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Baiation (48 may theTefore De"¥Writiren,

(du/dt), + 1.,//oc (dip',;dtg'+ E: -'E@JE?’R:'. (48)
fhere (4/4t), denotes differentiation alonz a + sharacteristic, 30 that
(AR/dt), =u + ¢ (49)
Iwo similar equations nay be derived by changing the sign of =2, namely
(du/dt)‘ - lég?c(dp/it)_ = 2uc/R (50)
and
(aR/dt)_ = u - ¢ / (51)

These last four equations (48) - (51} on which the integrzticn is basaed,
may be handled by two different ways, In the former, we regard t as an inde=-
pendent. variable and follow the characteristics at succesive values of t,
This is discussed further in Section 6, 3.2,

Alterniately we may regard these equations as a set of four simultaneous
eguations for R,t,u,p as :unctions of two parameters labeling the character-
istics, If we solve the equations from this point of view we shall obtain
a number of corresponding gsets of values of the four Q;riables. This is des=
cribed in Section 6,3-Z,

If we do not require a very detailed picture of the fliid motion. the
gecond zethod is preferable, as i1t usually 41llows rather larger intervals to
ve taken, However, a detailed picture of, tor example, the pressure dig-
tribution at each instant can only be fournd from this method cf solution by
sursequent interpolation; in such cases the first rethod would be hetter
suited to the prehler,

6,3«1 Transformation of the Eguatiqui

Befcre changing the ahove egnations into differcnce equations for the
numerical integration, it is often desirable to transfcrm them sliphtly,

Equations (49) and (81) for the paths of the characteristics cannot profitably
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be altered, but the other twd maj b= tringforiéd along one of the following

lines.
First, in the special case when the entropy is constant and p is a

unique function of/o » one may introduce Riemann's function g instead of p

as dependent variable

P
o :j dp//oc (52)

and then (43) or(50) become

d(us ¢ )/dt = 7 2uc/R (s8)

Even when the pressure is not a unique function of density, it may be
desirable to introduce some dunction f(p) such that g)pc)(df/dp) is more
nearly constant than~/o ¢, In most physical problems the value of a’=p[/)c2
is nearly constant. This suggests that we divide the equations through by

¢ and introduce log p as dependent variable.

2 =
l/c(du/dt)fi p/p c“(d log p/d'o)j = = 2u/R (54)
This form is useful if ¢ does not vary widely over the intervals desired.
On the right-hand side of both these last equations we may replace u/R by
use of the equations of the characteristic paths,

u/R = ngzrb)(d log R/dt)t (55)

In some such way we shall transform these equations into a form
A(du/dt)e ¥ B(d f(p)/dt)s = 7 C = 7 D(d log R/dt)s (58)

such that the coefticeints A, B and C or D vary as little as possible over
the intervals desirable. If this equation be integrated over an interval

Dt along the + characteristic we shall obtain

A(pu) E(Ar(m) = ¥ C(At) =3 D(Dlog R) | (57)

where [\ f denotes the change in the value of f over this interval and I, B...

PR sew © -!‘_' - ®
denote certain average values of theve Zoef  iceings,

¢

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

?I--°25- : : : .-
L ] aw s L]
- - L ] L ] - L J [ ]
1.7 St T2 ees s s e
. I . ; .. T o0 oo . [ X ]
oy a compination of valies cfejhe icopf izt aifas’: Tf we use small intervals
Y " f ee "2 o 2
.. 5 : MR
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then firgtecrder accuracy will be 3uTfi3107€ a¥l we can replace the average
>

by the initial values in the interval. Generally however, it will be pro-
fitavle to use a formula correct to secornd order ac that larger intervals
vay oe taxen, I{ by iteration or some other method we can ottain an approx-
tmate vaice of the coefficients at the far end of the Interval,ther second=-
orier accuracy will be attaine? oy the use of the arithmetlc mean for the
averagze, Accurizy of nirher order :could be reached only by the use of much
mere comylex formulae,

The same cornslderavtions apply tc the other two egquations which will

2ive on integration

£

At =f{u+c)d (58)

and the avera-e :ipral velecity may te reglaced by its initial or arithmetic

Y

Tean valiue as w:th the cther ejuations,

£.5=-2 ¥irst Metnhod of InteL‘atic

R e B

{1} Hepular Integration

sucpeze, as inSection €,1-2, that we know the values of velocity,

sresgure, entroyy within 1 range X, 5 H €Rp at time &, WNe take a1 zet of
o

peints Py ebenly spaced {(not necessarily at equal intervals of R) in this

interval,2etween any two of which ‘he hydrodynamleal variables change little,
Farceoh each peint Pi will pasgs 4 characteriitizs having slopes

u + =, waich lalter are calculable from the ¢iven initlal conditions, 1If

we now sclect a later tive ty = t, +4t then In firgt approximation these

. . 1
characteristica will pass through points Qj in the (R,t) plane where,

sccording tec (68,

Q) = R(PL) 4 (u 4 clp, (AT) (69)

Also 4f we integrate along these characteristics to first order

we can find the radius of Ayu 4 ﬁﬁe‘ipd at Qgi'neépprtively Thus, from (57)

pud
ﬁl‘

m
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T, i
Apa By £(p) = Aguy 2 B0 06nd 5.8, (89)

wrers, for brevity, A, derctez the value of A at Fy, ete, Suppcse now the

™

porat Q; 7 lie hetween Qy” and QJ¢L y

(G SR LRI, (61)

Then we use linear Interpolation over this interval to determine the value

of Au=-B{p) at A * 74,9 .ave values averazed tetween those 2% the ends of the

I

interval ). If this is combined withh the vaiue of Au s Bif(p) deterpined

+

3
1

"y

Trom {60), we can [ind the values of u, {(p) sevarately 1t the point

¥e 1130 need to know the value of tne entropy at 4, , 3y hypcthesis the

entropy is a xknown function of the particic laoci-coorilinate, iz is found
oy integration of one of the equatirms (3
LB LS SRS SRS TIALS 3% pet (82)
2 =4 P ‘f’ v
(thi: 13 treated 13 a difference equati-n sxactly as in Bquation {68))
Now that we have deleruinedl the valaes of all varianles at tne
pointe Qif {the end ;oints may nave t¢ ne treated spezially as 4o (2) belowd

we can calerulate the values of A,S,,,,,,there at,ar.! tnen repeat the Intesra-
tion to secimi-criler accuracy by using arithretls neans for the 3verace
in the Iifierenca Tormulie, To gavsezuent steps of tie Interration 1t will
noL be necessary to carry out the Intecration twice; 1t wili ne sufficient
to uge values of A,B,,,,at the far ends of the intervals deternined vy extira-
polatien along the paths of the characteristics and zarry ocut the second-
order integration i-mediatel

{(2) Boundaries

Gensider for example an interface bLetween two 1ifferen
Firgt we must follow the path of the interface {rom step Lo step just a3 we

follow the path of a characteristic, using the eguation
p P :

.-- L

(dx/dt)interfae'e: 'e"’“.;_“ .ot ‘:% L. (63)
_——= .“= - -
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(smaller valies of R} and thaié 9§9€acE§§i§fgggéfrom the right | So then at
the new time tl, when we have found the position R of the interface, we ex-
trapolate the valies of Au+Bf(p) from the left and Au=Bf(p) from the right
to this interface point and then solve for u, f(p) 2t this peint as usual
(the values of A,3 and the form of f{p) may, of course, he quite different
on the two sides of the interfaze), The only problem rema ning is that of
the continuation of characteristics that ercss the interfacey elther we may
interpolate to find the time at which the sipnal crosses the interface and
the new value of the a3lope of the characteristics and then treat this chare
acteristic specially for the subsequent interval (because the time interval
is not the normal one), or we may drop the characteristic when it crosses
the interface and introduce a new one on the apprcpriate side starting from
the interface at one of the chosen times tl‘

The progress of a shock bouﬁdary is treated similarly, The shock

path i8 found by integration of

(dR/8t) gp oo = U ' ( 64

wnere U, the shock velocity, is a function of the known cornditions ahead and
any one variable behind the shock. The vaiue of AusBf{p, extrapolated from
the left gives a relatlion between u,p 1t the shock which determines u,p
separately oy comblnation with the shock conditions, This all assumes that
the solution has been found ahead c¢f the shock,an? this zan alwars be dons

as explained in the last section: in practice it may be -onvenlent to perform
the integration simultaneously on both sides of the shock,

8,3-3 Second Metnod of Integration,

(1) Regular Intepration

[o]

Suppose,as tefore,that we are given initial valnes in an interva
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R £ 2 L tg at time to' Then in just the same way we can finl the inttial
e 5 te e e e w
slope of the churacteristies thrdugh a Ret ol points Py, Instead, nhowever,
) ® o8 w ~ ses vee weo N 1

of finding the points wnere these paths cross a line of fixed time t. in

S

the (®,t) plane,we find the points Q, of intersection of adjacent charicter-
4o

istics of opposite systems, Then,%0 [irgt ordar,the values of R,t at such a

point Qq will be determired by sclving the s'multanecus equations

e

it

R(Py) + (use)p, (t-tpi)
b (65)

1

i R\Pi+l) +(u—c}p,#1 (tetp, )

- 8

where in this case tpi = tpi*l = t,, Next we f“nd by use of Bqiatien (60)

{where & t has now the value (t-tp() or (L-:pi+l) ), the values of Agu+34£(p)

-

and Ay gU- By ) f(p) at the {same) pcint Qq,and these may then be solved for
u,p.  The entropy at Q¢ is fo.nd in the same way by integration of Equaticn

[61) along either characteristic,

#hen this rirstecrder intesraticn has been comoleted, the seaond

approximaticon can be carried cut in fuatl the same way,usirg the first-order

values at Qi to find the mean values of A.3,... ovar tne Intervals, In the

subgequent Integration we a7ain use an axtrapolation preocess Lo debeenine

approximate valuez of A,B,. . .. at Qi. However, in this method it is not cone

venlent to extrapolate ilens the characteristics (because tne intervals be-

tween points determined may S

be frresular in any reascnasle variable!. The

simplest method seems Lo be the use of limear interpolation cver a quadrangle

in the (R,t) plane bounded by characteristics, Thus,1 the next points
determined on the ¢ characteristics through a zoint P are Q,R respectively,
and we seek now the values of the variacles at the intersection 5 of the cther

characteristics through 3, ( See Figure 6 ), thern as first approximation

to the value fg of any quantity [ at 5 we assume

fs = fQ + fq - fP (66)

= LX X esr vor 2%
= s . - e s a .
= = = = = &
. . =nw - = Tz
- - - .s -
.-o ses ses wew =3 o8
f 38 ess =~ w3® & 3 8

1
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Figure 8,

It has been . found convenient in some cases, where the variations of mater-
ial velocity u are greater than those of sound velozity ¢, to precceed by
assuming a value of u at-3 ( in first approximation given vy (68)), and cor-
recting this until the values of the pressure determined by integration along
either characzteristic become equal,

(2) Boundaries
The treatment of interfaces and shcck boundaries is rather trouble=-
some by this method, Since we cannot carry characteristics across an inter-
face in one step we must always arrange that one of our intersection points
di lie at the interface whenever a characteristic crosses it, Suppose that

the point P of Figure 7 lies on the interface and that the + characteristic

RS crosses the interface before QS,

Flgure 7

The position of the intersection T of this characteristic with the interface
may be determined as for the intersection of two characteristics: next we have

to determine a peint Q' on the + characteristic PQ such that the = character=-

istic through Q' pass also through T, J{hé?béinf%f %:}:EQen be treared a3 an

intersection of characteristics through R;Q" ff the Usual way.. The procedure
R

3
2
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iz tedious because it may béjné ryité-cﬁhﬁge the pogition of Q' when

nul’)n«

going to second approximatio;l,= The inlerpolation formulae for finding
positicn Q' and the values of the variables tnereat can easily be obtained
from the fortulae used in Section 6,3-3(1)

Shock boundaries are rather easier to handle, Suppose that in
the Figure 7 P lies on the shock and that PT is the path of the shock,
Suppose we assume a value cf the shock velocity U at T;then the material
velocity and sound velccity are determined simultanecusly, We can now de-
termine the positicn of T in the usual way {correct to second-order) and
integratign along RT gives a relaticn between u,p that must be satisfied at
T. The value of U assumed must then be corrected so that this relation is
true at T,

6,4 NUVERICAL SOLLTION OF IHE HYDRCDYNAMICAL EQUATICHS OF
TR Y, FACTINES (Nelson

™ ey we———

6,.4-1 AnaAvtic Form of the Eﬂyaticns

il SOyl A gninayiny R e )

In the preceding sections of this chapter, the hydrodynamical equation
and methods for its soluticn are discussed, The mumerical metho&s get the
solution by integrating step-by-step, from one interval to the next, 1In each
intecration step they inveclve an appreciable number c¢f elementary calculaticns,
If a detailed picture of the fluld meticen is required, small intervals must be
used ; then there will be a large number of integration steps and an enormous
number of elementary operaticns—-cf the order of a few hundred thousand, Such
a large number of operations makes the doing of aven a sirgle problem on an
ordinary calculaticn machine almost pronititive, If several problems are to
be solved, it becones necessary to thoroughly mechanize the method of solution,
In this section a2 method i3 descrived in which the routine operaticns are done

on I,B,M, machines,
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The Lagranpgean represanudfioa‘dea rtbeﬁ‘in 6.1-) is the most convenient

form of the hydrodynamic eqnaticn”to'aaeaxn“I. B. M. machine solution., It is

a partial differential equation with two independent varisbles, r and t. ™
2 %R = R 2P R2 Q:p @1 F
w Vv - -
3t °orZ ¥ =T T | )

Here as in 3ection 6.3 the problem is restriced to the case of spherical
symmetry. The coordinate r identifies a spherical shell of material, it is
the radius of the spherical shell when the material is in a standard config-
uration of uniform density, ;% « R is the actual radius at time t of this
spherical shell, p 1s the pressure. It is a known function, the equation of

state, of the specific volume, v, and of the entropy S. Also, we have

_ 3
vav, & (¢2)
or ‘ ‘

Conduction of heat is neglected; therefore, so long as the motion is continuous,
the entropy of a material particle does not change,-g—?'- = 0, What happens at a
discontinuity is discussed in Section 6,4-5.

bo4~2 Difference Form of the Equations.

A solution to the problem is the obtaining of the actual radius R, of the
spherical shells idenfified by the coordinate r for all times t, of interest.
In the numerical solution, R is calculated for a discrete set of values of r
and t. These values of r are labeled-by an index i, which will be used as a
subscript; the values of t are labeled by an index n, which will be used as a
supcrseript. Thus the radius of spherical shell i at time n is R?. The

derivatives in Equations ( 87 )Jand(88) are approximated as finite difference

cxpressions.
5 Rn+] - 27" - -] -
a8 a 1 1 ~ Ry v
dt | (A.ﬁ",'".".?e Afﬁe
3 (R?) - (Ri 1). -; .:- %: %-= : LT «_
i% ————) SRR S L )
dr Aan s 0 - .

3
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The partial differenti 1-eq u_gLiJTr theri*becomes a finite difference equation,
A Tl SR
(At)< r;? Ar
or
2, n2

. pM) = 2r7 . g+l + o(At) (Ri_)__m_’ pl - gl

! o 2 Ar 42 - (1)

n_ n

Py_y = P(¥iy, 5 y) ' (72)

n 3 n 3
n__ (R{)" = (Ry_3)
Vig T Vg A S {73)

Al
The difference equation represents the differential equation exactly
only in the linit as Ar and' At go to zero. Since finite intervels are used
in the numerical calculation, errors are made. Theae errors can be studied

by expanding significant quantities in power series,

Ry = Ry + (a) (t=t"ad (a ) et L 53“) (4T3 L (—T@ (t—t™)4

N+l /5 3
i Gl o a0 2 e el

ot
1 _.n QR 2 aaa n 3.1 L
Bz gl (at-) At + 5(3&7> (av)2- (—a:’)i(m) + L @-}) (At)
I+l n n—J )

i i
(Zstr)z t >( MRS RN E RN R RN X

Thus the difference equation (8 )represents %—z“i evaluated at time n and point.

2. HEER
i1 with an error proportional to %ﬁ) <" If 4 w;,res ugne to represent@é‘,) at

any other point within the interval n 4.1 a.nd s 1 : the error would contain

I B
v

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

T YRV Ed et

TII T el Teee

- S < 58 ® ® [ ]
terrs proportional to At c-TirFscovalaaton pf the derivative at the midpoint
of the interval over which Etuﬁe:{#ii"femﬁr‘s are taken is called a central

difference. 1In the absence of specific information concerning the higher

derivatives of a furiction, it is best, For this reascn the specific volume
obtained by the differencing process in Bquation (73) is labeled " 33 id
it <

is the midpoint of the interval between i and i-1.

