7

The Equations of Radiation
Hydrodynamics

In astrophysical flows, radiation often contains a large fraction of the
energy density, momentum density, and stress (i.e., pressure) in the radiat-
ing fluid. Furthermore, radiative transfer is usually the most effective
energy-exchange mechanism within the fluid. To describe the behavior of
such flows we need conservation laws that account accurately for both the
material and the radiative contributions to the flow dynamics.

To estimate the importance of radiation in fixing the local properties of
a radiating fluid, consider the ratio R of the material internal energy
density é to the radiation energy density E; for a perfect gas and equilib-
rium radiation

R=¢/E=(3k[2ag)(N/T?) =2.8x107>N/T".

R also gives a measure of the relative importance of gas and radiation
pressure because p =%é for a perfect gas, and P =3FE for radiation. Clearly
radiation 1s most important at high temperatures and/or low densities. The
two energy densities are about equal when Ty, =~2p'"?, where Ty is the
temperature in kilovolts (1.2x10°K) and p is the material density in
g cm™>. Therefore, when temperatures reach a few keV (e.g., in X-ray
sources or stellar interiors), radiation dominates the energy and pressure in
the radiating fluid even at high densities.

In astrophysical systems R has a large range. For example R ~ 10* in the
solar atmosphere, so radiative contributions to the energy density can be
ignored; in an O-star atmosphere R ~ 0.1, and radiation is overwhelmingly
important. This striking difference reflects both factor-of-ten larger tem-
peratures and much lower densities in the O-star atmosphere compared to
the Sun. Similarly, at the Sun’s center R ~500, but at the center of an
O-star R~1. The large value of R in the solar interior reflects high
densities (~100 gem™) and temperatures of only about a kilovolt; in
contrast the central temperature of an O-star is a few kilovolts and
densities are a few gcm™>,

The situation for energy transport in radiating flows is quite different.
Radiative energy transfer usually dominates all other mechanisms even
when temperatures are only about 1 eV and E« é. In particular, radiative
transport usually greatly exceeds thermal conduction because in equilib-
rium the photons and material particles have the same average energy, but
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photons travel at the speed of light, whereas material particles move only
at about the sound speed; moreover, photons usually have much longer
mean free paths than particles.

A semiquantitative measure of the relative importance of radiative and
material energy transport in a radiating flow is given by the dimensionless
Boltzmann number

Bo = (pc, Tv)/ (o T,

which is the ratio of the material enthalpy flux to the radiative flux from a
free surface at temperature T. The Boltzmann number plays the same role
for radiating flurds as the Peclet number does for nonradiating fluids [cf.
(28.4)]. Recalling that o =%agc, one sees that near a radiating surface
Bo is of the order of (v/c) times the ratio defined above. In the solar
atmosphere (v/c)~2x%x107>, and in an O-star atmosphere (v/c)~107%
whence we conclude that radiative transport is dominant in the outer layers
of most stars. In the interior of a star we must replace oxT* with o T2,
the net radiative flux; here energy transport by convection can dominate if
the fluid moves at even a small fraction of its sound speed. If, on the other
hand, the material is stable against convection (C5, Chap. 13), then
radiative transport dominates in the interior as well.

Thus far we have discussed radiation as if it plays only an incidental role
in a2 flow. But, in some cases, radiation can drive flows. For example, in the
outer layers of a star radiative energy and momentum transport can drive
or damp waves, drive stellar winds, and inhibit gravitational accretion.
Furthermore, the temperature and density response of the opacity in the
envelope of some stars allows radiation to drive stellar pulsations.

The equations of radiation hydrodynamics can be formulated in a variety
of ways; each has advantages and disadvantages. One fundamental issue 1s
whether to write the equations in an inertial frame fixed relative to an
external observer (or the center of the star), or in the comoving fluid frame.
Another concerns how best to describe the dynamical behavior of the
radiation field. Thus in a stellar interior the radiation and material are in
equilibrium, and we can treat the radiating fluid as a composite gas whose
total energy, pressure, etc. are simple sums of the radiative and material
contributions. But such an approach is virtually useless in the outer layers
of a star where the radiation field has a strongly nonlocal character; here
we must couple the dynamical equations to a full radiation transport
equation.

In a moving fluid, the equation of transfer contains O(v/c) frame-
dependent terms that lead to similar terms in the dynamical equations for
the radiating fluid. In contrast, the frame-dependent terms for a nonradiat-
ing fluid are only O(v®/c?) (cf. §42). One can understand how O(v/c)
effects arise in a radiating fluid from simple classical considerations. First,
there is an advection effect: a fluid element tends to “sweep up” (“leave
behind’’) photons traveling against (along) its velocity vector, thus increas-
ing (decreasing) the radiation energy density with which 1t can imnteract.
Second, Doppler shifts affect the spectral distribution of the radiation field
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incident on the material. Consider a reference state with two fluid elements
at rest, between which a certain energy and momentum exchange occurs.
Now move one element relative to the other. Then, in addition to the
change in the photon number density produced by advection, each photon
will be blue (red) shifted, hence will have higher (lower) energy, when the
two elements approach (recede from) one another. Both of these O(v/c)
effects can significantly affect the energy and momentum balance in a
radiating fluid when the radiation field is intense.

The arguments advanced above are qualitative, and only serve to moti-
vate a thorough mathematical analysis. In this work we will be guided by
two precepts. First, we will pay close attention to the frame in which the
equations are being written. In the past, failure to discriminate carefully
between frames has led to confusion in the formulation of the dynamical
equations, to misapplication of results valid in one frame to others in which
they are not, and to serious conceptual errors. Second, we will retain
mathematical consistency among various sets of equations to O(v/c¢). The
analysis i1s sometimes tedious, and may test our readers’ patience. We
assure them that this effort is not merely a quixotic obsession, but is
essential to achieve equivalence among different forms of the radiating-
fluid dynamical equations, both in a given frame, and between frames. The
effort is vindicated by the swrprising result that in certain regimes of
interest, terms that are formally only O(v/c) actually dominate over all
others in the equations.

For didactic simplicity we ignore scattering and assume LTE. Though
these restrictions afford considerable simplification, the resulting equations
are complicated, and methods for solving them are not yet fully developed.
Nevertheless it is essential to derive physically accurate equations, for it is
clearly more useful to solve the correct equations, however approximately,
than to solve incorrect equations, even exactly.

We first discuss (§7.1) the Lorentz transformation properties of quan-
tities appearing in the transfer equation. In §7.2 we first write the transfer
equation for moving media, then derive the energy and momentum
equations for the radiating fluid (i.e., material plus radiation). We treat
inertial-framé equations first because the derivation of the comoving-frame
transfer equation is more complicated. We next discuss (§7.3) methods for
solving these equations in one-dimensional flows. Here we consider first
the important limiting case of diffusion, which offers penetrating insight
into the dynamical behavior of the radiation field. We then discuss the
comoving-frame equations, which are ideal for one-dimensional Lag-
rangean hydrodynamics calculations. Finally we consider two important
versions of the inertial-frame equations.

7.1 Lorentz Transformation of the Transfer Equation

In order to write the transfer equation in different frames, we must
determine the Lorentz transformation properties of its constituents: the
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specific intensity, opacity, emissivity, and photon directions and energies.
In the formulae below the affix 0 denotes the comoving frame, in which
material properties are isotropic.

89. The Photon Four-Momentum
In §37 we showed that the photon four-momentum is
M = (hv/c)(1,n) (89.1)

where v, hv, and n are the frequency, energy, and direction of propagation
of the photon. The photon propagation four vector is

K*=Qmv/c)(1,n). (89.2)

Both K* and M“ are null vectors.

The components of M“ in (89.1) are in Cartesian coordinates, hence are
physical components. Later we will also need the contravariant compo-
nents of M in spherical coordinates having a line element

ds?=—c? di*+dr*+ r*(d6® +sin® 0 do?). (89.3)
Using equation (A3.41) we find
MO = hulc, (89.44)
M'=(hv/c)u, (89.4b)
M?= (hv/e)[(1— Y cos B/, (89.4¢)
and
M? = (hy/c)[(1— u®) " sin ®J/(r sin 6), (89.44)

where ©=cos™

to .

If a photon has frequency v and travels in direction n as measured in the
lab frame, it will have some other frequency v, and direction mn, as
measured by an observer attached to a fluid element moving with velocity v
relative to lab frame. Because M* is a four-vector, its components in the
two frames are related by the general Lorentz transformations (35.33) and
(35.34), whence we obtain

w and @ are the polar and azimuthal angles of n relative

vo=vyr{l—m-v/c) (89.5)
and
n, = (v/vo)in—y(v/c)[1—(yn - v/c)/(y+ D]}, (89.6)
or, equivalently,
v =yvy(l+ng - v/c) (89.7)
and
n = (vo/v){ng + y(v/c)[1+ (yng - v/c)/ (v + D]} (89.8)

For the special case of motion along the z axis, (89.5) and (89.6) simplify
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to

(VO: Volyo, VO”‘yO: VO”’ZO) = [’YV(] - n‘zB): vy, Vny! W’V("z - B)]: (899)
which implies

[vo; mo; (1= ud)"?; @l =[yr(1—-Bur); (u—B)/(1—Bu);
(1=u?"?/y(1-Bu); ®]. (89.10)

Similarly the inverse transformation gives

[v; w: (1= w2 =[yro(1+ Buo)s (no+B)/(1+ Buo)s (1= wd)*/v(1+ Buo)l.
(89.11)

Equations (89.10) and (89.11) describe the Doppler shift and aberration of
light between frames in relative motion; the classical formulae are obtained
by retaining terms only to O(v/c), that is, by setting vy =1. These equations
also apply to radial flow in spherical geometry.

From (89.10) one finds dvy = (vo/v) dv, due= (v/v0)* du, and d® = dd,,.
Then recalling that do = du d® we see that v dv dw is a Lorentz invariant:

vdv do = v, dv, dog, (89.12)

a result we will use repeatedly. Equation (89.12) has a deeper physical
significance. In §43 we showed that for particles of any kind

d3ple=p* dp dw/e (89.13)

is an mvariant. In particular, for photons p =hv/c and ¢ =hv =¢p, hence
the invariance of (89.13) implies (89.12).

90. Transformation Laws for the Specific Intensity, Opacity, and
Emissivity ‘

To determine the transformation properties of the specific intensity, we
follow L. H. Thomas (T1) and calculate the number of photons N in a
frequency interval dv, passing through an element of area dS oriented
perpendicular to the z axis, into a solid angle deo along an angle @ =
cos™' u to the z axis in a time interval dt. Let dS be stationary in the lab
frame. Then

N =[I(w, v)/hv](dew dv)(dS cos @ dt). (90.1)

To an observer in a frame moving with velocity v along the z axis, dS
appears to be moving with a velocity v in the negative z direction. This
observer would therefore count

No = [Io (1o, vo)/hwel(dwe dvo)[dS cos O diy+(v/c) dS dis]  (90.2)

photons passing through dS; the first term gives the number of photons
that would have been counted if dS had been stationary, while the second
is the photon number density i, = (Iy/chy,) times the volume (dS v dt)
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swept out by dS in a time dt,=vdt. But both observers must count the
same number of photons passing through dS, hence N = N,. Equating
(90.1) and (90.2), and using (89.11) and (89.12) we find

I(w, v)= (V/VO)BIO(“'O: Vo). (90.3)
That 1s, the quantity
I, v)=I(p, v)/v° (90.4)

i1s a Lorentz invariant, called the invariant intensity.
We can obtain the same result by applying to the photon distribution
~function f; the general arguments of §43, which led to the conclusion that
the particle distribution function f(x, p, t) is Lorentz invariant. From (63.4)
we then immediately see that ¥ = I/v> =const. X fx is an invariant.
Now consider the emissivity. Observers in all frames will count the same
number of photons emitted from a definite volume element into a particu-
lar solid angle and frequency interval in a specified time interval. Hence

n(w, v) do dv dV dithv = no(vo) dwg dve dV, dtg/hv,. (90.5)
Then using (89.12) and recalling that dV dt is an invariant we find
N, v) = (1//1/0)27]0(1/0), (90.6)

where we noted that n 1s isotropic in the comoving frame.

Similarly, observers in all frames will count the same number of photons
absorbed by a definite material element from a particular frequency
interval and solid angle in a specified time interval. Hence

x(u, VI, v) dvdo dV dtf hv = xo(vo) Io(o, vo) dvg dwg dVy dig/hvy,
(90.7)
whence
x(w, v)= (VO/V)XO(VO)' (90.8)

We can also derive (90.8) from (90.3) and (90.6) by arguing that to achieve
energy balance in equilibrium we must be able to equate the number of
emissions and absorptions by a material element in all frames.

In deriving (90.3), (90.4), (90.6), and (90.8) we made use of the special
Lorentz transformation for simplicity. The same results apply for arbitrary
relative motion of the two frames provided that w is replaced by n, and we
use (89.5) to (89.8) to relate (v,n) to (vg, ny).

91. The Radiation Stress-Energy Tensor and Four-Force Vector

THE STRESS-ENERCY TENSOR

We now seek an expression for the radiation stress-energy tensor R, the
spacetime generalization of the radiation stress tensor P defined in §65.
We can infer the form of R by requiring that the space components R" be
the rate of transport of the ith component of the radiative momentum per
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unit volume through a unit area oriented perpendicular to the jth coordi-
nate axis. Thus we write

Ri = f feMicni d*M (91.1)

which is the integral of (number of particles per cm® per unit phase
volume) X (momentum in i direction per particle) X (velocity component in
J direction) over all phase space. But for a photon cn' = ¢*Mi/z, so we
tentatively generalize (91.1) to

d*M
R“B=czijM“MB . (91.2)
e

R*? is obviously a four-tensor because it is the integral of the outer
product of the four-vector M* with itself, times the invariants f; and
d*Mje.

We have already seen that the space components of (91.2) are the
radiative stress. The component

R = f fehv d®M (91.3)

is the integral of (number of particles per cm® per unit phase volume) X
(energy per particle) over all phase space, and hence equals the radiation
energy density. Likewise

RY% = (1/c)Jthvcni d>*M (91.4)
equals (1/c¢) times the energy flux density in the ith direction, while
R®= cj fani(hulc) d*M (91.5)

equals ¢ times the momentum density in the ith direction. Thus R as given
by (91.2) is a one-to-one analogue, for radiation, of the material stress-
energy tensor defined in §40.

Note that (91.2) can also be applied to material particles, for which
p'=myv' and 2=mc?, where m is the relative mass of the particle. Thus
(91.2) is the covariant generalization of the particle momentum flux density
tensor (43.45), and provides a general expression for the stress-energy
tensor in kinetic theory. The discussion above is purposely heuristic; a
much deeper analysis that emphasizes the geometric aspects of the problem
can be found in (86, Chaps. 1-3).

Using (63.4) to replace fr with the specific intensity, and noting that
p? dp do = h*v? dv dw/c?, we can write a continuum version of (91.2) as

ReF = C“IJ dv%dw[(n, v)n*n®, (91.6)
o
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where we define n°=1 as in (89.2). R*® as given by (91.6) is manifestly
covariant because it is the outer product of the photon four-momentum
with itself, times the invariants Iv ™ and v dv dw, integrated over all angles
and frequencies. An equivalent form of (91.6) is

E ¢'F
R=< >, 91.7
¢'F P ( )

where E, F, and P are the radiation energy density, flux, and stress tensor
as defined in §§64 to 66. The elements of (91.7) can obviously be
interpreted in exactly the same way as (91.3) to (91.5).

Using (66.6), one finds that in planar geometry (91.7) reduces to

E 0 0 ¢'F
0 HE—-P) 0 0
R= . 91.8
0 0 YE-P) 0 ( )
¢'F 0 0 P

where i =1, 2, 3 denote (x, v, z) respectively. The components in (91.8) are
physical components, and are identical to the components measured with
respect to an orthonormal tetrad in a curvilinear (e.g., spherical) coordinate
system. Using the transformation rules (A3.47) we can write the con-
travariant components of R in spherical symmetry as

E ¢ 'F 0 0
~'F P 0 0
aff _ ¢ 91.9
R 0 0 WE-P)/r? 0 . 019
0 0 0 (E-P)/r*sin” 6

where now i=1,2, 3 denote (r, 8, ¢). Equations (91.7) to (91.9) also give
the comoving-frame radiation stress-energy tensor Ry if all quantities are
measured in that frame.

The connection between R and R is obtained from the Lorentz trans-
formations (35.41) and (35.42). One finds

E =vyX(Ey+2c¢ *0.F§ + ¢ v, PY), (91.10)
F'=~{F} +vE' +v;Pi+[v/c*(y+ D2y + Duv,F) + yvu Pilv',
(91.11)

and
P = Pi+~yc ?(v'F) +¢'Fi) +v*c *Egu'y’
+[v3 Ay + Dwiv P+ v PE+ 2ve 2y Fev'v)  (91.12)
+[v* Ay + DI (vanPs) v,

For one-dimensional flow in planar geometry, (91.10) to (91.12)
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reduce to
E =v*(Ey+2Bc ™ Fy+ B*Py), (91.13)
F=~?[(1+B*F,+vE,+vP], (91.14)
and
P =y*(Py+2Bc™ Fy+ B2E). (91.15)

These equations also apply in spherical symmetry for radial flow. We can
further reduce (91.13) to (91.15) to O(v/c¢), obtaining

E=E,+2Bc'F,, (91.16)

F=F,+uvE,+vP,, (91.17)
and

P=Py,+28c'F,. (91.18)

The corresponding inverse transformations are
(Egy, Fo, P))=[E—28c™'F, F—v(E+P),P—2Bc™'F]. (91.19)

Equations (91.16) to (91.19) can also be derived by using (89.11),
(89.12), and (90.3) expanded to first order in v/c. Thus I, dvdw =
(W ve) Iy, dvg dwe= (1--2Bue)Iy, dvy dwg, from which (91.16) follows by
integrating over solid angle and frequency. Similarly, wlI, dvdw =
(o+B)(1+Bu)I?, dvy dwy~[ue+B(1 +uIy, dvg do, leads to (91.17),
while w?I, dv dw = (uo-+ B)*I2, dvy dw,=~ (u5+2Bro)ly, dvy dw, leads to
(91.18). Note that (91.10) to (91.19) apply only to frequency-integrated
moments.