S3imilarly, the other derivative in Equation (67) has the expansion

fap\" - M Pla L /a7 A2
\\ar3>j AFB 21& 5(r3)‘3 i ( r) +""'ltl~¢'~

AY
This equation gives the error in ;_g caleculated frem a set of known values
of p, But in the actual numerizzl sclution, p is caleulated from v and G, which
may themselves be in error, The entropy, 5, will here be considered as known
with arbitrary accuracy since it is obtained in a precedure Independent of this

set of difference equations. v is calculated from a difference Zguation {75/,

which has an error

n

- Jo (8% ) (ard)”

If the above expression for Q_Eq is modified to include this effect it beccmes

o r- T
l&)) n ) Pf{g _ P{L;, L{;\‘.ql 37p . a_Qp 9 y. + ap v
ar’ i Ard Y oZL“EF: ar’dv 5("3) 2 b(r‘)

Here p2+% and p?m% are interpreted as caiculated from v?

and vl Biel. are
+h i _
calculated from Equation (73), It has been assuned that the intervals i 4 1§
and 1,1-1 have the same A r3,
The procedure in the sclution is teo calculate R?+1 from data at tines n

and n-1. If this data is assumed to he correct, H?*' will be in error, owing

to the finite size of the intervals, by the fcllowing amcunt:

2 .“ 2 3 '%. .,.?: ’:.2:.. Eo:
(At) (a K _ (ard) (ap 3% 3% i oop a3l
3 +=-—*T4?f 2501 F
12 X 2k olr- Ly eiri&“" Y o )
This error will be smell if é&t and LxrB)dri. 517117 " i¥ the corgressions
3

[k
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b.4-2 Size of Intervals an.o"Stabflit:y:'o}"L

¢ _Solution,

~

The intervals in r and t must be chosen snall enough to make the errcr
term (74) negligible. In r this means that there must be encugh points tc give
a gooed definition of p. The number of points neeced in a given section of
material may change auring the course of 4 probiem, for the pressure distribut—
ion may change radically in that time., How the intervals shouid be distributed
in r will depend on the expected pressure distribution. If the pressure is
approximately a linear tunction of the mass of material, as 1s the case in the
early stages of a blast wave in air, the intervals are best chcsen equally
spaced in rl, Then,too, the expected errors wiii be the least in the central
difirerence formuias. in other protiens p is a slowly varying function of
r and a rapidly varying runction of r3, There it is beiter tc use intervals
equally spuced in r itself. Then certrul difference accuracy could be maintained

if v were calculated by the following formula instead of (7&),

. o) Il 4]
Vo= Ry _\° Ry -Ri,
1-5 o ri_% AT

However, the use of this forwula weuld greatly complicate the procedure,
After the intervals in r are chesen, /ANt cannct be chosen independently.

The discussion of characteristies in S:ction ©.1~2 predicts A\ t should be

n+1l
1 2
tbrough RO ] and R® ., This means that A\ t should be less than (%) WA S
it

b Vo \/_:—SE;

If At is larger than this quantity, R?+J cannct correctly be obttained from

chcsen so that R lies within the doiain bounded by the characterisiics

inferwation witiin the interval 1 4 1 and 1 - 1; at time n,that is, the

-l

situation outside ot this interval intluerces the value of I
This same conditioun on A t can be derived directly from the differencs

If an errord is

.

Ejaation (71), The question is pul in the,JollowiRg-éarner

made 1in R;j, what error does it produc&';i’n,}{%h ,E?Ti';‘ fnd Rf::} ?
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Let R™ be its correct value'h ac h‘;

Dl,

:gf, "#pong value. ~Then the specific

b
volumes i-é and vi % calculatéd’wiil?airfbr from the correct specific

!

volunes,. _
oveled - 3] g an?

Vi A TV PR Yo
' 36 vy (R])?

il T Vied AOI,B' +0(8%).

The corresponding calculated pressures are also in error,

- n.2
p;l = pr‘1 L+ (_a_e)n [—36V_Q£Bi)
_é -3 ov /. é AN 3

Py '= 7. (&P " Bévo(ﬂg)z
i+ 7 Piy} V) 14} N

If these quantities are substituted into (71},an incorrect value of the radius

at time n + 1 will be calculated,

I 2
ol Wolat)” L(R?) +2daﬂ {
|

n+l - ,.n n n
Lt LA bl el — -
By 1 * { A3 Lpi Py}
2 /> p\" n ‘
36vo(RY)” \‘5‘@)1-5 + (_‘g'g'?i.‘.é-
Ar3 2
The ccrrect formula for this radius is
2 2
Rn+1 - 2Rn _ Rn—l + 3vo(At') (RE) pn n
el Lt 2O e
Hence the error is
__2 T o\ n
2 + (2P
' 3v ot (RY) @T) - (av)- 1
R _pmlo o641 . LR -3 ivs
i i Ar3 2
o ()
+ 3v°(/_\t)2R;‘ (Bi:i,..&.té_)
AN
RO g0, gLt IR
The last term is just _i ._..JL:t_J’ 3 wh¢ch ?§F_§ny reasonable cholce
- Rn a3 owve oce ae

i ca wee e =s8® : ; a =
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of /At should be very smali- compared;td®l,¥q it can be neglected, The

[ XN N}

second term will be called '—~i.~:-T¥1us;‘r;hé-em'c;r in Rnﬂ'

4 produced ‘by an error
$ in Rri1 is 26 (1-L)., sindlarly, the error in R'f:‘"l produced by an error §

in R'i)”1 is ~8L, by an error § in R® | is +& L, and by an error & in RP

-1 i+l
is + J§ L. The propagation of these errors is shown in the following chart
in which an error 1 was made in point i at cycle n, In constructing this
chart it has been assuumed that L does not vary significantly froth one point
to the next. This is true if the pressure does not change much in one
interval. The error made in the radius of point i at time n spreads to
other points. If L>1, the error will spread one point per cycle., If LL1,
it will initially spread one point per cycle but quickly will become attenu-

ated and move with the speed of sound.

T 1.2 -t 1T TTi42
n—-1 0 0 0 0 9]
n . U 0 1 0 0]
n+1 0 +L 2(1-L) +L 0 ..

-2 L2 ARIVAS OL2=8L43  —4L2L 12

A—— - I —— A . T A T s e AT o

A A i e A

The error in a given point oscillates in time., It L>1, the amplitude
of the oscillation will grow beyond bound. If L< 1, the amplitude of the
oscillation will remain bounded, The sum of the errors in the radii of the
points at any cycle is independent, of L and is equal to the magnituda of the
error times the number ol cycles since the error was made.

In any calculation, one tries to have it free itrom mistakes. But there are
errors which are inherent in any numerical computation, These ére rounding
errors, awing to the finite number of digits carried in each number.

r L :> 1 rourding errors will  introduce large and uncontrollable

oscillations in the points, If L<1, t..he._qsc;illatimsii‘rom the rounding

. NPT ye . *t
errors will remain sauall and ones trow.,dngexféx_lté;go}m:g,will interfere

i

with each other, Trerefore, in ordsr *u Bave s }'t'al'»l'ie ’:;Cvlution, the time
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or

At < rT Ar (76)

v
This restriction means that if A r is made small to secure spatial detail in

the solution, At must be made correspondingly small,

Duh—4 _ Arrangement of the Computation Steps.

The difterence equalion(?71) is the basis fur the numerical work. It ex-
presses the radius of a point at a time n + 1 in terms of its radius at times
n and n-1 and the pressure distribution at time n. Equations(72) and (73)
ex.ress the pressure at time n in terms of radii at tiﬁe n. Thls suggests as
a procedure of calculation to calculate from the radii at time n the pressure
distribution at time n and then insert it into(71) for the calculation of the
radii at time n + 1. This set of operations can be repeated to give the radii
at time n + 2 and so on, giving rise to a cyclic procedure,

In Ejuation (72),the pressure p 1is given as a function of two variables,
v and 5, This function is usually so complicated that it is impractical to
compute the pressure frou v and S each time it is needed. If a table of p as
a function of v and S 1is constructed, it would contain one entry for each pair
of values of v and S. In most problems the range of v and S is so great and
consequent.ly, the number of table entries needed is so large, that this is
also an impractical procedure. However, it has been found that many egquations
of state can be adeyuately approximated by a form which requires only a single

entry table and a simple calculation. This form is

= Fp ¥4 pFpk
P ) B A (78)

where b and a are known functions of 1 2 pructical table would have of the

order of 1000 entries with one I.B.M:"ca¥d for @hchivalue of L . Both F;
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and F, and their first dliferencas *Cén; Yo ?br’éﬁe-’f-on the same card. A
thousand entry table would contain é}t;i‘d‘fdv eVery possible value of a
3 digit X = In the problems we solved, we used a 5 digit 5 . Values of
Fl and F2and their firet differences to the first 3 digits of E were read
out of a tablie,and the values of Fl and F2 corresponding to the 5 digit %
were obtained by linear interpolation,

One I.B.M. card is used to représent each material point. The cnllection
of cards representing all the material points at a definite time n is called
tihe deck belonging to cycle n. The computation of the radius at time n and
the pfessure distribution at time n is done on the deck of cards of cycle n.

The most efficient arrangement of the elementary operations within a
cycle depends on the I.B.M. machines available. The procedure at Los Alamos
was developed on the basis of triple product multipliers and the tabulator-
summary punch combination (see Chapter 1). The triple product multipliers
compute thie expressions A x Bx C or A x (B £ Z) in one run of the cards through
the machine, These machines reduced significantly the number of operstions and
the number of card columns needed in a cycle compared to an arrangement using
ordinary multipliers. The tabulator-summary punch combination was used to list
the data for cycle n, to difference a few quantities, and to transfer to a ﬁew
deck of cards the data necessary for the computations in cycle n 4 1.

Each I.B.M. card, which represents a definite material point, has punched
on it the numbers necessary to perform the calculations for this point. Some
of the quantities depend only on the coordinate r, or the index i, and hence

for a given point, do not change in time, They are, in addition to the identi-

fication of the card, the quantities vggzstgz ’ Vo , and bi~%' They
2 3y
r{or ai_&(ZBr )i~§

are Called I‘d.tGS. .' . .ul '.0 I'

At the start of cyecle n, thg!valowingfqﬁéntiﬁles are punched in card i,

in addition to its 1dent1fication°§n ‘r&%e%"”&.- 23?‘1 n—2’ and d ?”l =

!’t‘l" . -
»

® =
“ P
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coluwmn, From this group of quantities

1)

3)
b)
5)

6)
7)
8)
9)
10)
11)

12)
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n-1 e ses 008 ¢80 000 o0
- Pi+5 » The sign of dp iane?rﬁsen%gdébyga? X-punch in an appropriate
® e’ : n:- :.

.
.
3

Ri can be culculated.

The computation is arranged in the following series of operations:

vo(zxt)z el 2
Triple multiplication: 3 (Ri

r
1 Or
Multiplication and addition:
2 2
D ,onl o2 vo(At) n-1 -1
Ry =(R; ~-R i ) + R, dp;

rf ADr

Triple multiplication: (R?)3
Transfer of R7 of point i-1 to card i1 by the reproducer.

Addition and multiplication:

3

@n 2 (8- (R
8/1.} ai~§m"3)i_§ 3 ( 1)
Sort cards into ascending order on first 3 digits of § .

Merging in collator work cards with table cards bearing Fl and F2.
Multiplication: Interpolate Fl'
Multiplication: Interpolate F2.

Sort out table Cdéds.

MWultiplication and addition: p?n% = Fl + bi—ﬁFZ

Tabulator and Swmmary punch: List data from cycle n, transfer identification

and rates to new deck in summary punch, compute 232 - R?-l

and dp? and punch
on new.deck,

A detailed discussion of each operation is given in 6.4-7.

6,4=-5 Boundary Conditions,

The set-up just deseribed is a procedure for the calculation of R2+1

from R?, Rn+l, and R" Rn“l: i.e,, it the radii of all points are given

i i-1’ 74

at times n and n-1, the radii S{ tHes, points aré calculated at later times

by successive application of the difreren¢e squapion (1), But the initial

conditions, the radii at time R U\ [ B S..Y a diffsrence equatirn do not by

ASE
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themselves correspond to a unique, physigyl, gityation, and hence do not have

a unique solution, They must be-:shpﬁw}e:fnenpfe.d;py ofher cunditions, boundary
conditions. The boundary conditions are conditions imposed at two material
points, two values of r. They will be ditterent for ditferent physical
problems, Here they will be described for a detrinite problem, a spherical
blast wave in air.

One of the ccnditions is imposed at the center of the blast., The material
point which was originally at the center remiins there: i.e., the point with
coordinate r = 0 has the same radius, R = O for all times, This condition
1s easily worked into the machine proceaure. The radius of the point, r = 0,
directly affects the calculation of other points on.y in the computation of
v for the point yith next larger r. Since in tne caiculation the cubss o1 the
radil are subtracted irom the cube o1 the radius ol the 1irst point with non-
zero r, it is only necessary to have no I,B.M. card representing the point
r = 0, Then the zero will automatically get tranaferred (in operation L), as
the radius cubed of the peint r = 0, to the next card.

The other boundary condition is that there is an outgoing spherical
shock wave., At thls shock wave the pressure, density, and materlsl velceclity
change discontinuously. The derivative of the pressure, grg , does not
exist zcross the shock; hence,the partial dirferenti»l equation carnot be
used to continue the soliuticn across the shock frort., Boundary conditions
must be applied to connect the soluticn on one side with the solution on the
other side. These bounduary conditions, which are derived from conservation
laws, are the Hugoniot relations discussed in 6.2-1.

The state of the system cutsice the sheck wave is that the air is at
rest at normai pressure, density and entropy. When the shceck wave hits a
particular spherical shell of air, it changes discontinuousiy its pressure

from one atmosphere to a prcssdﬁé pf,:and:it§=density fror rormal density,
L] - L] L - [ ]
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% , to a density % . Here the subé&ﬁxﬁts_ P8 Uded: to identify a quantity
) a ° M f' M '
evaluated at the shock on the hi gh'px’ééstxre'ﬂ(;ét *<n these discontiruous

changes some energy is transformed into heat, giving rise to a change in
entropy of the air, The shock moves with respect to the material; hence its
positicn,r ,is a function of the time,Since a point has not moved from iis
original position at the time the shock hit 1t, its actual radius R, is the

same a3 its label coordinate rg, R, = rg, and rg is a function of cnly one

8
independent variable, the time, t.
The Rugonlot relations are:

velocity of the shock

d = 17}
-.d—t- rs Vo W ( /
_— ps”po
W = s .
Vs (78)

naterial velocity

Ug = (%’%)s: \/(ps_'po) (vo-vs) (79)

the change in internal energy preduced by the shock

Eg = E; = 3(py=py) (vo=vy) (e0)
The internal energy, E, and the pressure, p, are known functicns of v and 5.
If thege functions are substituted into (803 there results an equation relating
the entropy in the shock to the specific volume in the shoek v, This equaticn
can be solved (numerically, if necessary) for the entropy in terms of v, and
this result substituted intc the equaticn of state p = p(v,S). The resultant

functicn in v alene is called }b/.

P(VS:SS) = V(Vs) c21)

If'u/(vs) is used in(78) mnd 3(73), B0 hag Been eliminated from the necessary

relations, which now become Lo S LD A
L ] )

R e et | Rl
A

-
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SO 4 ¢

(X2 X 2]
L ]
asawl
[ 4 q

L ]
a0

e ten cen Tee nee o8
drs - V;'E E E. E E. E E (8?:‘*
dt VO * ecce o ser se0 wo
[ .
W(vg) = Fo (53)
Vo-—vs

Ys = \/(W-po) (\(r) “vs ) (84)
If the general scluticon of the partial differential equation were known,
these Rjuations (82), (B¥, and (84) could be used to eliminate the arbitrary
constants in it and to locate the positicn of the shock. The sclution deseribed
here is a numerical solution and it is difficult to use these relaticns alone,

if any sort of accuracy is needed. Tc supplement them then it has been con-
dv a?

r
r .— t, d . -; s s 4 —
veriient to derive fron them expressiocns for T and e .(See 6,1-2),

Thsse expressions are:

dv_ - Lu_v_w

_8 = 8’3 - 3/2 ELX - (3P GO
at rs - 2V0w (a T 5 ZVO\/W (E—F \Bﬁa

viewy T

3 = o] 3 2 A
dt? zus dt (W \fz)

These fornulas, the Hugonict relations and their time derivatives, form
a practical basis for fitting the boundary conditicns at the shock front.. The
formula for g;a, (88), contains first sggce derivatives of p, v. 1In that
respect, it is of the sare order as the partial differential equation, Hers,
however, it is not possible to use central difference formulas to approximate
to the derivatives. The quantities v and p are disconhtinuous at the shock and
hence two values a firite distance apart and equidistant from the shock front
cannot approximate to the derivgbives ;Thc§a ?tf{trence formmlas, less accurate

than those in the body of the célculb&ien;:':'- ..
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dv - 'sTV-d - dp. =

3T R 1 n, et §° é; (88

are used. (i is here the mass pbint nearest the shock.)

The quantities to be ohtained from the application of the shock conditions
are the position of the shock and of the mass point, i, nearest to the shock.,
To calculate the position of point i, the difterence equation (71) is used except
that (88) is used to approximate %%%. Here as in the computation of %%, a
spmall error is made because of the failure to use a central difference formula,

The procedure used in computing the ﬁosition of the shock 1s so complicated
that it is impractical tou use I.B.M, machines for it, but it can be done satis-
factorily with an ordinary cazlculating machine, The steps in the calculation
can be arranged on a computation sheet so that the time required to work ocut a
cycle on it is of the sane order of magnitude as the time for the machine cycle,
If one person does the hand calculations and one person operates the machines,
the time of a cycle need nci be significantly increased.

With (B7) expressing the acceleration of the shock, the position of the

shock could be cazlculated trom the second ditference formula

d%r_ |\ n
p) = e pn-l 4 A (.....ﬂ
3 s s ‘Z‘L dt?

However, in this form an error in r_ at one cycle afrects the velocity as well
as position in later cycles, and hence it may give rise to long pericd oscil-
lations, The sitiation here is more serious than in the solution of Bquation
{71}, for the shock pressure and velocity are more sensitive tc the pressure
difference than the corresponding quantities for a material point. Ccnsequently
the oscilliations produced by an error may be of lcnger period and larpger ampli-

tude, A more stable formula is

n+l = o 1 (dr\n dr n-1 tﬁ d2r n
Ts ”s""’[aﬁ}“-a@) it

= *®® 298 & .
» ] » b :
If this equation is used,an,8rrGr in r dces: ot produce a significant

29 o986 300 ale see w»
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error in the velocity of thegfhocy.aqd.hencﬂ it is more quickly "corrected"
by the pressure differences, °,° .E. E .E. E.. E.:

drs
i

the results of the machine calculation at

d2r,
In the calcu;ation of TV a?d

computed from Ruation (85)., To get‘;'v: it
dv

The best procedure is tc use the formula

(dv
=3\

,avi>n~%
at

and an iteration method, vg is guessed an

vg is celculated and this value used to compute a new

is continued (it is rapidly convergent) un
formulas as was put intc them.

A computation sheet can be set up whi

s

dv
Vg, and agé are needed. If vg and

s

dt

is not accurate encugh to use

3

that cycle are known, can be

dv oy )
Gy

=z . n-%
directly v, would be needed,

o

n
é) is computed. Then a new
’ dv_\n

3
av/ -
til the sane vg is obtained from the

o (5
dt

This process

ch provides space for the computing

of the varicus elements of the forpulas and the combination of these elements

intc the desired quantities. Each item on

the computation sheet should be in

a form such that its computation requires only perfcrming a single operation

on a calculating machine or looking up the

item in a table, with a possible

linear interpolation. By a single operation on a culeulating machine is meant

a computation in which no intermediate wri
a(b + c)/d.

The pressure table is often made up w
so that the normal specific volume is 1, i
computation sheet was made up on the basis

assumed that the points are chosen equally

1. cycle: n
2. point nearest the chock: 1. ...
3. r: = rr:l + %—ti VAR (W"-‘:j: ;’éﬁf":’?

ting down of a number is needed, e.g.,

itk the speecific volume normalized
nstead of vo.' The fcllowing sample

of this normalization. It is also

:
spaced in r,

)24

.-%‘:—l 4 Vv @
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(This W® differs from the one=deninéd iu Gbs) Qy a ractor \} ) differs

from Eff; by the factor V vo R
at, z

4. é&rn = rﬁ - rn'l. This‘item ié for checking purposes only. Jumps in the

value of ékrn indicates an error in rn

5, 6 = s rn'% r; is the value of r for the point which at cycle n is

nearest the shock,

v\ - 0B
6. (;) - y fI‘O&n I.B.M. listing.
i-4 i-%

7. p? 3 frem I,B.M, listing.

8 vn , -) /// ) +» Items 1 - 8 are independent of the iteraticn
i-% i-3
procedure used in computing Voo
9. v® (guess).
8

10, ¥ ™ from table.

1, «® from table. _ Q_V_n_ = w"
n Ay
12. 4% =1 - v
]

113, (Wn)z = ( n_ po) /Al'l
U, W= (Wn)z. (This W' differs rrom the one derined in (83) by a factor
v5)
v, Vo
16, Hn = no_ pO) (ﬁ/vo)
n
Ts

17. M = [(w")2(1- é/v)—pné‘#po] )
18.(:%“{:&.5#1]/@

R s

ses ®» ® o

19
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If item 19 is not the same as.item 9, .s. new Y; should be gustsed and steps
9 - 19 rep.&ted. '-3 ;E; E 65. E.' E.:

o PPt /6
a. Bt 2 -’ 4 (At)2 p" (Implosion)

Card i is kept out of machine operaticns 1 and 2. Its R, ccmputed in
item 21, is hand punched into the appropriate columns and the card is released

to tlhe deck before operation 3,

22, U =M /v
_ dv,\ B 2 N
2. ¢ = - (;{"‘) [w‘" - | v /m

Since the shock moves with respect to the material, it passes a new point
every few cycles and then a new card must be added to the machine calculations.
The time t#, at which the shock wave hits the new point is détermined by iater-
polation, In this interpolation W"*J and consequently 72+1 are needed; hence
these quantities at time n + 1 must be calculated, The shock specifiec volume
at time t%, v®, is calculated by linear interpolation. J/# and u* zre ohtained
from v#, The assumption is made that in the time trom cycle n to t%, the
acceleration of & mass point at the shock frenmt has not changed .significantly,
so B® is used. The R at cycle n + 1 of the new point is gotten by expanding
it in a power series in time about t*, Since in a precise calculation of
v?*l,v?:i is needed, and to calculate v?+? the position ot the new point is

isd
needed,ran iteration method must be used, The first vg+l used is the guessed

n+-J (item 9). When the new R is calculated, v’:_:i is calculated by hand and

is used in getting a new vn+1. The process 1s r-peated until it has ccnverged.

2sa L+1 from previousiy prepared table of the positionsor the points.
If ™1 i5 less than r2§l' items 25~49 need nct be computed. If r2+]
8
is greater than rg+], the shock has h hlt poin 1 # 1 between cycles n and n + 1,

s .
- -
[ -‘ - -
-

and items 25-49 must be computeds

5.t i+1 - T/

The £ {*s* agﬁ%cximatior tco the time (multiplied by a
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factor \/ v, ) the shock hit p‘fr’ln

26.

33.

34

35.

36.

3.

?‘5’

W
O
.
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Vilee "TF° c e e

t*“‘ié"aﬁ Cther ayproximation to the time

u.«t.-

_ . 4 +l ) ) :
t2 ha (rs i+l) /wn T—
the shock hit point i¢l,

=t (2 At \frg =t-t)) g A, t¥ 1s an average of t, and A t-t,,

Ot e At-t., by ©! The fact v
=~ 2 y_A__{- e Yactors v, and \/vo

are to remcve the facter \/vo in t‘l + t

with t weighted by

21

VA L

(D o-t¥)2/2
(t4)%/2
v T v: (A t-t%) + v:“' t*:l /AL
Z/* from table,
Yra-v / (=)
Ux = (U*)2, the velocity of point i»l just after it was hit by the
shock.

Rriﬂ = "2& + U (Ottr) 4 3 (A t-t¥)? p°

R'{H =} B - Ut ) (At—t‘)z

( % from tuble
ivl

(1> = 375 O + 750 (l.> - 125 (.l.)
i4s /14l a/5 &/iml

quadratic interpolation,

( 4< ) . This is punched on card 1 + 1.
& /1+' i+

AOr
i+l

F % = Fl( Y¢) frow table,

1
h2. F2* = sz ¥®) frou table,
43. b= (Y- %) [Fy
aat b14.% = 30 bj+]_ + o750 LY ;:f"]};? 55:1 1;, ;_'.I‘h:l-: is punched on card 1 + 1.
L5, ‘,\R?.:;_) L IR : ..
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M T T R
3 ‘jn :.. -.: e )
o @7 e
A
47. Ypr 2 L Ly csigrs 3
it (aard) ol L 141 LA
-2

This is the same as item 6 of cycle n + i.
. Rn&l = 1 b n+
48 i+% ) (Y;l:&) * 1+§rF2 (Yid;’
same as ltem 7 of cycle n + 1.

w. Ve /(51.%

same as ltem 8 of cycle n + 1,

6.4-6 Card Layout.

If the number of intervals in r is chosen just large enough to give a
good definition of the pressure curve, seven digits must be used in R. The
nuber of digits in R determines the number of digits in other quantities:
8.8+, then v mist have 8digits, The columns of the card must be apportioned
among the various quantities so that there is space for all of them and so
that the columns alloted to those mumbers punched by a nmltiplier are the
same as the spacings given by available skip bars,

All the numbers to be punched on a card during a single cycle were found
to occupy more than 80 colwans, It was therefore necessary to use two cards
to represent each point. This was accomplished without producing an increase
in the time required for or the nunber of operations in a cycle. Each cycle
uses two decks of cards., Deck 1 is used in operations l-4. Since 4 is a
reproducer operation, the necessary data can be transferred from deck 1 to
deck 2 without any essential complication. Deck 2 is used from operation
4 on,

The distribution of card columns 1s given in the following table;

L'
L]
L]
[
TXXREK]
'] L
sqreae
*
sdane
[ ]
.
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Solumns
—_—

11-16

1723

24

- €0-65

f.72

7378

7580

APPROVED FOR PUBLI C RELEASE

DECK 1

-

LT R WY
" Rt il

Quantitz

Problem Number

- Card Number

Ime (cycle number)

v

[}
3.1/2( A Ry

n
Ry

~ X-punch fer sign of dp

- n=2
zag 1 - R}

blank
(RD)®

X-punch to contrcl shift
in decimal of R3 ,
n=1

Ry

X-punch to centpol shift
iri decimal of R

eyt
blank

X-puneh to control shirt
in decizal of 173 |

blank

Vo( 4 1)2 (Rn_-l)z
re Ar

b1/

Vo( At)?
rg Ar

At




e Tppy 30
"X" in 11 and 80 o a’l Bard 1* :

Co 8 Quantity
1-2 Problem number
3-5 Card number
6-10 Time (cycle number)
11-15 | 0

ai-3(Ar3)yy
17-23 F

1
24~30 blank
31-35 vf_é
36 lank
3742 . last 6 digits of (gn)3

1

43 blank
Lh=49 last o digits of (R’i1 l)3
50 ' blank
1-57
5 A
58-65 blank
66~72 by 3
73-79 ‘ F,

For an explanation of the X-punches, sce the subsection 6.4-7,

6.4-7 The Machine-Operations.

The elementary operations which make up & cycle are listed in 6.4~4,

Here they are described in detail and plugboard wiring diagrams sre given.

Operation 1 - Triple product multiplier, R;*l is squared on the first

. vo( 4 t)2
multiplication cycle and (R;"‘l)2 is multiplied by -f%rz;;:_ on the second
multiplication cycle, R?'l is read from columns 42-48 into the multipiier

32
and aultiplicand counters, and v°(‘°J;L. is read from columns 73-78 into the
Ar

summary counter. The product of the mul}iéli%ati?n:;s Punched into columns
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- o . ‘" o 2
o 2032 SENE
:== G,. !.. .!.':.r.':.
17-23. Ses Figure 8. .s e s owe e
3 L ] . L . . o
= = - - ® [ - @
~ - -- . see ool}=is
Qreration 2 - Yultiplier, Compuu tion of B,
r)—*n"'l n-~?. Ae ¥
2Ry - Ri is read frem aclvomns 2521 inteo the sumIaAry sounter,
[al
?EZ‘A t)c __n-—l 2 o .
s (R is read fror columns 60-65 into the multiplier ccunter,
Ty r -
n-%}| |
and {dP: is read from cclumns 50-56 into the multiplicand counter, The

produzt is transferred frem the products counter into the summary counter
nogitively if there I3 no Xepunch in column 24 and nepatively if there is an

E-punch in column 24, The result P; = (ZR: -1 P.n 2‘ { A t,)

i -&—-—-—-—-— RI-1E(ap} )
is punched ir columns 17-23, See Fgure 9.
Opacation 3 - Triple product multiplier, Computation of (R?)s, R? is read
from solurns 17-22 into the multiplier, multivlicand, and sumuary counters,
O the Tirst multipliraticon cycle, R? is squared; «n the second multirlica-
tice cyele, the cube i3 completed, The product, (R?) 1s punched in columns
33-40,
In many problers, R varies »y a factor 10 in a singls deck, Then RS in
that deck varles by a factor 100C, 8incez this setup allows for the punching
of nnly 8 diglts of Ré, the nunber of sipgnificant digits of R painched could,
for some cards,be as lcw as 5, This would result in a real loss of accuracy,
Howevs=r, hy the use of twc centrcl Y-punches, one in column 49 (see cneration
4 for <he role of X in 41, ) and »ne in coiumn 58, 1t is possible to have a
suffirinnt number of digita of R® punched in all cards,
The X punch in 49 controls thedigits of R2 that are transferred frow the
oroducts counter to the miltiplier counter, 9 digits of R¢ are wired into a
elector that is activa‘ed by the “X'in 45, - The right hand 8 digits are wired
inte 8"NX"mubs of the selector; the left hand 8 dlgits are wired into the
correspending 8 X "rubs of the selectorl. "§plit wir$;.£§€ ased for the 7 digits

that are wired to both"X" and"NX’ mbs oL L’he selector° 'I‘he B C hubs of these

. . = & = 2
- -
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selector positions are wired infe whisipliegr counter, Thus the X in 49
° v s o e

snifts the decimal point in agé*a};,%p:tho rmltlplie" counter, one

-3

position to tie vight y conseduently, it shifts the dezimal point in 7Y, as

ils

it i3 punched in the card, one cclumn Lo the right

The X~punch in column 37 contrela the digits of 8% that are punched,

ot 3 5 ey .
10 diglts o8 RY arve wired frco the products counter in%o the selestor bhat e

. N ryM o, — . v N -~ N .
activaten by the X in 53, The right hand 8 of these are wirex into 3 "NY" hubs

f the 3electory the lefi narid 2 are + i

¢
I

i1

el 1nno the"X“hubs of Lhese 8 selector
Josilions, Again 3plit wires are usri for the € i{vits that are wire’ into

hotin "XMand"NX" mooa, The 8 C tanhg uf these selechtcr cesitions are aired 1o the
ganen,  Thus the X In 58 shifts the Jeaimal point in a5 it is sunched in
the ~ari, LAe onsiticrs 72 the right, X-mnches in 2oth 49 and 58 ghifr i3

i

tnrer columns Lo the right, The giugbeard wiring diagram is ziven in Frure

Jreration 4 - Hepeoducer, In tids Lperalicr Jdata necessary for the remaining
X - - 2N X PR ats - . 15 - S8 S S z "
operations are transferred from Aok | to decr 2, Tnadditlicor,k® of card i-1

ie transferred to ~ard L, Tuis Lransier makes; sossitie the calculation of

v in ceeration 5 Trom duta on a zingle card, Sinze v ig cormuted to enly 5
VA e R X Sr s
Aipits, the difrerence of Ay and Ry _; need nctl nave more digits, For con-

venierce, owever, the difference 19 allowsed to run Lo 8 digits. cthat 14, iv
is piven the range C10000 ta 999%99G, Since the difference of 25 rever aas
more “han € disits, oriy 6 dipits cf 1% need he used in performing the oper-
aticn, Thereflere, only ne dast A dipgits of Rs are transterred from deck 1
The following quantities are tranaferred directly from deck 1 intc the
gane columns in deck 2, The problem number, col, 1-?, card numter, :o0li, 334

cvele number, col, 6-103 the ratae __.Alﬂ_., col, IOoJSi and the rate b,
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col, 68=72, An X frem the O andd X enitters is wired through the coluwan 3plit
and puriched in colimns 11 and 87 ¢n all cards <! deck 2,
- . ) n.,x . .

{ne last 6 digits of (Ry)* are trans{evred from columns 33-40 of deck 1

into cclumns 87-+2 of deck 2Z; the last 6 dit*ta of this quantity are trans-

ferred from columns 37-42 of card i- ! of Jdeck 1 into zolumns 44-49 of card

i of deck 2, 1In order for this operation tobe performed, card i-1 must
prgcedé car i througn tne reproducer, On the other hand, in the tabulator=-

surmary punch operation, eperation 135, card 1+l must precede card i through

the *anulatrv Thus ia cuerations 4 and 13 the zards must have a different

ordering, Ir order 12 avoid a sbrting operation, the cards are in-both op-
eraticng arranged in the order, card i+l precedes ra~d i, bHut in operation 4
tne cards are run th}ough the reproducer with the deck inverted so that the
cards are [ace up, 12 edge first, This means thnat the hu%s wired on the
plugbo;rﬁ must de Bl mirus the card column: e,g,, card column 12 becomes -
slusboard 21 - 12 = 69,

The e xistence of severQI decimal groups in.RS. labeled by X-punches iq
columns 49 and 58, creates a problem in the transfer of Ri_l:for the diff;

erancin; of R®'s in cperation 5 is carried out in such a way that the 6 col-

" umns of H? and the f columns of RS should nave the same decimal point posi-

-1
tion, fTnerefore, when caxd i helongs to one decimal group and card 1-1 to

ancther, a different Lyne of transfer must be made than when both cards i and

1-1 belonjy Lo tne same decimal g g?) This is acconplished by transferring

on that control situxtior ﬁFe next. ¢ the last 8 digits of R® of card i-1

to card i, The X-phnch, in 49 can be used toactivate the selectors, three
of which are needed. Singr tne fppdevar sometimes fails to pick up a 31nglei
X-punen, an X9 punched in crlumn 41, on all cards having an"X"in 49, It

is unlikely that the reoroducer would fail to pirk up both X-punches on the-
same card, - | .

As shown in the piugboard diagram, Figure ll, selector 1 and 3 are
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activated directly hy an X-punc h: in Al rii k9: selector 2 1s also activated by

the same X-punch,bvt through thé_cyile dq{eyzxptf, Thus if neither card i-l or

i have an X-puncu, all three selectors will be unselected; if both cards i and

i-1 have X-punches, &ll three selectors will be selected. The sslectors are
wired scthat inboth of these control situations columns 35-40 of card i-l of deck

1 are transferred into columns i4~49 of card 1 of deck 2, If card i has X-punches

but card i-l none, selectors 1 and 3 will be selected and selector 2 unselected;

if card i has no punches but card i-1 does, selectors 1 and 3 will be unselected

and selector 2 selected. They are wired so that in these two control situations

columns 34~39 of card i-1 of deck 1 are transferred into colwmns 44-49 of card

i of deck 2. For details, see Figurell, Only the wiring of the selectors is

shown in this figure. The wiring tor the rest of the transfers is straight-

forward and is not shown, All subsequent operﬁtions use deck 2,

Operation 5 - Triple product multiplier, Computation of (Rn)Bjs read from columns

37-42 into the left hand components counter; (RP ) is read from columns 4/-49

i-1

into the right hand components counter,and the rate —_e . is read into
233 (A3,

the swimary counter, On the first multiplication cycle, the contents of the
right hand cemponents counter are transferred negatively into the left hand
components counter, thus differencing Ri and Rz 1" On the second multiplication

cycle, the difference of the R3's is muitiplied by the rate. The product

(g): ; = o ,(25?3371 ; [KR?)B - (Rg l)i} is punched in columns 31-35.
- _3 p— -

Since on the first multiplication cycle, the right to left hand components
counter transfer must be negative and on the second multiplieation cycle, positive
(in order for the multiplication to be done correctly), a special control must
be prcyided. This control is accomplished through the use ot the 2 position
selector of the X-skip d.vice. This selector, when activated, 1s selected only

during the first multiplication cyc¢9% An‘WX" vonfivI“impulse is gotten from

LR e e . eoee e o
v 5 @ ¢ & @ o w ® =
P -
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v v =

- w e . °
- - o™ -
- -

se -

the "X" in 80 punches on every. béfﬁ %’Eigurg 12,

different positions is taken care of by making a corresponding shift in the

rate

Vo

ai_%( Ar3)1_§'
Cperation 6 ~ Sorter. Deck 2 is gorted into ascending order on the first
three digits of v, colwans 31-33. This sorting makes deck 2 ready for merging
by the collalor with the cards ot the table of F1 and F2.
Operation 7 - Collator. The work cards, deck 2, are merged with the table
cards, which have been previously sorted into ascending order on their argu-
ment, a three digit v. The merging is such that the table card precedes the
wurk card; hence the tablie cards are put in the primary feed hopper and the
work cards are put in the secondary feed hopper. Those table cards that do not
have a v that matches the v of any work card are selected out and put in stacker
1, The table cards are checked for sequence., Since they are supposed to
te in ascending order, the low second primary hub is connected to the error
stop hub, See Figure 13.