THE FOUR-FORCE DENSITY VECTOR
By analogy with (42.1) we expect the dynamical equations for the radiation
fleld to have the general form

R =—-G*, (91.20)

where G* is the radiation four-force density acting on the material. Thus
the time component G° equals ¢™' times the net rate of radiative energy
input, per unit volume, into the matter, while the space components G*
equal the net rate of radiative momentum input. From these physical
interpretattons it is easy to write G in terms of macroscopic absorption
and emission coefficients as

Gl=¢" J'mdv§dw[x(n, v)I(n, v)—m(n, v)] (91.21a)
o
and

Gi=c dev § do[x(n, v)I(n, v) —n(n, v)]n" (91.21b)
o

G< is manifestly a four-vector, being the integral of the four-vector
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v(1,n), times the invariants (xI/v®) or (n/v?) and vdvde, over all angles
and frequencies. Thus (91.20), with R given by (91.7) and G* by (91.21),
1s indeed a covariant conservation relation for the radiation field. For
example, (91.20) in Cartesian coordinates yields the moment equations
(78.4) and (78.11) derived in Chapter 6, consistent with the physical
interpretation of those equations.

The relationship between G* and G§ is obtained by Lorentz transfor-
mation. For one-dimensional flow in planar or spherical geometry,

G"=v(GS+BGY) (91.222)
and
G'=v(Gi+BGY, (91.22b)
or equivalently,
G3=v(G"-BG" (91.23a)
and
Gi=v(G'-BG"). (91.23b)
Here
o 1
eGo= 2| dv| dulx(u I, -], (91240)
(0] -1
=] 1
oG =2 av duletue, I ) s, (91240)
0 —1
CGo:j [exo(ve) Eg(vo) — 4mmo(w)] dvo, (91.252)
0
and
CG(E = J Xo(Vo),Fo(Vo) dVO. (91.25b)

0

92. Covariant Form of the Transfer Equation

THE PHOTON BOLTZMANN EQUATION
For convenience, in this section we use units in which h =¢ =1 and work in
Cartesian coordinates. The standard Boltzmann equation for particles is

(8f/ot) +v* (9fl9x") + p'(8ffap") = (D Dt) o (92.1)
An obvious covariant generalization of (92.1) is
() 9L (") of _ (o) 02
dr / ox“® dr apa oT coll

where (6/87) is the intrinsic derivative with respect to proper time. Because
photon world lines lie on the null cone, proper time is not a useful variable
for the photon Boltzmann equation, so we replace 7 by a new affine
path-length variable € defined such that

p® =(dx*/d¢f). (92.3)
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[See (87, §2.4) for a similar approach for geodesics, to which we return in
§95.] We can then rewrite (92.2) as

p(0f/ox*) + p= (8f/op™) = (8f]5€) o, (92.4)
where

p* =(dp®/df). (92.5)

For photons we identify p® with M*, and write the right-hand side in
terms of a source & and a sink —afg, representing photon emission and
absorption by the material. Thus the photon Boltzmann equation 1s

Ma(afR/axa)JrMa(afR/aMa):S_O‘fR: (92.6)
or, in terms of the invariant intensity,
M*(05/3x%) + M (0 F/0M*) = e — 0.9. (92.7)

Equation (92.7) applies in all frames, in particular in inertial frames. In
the absence of general relativistic effects, photon trajectories in inertial
frames are straight lines, hence M*=0 (i.e., the photon four-momentum is
conserved). Thus in an inertial frame (92.7) reduces to

M°S = e—ad. (92.8)

Substituting $ = I/+* and noting that » is now a constant, we find that the
left-hand side of (92.8) is v~ % times the left-hand side of the time-
dependent transfer equation (76.5). Therefore on the right-hand side we

denti
can identify e=m, [v? (92.9a)
and

a=vx, (92.9b)

That is, e and » are just the invariant emissivity and invariant opacity
discussed in §90.

LORENTZ INVARIANCE OF THE TRANSFER EQUATION
Let us now show that the transfer equation is covariant under Lorentz
transformation between inertial frames. We stress that this statement holds
only between frames moving uniformly relative to one another (see below
and §95).

One approach 1s to argue that because $ is a Lorentz invariant, $ , must
be a covariant four-vector, hence M“# , is an invariant. Thus between two
inertial frames we can write

1
=z [(m(n, v)—xm, v)I(m, v)]= +n-VI(n, 1/)]
1 [ ]’(n V)
12

14

1 [1 al(n v)
2
(92.10)
19

=Mg  =M"F = o VI, ) |.

Equating the left- and right-most expresstons in (92.10), and applying
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(90.3), (90.6), and (90.8) we have
100, v/ |
; ___(:;7.1/_).—0—“’ . V/lr(nz’ 'l/’) — nr(nz’ 1/1) _ X/(nz’ 'u’)I’(n’, V’), (9211)

which is identical in form to the transfer equation in the unprimed frame,
as asserted.

Alternatively, we can use equations (35.39) and (35.12) to infer the
transformation properties of the four-gradient (a covariant vector); for the
special Lorentz transformation

19 9 o0 9 10 0 o 9 a B
ol St trunitoonl Eall o1 Suvil ¢ Bl Nowsribeiie d burinisdort Il B
c 0t 9dx dy 0z c ot 0z'/ ox' dy 0z" c ot

(92.12)
Combining (92.12) and (89.9) we then have
c @ty +(m - V)= fv)[c Mo/t + (' - V). (92.13)
Therefore
¢c'OL/A)+m -V =1, —x.L (92.14)
transforms to
(W Jv)[e MB/et) + (' - VO (v/ v (0, v')] (92.15)

=(uv")[n' (', v') = x (0, )T (', )],
and because v/v' is constant for uniformly moving frames, we recover
(92.11).

NONINERTIAL FRAMES

When we transform from the lab frame to a noninertial frame such as the
comoving frame of a fluid whose velocity varies in position and time, we
can no longer take the ratio (v/v")? to be constant and remove it from the
differential operator as we did in (92.15). Instead, new terms appear that
account for changes in the Lorentz transformation from one point in the
flow to another.

Put another way, a photon moving on a straight line with constant
frequency in the lab frame suffers differing amounts of aberration and
Doppler shift as measured in different fluid elements. Thus, in the ensemble
of frames composing the comoving frame, we do not have M<“=0(, and
(92.8) ceases to be valid. Instead, we must start from (92.7) and generalize
the transfer equation to an equation of the form

M°$, =e—ad (92.16)

where the operation |, denotes a derivative taken subject to the constraint
that photon paths remain on the null cone in the fluid frame. Equation
(92.16) is the Lagrangean transfer equation, which we discuss in detail in
§95
S .
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7.2 The Dynamical Equations for a Radiating Fluid

We are now in a position to derive the dynamical equations for a radiating
fluid. As our interest centers primarily on radiative effects, we will assume,
for simplicity, that the material component is an ideal fluid; the effects of
viscosity and heat conduction in the material can be included by using the
results of Chapters 3 and 4.

We first develop an Eulerian formulation, in which all radiation quan-
tities are measured in the laboratory frame, and both radiation and
material properties are considered to be functions of (x, t). The Eulerian
equations are conservation relations for the total (material plus radiation)
energy and momentum in a fixed volume element. We can cast these
equations into “‘quasi-Lagrangean’ or ““‘modified Eulerian” form by group-
ing time and space derivatives into the Lagrangean time derivative (D/Dt).
However, the resulting equations are not truly Lagrangean because radia-
tion quantities are measured in the lab, rather than comoving, frame; we
develop the fully Lagrangean view in §§95 and 96.

The Eulerian equations are easier to apply in multidimensional flows;
indeed, except in the diffusion approximation the Lagrangean equations
have been used only for one-dimensional flows. On the other hand,
complexities in the physics of the material properties and/or the radiation-
material interaction are most easily handled in the Lagrangean frame;
moveover the Lagrangean formulation often affords deeper physical in-
sight.

93. The Inertial-Frame Transfer Equation for a Moving Fluid

Consider now the inertial-frame transfer equation for a moving medium,
from which we will derive inertial-frame radiation energy and momentum
equations. The main question that arises 1s how best to account for the
Doppler shift and aberration of photons from the lab frame into the
moving fluid frame, where they interact with the material.

In most astrophysical flows, v/c is so small that it 1s tempting to ask
whether we could simply ignore velocity-dependent effects in calculating
the radiation-material interaction (at least in the continuum where cross
sections change slowly). This procedure has often been used; nevertheless
we will shortly see that the answer is actually “no”’, and that we must retain
the distinction between y and x,, and 7 and ng to O(v/¢), and solve the transfer
equation to this level of accuracy.

In principle we could solve the lab-frame transfer equation by brute
force, using a large number of angles and frequencies and transforming
these into the comoving frame via (89.5) to (89.11) when computing
material absorption and emission coefficients. But this approach is unsatis-
factory for two reasons. (1) The interaction terms are cumbersome double
integrals over both angle and frequency [cf. (91.21)] that are costly to
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evaluate. (2) It obscures important underlying physics. We therefore seek
other methods of treating the matter-radiation interaction.