After the merged table cards have been used, ﬁhey mist be reinserted
in their proper place in the tyble so that they can be used in the next cycle,
This can be accomplished with the same plugboard as was used to merge the work
and table cards if the instructions to select the primary and secondary cards
are wired through a selector. The secondary X-sclector is used and is acti-
vated by the "X" in 80 on the work cards. The table cards should not have an
X-punch in celumn 8. See Fgure 13.
Operation 8 - Multiplier., Interpolation of Fl. F1 is reed from the table
cards, interpolated and the result punched on the work cards, This can be
done in one run of the cards through the multiplier if the tuble entries of

Fy have no more than 5 digits and bh; firnt d.fferendbs of Fy have no more

than 3 digits. This limitation ex1s£s'because E. and its first difference

VA F are stored in the € poslt;or rmlbliller iahnt\r as a group multiplier
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T Temm—
tc be used by the work cards., Durin th wed } ”dnd cycie, a unit inpulse is

N ltc""«

e

entered in the extreme right hdnd po

&

tﬁon )ﬁ thqﬂmultlplicbnd couriter and the
last two digits of v,/\ v are read from columns 34 and 35 of the work card
into the two extreme left hand positions of the multiplicand counter.

The calculation to be performed is FI+Z§F5JZXV' F, is read into the
right hand 5 positions of the multiplier counter and £>F1 into the remaining
3 positions. 1In the following multiplication the first three digits of the
product A Flgﬁ>v are computed correctly. The fourth digit of that product
has added to it the first digit of the product Fl'éiv; hencc it is not correct.
However, only tiiree digits cd'[&Fi(}y are needed; the error in the fourth
digit only affects the rounding., On this account the last digit of the inter-
polated value of Fl will sometimes be wrong. The product [kFafov mst still
bte added to Fl in order to complete the interpolation. To do this Fl is wired
frow the multiplication table (it has been multiplied by 1) into the sumrary
counter and AFlAv is transferred frox the products counter to the summary
counter. This transfer is shown as negative in FPigure 14 since in most
equations of state A Fl is negative., The fourth mltiply-crossfoot switch is
set on crossfoot in order to delay punching until the products to sumnary
counter transfer has taken place. The upper hub of the second crossfoot switch
is wired to the upper hub of the cn setting of the second crossfoot to sumary
counter switch ip order to permit the summary counter to receive the impulses
frori the multiplication tuble. See Figure 1i4.

During the course of a problen, p may vary by several faetors of 10,
Seven card coluuns in deck 2 have been alloted to p, Fl and F2 in order to
allow for this variation. Of these seven digits of p that are punched, only

5 can be significent since the table entries frwam which p is computed have

only 5 digits. However, this does not produce any eqror, since when p is

large, small time intervels must be, used Géee 6 ﬁle End only the first 5

digits of it contribute to the value~of=R";_wh@h‘p‘iv~small, larger tinme

intervals are used, but the s cant ~ d* its of p are then the right hand
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5 of the seven that are pupghed.,..Thbe ¢outrel on this variaticn in P is

*

similar to the comtrol on-B5 fp operatfcp 3° The pressure table is Jivided
into several decimal groups, identified by X-punches in columns 73 and 76,
These X-punches designate into which 5 card columns the interpolated ¥ is
punchied, They are read fror the table card and the selectors they activate
must remain selected until the last work card matched w’th that table card
has been punched, The wiring of such an X-control is shown in Figure 15,
where the X-punches In columns €0 and 11 of the work cards are used to keep
the selectors activated, Figure 16 shows thevﬁrgng of the selectors to
accompligh this control on the disits of Fl punched, We have not found it
necessary to use the full capacity of this system, sc only 7 digits are shown
wired to the punch, Although in an actual problem the features in Figure 14,
Hgure 15, figure 1¢ are lncorpcrated in one plugboard, they have been
separated here to make the wiring more eaz’ly understood,

Operaticn G - Multiplier, The interpelation of ¥y is the same as for ¥y
except that different card columns are used, In sore problems bFy 1s small
conpared to Fl' Then it is usually not necessary to inte-polate Fp, ind

p = F1 + bFp can be computed witheut the intermedilste punching of Fy, F,

.8 read as a group multiplier from the table card, From the work cari, b {is
read into the multiplicand counter and Fy is crossfcoted into the left hand
components counter,

Cperaticn 1C - Sorter, The table cards are sorted out from the wcrk cards,
Column 1 can be used, Then all the table cards w}]l fall in the reject
pocket and all the work cards will fall in the pocket corresconding to the
problem nunber,

Cperation 11 = Multiplier, Computation of p?_l/£ b i3 read inte the multi-
plier counter, F3 into the multiplicand counter, and F_ into the left hand

A

components counter, The result, F;+-bFy, 1y fdhched in columns $0-36, Since
this is a standard type I,BN, uﬁi&iﬁlié% cbtﬁﬁtibh, no dlagran is given,
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Operaticn 12 - Sorter.

” o v ® @

ISy 10 E Ll

In the lié? ‘g'éﬁd difYeréneing operations done by '

the tabulator-summary punch, numbe&sf?bm bot1! aﬁbﬁ‘l and deck 2 are needed,

ilso 2 cerd cycles are needed to perform some of the computations. So deck 1

is merged with deck 2, the deck 1 card ahead of the corresponding deck 2 card.

This is done by placing deck 1 in the feed hopper of the sorter and deck 2

on top of it. The cards are sorted into descending order on the card number,

colurns 3-5,

Operation 13 - Tabulator-swwary punch. Information from decks 1 and 2 is

listed. R? - R?“l and dpl are computed and listed. 28] - A1 and dp? are

i

computed «nd punched on deck 1 of cycle n 4+ 1 in the summary punch. Identi-

fication, rates, and Rg are punched ocn the new deck.

The tabulator does not have enough type bars to print all the numbers

punched cn the cards and computed in this operation. The following choice

of items gives the necessary informution about the sclution and includes

useful checks on the calculation,

Type Bars
1-2

22

29
30-35

Alphamerical Type Bars

Jtem Printed
Problew Muiber

Card Number
Tire (cycle number)
blank

tiwe interval, A t

‘bi—é
blank
vo(lkz)z
2 oA .
r{ r
blank

. V(A2

!
L3
vgen

-1
(R{™)?

che®

1
I Y0
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VI~

§

36 7.. see nee Q’. ibla’lk--
37-43 .': .E. E .E. ég‘ E.:
Numerical Type Bars
Type Bar Ttem Printed
-5 n _ pn=l
1 : Ri Ri
N J
6 sign of R'; - Rg’l (Cr symbol

if negative, blank otherwise)

T : ai_ﬁ( ﬁ&rg)i_é

13 X in 49 (asterisk)

14 X in 58 (Cr cymbel)
15-22 RS

23 blark

24-28 V?-l/?

29 blank

30-36 P?_l/é

37 blank

38-44 dp?

45 Sign of dp? (asterisk if

negative, blank otherwise)

It was not always possible to have a blank space between each item
orinted, The items for which this omission occurs were chosen so that the
least confusion resulteds e,g,,. the problem number ard time are the same for
all cards and hence do not interfere very much with reading the card rmumber,
Sometimes alphabetical characters are used for the problem identification,
and in the early stages of the problem the tire does not contain 5 digits,
Only rarely does bi-1/2 have 7 digits,

Since decks 1 and 2 are merged, there are two card cycles for each point

i, The'X"in 80 in deck 2 is ugped-to Mistfngtigh. 1t from deck 1, A1l three

- -

= - -
20 wws w08
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L
L
cote

list-tabulate switches are set to tg ;at;“an« g wmiagr ceycle is taken

every two card cycles: hence, informatica sonesrrs ngyoint 1 i3 printed on

)

one line - first from the 1list cycle follewing the previous total cycle and
then, without the platen moving, from the total cycle, In the follewing
discussion, the card cycles are referred to in the following manners: at cycle
one, the card frem deck 1 is at the upper brushes} at cycle twe, the card
frem deck 1 i3 at the lewer brushes, The tetal cycle for that point is taken

after the card fror deck 2 passes the lewer brushes; this gives time for the

computing of ZH Rn 1

The trickiest feature of the wiring is that for the corputing of ZRQ -
n-1

-1
g On cycle 1, R? ~ is read by the upper brushes and entered negatively

inte a counter, On cycle 2, R? is read by the lower brushes and entered

positively inte the same counter and alse into another counter, Thus at the

end ef cycle 2 one counter contains Ri - H; -1 and the other centains R?.

On the next cycle (cycle 1 again) the first ceunter, on a card cycle total

n-l
transfer, transfers R - Ri

°R1 - P? 1, Then a total cycle is taken, clearing the counters, This op-

pesitively into the second counter forming

eration has, of course, taken three card cycles and the first counter should
have bteen recelving the Impulses from the next card at the time it was trans-

ferring Rz - R;-l inte the second ccunter, This difficulty is aveoided by
using twe ceunters which alternately compute R? - R?’l,

Fer this cemputation twe basic cycles of selector operation are needed,
ere of period 2 and the other of peried 4, The ene of peried 2 is obtained
simply by wiring an fwpulse from lewer brush 80 to the X-pickup of a selecter,
fhen deck 2 passes the lower brushes, an X impulse cemes threugh and activates

the selecter; when deck 1 passes the lewer brushes, no'x"impulse comes threugh,

Therefere, the selector is selected en cycle 2 and is uneelected at cycle 1,

The period of 4 1s obtained by coqper;ing 1tweﬂ 5rush 80 to an X" pesition ef

a selector, upper brush 80 te NX 9_.vhataselactor pesition, and the C ef that
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APPROVED FOR PUBLI C RELEASE

- e

L N 4 L

B =a & L d
& r « o

position te the'I"pickup of the;seIECth, “THe®s€lecter then gees threugh the

e AeR CC8 009 NAM oo
- = s o a s

e
4

L)

fellewing cycle, R
Cycle 1 unselected = (80 LB is connected tonxﬂand cannet activate

selecter for cycle 2)

Cycle 2 unselected - (80 UB i3 connected te NX and nence activates
selecter for next cycle,

Cycle 1 selected - (80 LB is connected to“X”and now can activate
selector feor next cycle, !}

Cycle 2 selected -=° (80 UB is connected to NXand canrot now
activate selecter for next cycle)

and repeat,

In Figurue 17 selectors A and B operite on a3 period 2 cycle and sel-
ecters 3, H, anc C eperate on a period 4 cycle,

Upper brushés 42-48 are wired to MK of a peried 2 selector (selecter A)
and lewer brushes 17-23 to thedxvof the same selector positions, The 7C
hubs ef these positions are cennected to C ef a period 4 s=lecter, Thus the

C of the peried 4 selecter receives on cycle 1, R?'l, and on cycle 2, R?,

This peried 4 selector (selector G) is used to enter R?'l

n
and Ry alternately
inte counters 8A and 8B, The X-hubs ef selector G are wirel Lo the 8A ceunter
entry and the NX te the 8B counter entry,

: n
. Counters B8A and 8B are used to compute R1 - R

n-1 Counter 8D i3 used
n-li

{
to compute ZR? - Ri and counter 8C 13 used to transfer R? te the new deck
In the summary ounch,

Add~3ubtract impulses for the ceunter are timed in the following way:
plug te C gives an irpulse on both times O and 2; a plug to C impulse wired
to a C hub of selecter A gives rise tc 1 time 1 inpulse out of WX and a time
2 1;pulse out of Xy a tire 2 impulse wired te a C hub ef selecter G gives

] ¥ ]
rise to time 2 impulses alternately ceming eut of X and NX, The coun‘ers

are impulsed as fellowz

20 ewe wes o
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2 s e e
e o e s
s o0 O 0 L]
Counter 20 300 s, Time 2
® [ X ) s e
e o o8
da see s0e oo + on every other time
2B - 4+ on cycle 8A i3 not
inpulzed
8C not imoulsed +
24y) * +

Counters 8C and 8D are always clear on the tctal eycle, Counters ¢A
are 3 labke turng ciearing on the total cycle,

The ccunter total exits of counters 8A and 8B are wired intc the X and
NXerspectiv%l;, of selector H, The C of selector i {: wired to the C of
seiector B, The LX -f selector B is wires to £D counter enlry, Tnus a4 and
88, alternztely, on time i, transfer R? - R?“l intc counter 8D, which on the
preceding t.ne ¢ had H? ¢entered In it, If the totals from 84 and ER werse
nct wired througn selector B but were connested direcily ¢ €D counter entry,
a back circuit would result when counters 4ABCD . which ;re used in eomputing
dP, go threugh a conversicn cycie, 3ee Figure 17 for the wiring,

The tabulator fs instructed tc take o rpirer toial cycle after cycle 1
5y %iring lovwer brash 8C to digit selector 2, The 11 or 'X'nut of digit sei~
certer 2 Ls wired to Lie corparing relays,  On cyele 1, the %in deck 2 cards
gends an imzulse through this circuit, 3Since the comparing relays zo not
recerve g matching impulse, an auegqual impulge is penerated, This 13 wired
to tae mincr total hub,

The computation of dP? =« B¥ - Pz ig similar to the computaticn o

1-1/2 #1/2

-1 : . ~

ﬁ? - Rg . Two 8 position counters are used alternately, Since, Ga, &%, €0
and 8D are already in use, two 8 positicn counters are mady by connecting

4h te 4B and 40 to 4D, P 1s read into these zwanters from upyer brushes 51

L.k r - o -
av Lime 2, Gle

[94]

L
i

countery are “npulsed alternately plus an! mnus at time 2,

They receive no add or subtract impulbge ut tIM*? *hence no selectors are
'!:i ¢ - . ®

- - e =& @ ®
= - e pt .« ®
. v e
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D

needed to control the counter gritry impulsepg:s -8glector C, which operates on a

Tsed -fPom the counter total exit to the

period of 4,1s used to controt the
type bars, If no selector is used here, a back circuit will result and wrong
numbers will be printed, See Figure 17 for the plugobard wiring, The items that
are listed and transferred are not shown in the wiring diagram, They are standard
tabulator Operaticns, and their presence in the diagram would require sc many
lines that the diagram would become almost unreadable,

X-punches are transferred from the decks of cycle n to deck 1 of cycle n ¢ 1
by using them to direct a counter te go through a conversion cycle, Then the
summary punch can be wired to punch an ®X*, The counter is made to go through
a conversion cycle by wiring the add-subtract impulse through a selectcr
activated by that *X*, The selector is wired so that when it 13 controlled the
counter subtract hub is impulsed, Then if the extrems left hand position of the
counter has no digit entered in it and the CI and C hubs are wired to counter
balance control, the counter will go through a conversion cycle,

The summary punch plugboard wiring diagram is alsc not shown, The totals
of counters 4AB and 4CD must be wired to a selector and the common of the
selector wired to the punch, If this is not done and a circuit connecting the

punch to both counters at once is formed, wrong numbers will be punched,

6,5 THEORY OF VIN NEUMANN'S METHOD OF TREATING SHOCKS (Peierls)

6,5-1 Intreduction,

It is well known that in hydrodynamic problems involving compressible media
there may exist shock waves, i,e,, places at which the velocity, pressure and
density are practically discontinuous, and at which the equations of Buler do

not hold, The reason for this is that the Buler equations assume the changes

in the material to be reversible, whereas at a shock wave gradients

become so large that the dissipatiVe el fects : (*;'i.ac:os:ity. heat con-
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duction) become important, Iadbéu, :M’t:ﬁ‘limft usually congidered, in which

t1e dlssipative terns ars small twe the an(t4°appr0pr;ate to the problem, the

shock is a sharp discontinuity and the gradients are infinite,

Therefore, it would in general not make sense to assume Euler's equations
to hold even across the gshoex, Von Neumann has pointed out, however, that
the gltuation 1a different if one uses, instead of the differential equattions,
tne approximate differ«nce equations which are the basis of a mechanizal
methad of treating the o~quations, In conditions where'a ghock would forn,
we know Lhere exists no solution of the differential equations, Any solution
of the dilfference equations will approximate to a solution of the differential
ejations only 1f the changes of all functions over one interval are small,
herce the differeace equations cannct be expected to have any solution of
thig kind at a shoék‘ There are, however, solutions of oscillatory behavior
containing fluctuations with periods of the order of the interval size, These,
aczording to von Neumann, can be regarded as a model of the increase of entropy
in the shock, and indeed the fluctunations thus obtained represent therheat
mction af the snocked material,

It 13 evident that thls model of the heat motion i3 very crude, and that
3t does not represent cogsrectly the thermal behavior of any reasonable sub-
stance., However, there are many cases of interest in which the influence
of temperature on the equation of state i3 neglipible, and in those cases
o2 may €xpeot that the <rror introduced by the model may not be serious,

The purpose of this section 1s to study the difference between the model
and an actual substance in more gquantitatlive detail,and to derive criteria
that may gerve to estimate the error in individual cases,

€.5-2 Baslc Equations,

In one case of a one-dimensional problem the di ferential equations

@b.)::,l__ ap p....p..&)-:..g%:. (89)
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whére y is the position at timé o %LIi®* 'SInt’ which would be at x it the

s @ ] L]

a
- o

material had normal density. S‘isgpr;ssﬁf‘t,“ﬁhi‘éll is assumed to be a unique
function of the specific volume V (reversibility). More precisely V stands
for the ratio of the volume to the normal volume., The nornal ders ity is Pyr
The difference equation is obtained from this by choosing time intervals
Nt and space intervals /A\x, so that after neglecting higher than second
powers of the interval sizes, (89) becomes:
AT A

_ n _ n
(A t)2 ./DO(Ax)‘2 (pi“"}é pi"é)

1 (60)
VW= AL -
i oOx (y?+§ y;‘_%)
Y
Where n, i, label the time and space intervals:
t, = n At + const,
Xi = i A X + ConSt. (91)

We apply these ejuations to the state of affairs we expect behind a shock,
vwhere there will be irregular fluctuations superimposed on a "macroscopic" or
mean motion, If our interval sizes are chosen correctly, the mean quantities
vary little over one interval and over a few intervals we may regard all macro-
gcoplc yuantities as uniform.
| As to the "atomic" motion, or fluctuations, we shall assume that the
amplitude is small. The limitations introduced by this assumption will be
discussed later., We can then write

n_ -n n
Yi=¥+ 7y (92)

where the bar denotes the "mean' positicn and ?2 is small., Then

n = dp\ 3 (o, B0 5 2°n""
Py =P (V) + (—;V>Z—x (7? i}%%- (: 119

and (90)becomes:

. (93)
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w0 v s 3o,
n+l n-1 ="' Rl A R L R
I L) T a4 gy
(D)2 fo A2 ) 7 T 270 * s )

Solutions of this ejuation can be written in the form

’7;‘ =ae J(n@+ 1Y) j=y\-1 (95)

where A, ¢ ’ W are constants. Inserting this in (94) we have

. 2 d

(1- coa ) = - ;jgx)z (df')v (1~ cos 1/) (96)
It is well known that the factor

1° - wf_z G _EP_ > / ('97)

Pl x) av )y

nust be less than unity in order that the step-by step solution of (9C) be
possible. Indeed, it is evident from (96) that if 12> 1, @, is imaginary
nesr V= /7", and hence there are disturbances which will grow exponentially
with tiune, making the systen unstable,

Othervilse, there will be N frequencies, where N is the number of space
intervals in the region under ccnsideration. The values of Vbelonging to
these will be spread unifornly over the interval -77 to 777 .

If the linear Bgquation (94)were rigorous, all these oscillations would be
independent. Since, however, the correct ejuation (90)does contain terms of
higher degree, there will be a certain amount of coupling between oscillations
which, given enough time, must produce some kind of statistical equilibrium,

For strong amplitudes, where the terms of different degrees in the ampli-
tude are coamparable, it is clear frcm dimensional arguments that the "mean free
path" of the oscillations, (i.e., the distance a wave travels before equilibrium
has essentially been established ) that the oscillation is of the order of one
interval size, with a numerical factor wpicb, hy a."alogy with the prcblem of

waves in crystal lattices, one wot.u.d exp:.c.t _§,9 k;e la‘rger than unity. As the
nean amplitude is reduced and the *écudTing ié'w}gzka._r?, the mean free path increases

»
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further, and one would thus expeet bty e fon some appreclable dlstdnce behind

the shock the oscillation cdhéed by thed.shock.} mdy not be in equilibrium, This
effect extends over a greater distance for weusker shocks.

6.5-3 Thermodynamic Relations for Small 1,

We have seen above that we may expect statistical equilibrium to be es-
tablished except very closely behind the shceck., To this equilibrium ordinary
thermodynarics is nct inmediately applicable, since Bjuation (94) is a difference
equation in time as well as in space, and hence energy conservation does not
hold in the usual form.

If however, 1<< 1, the time interval is negligible in comparsion with the
space interval, and the e.juations are then essentially differential equations
in time. They are closely analogous to those for a one-dimensional Born-von
Karman lattice. Since the equations are linear and there is a restcring force
for each degree of freedom, it 1s clear that in equilibrium the thermal energy

will be kT per depree of freedon,or

Eip, :Jo le KT (98)
o

per unit mass, where 2%; is the number of degrees of freedom per unit length,
k Boltzmann's constant, and T tle temperature.

The unit of teumperiture i3 here arbitrary, since we cannct measure the
temperature of this fictitious system by bringing it into thermal centact with
any other physical system, hernce only the product kT has a definite meaning.
For convenience we choose our units of temperature in such u way that

k =J;% Ax ( 99
or the mass per interval, hence
B,y =T (100)
A3 in any other oscillating systeu, thls energy is on the average half

kinetic and huslf potential. Hencé fcr { he Pin=t19 anergy per unit mass

§§§§§

i 2= 117
2u -

. >
z an ana - :'- s & = ®
z - = =
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2 2k P I N A
or v;i ::: .:‘ :.. :5:‘ .: )
ﬁ = T .i: .El E 0:.. E.O E.: (101)
where 1 v '
u = 9% (102)
ot

is the velocity associated with the fluctuations, and the bar denotes the
statistical average.
Equation (1) may be regarded as a definition of T and allows one to

estimate T in any individual case, The potential energy per unit mass is
1
= L.
E(W) = 5 f pdVv (103)

For small deviations, to second order inclusive,
— b d - d -
B0 = B0« 2= pME0-1 A (B @2 (104
Po 2 %5 (@7 )
On the statistical average, the first term gives the potential energy of the
mean density without terperature, the second term vanishes, and the last re-

presents the potential part of the thermal energy, hence:

e (. .32)_ V)2 = Lr (105)
%/DO dv 7 2
or _
= 2 dp -1
(V=17 = _g,T av-[ (108)

Since %5 is known and T can be found from (101;,this relation can be treated.
However, the ejuality of kinetic and potential energy, in the time average,
helds for any harmonie motion whether in equilibrium or not. Hence this test
merely verifies that the amplitudes of oscillation are weuk enough to make the
notion essentially harmonic,

Wg can now find the pressure caused by the heat motion., By expansion to

seccnd order

Soodp o pads et ST TR
pep@® e 0D +%a§:‘; R (107)

On the average, the first term is The pressute &3 'to the mean density without
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oyt oni,
teuperature, the seccnd term vylisped; thé 14%€°is the thernal pressure. Hence
d2p - L oo » ...-...' e
= 1 -0 = ok (7-0)° d‘ﬂ& 3
Piny 5 [;\;Z}V ( ) 5 (V-v) IV |av (108}
d
(The negative sign comes from the fact that ﬁ is necessarily negative,)
Using (106)
- d Idpl
= - T = ot 4
Pth U <1°3 v (109)

The same relation can be derived in a different way. 1In general

p:—ﬁ:-_/oo%%

ov {110)
where F is the free energy per unit mass, and v the volume per unit mass.
f is a sum over the different degrees of freedou, and for each degree of
freedom,
K = - kT log W, + const. T111)

where Wi is its frequency (in radians per second) and the constant may depend

on the temperature but not on V. Hence, using (99)

2
p S T éx 5,‘ d log Wy
th T (s

the sun to extend over all degrees of freedom belonging to the region considered,

\
which has a total mass M. The freguencies are to be found from (96)with

W=—2. @

Ot $113)
If 1 is small, the right-hand side of (96) is always smull, hence @ is a
small angle and the left-hand side can be replaced by % @ 2. Hence each of

and

d
the frequencies is proportional to 'EI%-

"

Ws
i

ldp | ‘ )
£y \/45% (114)

where f; depends on the wave numb.ex: 2_&’! bud* nut tn V. Hence zll terms of the

sum in (112) are ejual, and the nmr.;ber:sor-toims:{rs:e:;ual tu the number of intervals

're 8

in a4 mass M, i. e,, to

P | 51
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N
By O S (118)

- 'T -
i '

i

Inserting this in (112) we obtaln dg&ln (1 5

This derivation is of interest since it shows the dependence of the
result on the relatlon (1M),which is not correct unless 1 is small.

We may reasonably surmise that, for our present purpose, 1 can be re-
garded as small as long as (114) is substuntially correct. To test this, the
solutions of (96)have been plotted in Figure 18 against 1 for different angles
96 . It is seen that all lines zre straight in good approximation up to 1
= % and in view of (97)this means that in this range all frequencies are
proporticnal to \/Tg%]. For 1 = % only the uppermost curves begin to bend,
and without further investigution it is not possible to estimate to what

extent this would «ffect our conclusions.

0, 5-4 _Hugoniot Relations.

Consider now a shock running into material at rest. (This causes no
essential loss of generality.) Let Vl be the specific volure, pl the pressure

ahead of the shock, and assume there is no thermal motion ahead of the shock,

Then the first Hugonlot relation is

u = U(l-ﬁyvl) (118)
where u 1is the meun velocity and V the mean specific volume behind the shock,
U the shock velocity. This relation only expresses conservation of material
and must be satisfied automatically in our model.

The other two relations:

2 - V
- =_poU (117)

K4
and

Ay (B = By) =2 (V- T)(p +py)

(118)
eeo o®® ". -
will now also contain the thermal preqsb“e“dnd.ener
,1;2.:0 :-- ':" see 0
= Lo
v) - + = - .o - Y)Y 2% "
p( Pi¥ Pep® Tormaim Iyttt (119)

R
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Figure 18

Frequency as function of 1 far varying

ratio of wavelangth to spacing
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= N - l gz ;i__:‘ -6. :.o 1: N !.‘_._-l -
4>Pm"ﬁ+%ﬂ'5f”pﬁﬂiﬂﬂ(ﬁ“w (120;
It is convenient to write g for the ratid *** °°
Een
=L e .
& "7 P (121)
Then, by (100)and (109):
2
= |4 B
g 5 108 |37 (122)
and with this abbreviation, we can solve (120)for Py
1 -
< 2. (1Y) - 5 [B(T) - E_l_]
Pth " 1 T (123)
g - 5 (Vl-V)
and
LN _ e lp@® - m] + mn®) - BED - 5]
2 1,y = ) 124
vy g =3 (n-V) (124)

The thermodynamic properties of the model are unimpcrtant as long as (12) is
stall compared to the pressure p(V). st the same time (123)allows one to

estimate the amplitude of the fluctuations to be expected behind a shock of

given strength,

For this purpose one nay either compare the average pressure with the
pressure belonging to the average volume V or use the mean square velocity

fluctuation, which,using (121)and (10¢) (101), is

2 - _‘
Uoh = B Py, (125)

For strong shocks it is evident from (123)that there is a limiting compression
ratic which cannot be exceeded even for an infinite pressure,and this is given

by the condition
g = =2(V, -V)
3 ] (126)

As g depends on the volume in the final state, it is most convenient to express

the limiting compression by giving_tng'h}ghgﬁp_yplp@e V, for which a given 7

can be reached in a single shuck:."

- .
« sve ece wes

Tf’ -

A

V. =V + g

1 AT

(127)
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Figure 19 shows g as a fuxag o 't[:m ;s:;‘m;:i:f ic¢ volume V for air,
fch ; gi%@&*? cun be reached.

Figure 20 shows the thermal pressure for air, starting at normal
volume, For comparison,the "cold" pressure, P(V), and the correct
thermal pressure, as calculated by Keller, are also shown,

It is evident from this figure that, whenever ihe thermal pressure
amounts to an appreclable contribution to the cold pressure, it is
considerably in excess of the true value,

Table 6.5-4 lists the thermal pressures for air for various values

of V1 and F.

From these values, the meun amplitude of the fluctuations was

obtained by the forimula

5 -1
;1V‘ = P !EE | 4
th & |3V | 128)
which follows immediately from (1068, (100)and (121). Since for a
harmonic oscillation the root mean square amplitude is -f?gg times the
maximum amplitude, we can define 4 minimum volume that wouid be reached
- 2

for harmonic oseillation of the same AV, This is

v =V - /[é NG

min Vo<s (129)

See Table 8 §-1,
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6,5-5 _Other Effects. R A

The analysis given in the.ﬁ;ésiohs ébbéiéni is in some ways still very
idealized, and we want to discuss a few effects that have been neglected,
(1) The fact has already been referred to that the discussion applies
only to small 1, and probably in practice to 1< 1/2. This probably
covers all applications of practical interest.
(2) Moreover, we have assumed that the ¢scillations are always in
statistical equilibrium, In fact, all oscillations arise at the shock
front, and it will take them a finite time to get into equilibrium,
This means that there will be a region behind the shock front in which
there is no equilibrium. The extent of this ragion is inversely pro-
portional to the temperature,since the establishment of equilibrium
depends on the coupling between difirerent degrees of freedom by the
terms of higher order in the amplitude of the oscillations. This effect
may cause errors if the extent of the non-~equilibrium region is compar-
able tc the distance over which the dynamical variables change apprec~
fably.
(3) 1In the discussion given above, we have assumed harmonic oscillations,
which is correct only for small amplitudes. When the "thermal" pressure
exceeds the "cold" pressure this 1s no longer Justified. As a result the
thermodynamic properties of the system may differ from our description at
high temperatures, and in particular'the limiting compression may be
appreciebly aftected. On the other hand the limit of applicability of the
method will remsin unchanged since this refers to the condition that the
thermal pressure is negligible, which means that it must have small
amplitude.

(4) Conduction of energy. In the physical applicationsof most interest

heat conduction is usually neé}igipl&;ané.éi.a§§5rate model therefore

ought to give adiabatic change§}i§-tno_§ﬁ§t§j§£‘§atter everywhere except

='ff—_va |
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at the shock front. 1In our modél et ét1¢rs aﬂflnite heat conauctivaty

carried by the sound waves and Iindteﬁ né;hl; by the second—order terms

which iimit the free run of such waves. The "mean free path" of the waves

is dimensionally of the order of the interval size, mmltiplied by a function
of temperature which is large for low teumperatures, Hence, cne may expect
scme error due to this effect for weak shocks. However, as the heat content
is then small, this will not lead to appreciable errors. In any case, for
any shock strength this effect can be made negligible by a generous choice

of the number of intervala used.

(5) Changing interval size. It is often convenlent in calculaticns not

to make all intervals equal but to use groups of smaller intervals in regions
where more structure is required. Consider the boundary between two such
groups. Physically, the two parts of the material ought to be in equilibrium
for equal temperature, i,e., for equal energy per unit mass., However, in the
model this does not correspond to equality of temperatures as defired by (100)
since the latter is measured on a conventiocnal scale. In the mcdel, the two
groups of points are in equilibrium if the energy per degree of freedom is the
same, which means different energies per unit mass. What we have doﬁe corre-
sponds, in effect, to using different values of Avogadro'e number in differ-
ent parts of the material.

Suppose, fcr example, that a shock is moving through a range where the
interval size is /\ x, and that a short distance behind the shock it is re-
duced to /Ax/2, Then, as soon as the disturbances have had time to travel
back to the region with the smaller intervals, an equilibrium will be approach-
ed in which the energy per interval is the same, so that the temperature at

the small intervals will be twice as high as in the larger ones.

6,56 Application to Spherical Problems.

An important class of problems ron*&rn% ﬁntior with spherical symmetry.

Then we have, in place of (89), _ ... . eee s s o
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where R is the actual distance from thq center, and the independent variable
r is the original distance between the point considered and the center. If
we are to obtain the linear equations for small disturbances, we must bear
in mind that the mass contribution to the free energy cormes from oscillations
with wave lengths of the order of the interval size, and that, for any reason—
able choice of interval, this is small campared to th; distance from the center.
Hence if we write again
R=§+"? ‘ (131)

where R represents the undisturbed motiocn, the variation of 17 is much more
rapid than that of K. Hence we find:

ve 2 2 2

Ttakw bk (2
Here E; should be regarded as locally conatant, If the caleulation is carried

out with constant intervals in radius, this leads to an equation of the type of
(94), It is still true that upon a change in volume each frequency is pro—
portional to \/rgéf‘and hence the formulae of 8ection 6.5-3 still apply.
However, in addition,the frequencies vary with R, the position of the
radial element, and thus we find a dependence of free energy on position. This

means a radial force G per unit mass,

Gz~ ¢F (133) -
3R
Using (111)
6= Solx s olog Wy (134)
i 3R

and, in view of (132)

dlog Wy = 2
OR ~ R vee o eve ses oo
s that
G = e & =w oo © :" 2 . P (135)
R . % - - ®° iy =
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Uﬂing(lzl) and (100): .:' ‘E' E:O .E. E.. oo
- 28 Tosee s0s oo :.
G=- g5 P (138)
R/DO th

If g is near l/2,which is the case for a considerable range of values

of V for air,
P = - Pyp/R (1s7)

If the true pressure varies, for example, as the inverse radius, the true
pressure gradient is - *% » and thus the relative error in the acceleration
is of the order of Pth/p’ i.e., the same as the relative error in the pressure
itself, '
6,5~1 Comparison with I,B.M. Calculstions.