FORMULATION

The simplest way to handle the lab-frame angle-frequency dependence of
the absorption and emission terms is to use first-order expansions to
evaluate the material coefficients at the appropriate fluid-frame frequency.
That 1s, writing

v =1+ (- v/c), (93.1)
equation (90.8) expanded to O(v/c) yields
x(m, v) = xo(¥)— (- v/c)xo(v) + v(dxo/ov)], (93.2)
and (90.6) vyields
n(n, v) =ne(v)+ - v/c)2m,(¥) — v(dne/ov)]. (93.3)

Notice that in (93.2) and (93.3), v is the lab-frame frequency of the
radiation.
The transfer equation in Cartestan coordinates can then be written

1M+n - VI, v) =n(v) — xo(v)I(n, v)
¢ ot (93.4)

+ (%) {zno(v) - v%+ [XO(V) + v%][(n, 'u)}.

The advantage gained in this approach is that both x, and %, are isotropic,
which simplifies the calculation of angular moments of (93.4). While it is
reasonable to expect (93.4) to be satisfactory for smooth continua, it will
not be adequate for spectral lines because a first-order expansion in Av
cannot accurately track the rapid variation of xy and m over a line profile,
unless the velocity-induced frequency shifts are smaller than a line width
(which is not the case for most problems of interest).

Integrating (93.4) over dw we obtain the monochromatic radiation energy
equation

(BE.Jor) + (3F}/ax") = 4mmo(v) — exo(W) E, + (vF /) xo(v) + v(0xo/dv)].
(93.5)

Integrating (93.4) against n do we obtain the monochromatic radiation
momentum equation

c2@F Jat) + (0PUox") = —c " xo(W) F i+ 3me ™0 [ 2m4(v) — v(9mo/0v)]
+ c Mo xe(v) + v (@x0/0v)]PY. (93.6)

Here we noted that

§ n'n' dw =% 8. (93.7)



THE EQUATIONS OF RADIATION HYDRODYNAMICS 423

Finally, integrating (93.5) and (93.6) over frequency we obtain the radiation
energy equation

B+ Fy= [ 4m() - cxo(WE. ) dv
(8]

w (93.8)
+c“1viJ’ [xo(¥) + v(8xo/ov)IF: dv = —cG°
0
and the radiation momentum equation
cT°F'+ Pi= —c”J' Xo()FL dv +4wc‘2vij no(v) dv
¢ 0 (93.9)

+ c“lv,-J‘ [xo(¥) + v(9xo/dv) [P dv = —G'.
o

It is important to notice that the first terms on the right-hand sides of
(93.8) and (93.9) are not ¢G{ and G| as defined in (91.25), despite their
superficial resemblance. In G and G/ all quantities are evaluated in the
comoving frame; in contrast, in (93.8) and (93.9) the material coefficients
are in the comoving frame while radiation quantities and frequencies are in
the inertial frame. To call attention to this combination of frames we refer
to (93.4) to (93.9) as mixed-frame equations.

To obtain the corresponding equations in spherical symmetry we merely
replace the left-hand sides of (93.4) to (93.6), (93.8), and (93.9) with the
left-hand sides of (76.9), (78.5), (78.6), (78.13), and (78.14) because only
the interaction terms are affected by the expansion procedure. Scattering
terms are complicated in the mixed-frame equations; we therefore ignore
them and set x =« for the remainder of §93. A detailed discussion of
scattering is given in (F2) [see also (M8)].

ON THE IMPORTANCE OF O(v/c) TERMS
Let us now examine the physical importance of the v/c terms in (93.8) and
(93.9). To simplify the discussion we specialize to grey material:

E,+F,=x(4wB —cE)+(x/c)v,F' =—cG° (93.10)
and
¢7?F 4 Pi=(k/c)[-F +v'(4mB/c)+vP"]=-G". (93.11)

Consider first the energy equation. We instantly see that if we omit the
O(v/c) terms, we lose a term equal to the rate of work done by the
radiation force on the material, a serious error when the radiation field is
intense. Furthermore, in the diffusion regime E,— (4mwB/c), hence from
(91.16) and (91.17) 4wB—cE =-2v-F/c+O(v?/c?). Equation (93.10)
then becomes

E, +F'=—(x/c)vF', (93.12)
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which is essentially the first law of thermodynamics for the radiation field.
It states that the rate of change of the radiation energy density in a fixed
volume plus the rate of work done by the radiation force on the material
equals the net rate of (radiant) heat influx through the boundary surface of
the volume. Thus in the diffusion regime we reach three important conclu-
stons. (1) Omisston of the O(v/c) terms from the radiation energy equation
produces an error equal in size to ignoring the net absorption-emission
term, which is unacceptable. (2) We arrive at the physically correct
statement (93.12) only by retaining O(v/c) terms. (3) Dimensional analysis
suggests that «v-F/c is O(lv/A,¢) relative to V- F; hence the velocity-
dependent term may actually dominate the energy balance in the dynamic
diffusion regime where v/c=A,/L

Next consider the momentum equation in the diffusion regime. On a
fluid-flow time scale the time derivative is only O(A,v/lc) relative to «F/c,
hence is negligible. We can therefore write

F'=—(c/k)Pi+v' (47B/c) + v,PY, (93.13)

In §97 we will show that in the diffusion limit E,— (4mwB/c), P —
P§+0Ov/lc) =3E,; 87 +O(A,v/lc), and Fy— —(c/«)V - P,. Thus to O(v/c)
equation (93.13) reduces to

Fi'=Fi +v'E,+v,Pi= Fj +%'E,, (93.14)

which is just the Lorentz transformation from F,, to F, cf. (91.17). Hence if
we were to omit O(v/c) terms in (93.11) we would fail to discriminate
between the inertial-frame (Eulerian) and the comoving-frame (Lag-
rangean) radiation flux. To appreciate the importance of this point, recall
from §80 that in a stellar interior (vEy/Fy)~ (v/c)(TIT.a)* ~ 10"*(v/¢),
which implies that even a minuscule velocity produces a huge difference
between F and Fy. In short, the O(v/c) terms in (93.11) are essential if we
are to obtain the correct lab-frame flux in a moving fluid.

RELATIVE SIZES OF TERMS

The thrust of the discussion above is that terms that are formally O(v/c),
and which therefore appear, at first sight, to be negligible can sometimes
dominate all others in the equation. Hence we must undertake a detailed
analysis of the relative sizes of terms in (93.4) to (93.9) in all regimes of
interest. In the streaming limit we consider both radiation-flow and fluid-
flow time scales; in the diffusion limit we consider both static and dynamic
diffusion.

We assume that (v/c) < 1, and agree that terms that are always of O(v/c)
or smaller relative to the dominant terms can be dropped. The key word
here is “‘always” because terms that are negligible in one regime may
dominate in another, and because any real flow spans both the optically
thin and thick limits. As we desire our calculations to be accurate in both
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Iimits and successfully bridge the gap between, any term found o be
essential in one regime must be retained in all regimes. )

In the streaming limit A /l=1, E~ P, and F=cE. In the diffusion limit
E =3P. For static diffusion t; >, and (v/c)< (A,/l); in this case the first
term on the right-hand side of (91.17) dominates and F — F,, hence F/cE
is O(A,/1). For dynamic diffusion t=<t, and (v/c)=(A,/l); in this case the
last two terms in (91.17) dominate, and F/cE is O(v/c). Similarly the net
absorption-emission term [i.e., k(cE —4mB)] is O(cA,/I>)E for static diffu-
sion (cf. §80), and O(v/)E for dynamic diffusion (cf. §97).

Consider first the transfer equation (93.4). In the streaming regime,
dimensional analysis suggests that on a fluid-flow time scale the five terms
in the equation scale as (v/c):1:(UA,): (YA,): (v/c)(I/A,). Here we can drop
both the time derivative (the radiation field is quasi static) and the
velocity-dependent term on the right-hand side, retaining only the spatial
operator and the absorption-emission terms. For radiation flow on a time
scale tg, the (8/0r) term becomes O(1) and must be retained. Now constder
the diffusion regime, grouping the net emission m —«JI into a single term.
For static diffusion the terms scale as (v/c):1: (/1) :(v/c)(YA,); for
dynamic diffusion they scale as (v/c):1:(v/c): (v/c)(YA,). In both cases the
time dertvative can be dropped. For dynamic diffusion the velocity-
dependent term may actually dominate all others in the equation. Even for
static diffusion it will dominate the net absorption-emisston term if (v/c) =
(A,/D)?. Inasmuch as we always retain the absorption-emission terms, we
must retain the velocity-dependent term as well. In short, to obtain a correct
solution of the inertial-frame transfer equation on a fluid-flow time scale we
must retain the spatial operator on the left-hand side of (93.4), and all terms
on the right-hand side. To follow radiation flow on a time scale tp, we must
also retain the time derivative.

Next consider the radiation energy equation (93.10), starting with the
streaming limit. Dimensional analysis suggests that on a fluid-flow time
scale the five terms in the equation scale as (v/c):1:(YA,):(A,): (v/c)
(I/A,); thus we need retain only V - F and the absorption-emission terms. To
follow radiation flow, we also need to retain (8/dt), which becomes O(1) on
a time scale tg. An exceptional case arises if the medium is nearly in
radiative equilibrium; here the absorption-emission terms may cancel
almost exactly, and (9/0t) and the velocity-dependent terms can then fix the
energy blance. In this event we must retain all terms in the equation.
Now consider the static diffusion limit. Here the terms scale as
(v/c)(YA,) 1 1:1:(v/c)(/A,), where the net absorption-emission terms are
grouped together. In this regime we can drop both the (3/dt) and
velocity-dependent terms because (v/¢) < (A,/1). But when (v/c) — (A,/1), all
terms in the equation become of the same order and must be retained. In
the dynamic diffusion limit the terms scale as 1:1:1:(v/c)(I/A,); here the
velocity-dependent term may dominate all others.