In the I.B.M. solution of the problem of a spherical blast wave, the
von Neumann method of treating the shock was not used; conditicns at the
shock front were treated séparately by the Hugoniot relations,which gave
data to be used as boundary conditions in the I.B.M. solution. However,
another problem, that of a plane blast wuve in air, was treated by the von
Neumann method. One would expect that this problem would give quite clean-—
cut results, since there is no change in interval sige and there are none of
the effects of the radial problea,

Figure 22 shows, for three mass points, the specific volume as a function
of time, Since the period of this oscillation is considerably larger than
one time interval, the curves show the motion quite clearly; for the dynamical
‘ quantities at fixed time, the period is of the order of one mass interval,
and the curves are not clear. It is clear that the motion is fairly harmonic;
-the firat‘miﬁimum thus should represent the mean volume of the shocked
material minus the maximum amplitude of the shock,and the curves of Figure

21 should be applicable, We get:

-
¢ we0
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SOLUTION OF THE TIVE Damﬁ ot _@f_g“_t ATION

Sve wee g

S, Goldberg and J. Kemeny

7,1 MATHEMATICAL FORMULATION OF THE PROBLEM

If one considers a system of particles moving in a material which both
absorbs and scatters, the distribution of these particles in space and time

i1s given by the Boltzmannn Bquation:

+1
bh(‘ﬁu,t) . V({4+f ' ’
SR+ vn(Y,Lt)=-avn (Y,H,t)ﬁ'o_;_(z_*_.)‘('n{f,p,t)dp (1)

where

n(r, ;A ,t)znumber of particles (per unit volume) at point r, at time t,
moving in the direction given by the direction cosinefi.made with the radius
vector,

v = velocity of the particles,
(O =the collision probability per unit path of length,
14f = the mean number of particles emerging per collision,

As an example of a problem to which this equation is applicable, con-
gider the followirg: A known distribution of neutrons is introduced into the
system, Depending upon the geometry and material construction of this systenm,
the neutron distribution will grow or decay in time, (Provided that the dis-
tribution is not stationary,) The Boltzmann Fquation (1) describes the growth
of such a neutron population, The asymptotic solution for (1) shows that the
population grows as e"‘t . We want to find S

We must first reduce equation (1) to a form more suitahle for numerical
solution, To do this consider the grai‘ent in (1) *aken along a given dir-

eclion described by the coordinate q, The equation then reads

an(avt/ut\ vaha*é;“t)—-c'vw( ut)+an(futdﬁ (V)

#e now make substitutions = I

g . e e
- 2 : -\l. :oo g! oe E hd -'.

<t 4
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Equation (1) now becomeu

.*_‘%Y.g“tuo-nvut QQiﬂf n(v,Mt)du’ (2)

if we now multiply both sides of this equation by € ‘E. we may rewrite it in

+!
o L(v,u t)e"] = g(+d) e"’"’_J"n(Y.ﬂIt)dy’ - (2)

Integrating along the direction & from initial point £, to a final

the form

point i . We get

h(&)ecé—h(io)eag""" O("b"p f Y,Ut d#da

and rewriting gives '5.'-"

n)=n(g)e®® ) ff—(-’fﬂ o(té‘)f (vut)du'dd’ (3)

Now if we let & refer to Lime t, & to time t-'At then
_ 94Vt _ g-vats+v(t-At) - ya
& 5 v 7 vat

vA t is of course the distance the particle travels in a given direction in
time A t, provided that it suffers no collision'a. Under the tranaformation
& - f:',’ =svAt,
equation (3) becomes (4)
(Y put)=n(Y-8y M-§M, t-at) _fgl‘-iﬂvndsfdpe h(f— SY u't-sat
Muation (4) i3 now in the form which can easily be t.ransformed for num~
erical computation, We want to treat this as a two-dimensional problem;
therefore, we shall assume spherical sy.metry,
We must first fix intervals in space (O r), in angle (A/U ), and in
ime (A t). The details of thia procedure will be ciutlined in section 7.3.98Y
and 4 are then functions of r,/u » and these interval values, We can easily
find these expressions with the aid of the following diagram, Our problem is

spherically symmetric so that we need consider our equation along one radius

only, 7o s Tt

- . -
j)m
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An application of the law of cosines and the law of sines to the tri-

angle indicated yields the equations
(v - § r)z =1 ¢ (vA t.)z ~2rv At M,

- NCGCAR
'f"'—-%' [ur -

One may easily verify algebraically that ® r and 5/14 are given by the following

)

r-R 5/(42/4-%11/_(r-vAt) (5)

formulae

or

i

Where

R

i}

Vi L (va 08 - av A t M

It must be remewsbered that I,B,M, machines can perform arithmetizal
cperations only, and therefore we must make further simplifying assumptions
to be able to carry ocut the operations indicated in (4), We first assume
that the term n(r - 9 r, M- s/u s t =At) is a linear combination of
r;(r,/ll » t=At), n(r, u "_’_A/J:.. teA t), nir :Ar,/u s t=At) ad n(rgAr,
/4 + A/u . t-At), Here, as in the following paragraphs, the 4+ or = sign 1s
adjusted so that we should always get an interpolation, not an extrapolation
formula, That is the + sign goes-with A r(A/U ) when & r (S/U ) 1s neg-~

ative, the - sign goes with A 8(;3;1}‘: whesd ?’?{S’/U) 1s positive, Now

APPROVED FOR PUBLI C RELEASE
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“{Y./“'s/"‘)t’bt):&';‘ ’5/*“‘( t- ’4/“"'5/4) (Mt Atﬂ

and [
n(f-8Y,H-5 t- At):'- L]_SY[n(YtAY,A-s,u,t-At)+(AY-!SYI)n(Y,/J—S,u,t-Atﬂ

Using these two interpolation formulae one eagily derives the final equationg

N (Y-8Y,4-S 4, t-AL)z ‘2:2;‘4' Y‘l(YtAYl,utA,u‘t~At)+‘3‘2$if‘L"S/‘n n(reay ut-At)+

(av-18Y1) I Bul ) (av-1ov1){apm- {sul) . o
AV Al ny, Mtaut-at)+ TV n(r M 1-4T) (6)

Having chosen the radiil and angle values and intervals A r,A/u A t,
the four coefficients above are fixed constants for given r and/u . Since we
agsume that the density remains constant,C 13 a known constant in any oarticu-
~ovat
lar material, Since € i3 a constant for the oproblam, the evaluation of the
' -ovat
term Y\(Y-SYJ/A-S/J,IZ-At)e in equation (4) is reduced to finding the sum of

four products, FPEquation (4) now has the form:
n(rMt)= a;n(vzar, HEAY L At)+a n(YEAY 4 t-At )+ agn(rutam, t-At) +

-gvALS
Qg (1 p,t-at) + 2L vAtfdsj’d,u N (1-$8Y u't-Sat)e )
where the a; are the \.O&fflC"Pg ts in (6), each multiplied by e-GVAt .

We turn now to the simplification of the last tern in (7) involving two
integrations, with respect to/u and then with respect to the auxiliary vari=-
+!
/ 7
able s, We dencte the intogralfh Y-SSY,}J)'t -SAt) d/U by

(Y- sS{ 1- SA‘t) In order to evaluate
-gvAts (8)
h(r-ssY t-sat)e ds

we assume that n(r,t) varies linearly in r and t, Then the integral (8)
becomes a linear combination of n(r,t), n{r » Ar,t), n(r,t- A t), and

n(reAr, t-At), Just as we derived the interpolation formla (8), we can

~—
s}
~—

similarly demonstrate that -
h(v-s8r,t-sat) = (1-5)(1- 51—)) (v,t)+ S(1- s)l‘s_v‘ (rra¥,t)+
s(1-s LT (1,t-at)+ s“l%ﬂ" YEAY t-At)
One may easily ver;?;tt}sm fol];owing;;‘?éj\n'\;%.é_e_ovAt N e-cVAt
f{As +Bs+Cle ds = f I'.Q’V.%t 4 {ovat)L *+7 Tavat
ovat - e °V°t 4 4 °VNE
cvaf (CWAtlz _
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We may use this general integration formula to integrate (8) after substituting

(9) for N (f—SSY,'C-SAt) . This reduces the last term in (7) to exactly the

same form as the firat part, i,e,, to the gum of four simple products, Eguaiion

(4) now has the convenient formi

NV M E)= @ n(YEAY, MEAp t-At )+ a,n(rdAY (4 t-At) + agn (Y, M AN t-At)+

agn (Y ut-at)+a n(rt)+ agn(reart)+asn(rt-at)+agh(rtart-at) (10)

For the exact value of the a; see Section 7.3, I
There remains one further problem, Equation (10) tells us that in

order to get n(r,/u , t) we must know n at t=A ¢, and n at t and t -A .t,

In the problem as stated above we have n and n at t= A t, but we do not have

nat t, (i.e,, we know the distribution up to time t= A t, but we have yet to

find it for t.) Finding it for t 1is precisely our problem, We have to make

the further assumption that n grows exponentially in time at a given radius,

i.e.,

YAt

T’x(r t) = @
air,t-At)
It is then easy to see that n(r,t) may be expressed in terms of known quan-
tities as follows:
= 2
Ar,t) = [kr_"(”t' a4)]
’ V,t-24t)
In the following sections a detailed description will be given of the

I.8,M, method used in solving Byuation (10),

7,2 1,B.¥, PROCEDURE, GENERAL QUTLINE

Our problem presents itself tc us in the form of glven distributions

n(r./u ot), nlr,t- At), and n{r,t),from which we have to caleulate n(r, u ,

t+At) and n(r,t+ A t) by thd.u8é of the folldwing formulae;

a®
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nir M t+AL) = @ (YEAY, 42 AU t')-+a4h“(r+,w St agn (v pthut)+
agn(v,mt)+agh(rteat)r a fify +Af't‘+°mj4cx, (rt}r agh (mw 1)
1
WV (Yt tat) =f' n(Y,A,tMt)d,u

where 8, are the functions of r and U4 only, and the ¢ signs are fixed for

i
each r./u .

All the quantities up to time t are known, but we do not have n(t+ At),

As stated previously, we assume that

n(t+ At) = %t’—)f]z

—At)

Therefore we start out by squaring n(t), and then we divide the square by
T(t- A t), (The deck containing these n's has only one card for each r;
hence, it is known as the small deck, The large deck contains the n's, having
one card for every combination of r and/l .) After the small deck has gone
through operations 1 and 2, we have all the needed n's and n's, and we have
to multiply them Sy the fixed a;'s, Whenever the;‘e is a problem involving
a large mmber of multiplications in each of which there is a factor that does
not change from one cycle to the other, the masterdeck method can be used
to great advantage, (This method was alao used in matrix-mltiplication,
which i;a described in another chapter of this volume,)

From the equation for n(r,/u ,t+ A t) we see that a particular n(r./u o)
may be used for the computation of several of the n(r,/u s+ At), n(r+dr,
M gA/u, t+ At), etc. Therefore, n(r,}{ ,t) i3 multiplied by several diff-
erent ag. The simplest.way of handling this is to use n(r./u,t) as & group-
miltiplier for these a. These a4 do nct change, and the same a4y are 2 IWRY
multiplied by the-same n's, Thercfore, we make up a masterdeck in which each
card has an ag(r!, u *) and which has the r of the n which will mltiply the
aj, Then we can combine the masterdeck (al-a‘) gorting on r and/u . We put

the combired deck through the multiplier,punching a;n on each mastercard,

A 3imllar grocedure 1s fol}oqed fo?. thé scrﬂll deck with the n's, The master-

deck is thenre-sorted on r' gnd K !.(so.that the eight products whose sum
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is n(r', M ') follow each other),and, .th( pr.0d 0% 'ts!;.‘am‘.stmmed.
It i3 very important to understanfi ihe di‘i‘f‘ér‘é"ce between r, 4 and
r', 4', To every a, corresponde 8a r  and an r': to ay(i=1,,.48) correspond

an r' and a/u ' alsc, Ttat is, if

n (Y, \,uo)t+At) a n(r A o H AR E )+ 4+ Qg Vi(fomAY L)
then r' = r, ,u /(o AI‘-/ls,Uo-i-A/(

Hence, durirg multiplicaticn r, 4 are important, while during the summing of
the products r',/i ' beccrme significant,

The ﬁroducts are added up in the tabulator, and at thersame time a new
large deck is summary punched, This new deck contains the n's on which we
have to perform an integration;

+
R(nt+at) = [ n(rut)du
For any given r,%/zis constigt {we choose equal Intervals 1n/1 }. Hence the
trapezcidal rule of integration gives us 2 verj s*%ple fommula, Usually this

an(rut)
M

rule i3 not very accurate, but since we found that is a slowly
changing functloen of/U , we decided that the advantare of simplicity in this

case outweipghs the accuracy lost,
f'n(r/xtmt)d/u 'A,u [n (v,~1, 1AL+ Zn{r-1+Aut+At )+ .. ...,
+2n(r1-A4, t+At)+n(Y,1,t+A‘L] | :

In our next cperation we sum [n(\'I-‘I)t+At)+2h(Y,-I+A/J't+At)+,,,,+Y\(Y,l,t+At)]
(For a diascussicn of the(1/2)A/l,( term see the next section), This is perfcrmed
on the tabulator, and at t;ie came time a new small deck is summary punched,

Finally N, the total number cf neutrons, is comput;d
N(t+Bt) = [ (v t+at)d (12) = 3[R [ teat) ridr A2 27 (v,t) (3724Y)

{3 r‘ A r) 13 independent, of time, Hence we have a fixed deck containing r
and (3r2 Ar), ‘We merge this deck with the small ‘eck and perform a group-

nultipliration. accumulating N in E};xe Qumn:ary .,Ounter
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This secticn was meant only as a bpig{ cuiline of the method used, There are

L XX ]
LR ]

a mumber cf problems that were not_feyép §t:oug§1_eﬂ;:}1;§czﬂ, such as how to set the
problem up, how to get n(t) and n(t+ A t) into the same deck, how to keep

n(t-A t), and how to handle the 1/2 A/U factor, These will be discussed in
S ection 7,3, In 8ection 7,4 we will give an outline of the eight operations,
In gection 7,5 we will give the plugboard diagrams, and a description of the

plugboards,

7,5 PROCFDURE FOR STARTING A PROBLEM

Let us assume that an actual problem is given, We shall still, for the
sake of sipplicity, restrict ourselves to the spherically symmetric case, ®
shall asgsume that & and f are known at all points,

Qur first problem is to chocse the intervals Ar, 44, and At, (For
the actual problem it is not necessary to know v or A t, We can use vA ¢
irxstead‘of At, and X /v for™ ,) We want to choose vAt as large a3 possible
in order to shorten our work, But we want it to take several cycles for the
neutron to pass through the materlal, A reasonable value for v A t is about
1/50 the radius of the material, Next we chcose Ar, It is best to have the
same A r all through the material; but if that would require tco many intervals
and if there is some less important material near the outside, it may be better
to chcoge a larger interval on the outside, A r should be of the same order
of magnitude as ¢, but preferably smaller than O , Once A r is chogsen we
have a pood check whether v A t i3 reascnable, v A t dhould be smaller than
A r, otherwise we get toc little detail, One possible choice of these in-
tervals 13 to let Ar =120 and vA: = 1/24A r,

Our next problem, choosing AU, is more difficult, We have to make
sure that IS/u,s Auc, (|8Y] is always é A r, since A r is at most vAt { r,)
For large r, U will be smally but if we have too many intervals, for small

r,%}.& can easily exceed AU ,...We;-clzoos-ei'tgfe thallest Au first, We chose

this to be ,25, (U = -1, -, 8, o2 §pe =52550905°.25, .5, .75, 1) Then we com-

Y een © ©
- :.. . @@ h :
b = - 2=
o 3 0A
-
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puted the 5/( 's, (Please ncte that,,pnf"va} &, of, doas nct decend upon the
choice of AU ,) For small r we deo%&eg:;.t,g_uq; szt;ne. o-f the same values of A
(though not all of them, to increase A/l-l ). We also insisted on getting only
one A,a for each r, Tnereforeéu nad to be a multiple of ,25 and a factor
of 2, This left us A/u = ,25, .5, 1, 2, with 9,5,3,2 values of U,respectively,
When A/J =,25 turned out to be too small, we tried .5, etc, It turned out
that our two inside points had to haveM = 2, the next one had A/( =1, the
next one A/.l = .5 and all the others had A/( = ,25, There are, of course,
many other ways of cheoging A/Ll; tut this seems as reasonable as any,

Once we have vAt, A r, and A/4 » We can compute the a.. This is a

i
sinple but laborious gprocess,

a. o 18y Bul e-GVAt

R X7.y7
ag = IBYI(AU- 05«” e-m/A't
ag = AYAlsvlfus J e-avAt
g = &L&Eyﬁ/_ﬂﬂ‘f&a” e -ovat
ag = {+f e gvat. _Isy] | _p-ovat -ovat
- 15yl [2(1-e e
Z { ovA cYAt av ovae A (cvm)r)__&_mt

ag = f+€ stl 1+e-ovbt— 2(‘_e-GV4t)

2 AY ] ovat (ovat)?
7 7 O'VAt AY (GVA'E)Z W

t -ovaAt
- e Isv] | 2(1-e0Y e _ _-ovat

R A Y [ (OVM)T ovat €

With the aid of these formulae we can compute all the a‘(r',/u'). Then
we want to krow wnat r,/.[ ecual for each ai(r',/u '),
1t Y=Y TAY, U = Mt AU
8ar Y=Y'EAY =l
age Y=Y, M =/—L"."..'A/-l'

a

Pt VRV, Mp P T
2y 3 Y'Y' e S 3 LE® E3% eS8 Ve

y laro
)

a
1hae
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ag: Y=Yt AY ':_._._ I e 31 n is to be used for
. L. EA,;‘)WhenSr( U ) is
a,¢ r =r' ERE 9?{ativb, Otherwise the minus

aign 15" used,

Wie are now ready to prepare the masterdecks, We punch i in column 1,

r in columns 2-%, U/ in 4, a4 in 5-11, the problem nc, {n 19, r' in 58-¢9,
and M ' in 70, (To these decks we shall add dummy-cards later,) It is ad-
viasble to keep several copies of the masterdecks orn hand, Since we have to
use a new masterdeck on every cycle, it i3 also useful to change the card
layout freq::ntly, By mcving the product into a new field (changing the
punching on op, 4, and reading in op, 6), we can use the masterdecks several
times,

In punching t,r, and/u we replaced the real values by a key, We set
Ot equal to 1, We called the center 1, the next voint 2, etc, Fe also
replaced‘/l = ~1 by O,/J = -,75 by 1, etc, Whenever a rcference is made to
t,r, or/4 "cr. the card™, we mean the symbcl, not the real value,

Next{ we cioose two distributions: n(r,/l , 0) and n(rﬁ/u , 1), These
can be chosen arbitrarily, because the initial distritution dces not effect
the asymptotic solution, However, through surlicient practice we can choose
curves that will shorten our werk congiderably, Our own starting data was
not very good from this point of view, The best we can say is that n is a
mecnotone increasing function cf)/i ¢ and it is a rapidly decreasing function
of r. These two gets of curves should be punched on cards according %o the
sayout, Then these two decks are put throuph cperation 7 to gel the corres-
Jonding small decks,

We also prepare a fixed deck according to the layout,

We are still left with the three (rchblers mentioned at the end of the

last secticn, One of them is oaasg. Dy gpg_yfu.//l factor in the formula
2 A/& (n,+2 nz -Z-ﬁkz;:f:n,()

E
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The easiest way of handling this is "t 0] réplads H(r E;ﬂ ",t) by 4 [Vu'n(r'
= . -h,a' E ; /!;l';
/u »t); to replace ai(i 1,00e4) by AL oy ?fiif* 1 except near the

center w}erel§/lchanges), and tc replace ai(1=s,...,8) by ﬁ[&a'ai. We then
get. in operation 6:

| g o | | | 4 o}

2 14 4 4 - ‘A ’ , 1 ) g a‘ _‘ : b ‘l" < a' , - 'F'
244““'/“;““) 2 (M )% (2 A/*'h.)"'L: 5( g 4 L)nl. 74 L:Ll L.anL}-—:S_a“L I

which is correct. In operation 7 we get:

A = (‘ZL Larn)+ 2 (%A,ﬂ_\)’?z)-f- coH (5D A NK)

which is also correct. But we must remember that our listings show 3 A & 70
instead of n.

Next we face the problem of having to add both aiH(t) and aiH(brékt)
terns in the same n. We found the following tc be a fruitful approach. In
cycle t- &t we compute all the ai;(t),but we save the a7;(t) and aez(t)
until the next cycle, In their place we use the cards saved from the last
cycle. Then at cyclie t the two sets of aiE(t) will be available from the
last cycle, the two ai;(t+ A t) are computed during the cycle. Thus a7ﬁ(0)
and aBH(O) have tc be done befcre the prcblem is started. Then in cycle one
we proceed normally until operation 5. In operation 5 we scrt on column 1
to separate the a, on i. Here we replace the decks i=7,8 and replace them
by aqH(U) and aBH(U). The two decks remcved. will be used in a similar manner
in cycle 2, ‘ -

It turns out that the same trick will sclve the problem of keeping
n{(t-At). We have n(t) on the small deck. (This was ccmputed in operation 7
of the last cycle.) What we need is ;(t) of the lasi. cycle, Therefore we
put scwe dummy a,, cards into the masterdecks, one for each r. These have a7=l.

Let. us say that we are running cycle t. ;(bfélt) will multiply this a, =1 ,

7
and the preduct card (together with all . a,) will be removed and saved for

- LY X N ] 8“

the next cycle. In operation 6 of E{-Est.ye‘trdhgler this "product” onto an

n card, and in operation 7 to bhs_pr@pex a-car, ,,lhis cardnwill be used in

L

Q
Q

340 El

W
)

\ 3"
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cycle t+2 A\t and will have n(t+ oY) 9h {T &S *éééf;bed This solves the
problem. These dumry cards must have *ih X" In"7% o stop the tabulator

from adding them up with the regular products,

A

A very useful trick is to change the "i" which ref'ers tc problem nc.l.

It is best tc change it to 9, For example,if we are running problem 1, repliace
the a, by 3 This enables us to separate the masterdecks from the small and
large decks in operation 5, and at the same time to sort the éi on i, This
also ensures that the ag wil) not be the last ay in any of the groups of eight

cards; this is necessary for plugboard 6 to function correctly.

Zo4 OUTLINE OF THE OPE RA'I'IONS

Operation 1, Purpose: to compute H (t).
Procedure: We take the small deck and put it through the
multiplier with plugboard 1,

Operation 2., Purpose: To divide Ee(t) by n{t-At), i.e., to compute
n(t4 At) approximatsly.
Procedurs: We put the small deck through the multiplier
with plugboard 2. Be sure not to use a blank leadcard. (On
a blank catd Qi0 causes troubls.,)

Operaticn 3. Purpose: To merge deck for the main multiplication.
Procedure: Sort masterdecks on column 1, Separate a

17%,

from a_-a Merge large deck with a) on columns 2~4 (be

578" ~4
sure large deck precedes masterdeck.) Merge small deck with

ag~ag on columns 2-3, (Be sure amall deck precedes masterdeck.)

Operation 4. Purpose: To compute the products,
Procedure: Put the merged decks through the muliipliers, using
plugboard 4, and using a leadcard with an "X" in 3.

Operation 5, Purpose: To separate ﬁéé&eratcks frem large and small decks.

To replace &7n(t+ ZX!) Eﬂd'abn(£+:23t) by a7n(t) and agn(t).

To sort the master@e?ka x% fabuf‘tion.

7“'\
- 33
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Procedure: Sort on col, . .demoye .the small and large decks
from -pocket. 1 (or whdtiwf;z i.he.érciélegxy:’no. is) and replace the
cards in pockets 7 and 8 by the cards saved from the last cycle,
Sort on cols, 63-70, (Sce the last paragraph of section 7,3,)

Operation 6, Purpose: To compuie n{t+ A t), To transfer n{t), To transfer
all perranent infcrmation.
rocedure: Put the masterdecks through tabulator using plug-
board 6 in t:he tabulater, and 6-~3 in the summary punch, Use
1 leadcard with t+ A t in cols, 1-2, and arn "X" in 40,

Operation 7, Purpcse: To cempute n{t+ A t), To transfer A(t), To trans-
fer all permanent irfcrmation,
Procedure; Put the new large deck through the tabulator using
plugboard 7 in the tabulator, and 7-8 in the summary punch, Use
a runcut card with an *X" in 17,

Cperation 8, Purpoge: .To cempute N(t+ A t),
Prozedure: Merge the fixed dock with the new small deck on
cols, 1-2, (The fixed deck precédes the amall deck,) Pur the
merged deck throughk a multiplier using plugboard £, Use a lead
card with an "X” in 80, N{t + A t) is accumalated in the surm!ar'y
courter. {3e sure to clear sunmary counter btefore starting operation’

After operation 8 (:\;) car. be conputed lc«cally,
N(t) is assumed to tend to eﬁn{v,ﬂ)

Nis dy) = e MrA)  jaat . (At
TRET T ey '

log [ Mﬁ%_}_,] = (eat)(2) |-

- |
‘;’-‘/ v E.oe N(t+At)-Lo06 N{t)]

7,5 DESCRIPTION OF THE _E-"LUGSOA:.DS ¢ AND PLUCRCAKD DIAGRAMS

. O - R C——.

X-1, The purpose of this operation is.te.comoute Be(t) on the small deck.

‘I!Il

Mhe plugboard is an ofgd'fary.mipfRli®” toard on which T(t), cols,
LUie=if, L3 uged both #f.miltidl{er Rid-multiplizani, The product
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_ , AR AR SRR
<3 punchei in cols. 21-28] (Figire 1)

This plugboard 1is wirad Jor ; éfmpﬁ; é\véséon, The dividend is

® sce ®es veo oo
taken from 21-28, the divisor from 16<20, The quotient is computed
to a3 many Jdigits as possihle, and the answer is punched in cols,
31-38, Note:; Tr both the foregeing plugboards it is assumed that
the first digit of N is not greater than a 3, If this is not the
case, an extra place must be allowed on the left in the product
in X=}, and in the divideﬂi in X-2, (Plgure 2}
We now have the small and larpge decks mergsl with their regpectlve
masterdecks, The quantities in 31«35 are usel a3 group muitipliers,
The group multipiication 13 under the control of an "X" in 32,
Cols, 5-11 in the masterdecks, the ay, are used as maltiplicands,
The products are sunched in sola, 12-18, (Figure 3)
The zroducts have been computed, and we now want to add up the eight
terms of each n(r':/u ', t+ A t), The masterdecks are sorteil on r’
anj/u . Thus the eight terms adding into a particular n follow
esach other. We use a2 lesdcard with an X" in 40, and t+At in 1-2
This number ls read into counter 2B ani i3 kept there i1l the end
of the operation, The cycle number t 4+ A% 1s punched on every
~ard by the summary punch, and 1t iz printed at the anid of the listing,
I the “ollowing caris the products are added into counters BA and
4B, Cn a change in /l {end zf the B-zar? groupl) a total is taken
n 84 and the n is both listed and summary ounched, 8B computes
the total of all n, The problem nec,, r, and/u have Lo be read
from one of the esight cards, For this we use digii selector F1,
Fhen 27 8 is picked up in col, 1 (i of ay), selector D is turned on,
30 the sermanent data is read from the card fcllowing ag, {This is

why ag should not be, sthe:-laast *of $tre:8 cards,) Tnis information is

listed and summqry'ﬁiﬁchﬁdg-{ngu%as:A-and 5)
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Figure 1

Plupgboard Diapram
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n{t} is “aken from the #9mmy aar}k &u* T

selector C is activated by .Ep fﬁ'ﬁ§, n{t) is listed and
sumrary punched, An "X" 13 gangpunched in cols, 20 and 30 on every
cari, The last rexaining prodlex is the summary punching of the
"X* in 17, 12, or 19, By reading 1 caricount impulse negatively
into BD we assure ourselves that 83D will have a negative sum, We
pnt the counter on nalance coaversion and use the summary Xopu“ch

control for summary punching, Digit selector #2 activates selector

£

FonaQincel 1, and selector E on an 8, If/u equals 0, the

"X" 13 punched in 17, If //l £ C, the frpslse is carried into
salector E If/ﬂ =8, the "X" 18 punchai in ccl, 19, otherwige it

it is punched in 18, The listing of these "X"'s is done similarly

by the use of the total symbnlsl It is a gool cheeck to watcoh thne
Hatings in numerical typensra 3=-3, An # in 3 sko:ld be followed

by several TR in 4 and oy an # in 5, eic,

The=s 15 a2 sct of wirea that is no longer necessary under our re-
vised method, They are, nowever, incluled bacause they illustraite

a very interesting method, Under our new tethed all the a, are
»ositive, and digit selectors 2,3 a5 well as gselectors 1-3 should

not be connecte!; instezd a nlug te "o Impulse should be connected
to "+" of tnhe counters 8A, AR, In our original aetnod we used an
extrapoliation formula in case of nerative o r, EL“ Trherefcre,

3A had vo gubtract on about half ocur cards, The use of an "X" for

a2 minus sign 1s very cumbarsomes pecaiuse of the large muimber of cards,
and we felt it safer to use a different method, We noticed that most

¢f our minua 3ignsg oeccarred on certain combinaticns of 4 and/u

Therefore, 1 = 2,8,8, cr 3 and /4 = 2,1,2,3, or 4 will act as a

minus sign, Thers a8 A few a?dimha al nerative ay, and therefore
Dot o R
.. X}

an "y" in 39 willfa&s%Pﬁiru the cou nters suirt ra;v_ If none of the
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20 combinationas occ.umf;m@ t'her&..i:i ncf "X" in 39, t,he counters

add., .

The main purpose of this operation is to perform the trapezoidal
integration on n, The coefficients of this integration are 1, 2,
2y10492,1. Therefore, the cards with "X" in 17, 19 are added once,
the others are added twice. This is done completely under the control
of the different "X"'s, Let us suppose that we have only threes values
of AL,so that we have three cards with "X"!'s in 17, 18, 19 respect-
ively. On each card n is read into selector B. On the first card
this selector 1s on, hence n is read into 84, On the next eard n

1s added into BB (through selectors B, C), and into 8C, 8D (through
selector D}, On the last card the n is added into counters 8¢, 8D
only (through selectors B, C)., Now we have all the necessary n's in
counter 8A, 8B, 8C (8D), and they are summed by total-cycle~tranafers,
On the lust card BA transfers to 8B, and on the first card of the next
group (after the next n has been read into the counter 84A) 8B
transfers to 8C and-8D. Then a total is taken giving us n in 8C.

The difficulty in this procedure congs up on taking a total. We

take a total on the rirst card of the next group, and therefore 84
clears at the wrong time, We avoided this by not taking a total on
843 instead we clear it when it transfers its information, (This is
done by the & wires from counter total exit to counter list exit.)

In order to complete the last group, we must use a runout card with

an "X" in 17. (Figures 6 and 7).

The n(t) is read into counter B,from which it is listed and sumrary
punched., For simplicity's sake the problem number is just listed and
gangpunched (not sumary punched). r and t are read into counters 2C

and 2D, But sincé'ae w&nt r far dnxy one,(<,we must send it through

e Les .

'Y -.'

selector A,which is"ﬁ? .d on Qy the first ¢ in each group only.

o
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CHAPTER 8

MISCELLANEQUS FROBIEMS IN NUMERICAL CALCULA TION

D. Flanders and P. Whitman

8.1 SCIUTION CF EQUATICNS (Flanders)

8,1-1 Introduction; Quadratic Formula

A common problem in numerical computations is: find the solution or
solutions of a given eyuation, In certain cases this can be done by an explicit
formula, but in many cases it must be done by approximation or by a succession
of approximations,

An equation which can be solved explicitly is the general quadratic equa-

tion

ax® 4+ bx 4¢3 0 (1)

where 3, b, and ¢ are given. Its solutions are

2o v/ w2
X = -b ¥ ygg- hac and x = =b - b7 - hac (2)

2a

usually called the "quadratic formula"™, An eguation such as axh + bx? +c=0

can be reduced to the form (1) by the substitution # = x2. For eguations of

the types

2

ax3 +bx“ + cx+d=0

and ax 4 bx3 + cx2 +dx + e =0

CYIiI Rl ;i 3

» b4
’ss sce oo L
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there are also explicit solutiohéx : %;"a fﬁ}éé}ice it is easier to apply

1)

L. &, Dickson, First Course in the Theory of Equations, New York (1922)
pp. 45~54.

J. B, Rosenbach and E. A. Whitman, College Algebra, revised edition,
Boston (1939) pp. 265-271.

F. R. Rider, College Algebra, New York (1940) pp. 203-208
(or almost any other book on this subject).

a method (such as Newton's method,about to be described) which is applicable
to equations generally.

8.1-2 Removing Known Solutions

However, after all but two of the solutions xj, x3, ~——, X, of

ag x" ¢+ ay XLyl a, = 0 (3)

have been found, the remaining two can be found by dividing out the factors
(x - x4) corresponding to the known roots. For this purpose, however, it is
advisable to find the "known” roots to one or two more figures than desiréd,
to allow for rounding-off errors, etc., in the division,

The division is most conveniently done by "synthetic division"(2).

(2)
Rosenbach and Whitman, loc. cit., pp. 229-230.

Rider, loc. cit., pp. 176-177.

For example,
1.337 x 4 68,927 X + 1082.456 x° + 5115.498 x - 3333.796 = 0 (4)

has the solutions xj = 0.578303 and x5 = -26.8017 (see below, Section 8.1-3).

Divide these out successively:

1.337 + 68.927 + 1082,456 + 5115.498 - 3333.796 ].57339;_ (5)

e« eoeoe @ L L8 o.o cn

7732 U3f307 +.6497% 2977 # 3333 799 (6)

© .. .I. ... .l‘ ‘.. '. e

s o3 & @ hd
x Jee . - S e e e
Y -

_ ~ -
. H . 9 L]

‘i
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1,337 + 69.7002 + 1122,7638 $500.2955 . O | -26.801Y (7)
- 35.83414 -W997.67k¢5vi5575g;’939.:.' @)
1,337 + 33.86606 + 215.08905 0 (9)

Here line (7) represents simfultaneously the quotient from the first division
and the dividend for the second division. That the remainder comes out zero
in lines (7) and (9), to within an amount which can be accounted for by

significant figures(3) and rounding-off errors, shows that 0,578303 and -26.8019
(3)

As discussed in Section 84-1, we have sometimes carried more figures in
the computation than are, strictly speaking, significant.

are indeed solutions of (4), while the remaining two roots must by (9) be

solutions of ]
1.337 x° + 33.86606 x + 215.08905 = O, (10)

and so can be found by the quadratic formula (2); they turn out to be complex

numbers.

8.1-3 Nethod of Successive Interpolation

Cne method(h) of finding the solutions of an equation -~ the equation need

(4)
Scarborough, loc. cit., pp. 174-178.

Whittaker and Robinson, loc. cit. pp. 92-93.

not be of the type (3) - is sometimes called the "method of false position™,
but might more appropriately be called the method of successive interpolation.'
Suppose the equation to be solved is

£(x) = 0 °) | (11)

(5)
An equation g(x) = h(x) can be written in the form (11) by transposition.

First one must get a roygh_jdea o..f. the skgcation of the solutions. If
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nothing is known a priori, one may qomsu»e =%) *or several values of x (for

Ll

instance, x = 0, *1, *2, etc.) and obaerié' at’if f(b) and f(c) have opposite

-
L4
.