Finally. consider the radiation momentum equation (93.9), starting with
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the streaming limit. On a fluid-flow time scale the terms scale as
(v/c) :1:(UA) (/) (UA,) : (v/e)(l/X,). We need retain only V-P and the
integral over F, all other terms being at most O(v/c¢). On a radiation-flow
time scale we must also retain (9/8t). In the static diffusion limit, the terms
scale as (v/c)(A/D):1:1:(v/c)(YA,): (v/c)(Y/A,). In this regime we can drop
both the time-derivative and velocity-dependent terms. But as (v/¢) —
(A,/1), the velocity-dependent terms become of the same order as V- P
and must be retained, while (8/dt) is only O(v?/¢?). Finally, in the dynamic
diffusion limit, the terms scale as (v%/c®):1:(v/c)(UA,): (v/C)UA,):
(v/c)(I/A,). Here we can drop (3/dt), but must retain V - P, and all three terms
on the right-hand side, which are of the same size and may actually dominate
the solution [cf. discussion of (93.14)].

In summary, to solve the inertial-frame radiation energy and momentum
equations correctly on a fluid-flow time scale we must retain all terms in both
equations except (9/0t) in the momentum equation, which can be dropped. To
follow radiation flow we must retain (8/8t) in the momentum equation as
well. Unfortunately, these requirements make the equations cumbersome
to solve.

94. Inertial-Frame Equations of Radiation Hydrodynamics

The radiation energy and momentum equations discussed in §93 are to be
solved simultaneously with conservation equations for the material, which
we now derive.

GENERAL FORM
The dynamical equations for the radiation field can be written (cf. §91)

R =-G". (94.1)

This expression is manifestly covariant and applies in all frames. In an
inertial frame the covariant derivative can be evaluated immediately in any
coordinate system, using the formulae in $§A3. In a noninertial frame, we
must first construct the spacetime metric before we can compute the
Christoffel symbols needed to evaluate the covanant derivative of the
stress-energy tensor (see §95).

In Cartestan coordinates, substitution of (91.7) into (94.1) immediately
yields the radiation energy ecuation

E,+F,=—cG" (94.2)
and the radiation momentum equation
¢ ’F'+Pi=-G/, (94.3)

where G° and G' are given in general by (91.21), or to O(v/c) by (93.8)
and (93.9). In spherical symmetry we can apply equation (A3.89) to (91.9)
or (A3.91) to (91.8), noting that only (8/0t) and (8/dr) are nonvanishing, to
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obtain

(0E/ot) + r[o(r*F)/or]= —cG° (94.4)
and
¢ *aF/ot) +(8Plar) +~(3P—E)/r=—G". (94.5)

To obtain dynamical equations for a radiating fluid we use a similar
approach, adopting either of two equivalent physical pictures. On one
hand, we can consider the radiation field as providing an additional
four-force acting on the material, and modify the dynamical equations for
the material to read

MEE = F*+ G©. (94.6)

Alternatively we can consider the externally imposed four-force F* to act
on a radiating fluid, comprising matter plus radiation, which has a total
stress-energy tensor

S8 = M + R*8; (94.7)

we then obtain the dynamical equations

(M*® + R*#) ;= F*. (94.8)
In view of (94.1), equations (94.6) and (94.8) are mathematically equival-
ent. As we will see, (94.8) provides a conceptually more satisfying formula-
tion in the diffusion regime, whereas (94.6) is more natural in the stream-
ing limit.

Writing (94.6) and (94.8) in Cartesian coordinates for an ideal material
fluid plus radiation, we obtain the relativistically correct equations

(prc®—p), +(prc*v'); = vf  +cG° (94.9a)
and
(pyv)  +(pv); =fi—p: + G, (94.10a)
or
(p1c*—p+E) +(pyc*0' +F), =¢f (94.9b)
and
(pyv' +¢2F)  + (pyoivh + P, = 1 — 8p . (94.10b)

Here p, =7v%po0os Poco 18 defined by (40.9), and f' is the Newtonian force
density. Comparable expressions for general three-dimensional flows in
spherical coordinates are given in (P3, 230-231).

If we subtract ¢ times the continuity equation (39.8) from (94.9) we
obtain

[(v = Dpc? +ype + (v* = Dpl, +{[(y = Dpc?+ ype +y*plo'}; = vif * +cG°
(94.11a)
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or

[(v = Dpc?®+ype +(v* = Dp + E], +{[(vy — Dpc*+ vype + v*plo’ + F'} = vf',
(94.11b)

which will prove useful below; here, as in (39.5), p=vp,.
The flows with which we deal are nonrelativistic; let us therefore reduce
(94.9) to (94.11) to expressions correct to O(v/c).

THE MOMENTUM EQUATION

We can cast the momentum equations (94.10) into a simpler form (as we
did for a nonradiating fluid in §42) by multiplying (94.9) by v'/c? and
subtracting from (94.10) to obtain the relativistically correct equations
(W2): :

p(DV/DT) =f=Vp—c>¥(p, +v-H+G—cvG°,  (94.12a)

Dv v <8p > ( 1 8F> v <8E >
——t-Vp—— (Liyf)—(v-P+ = E ) L (v F).
P% Dr P2 \a Y ) e \ar V-F
(94.12b)

or

Here p.=vpoye- and G denotes the space components of G,

In §42 we saw that the distinctions between t and 7, and p and p,, are
O(v?/c?), as is v(p,+v-f/c? relative to other terms. Hence for a non-
radiating fluid, the Newtonian momentum equation is correct to O(v/c).
In contrast, for a radiating fluid the frame-dependent term vG%c can be
O(v/c) relative to the radiation force G in the streaming limit, hence the
radiating-fluid momentum equation correct to O(v/c) is

p(Dv/Dt)=f—Vp+G—(v/c)G° (94.13a)
or

p(Dv/Dt)=f—Vp —[c (3F/ot)+V - P ]+ ¢ 2v[(8E/ot) + V - F].
(94.13b)

On a fluid-flow time scale the term containing (9E/dt) is O(v?/c?) relative
to V - P and can be dropped. These equations are quasi-Lagrangean in the
sense defined earlier.

The first two terms on the right-hand side of (94.13) account for
externally imposed and pressure gradient forces. The third term accounts
for the radiation force, expressed either as the momentum absorbed by the
material from the radiative flux, or as the divergence of the radiation
pressure tensor. The last term accounts for changes in the equivalent mass
density of the material, as measured in the lab frame, resulting from any
net gain or loss of energy by the material through its interaction with the
radiation field. This term has often been omitted in discussions of radiation
hydrodynamics [see, e.g., equation (9.83) in (P3)], but at a sacrifice in
logical consistency. In particular, we will see in §96 that it is essential to
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retamn this term in order to make an exact correspondence between the
inertial-frame and comoving-frame momentum equations for a radiating
fluid.

While granting the logical importance of the O(v/c) terms in (94.13), we
have agreed that because (v/¢)« 1 we can drop terms that are always of
this order, or smaller, for practical computations. In (94.13a), vGY/c is at
most O(v/c) relative to G in the streaming limit, and even smaller if the
material is in radiative equilibrium. In the diffusion limit vG%c is
O(Av/lc) or O(v?/c?) relative to G in the static and dynamic diffusion
regimes respectively. Thus in all cases this term may be dropped. Similarly,
in (94.13b), F/c is O(1) relative to P in the streaming limit, and is O(A,/l) or
O(v/c) relative to P in the static or dynamic diffusion limits; hence on a
fluid-flow time scale both terms containing F are at most O(v/c) relative to
V - P and can be dropped. Thus the inertial-frame momentum equations
suited to practical computation are

p(Dv/Dt)=f—Vp+G (94.14a)
or
p(Dv/Dt) =f—Vp—V - P, (94.14b)

that 1s, the standard Newtonian equations of motton including a radiative
force.

Expressions for (94.13b) in spherical geometry, with the v/c term
omitted, are given in (P3, 231).

THE TOTAL ENERGY EQUATION
To obtain the total energy equation for a nonrelativistic radiating fluid we
simply let v — 1 and (y—1) —%v?%/c? in (94.11). We then have

(pe+3pv?) , +{[ple +3v*) +plv'}, = vf + GO, (94.152)

or
(pe +3pv*+ E) , +{{ple +3v>) +plv' -+ F'}, = vf". (94.15b)

These Eulerian equations are correct to O(v/c). Equation (94.15a) states
that the rate of change of the material energy (internal plus kinetic) in a
fixed volume equals the rate of work done by external forces and fluid
stresses, plus the net rate of energy input to the matertal by absorption and
emission of radiation, minus the net flux of material energy through the
surface bounding the volume. Similarly, integrating (94.15b) over a fixed
volume element and applying the divergence theorem, we obtain the
statement that the rate of change of the total energy (internal, kinetic, and
radiative) in the volume equals the rate of work done on the element by
external forces and fuid stresses, minus the flux of total energy (material
plus radiative) out of the volume. Detailed expressions for (94.15b) in
spherical coordinates are given in (P3, 232).
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Using (19.13) we can rewrite (94.15) in the quasi-Lagrangean form
pD(e+203)/Dt+V - (pv) =v - f+ cG° (94.16a)

or
pD(e+30%)/Dt+(0E/8t)+V - (pv+F) =v - {. (94.16b)

These equations will prove useful later.

THE MECHANICAL ENERCY EQUATION
To obtain a mechanical energy equation for a radiating fluid, we form the
dot product of (94.13) with v and drop terms of O(v?/c?), which yields

pDGv?)/Dt=—v - (Vp)+v- (+G) (94.172)
or

pDGv*)/Dt=—v - (Vp)+v-f—v-[c(oF/at)+V-P]. (94.17b)

These (quasi-Lagrangean) equations state that the rate of change of the
kinetic energy per unit mass in a material element equals the rate of work,
per unit mass, done by applied external and radiative forces, minus the
work done against fluid stresses.

On a fluid-flow time scale the (3F/0t) term in (94.17b) is at most O(v/¢)
relative to V - P ; hence this term is O(v?/c?) overall and can be dropped.
On a radiation-flow time scale this term is of the same order as V - P in the
streaming limit.

THE GAS-ENERGY EQUATION
In §42 we derived the relativistically correct gas-energy equation for a
nonradiating fluid. By exactly the same analysis, using (94.6), (94.9a), and
(94.10a) we find that the relativistic gas-energy equation for a radiating
fluid is

De D (1 o
pO[DT+pDT <p0>] =-V . F*-V,G" (94.18)
As before, V_ F*=0, while —V,G“=v(cG°—v-G). The inner product
V.G is not zero for radiation as 1t 1s for ordinary body forces because the
radiant energy absorbed by the material produces a change in its total
proper energy (cf. §37). Recalling that (dt/dr) =+, we see that the lab-
frame gas-energy equation for a radiating fluid is

De D <1 >] o
=)= —v- 94.19¢
po[Dt+th o cG’—v-G ( a)

De D <l>] <SE > <1 oF >
—+p—\—)|=—A—+V-Fl+v-{S—+V-P)
pO[Dt PDr \p, ot Y\ ar P

(94.19b)

or
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Recalling (91.23a), we see that (94.19a) is the first law of ther-
modynamics for matter in the presence of radiation. It states that the rate
of change of the internal energy per unit mass in a material element plus
the rate of mechanical work done by the material in expansion, equals the
net rate, per unit mass, of “heat” input from the radiation field, evaluated
in the comoving fluid frame (cf. §96); compare with (93.12).

We emphasize that in (94.19) all radiation quantities are measured in the
lab frame, while the material properties e, p, and p, are all measured in the
comoving frame. But for the latter the distinction between frames is
O(v?*/c?) and hence can be ignored to O(v/c). Thus (94.19) could also be
derived simply by taking the difference between the O(v/c) equations
(94.16) and (94.17).

Dimensional analysis suggests that in (94.19a) v - G is of the same order
as ¢G° in the dynamic diffusion regime, and may exceed ¢G’ in the
streaming limit if the material is approximately in radiative equilibrium.
Hence both terms on the right-hand side must be retained. In (94.19b),
¢ 2v - (aF/at) is O(v?/c?) relative to V- F on a fluid-flow time scale, and
hence can be dropped. The remaining three terms are all of the same order
in the dynamic diffusion regime, hence all must be retained. Thus for
practical calculations the inertial-frame gas-energy equation is

De D <1>] .
o PN L oy 94.2
p[Dt th 5 cG°—-v-G ( 0a)
or
De D /(1 E
[ ¢ p—(—)]:—V-F—a—Jrv-V-P. (94.20b)
Dt PDi ot

Equation (94.20b) can be rewritten in either the Eulerian form
(pe+E) +V -[(pe+p)v+F]=v-(Vp+V-P) (94.21)
or. using (19.13), in the quasi-Lagrangean form
D D /1
[ <e+5+p—<—>]+v-(F—vE)=v-V-P. (94.22)
Dt p Dt \p

By straightforward manipulation (94.22) can be recast as

I:DDt<e+§> ;<]>+l P: VVJ+V (F-vE—v-P)=0

(94.23)

compare with (96.9). Here P:Vv denotes the contraction Py,

COUPLING TO THE RADIATION EQUATIONS

The radiating-fluid momentum and energy equations written above are to
be solved simultaneously with the radiation energy and momentum equa-
tions of §93 [i.e. (93.8) and (93.9) or perhaps (93.10) and (93.11)]. When
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simplified for practical computations on fluid-flow time scales, the fluid
momentum, total energy, and mechanical energy equations are all standard
Newtonian equations which include radiative terms in exactly the way one
would expect from heuristic arguments. Only the gas energy equation
contains a velocity-dependent radiation term that would be unanticipated
from simple Newtonian arguments; this term, often ignored in inertial-
frame formulations of the equations of radiation hydrodynamics, is re-
quired to convert the net rate of radiant energy input into the matenal to
its value in the comoving fluid frame (cf. §96). Thus the fluid equations
contain few surprises (the exception being the gas energy equation) and can
be handled in the usual way. In contrast, it 1s in the radiation energy and
momentum equations that special care is required, for, as we have seen, it
i1s essential that all velocity-dependent terms be retained if we are to
obtain the correct radiation energy and momentum balance. It is at this
juncture that most Eulerian-frame treatments of radiation hydrodynamics
are flawed, for the velocity-dependent terms are usually dropped, and the
radiation equattons are treated as if the material 1s at rest, which is stmply
incorrect.

95. The Comoving-Frame Equation of Transfer

RATIONALE FOR THE COMOVING FRAME
In radiation hydrodynamics the comoving frame of a fluid parcel comprises a
set of inertial frames, each of which has a velocity that instantaneously
coincides with that of the parcel. Clearly this frame is identical to the
Lagrangean frame of fluid dynamics, and further is the proper frame in the
relativistic sense, and is therefore the frame in which microscopic descrip-
tions of material properties by thermodynamics and statistical mechanics
apply. It is also the frame in which detatls of the interaction between
radiation and matter (e.g., partial redistribution by scattering) are most
eastly handled (M13). Moreover, it offers computational advantages be-
cause it is the frame in which material properties are isotropic, and in
which the frequency mesh can be tailored to describe accurately the
absorption spectrum of the material; the latter point is especially important
in line-formation problems (M11). Thus the comoving frame is the natural
frame for one-dimensional flow problems such as stellar pulsations, and 1s
the frame always used (whether explicitly or implicitly) in stellar evolution
calculations that mvoke the diffusion-limit solution of the transfer equa-
tion.

Because the velocity field in a flow is, in general, a function of both
position and time, the comoving frame associated with any particular fluid
element 1s a noninertial frame. Photon trajectories in the comoving frame
are therefore not Euclidian straight lines, but are geodesics whose shapes
are determined by the metric of the curved (i.e., non-Minkowskian)
spacetime through which the photons niove. In addition, photon frequen-
cies are not constant in this spacetime. As a result, the comoving-frame
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transfer equation is more complicated than the lab-frame equation, and
contains derivatives with respect to angle and frequency in addition to
space coordinates and time.

There are two routes by which the comoving-frame equation of transfer
can be derived, each having certain advantages. In the first we use special
relativity in an mertial spacetime to derive an equation correct to all orders
in (v/c); the results can then be reduced to O(v/c). At this point one can
safely invoke Galilean relativity because all O(v/c) terms have been
accounted for, and all remaining special relativistic terms are O(v?/¢?) or
higher; hence a fullly Lagrangean formulation can be constructed simply by
grouping terms to form the Lagrangean time derivative (D/Dt). Alterna-
tively we can derive the equation in a noninertial Lagrangean frame from
the outset, using the techniques of general relativity; here we obtain results
accurate only to O(v/c), but enjoy a more direct hold on the physics and
deeper insight into the geometrical aspects of the problem. We will develop
both approaches, limiting the discussion to one-dimensional spherically
symmetric flows.

The main goal of §§95 and 96 is to obtain equations in which all physical
variables, for both radiation and matter, are expressed in the Lagrangean
frame. But we emphasize that this choice of frame is critical only for the
dependent variables. and that the choice of grid (i.e., independent variables)
on which the equations are to be solved i1s a matter of complete indiffer-
ence. Indeed we may choose Eulertan coordinates fixed in space, Lag-
rangean coordinates fixed in the fluid (§98), or a freely moving coordinate
system that is neither [e.g., an adaptive mesh that moves both in inertial
space and with respect to fluid elements (T3). (W3)]. In practice the
adaptive-mesh schemes have proven to be extraordinarily powerful tools in
solving astrophysical radiation-hydrodynamics problems.

SPECIAL RELATIVISTIC FORMULATION
In deriving relativistic equations of hydrodynamics, we expressed the
material stress-energy tensor in terms of proper quantities and calculated
derivatives in an inertial spacetime. We can do the same for radiation,
obtaining a transfer equation containing intensities, material properties,
angles. and frequencies in the comoving frame only.

The inertial-frame transfer equation for spherically symmetric flow is

1ol(u,v) al(w,v) (1—p? al(p,v)
- +ur - +
C ot ar r om

=n(w, v)— x(w, I, v).