*e

signs then there is a solution between b and c, provided f(x) is continuous
jn this interval. Trouble may be encountered in case there are two solutions
between a pair of successive integers, but the trend of the values of f(x)
will generally indicate what 1s happening here, and one may graph the function
or take some non-integral values of X to separate the roots. Then, too, this
method locates only real roots, but in numerical work we are usually (but not
always) interested only in real numbers. With the known values f(b) and f(c)
we may interpolate to find what value of x will give f(x) = O; actually, .f
course, this is inverse interpolation (Section 2.1 -4),but since we use linear

terpolation {Equation (7)) no distinction between direct and inverse inter-
polation nee& be made. Lei 4 denote by aj the interpolated value of x. Then
compute f{ay)., !f interpolation were exact, then f(aj) = O; but since we used
an app;oximation (linear interpolation) it can only be expected that f(aj;) will
be near zero. Then using eithier f(b) or f(;) -~ uswally, whichever is smaller
in absolute value - and f(aj) we may perform a similar interpclation or extra-
polation to get a new approximate solution,ap. Then interpclating between
f(ay) and f(ap) we get a3, and so on., Once well started, the process converges
rapidly except for functions whose 5raphs have sharp bends near the peoints in
question.,

The process should be continued until two successive a4 have the same value
to the desired accuracy.
The first approximation aj may, if desired,be obtained by graphing the

calculated points (e.g. x = 0, 2 1, 2 2, etc.) and reading off the value of
x for f(x) = O, rather than by interpolation as indicated above. This methed

is useful when it is suspected that the curve has a sharp bend in the vicinity.

For convenience we may vr{te-the fcrmuli for linear interpolation in the

APPROVED FOR PUBLI C RELEASE
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special form used here: T, 3 I 3 o3e %
84l = 80 4% ODon
-~ a
Aa = - f{a) 8n = 8p]
fla,) - f{a ) (12)

where, for starting, we may denote b by a_, and ¢ by a, (or vice versa).

8.1-4 Method of Iteration

A slight variation of the previous method is applicable if the given ejua-

tion can be written in the form x = f(x). Then once a first approximation ai

to the solution has been obtained, say as in Section 8.1-3, then successive
approximations can be obtained by ap = f(ay), a3 = f{ap), etc. This process
converges(é)if!f'(x) l ¢ 1 for x near the solution,

(6)

Scarborough, loc, cit., p. 187.

8.1-5 Newton's Method

inother method, known as Newton's method(7), applies to any equation,

Provided that f'(x) can be found and is not zero at or near a aclution X = r,
7
Scarborough, loc. cit., p. 178 ff,

Whittaker and Robinson, loc. cit., p. 84 ff,

Granvills, 3mith, and Lorgley, loc. cit., pp. 131-132.

If aj is an approximation to a solution of (13), then as the next approxi-

mation we have

o .

or

SR CHE AR 15
Aa{ .-':-% 1ay): Se =3 (1)
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Cnce & reasonably accurate fie’St ApfRdxfdalios”

the same method as in Sectionné.1€3f thTd bto

as been found (for instance by

[

£
¢8ss generally gives quite rapid

convergence, The approximate error of &441 1s given(s) by

(8)
Scarborough, loc. cit., pp. 182-183.
2 L]
E. . (Dag) max | f (x)[
i+l g — (16)
2 fr(ag)]| %1% *= %4l

In practice, howevef, one simply continues naking new approximations by (14)
or (15) until two successive af agree to the accuracy desired,
ror exarple, as in Section £€,1-3, it is found that
1.337 x4 4 68.927 x3 + 1082.456 ¥ + 5115.498 x - 3333.796 = O (17)
has a soluticn approximately equal to 0.57.

Using (15) we have

F(x) = 1.337 xb + 62,927 x3 + 1082.056 x2 4 5115.492 x - 3333.796

£1(x) = 5.348 x5 + 206,781 x° + 2164.912 x + 5115.498

Trial - 1 2 3
a 0. 570000 0.572315 0.578303
a® 0.324900 0.334448 0334434
2’ 0.185193 C.153416 0,193404
ab 0.105560 0.111855 0.111846
f(a) -53.366 0.080 0,002
£'(a) 6418, 6438, 6438.
[ya - - g‘aa .008315 -0.0k12 -¢.0%3

Soluticn 0.5783C3

APPROVED FOR PUBLI C RELEASE
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other solutions wes shown in Segt%cﬁ}S.J}ZE. E}:is to be observed that there
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£ esee O e One oo

will necessarily be much cancellation in the computation of f(a) since we wish
it to be zero. Hence it may be necessary to carry this computation to many
figures, taking a as exact (i.e., an exact number uséd as a trial value; of
course it is not the exact solutioen).

On the other hand, f'(a) will generally not invelve much cancellaticn and
only a few figures of it are needed for A a; indeed, once a has been found
to a few figures, f'(a) will be known closely enough and need not be recomputed.
It may be remarked here that any fairly close approximation to f'(a) may be
used. This will not affect the fact that successive approximations converge
to the answer, provided f'(a) is not near zero, though it may make the con-
vergence slowmer.

8.1-6 Checkirg Solutions

The test of the correctness of the soluticns found is whether they satisfy
the given equation, ,
An error in one satep of either Newton's method cor the method of successive
irterpoliations, unless it is the last trial (which should essentially agree
¥%ith the previous trial), will not vitiate the firal answer but only result
in slcwer convergence to that answer. A systematic error (the same mistake in

each trial) may,on the other hand,lead to an incorrect result.

g,1-7 Choice of Method

While there are still other methods(g), those outliried above are generally

(9) -

Scarborough, loc, cit., Chapter X.

Wwhittaker and Robinscn, leoc. c¢it., Chapter VI,

adequate and satisfactoery.

If £'(x) can readily be found » anée=ffxe) wgd f'(x) are not difficult to

calculate numerically, Newtonigtéefgédr%Séetfbﬁ £.1-5) is generally preferable.

APPROVED FOR PUBLI C RELEASE
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If f'(x) is hard to find or muoh mdre diin?Ji%.io conpute numerically than

o ® L v . P

f(x), then the method of successive interpola {on (section 8.1-3) is preferzble.
The method of iteration has the advantage of involving a little less calcula-
ticn at each step than the other methods, which is worthwhile if there is reason

to suppose that one will not lose much in rapidity of convergence,

8,2 CURVE FITTING (BY LEAST SQUARES) (Whitman)

In fitting a curve to a set of values obtained by experimental methcds,
the theory of least squares is sometimes found useful., The general form of
the problem of curve fitting is that severzl corresponding values cf twe
variables are measured experimentally, an appropriate equation is assumed tc
give the relationship between the two variables, and then the parameters of
the equation are determined.

The simplest type of equation to use is a polynomial. The degree of the
polynomial can be determined by différencing the values of the dependent
varjable, If the second differences are fairly constant & paratola may be used
for the approximating curve, if the third differences - a cubic, etc. Since
some experimental error appears in each pair of measured values, one equation
camnot fit all points exactly, but the method of least squares gives the optimum

approximating curve(lo).

—
(10) :
J. B. Scarborough, The Johns Hopkins Press, Numerical Math. Analysis
(1930), p. 304 ff.

The theory consists of minimizing the error between the fitted polynomial
and the points given by the experimental data by mininmizing the sum of the
squares of the errars at those points, Since both positive and negative errors
are assumed to occur in such a way as to average out to zero, the squares of

the errors must be used to {p3ure 3n adsqlute numerical minimum.
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The theory is intended tc mifinize ‘the- adtpal error thet occurs between

s dr® @ euve ost o

the supposed or measured value and the true value; but since this errcr can

never be determined in practice, the "residual" is found, i.e.,the difference
between the measured value of the dependent variable and the'Qalue of the
function found frem the computed parameters and the independent variable. It
can be shown that minimizing the residuals is eguivalent to minimizing the
true e€rrcrs.

To teke a general example, suppose we have n pairs of values, (x, yy)

measured experimentally and we wish to fit a parabola to these pcints. We write
1.4 A 2
¥gt o= AL+ A xg 4 Az xyg (18)

using the notation yl to distinguish the computed values from the experimental

values of y. The problem now is to solve for the A's,

Wwriting y; for yil in (18) and dividing the equation by ¥y, we obtain

. 2
1 X3, X3 .
1 = Ay =2+ ¢ An =2 4+ A (19)
2 ¥i 3 A

We then multiply Equation (19) by the coefficient of each of the A's, in turn,

and sumw the resulting equations, obtaining the set

2
X
S loea S s a5 2, S
- 2 L (20)

r VX “EL S g S o
H / . 2 . 3 ) ==
: N 2 -

R y1? 37 B £t

These equations allow us to sclve for the desired parameters (usually by rule

of determinants), and we havg th¥ foldfiol’*of our protlem,

T e el 3
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ve the .requifed résult can be shown theoreticallyfll)
(11)

Whittaker and Robinson, Blackie and Son, Ltd. (1940) - The Calculus of
Cbservations, p., 210-211.

That the Equations (20) g3

armgnny.

and so this process deoes not appear in the numerical work. The treory, however,

should be utilized

whenever possible as a creck on the numerical work. For

instance, the residuals are easily computed by taking ry a yil - ¥i.

Hence, ;;_ri can be computed directly. Also

\ |

ri¥A1/5~.—l..+A2>j ;('i +A3§_jxi 'ZJ

The separate sums on the right appear in the existing computation, and so we

have a simple creck on the correctness of the calculations. Cne should expect

to find that >;»ri = 0, withdn the desiregd accuracy. The A's of ccurse, may be

checked by substitution in (20).

Another, more exacting check, is performed by taking the sums

2

Fyad 2 X
i + +
¥y ¥y Vi

and alse

— 2

PR S NERS NOX

- —— ’ (’ e ————

ya 2 1 Vi i’ Vi i

Then the following two equations form a check, since the left hand sums appear

in the previous computation(lz).

(12)
Whittaker and Robinson,

Blackie and Son, Ltd, (1940) - The Calculus of
Cbservations, p. 211,

{ v X4 1 NTOX Xj N x4 47 T xy .
I o — o . + pa . - Gi
! yi yi y} .I“yJ..l LEJ yi yi yj
| st wdi ARIL 5ot

» o m.—_. .“a 1
VoL Yi Yi LR A R L 41 Yi .
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If the residuals, ry, are sqaarﬁd and 5u;mec,,tre sum should be near zerc

for a check on gross errcrs. It Zaﬂ-;iso 32 éihnnle) that

(13)
Whittaker and Robinson, Blackie and Son, Ltd. (19$40) - The Calculus of
Observations, p. 234,

/\Z‘izz Yy © - M yil.-L.—Azx—yil.._—_.i-A : yil, i
2 ‘- yi — i~ yi
It may be that a certain "weight" should be attached to each observation
so that instead of the peints (xi, yi) we have (wy xy, yi). The points might
simply be weighted according to position (wy = 2 or Wy :._l_). The residuals
¥i Xi
sre affected linearly according to weight. The checks should be formed using

the weighted residuals, for instance, the last formula would read
— 1 " .
Swpirgta 2wy t-a >t -ii- -ap Yyt ILX

¥i
R
S .1 Wi Xi
i

8.3 HARMONIC ANALYSIS (Flanders)

It is sometimes desirable to represent a periodic function f(x) in the

fora

f(x) = 85 + 2] COS X + &2 COS 2X + a3 COs 3X + ---= + b] s8in x + b2

: sin 2x + b3 sin 3X ¢ -

This subject has been exhaustively treated in studies of Fourier series;
a good description of a practical method for finding the first few coefficlents
is given by Scarborough and Whittaker and Robinsongl&)e

(ll‘) > L] ea0e .. &
Scarborough, locs Cite, pp. 338;5@5.

c ® «,x -c
*ne
.

L] -
9 oed O8S _goe® 9 an

Whittaker and Robinson, 1oc. 015., Chapter X, especially the insert
facing p. 270. ‘,f oo §-= ces v = o

— . —
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8. 4 GENERAL PRCCEDURE. m u AND}L ey $ATIONS

8.4-1 3Setting Up Numerical Computations

¥When a mathematical problem is to be solved numerically, there are three
principal parts to the job: ' "setting up" the problem, performing the calcula-
tions, and checking the results.

The setting up may be simply a matter of specifying the numerical operaticns
“to be performed, or it my require manipulation of the given formulas or equa-
tions to obtain a more convenient form, How detailed the specification of the
operations must be depends upon the gnalifications of the compﬁter; a style
suitable for computers with limited knowledge of mathematics is shown in
Section 5.1-9, Chapter 5. For the sake of flexibility it is usually advisable
go make the directions detailed enough to be readily intelligible to the least
well-trained computer in a group. However, for some problems this is impracti-
cable and they must be given to computers who can do the wark without detailed
instructions. 1In the process of setting up a problem, it is well to watch for
things which look inconsistent (for instance, a regular procession of powers
with one exception, or a certain combination of expressions repeated several
times but once slightly different} and check their correctness with the person
providing the problem,

In many cases, especially in numerical integration (Section 3.1, Chapter 3) the
person who sets up a problem must also determine what values of the argument
are to bte substituted in formulas in order to achieve a specified accuracy in
the angwer or a suitable distribution of answers, 1In some cases an inspection
"of the formula will indicate the proper choice; in other cases, it is necessary
to substitute a number of values of the argument and inspect the results to
see whether more are needed, Similar remnarks apply to the determination of the

number of significant” Ziggrea to be ca 1ied if the constants in the formulas

APPRO\/E! !g PUBLI C RELEASE
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are exact, it may be pointed oui:fﬁgtgib isgzsa?gly advisable to carry an extra

LN [ [ [} [ [
®es vet e

figure or two so as not to have'thﬁo;ry about rounding-off errors.

8,4~2 Carrying Cut the Calculations

If the set up is adequate, the computation itself should be simple though

perhaps tedious.

8.4~3 Checking the Calculations

Checking the work is the last item but by no means the least. The set up .
should be cnhecked before starting computation; preswsably this will be dore by
a perscn competent to judge the recessary technique so cwr remarks will be
confined to the checking of the numerical work.

Bagically there are two types of check: self-consistency of results, and

cemparlson of two independent calculations.

Whether results are seif-consistent may be determined by seeing whether
the answers (for varicus values of the argunert) run in smooth succession. Gross
irdividual errors (but not systematic érrors) nay thus be detected at a glance;
to detect smaller errors one may take the first, second or higher differences
(Secticn 2.1- 1 of the answers and inspect their regularity. The effect on the
differences of an error in one valuve of the functicn may bte seen from the
following table. Thus,the first variation in the differences appears on the
line where the error occurred, but the greatest variation i; opposite a A
with greater subscript,

If it is observed that there is an errcr, but it is not apparent where
this error lies, one may take differences of the terms or factors which enter
directly into the computaticn of 7 , and of the items which enter into these
terms or factors, and so on. If the di;ferences oscillate in one step A and
not in the items ‘which enter into A, ﬁhen rresumably the errcr lies in the
cozputation of A, AT

,.
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It will be observed, for inctence, from the nbove table that an errar of
one in the last digzit in Z & (vhich mipht easily arise from rounding off) will
cauce an error of 6 in the last figure of A‘i 2-8’ as well as errors of
orposite sign in adjacent walues of AL Z , 8o this mch variation in A[& 2 is
not signifieant,

Even though the differences Indicate no error, the commutation should be
done independently for at least one value of the argunment, to guard agsinst
systematic errors,

In some cases the check of self-consistency is not applicable; for inatance,
if there are tco fow walues of the argament the differences of the answers wlll
not afferd a sufficient test; if the values of the arpument are not equally.

spaced, it is difficult to get adequately comparable differences(ls).

(15)
However, aomething_-qlomg:thiz’lzjfegban be done by the use of "divided
differences®; of, EJ T; Whitfakper gnj G. Robinson, The Caleculus of

Ohscrvations, p. 2 ee® see 90e seo v

e ™ se® ® © L)
TS T R e tan™la. e,
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(he otrer method of checkifg “$8 ¥S Mhke lwk.independent computations,

using either twe different ccm;;f:;,e‘r:é'- Ear % :dii:f‘grent methods; the latter
alternative is in some respects theoretically more attractive, but the fcrmer
is ugually more practical,

In crder to obtain really “independent" computations by two comnuters, it
is best to have them work without communicating with each otrer with a third
rérson comparing tre results, finding the scurce of any discrepancies, and
returning incorrect work to tre computer for correcticn., However, this gro-
cedure may not always be practical and it may be necessary to allow the
computers to conpire figures now and then to avoid further computation with
jncorrect values, [his invelves scme danger that one will convince the other
of tte ccrrectress of an incorrect value or operation; the extent of the danger
depencs on the character of the computers,

I'c minimize time spent in checking one may, in setting up & protlem,
specify the recording cof values at intersediate steps rather than only the
recording of the final ansver toc a complicated computation; alsc, one my
indicate points at which a check should be made kbefcre continuing.

A nmethed intermediate betmeeé self-consistency and cemputation by two
indepencerit methods is that usgsed in checking step-by-step iotegration of dif-
ferential equstions (3ection 5.1-3, Chapter 5), Here one computes a new value
on the basis of the old cres, then substitutes the "new value" intc a formula
which should yield the same "new value' over again; failure to do so indicates
a mistake.

8.4,-), (Cther Items

n few oéds and ends in the way of practical considerations may be mentioned,
411 work sheets should be labelled so thet they can be identified months

ilater when memory is dulled,

* o .
B - A - . v - - 3 g
A persor, Wwho gives §Le:ecm§m§1ng group a job may not have much idea what
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he wants in the way of accuracy-_jivéé'if:fsfﬁ i{gr to do a fairly accurate
Job the first time instead of having fo d¢°it"ovér agair

When a great many values of a very complicated functicn must be used in
computations, it 1s convenient to calculate chosen values of the function and
to draw a graph. The values are chosen so that they are simple to compute
with and also so that the curve is sufficiently well defined, e.g., a hunp in
the curve requires more points than would a fairly linear segment., The computed
points are then plotted and the scale chosen large enough to allow the desired
number of significant figures to be read from the graph. A small amcunt of
accuracy may be sacrificed in this method, but a great mass of detailed comput-

irg is obviated.
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