(95.1)
Using (90.3), (90.6), and (90.8) we can rewrite (95.1) as

( V>[1 0Io(wo, Vo) oIo(po, vo) , (1- Mz) ol (o, Vo)]
== +u - + -
v/ Le Jat ar r du

v\ [1 v, vy (1—u? 8'1/0] (95.2)

=3l |- —+—— |I(pas
3(1/%) [(; at H ar r o olsro vo)

= ”ﬂo('l/o) - XG(VO)IO(MO: vo)-
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When the derivatives in (95.2) are calculated, it is assumed that both p and
v are held constant (with the exception of d/du, of course). Because the
fluid velocity varies in space and time, the comoving-frame quantities u,
and v, are not constant, and we must account for their variations.

To calculate the derivatives of Iy(we, vo) we apply the chain rules

d d 0 0 9 0
- == L) T (95.3)
ot ruw ot FaVe at ruy 8“'0 at r aVO
d 0 d 9 IV, 9
2y =2 o) Lo o) (95.4)
Ol 9y, Or g, 0mg  Or 1y, 0vg

and
d 0 0 01 9
e I (95.5)
O 1y, O 1y, 0o Oph 144, OV

By repeated use of equations (89.10) and (89.11) one can evaluate all the
derivatives written above in terms of comoving-frame quantities only; one
finds

(B1o/0) = —y*(1— n3)(9B/8).
(dwolot) = =y movo(0B/91),
(B1e0/0r) = —y*(1— ud)(@B/or),
(9v0/0r) = =y ovo(9B/07),

(Beo/dp) = v*(1+ Buo)®,
and
(aVo/au) = _372(1 + BMO)VO-

(95.6a)
(95.6b)
(95.7a)
(95.7b)
(95.8a)

(95.8b)

Substituting (95.3) to (95.8) into (95.2) we find, after some reduction,

the comoving-frame transfer equation

%’(1 . 0) 310(#«0: 0)+ ( o F B) 310(#«2: 'Vo)

- up[ R e ) 2 1+ B1a0) L 1 v

I

0B

2o+ B(3— 1)
+v{ﬁ—ﬁr¢+vz(l+u%+23uo)5

2
X2, 601+ )] B o v0)= a0~ X6l i 0

_2 {WO[B“ 21 (o + ) —Bﬂ— o1+ Bto) 22 e |

(95.9)
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We have grouped terms so that the angle and frequency derivatives are in
conservative form (i.e., such that they vanish when integrated over their full
ranges). Equation (95.9) is valid for 0=|B]< 1, and hence can be used in
relativistic flows.

Integrating (95.9) over comoving-frame angles we obtain frequency-
dependent moment equations. Define

1
Quo) =27 Tl i i (95.10)

Then integrating (95.9) against dwy/4m we obtain the monochromatic
radiation energy equation

0Eo(vo) v 8F(v) aF(vo) 0Eq(v)
v += Fy|——=+0
ot C ot ar or

oyl 2R (1) + 30Ey (v) — oPo(we) ]+ 47 % )+ Potr) 22 (v |

PR 2 2F () + 0By () + 0Py (0] (95.11)

_a'il/o [[VVo{l_: [Eo(vo) — Po(vo)]+ 72% [Po(Vo) +c£2 Fo(Vo)]
L 2 )+ oo || = 4o o)~ exvo) o).

Integrating (95.9) against w, dwo/4m, we obtain the monochromatic radia-
tion momentum equation

12 [aFo(v0)+v aPo(vo)] [SPO(VO) %31:0(-,,0)]

¢ ot ot or C
{ [3P0(V0) EO(VO) + FO(VO ] [2F0(Vo) + UEO(VO) + UPO(VO)]
+y_E)_ [EO(V0)+ PO(V0)+ FO(VO)]} (95.12)
c?
0 [[7”0{ 12) [Fo(vo) — Qu(ve)]+ [QO(VO) +vPy(v6)]
8 Vo r

+Z dU[Po(vo)Jr Qo(Vo)]}]l_ XO(CVO)FO(VO)

Note that these equations contain four moments, unlike the inertial-frame
equations in which Q does not appear.
Integrating (95.11) and (95.12) over comoving-frame frequency we
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obtain the radiation energy equation

(aEO‘ v aF0>+ <8F0+ 6E0>+ [1 OF. 4 30F,— o
9E, v 9F, oF, 1 _
T )TN Ty ) Y| GRat 3uE—oRy)

Y- v ] (95.13)

5 2
2 (EO+P0+—§ F0>+—2— (2E,+vEy+ P,
or C c” ot

- [ Tamutv) —exctro EoCu] v

and the radiation momentum equation

Y aFO 8P0> <8P0 v 8F0> I:l( 2'U >
“\—+v—+v|l—+=5— | +v|-\3P,—E;+— F,
cz<8t Yo Y\or " ) Yy 0020

2 2
v

ov ] y©ov 2v
+?5(2F0+UEO+UPO)+?E<E0+PO+?FO>:| (95.14)

1 (>
=" J Xo('Vo)Fo(Vo) dv.
CJy

Notice that the third moment Q, has vanished from these equations.
To check (95.13) and (95.14), start with the inertial-frame radiation
energy and momentum equations

(3E/at) + (3F/or) + 2F/r = —cG° (95.15)
and
¢ 2(3F/at) + (aPlor)+ (BP—E)/r=—-G", (95.16)

and use (91.13) to (91.15) to eliminate (E, F, P) in favor of (E,, Fy, Po),
and (91.22) to express G° and G' in terms of G{ and G{. One then finds
that (95.15) equals (95.13) plus 8 times (95.14), and that (95.16) equals
(95.14) plus B times (95.13) [cf. (M4)]. We are thus assured of exact
consistency between the inertial- and comoving-frame equattons.

Equations (95.9) to (95.14) apply in the high-velocity limit and hence
can be used to describe radiative transfer in, say, the cosmic expansion,
supernova blast waves, and other high-velocity flows. But for most flows
(v/c)«< 1 and it suffices to work only to O(v/c). To first order in B, the
transfer equation reduces to

1 DIo(wo, vo) o 0
;’_’D':——JF?E['JIO(MO: vo)]
d 1 pofv ov a
- {(1_M§) [_""_,0 <___>__2]10(M0: Vo)}
do r ¢ \r or/ c
] v wEov  med (95.17)
o {Vo[(l_lk%),_JF_o._Jr 02 ]IO(MO: 'Vo)}
vy cr ¢ dr ¢

1+udov 2upea
+[(3—u%)3+( ho) v 2o
cr C or C

][o(uo, Vo)

= ﬂo(Vo) - Xo(Vo)Io(Mo: 'Vo)-
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Here a = (9v/at), the fluid acceleration. In (95.17) we have grouped terms
to form the Lagrangean time derivative (D/Dt) and have written the spatial
dertvative in conservative form.
Stmilarly, the monochromatic radiation energy equation to O(v/¢) is
DEO(VO)Jrl C

O [ )]+ [3Eq ()~ ()]

v 2a
+5[EO(VO)+PO(VO)]+? Fo(vo) (95.18)
0 v Jv a
L [['Vo {_ [Eq(vo) = Po(vo)]+— Po(vo) += Fo(vo) }]l
dvg r or C
= 4ano(vo) — cxo(vo) Eo(vo),
and the monochromatic radiation momentum equation is

1 DFO(VO) aPo("’o) 3P0(V0) - Eo("’o)
= + +

¢ Dt ar ¥
2 <@+B>Fo(vo) + L [Eyve) + Po(ro)] (95.19)
coNor r C
i d 19 a
_a_vo [[Vo {C—gr [Fo(vo) — QO(VO)]—'_?@_:’) Qo(vp) +? Po(vy) }]l

= _1 Xo(Vo)Fo(Vo)-
c

Finally, the radiation energy equation to O(v/c) is

DE, 19 v av 2a
Dr +ﬁ§(r2FO)+7(3E0_P0)+E(EO+PO)+?FO
. (95.20)
= j [47m0(v0) — cxo(vo) Eo(vo)] dv,
o
and the radiation momentum equation is
1 DF, oP, 3P,—E, 2 <av v> a
= =t ———+ = | —=+=|Fy+— (E,+ P,
¢ Dt or r c2\or 1) ° cz( ot Po)
(95.21)

= _1_ j XO(VO)FO('VO) dvy.
< J

Equations (95.17) to (95.21) are equivalent to those derived by Castor
(C3) and Buchler (B2), except that Castor omits the acceleration terms. On
a fluid-flow time scale these terms are O(v/c) compared to those in (v/r) or
(3v/8r), hence O(v?/c?) overall and can be dropped; however if the velocity
evolves on a radiation-flow time scale they should be retained. Moreover,
as we will see in §97, these terms have an interesting physical significance.

The planar limits of (95.17) to (95.21) and (95.9) to (95.14) are obtained
by letting (1/r) — 0. Buchler (B2), (B3) also gives results for cylindrical
geometry.
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Finally, to demonstrate explicitly the consistency between the inertial-
and comoving-frame dynamical equations for radiation, consider a grey,
planar, pure-absorbing medium in LTE. Equations (95.20) and (95.21)
become (omitting acceleration terms)

(0E,/at) + (aFO/az) +v(8Ey/0z) + (0v/82)(Eq+ Py) = ko(4mBg — cEy),
(95.22)
and
¢ 2(3F/01) + (9Po/0z) + (v c?)(8F,/02) + (2/c?)(dv/az) Fo = —¢ ™ ko F.
(95.23)

On the other hand, using (91.16) to (91.18), we can rewrite the inertial-
frame equation (93.10)

(8E/ot) + (0F/0z) = k(4B — cE) + (v/¢) ko F (95.24)
as
0E, oF 0E, aPy\ o 2
—0+—0+v< o+ °>+—U(E0+PO)—K0(4WBO cEO)——K0F0+O< >
ot 0z 0z az
(95.25)
Regrouping terms and using (95.23) we find
DE, oF, ov oP
Dt0+a_zo a—(EO+ Py) = ko(4mBo—cEo) — v(c F0+a—20>
(95.26)

02
= ko(4mBy—cEy) +O <—2>,
c

which is identical to (95.22). Similarly the inertial-frame equation (93.11)
c~2(9Fat) -+ (aPlaz) = (xo/c)[—F + (47v/c) By + vP] (95.27)

becomes
1 9F, 9Py 2vdF, 2 ov koFy v v?
_23_:+az0 = dZ°+C P —Fy=— Oc °+—K0(4WBO cEO)+O<—2>.
(95.28)
Regrouping terms and using (95.22) we find
1 DF, o8P, 2 9v koF v[ aFo]
—- — —_ 4+ — 4 — —
2 Dt * 9z Jrc az Fo ¢ c? wo(dmBo = o) oz
) (95.29)
:_Ko_%m(v_z)’
c c

which is identical to (95.23).

NONINERTIAL FRAME FORMULATION
Following Lindquist (L5) and Castor (C3), we now derive the comoving-
frame transfer equation directly in a noninertial Lagrangean frame. Again
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for convenience we use units in which h=c¢ =1, converting to physical
units at a later stage. The photon Boltzmann equation in a noninertial
frame 1s (cf. §92)

M“(3.8/0x>) + M (0F/oM*) = e — 0.9 = (89/8€) on (95.30)

where $ =1/v>, e=n,/v% and «=vy,. Furthermore, M® = (dM®/d¢) where
¢ is an affine path-length parameter chosen to satisfy (92.3).

Photon trajectories are geodesics in the curved spacetime of the comov-
ing frame. Therefore, the intrinsic derivative (8M*/8¢) is identically zero
along a photon trajectory, and from equation (A3.100) we have

(M?/8¢) = (dM®/d¢) + {B“ }MB(dx”/cM) =0, (95.31)
Y
or, in light of (92.3),
M = (dM“/de) = —{B‘“ }Mﬁw. (95.32)
Y

Hence we can rewrite (95.30) as
M*(D$/Dx*) =e—af =(8%/8€)cn (95.33)

where the operator
(D/Dx*) = (a/ox™) — {:B }MB (9/oM™). (95.34)

The Christoffel symbols in (95.34) are to be derived from the spacetime
metric, and in general will not vanish in the (noninertial) comoving frame
even in Cartesian coordinates. We must now recast (95.33) and (95.34)
into a more useful form.

In writing (95.33) we have tacitly assumed that the invariant intensity is
defined for all possible four-momenta. But M is a null vector, hence
F(x*, M®) is actually defined only for those arguments M that lie on the
null cone. We must therefore calculate (D/Dx®) in such a way as to assure
that M® remains on the null cone as a photon propagates. One way of
proceeding is to treat the contravariant space components M as indepen-
dent coordinates, and to calculate (D/Dx*) as an operator for the subset of
vectors M of constant (null) length. But this approach is cumbersome,
especially for systems having special symmetries (e.g., spherical symmetry)
where simplifications are often possible. For such systems it is much more
convenient to work in an orthonormal coordinate frame, using variables
adapted to the symmetries in the problem.

Thus let M“ denote the contravariant components of M with respect to
some coordinate system x“ that has a general metric g, Then

M= Mcg, (95.35)
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where the €, are basis vectors of the coordinate system. In the neighbor-
hood of any point x, introduce an orthonormal tetrad frame €,(x), (a=
0, 1,2, 3), such that

£,(X) - g,(x) =, (95.36)

where m,, 1s the Lorentz metric. Relative to this frame, we can express M
in terms of its tetrad components M as

M= M"¢g,. (95.37)
Write the transformation between the two coordinate systems as
€, =€, (95.38a)
and .
€, = €5€,. (95.38b)
Then clearly
M® = giM* (95.39a)
and
M* =g M". (95.39b)

Now suppose we choose the particular coordinate transformation x® —
x'“=x* and M* — M* =2 (x)M* that leaves the coordinate system un-
changed, but expresses the photon momentum in terms of tetrad compo-
nents. Then if we regard .# as a function of (x*, M®), the transfer equation
can be written

M*(DFIDx%) = (89/8€) cop = (0.9/9x*)(dx>/ d€) + (9.F/dM")(dM"/d€)
= M@e%(59/3x%) + (89/aM, )(dM /). (95.40)
The operator 9, =£2(8/0x™) is known as the Pfaffian derivative.

To calculate (dM®/d€), we recall that photon trajectories are geodesics in
the original coordinate system, hence

SMP 5 dx® { B } dx® 5 dx® { B }
- - Y= M) ——+ MMY
50~ Mg oy M g = B MOy

(64 «
’ Y (95.41)
= s‘f(dMC/df)Jr ]\/[Cgliq]\/[<¥ + { B }MOLMN =0.
ay
Therefore
dM© dM°  dMm®
epe’ =8 = =—sf§sg<sfa+{3 }s})M“MC
d€ d¢  df€ ' ay (95.42)
= —elepel M M-, '
Then defining the Ricci rotation coefficient to be
[t =elepel,, (95.43)

the transfer equation becomes

M*(D$/Dx*) = M“[0, —T5. M (0/d6M")]F = e— 9. (95.44)
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Notice that, unlike Christoffel symbols, the rotation coefficients are not
symmetric in the two lower indices.

Because M is a null vector, only three of its tetrad components can be
independent, as any three suffice to determine the fourth. Therefore in the
evaluation of (95.44) we need differentiate only with three components of
M, which we take to be the three space components M, (a=1,2, 3).

We now specialize (95.44) to spherical symmetry. Choose a comoving-
frame metric of the general form

ds®=—e*" dr*+e** dv*+ R*(d6” +sin® 0 dop?), (95.45)

where + is a generalized Lagrangean radial coordinate, and ¥, A, and R
are functions of 2z and 7 only. In spherical symmetry the derivatives (9/36)
and (8/6¢) are identically zero, so we need calculate only terms containing
(6/o7) and (8/3+). From straightforward calculation one finds that the
nonzero Christoffel symbols for (95.45) are:

000}: (@w/or), {101}=exp [2(A—W)](aA/ar), 1

{
{ 0 exp (—2W)R(OR/o1),

22

}-
{3 } exp (—2W)R(OR/oT) sin® 6, {100}:(3\?/3);),
b= exp 20— M1 wIo0), [ f=onm,

{1
00

{2]2} = —exp (“2M)RORio), L (95.46)
{313} = —exp (—2A)R(8R/82) sin” 6,

{011} = (8A/oT), {323} = —sin 6 cos 8, {022} =R (3R/a7),

{] } R (aR/04), {033} R (R/o7), {133}= R™'(9R/an),

and

{233} =cotf J

At the event (7, +, 8, ¢) introduce the orthonormal basis
g,=¢ e, e, =e g, £, = R ‘g, and e:=(Rsin §) 'g,.

(95.47)
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One then sees that the transformation matrix £ is diagonal:

e’V 0 0 0
w 0 e 0 0 95.48)
8 =
“ 0 0 R 0 ’ (5.
0 0 0 (Rsin@)™"
whence we have
e 0 0 0
0 e* 0 0
a=(e)7'= 4
eo=(e%) 0 0 R 0 , (95.49)

0 0 O Rsing

Furthermore, write M in terms of spherical coordinates with g, taken to be
the polar axis:
M° =y, M'=vcos®, M?=vsin © cos @, M? = v sin @sin ®,
(95.50)

where v is the photon’s energy. We can then compute the Jacobian
J(M, M?, MP/v, ®, ®) and its inverse

(MY, M2, MP)
cos ® —(sin ®)/v ’ 0
=|sin®cos® (cos® cosD)/v —(sind)/vsin ®>, (95.51)
sin®sin® (cos O sin ®)/v  (cos D)/v sin O

whence we have

(0/aM") = w(8/ov) + v~ (1— u?)(3/ou), (95.52)

(8/0M?) = (1 — w>)"? cos ®(a/ov) — v u(9/op)], (95.53)
and

(0/oM?) = (1— )2 sin ®[(@/ov) — v w(8/0p)], (95.54)
where p=cos ®. Here we have dropped (9/6®) because of azimuthal
symmetry.

We now must compute the Ricci rotation coefficients. Because €5 and €8
are diagonal, (95.43) reduces to

b
cm:83(8—1)’5<8§{ac}+83a 8’3), (95.55)

where there is no sum on repeated indices. We can ignore terms with b =0
because in (95.44) we differentiate only with respect to space components
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of M". Following (L5), define the operators

D,=e"Y(0/07) (95.56a)
and
D,=e " (8/84), (95.56b)
and the auxiliary variables
U=D.R (95.57a)
and
I'=D,R. (95.57b)

Using (95.46), (95.48), and (95.49) in (95.55) we find that the nonzero
Ricci coeflicients are

I'so=D,¥, I3, =T3;=-T/R, "o =D, A,
5=-R7'cotd, T3,=T3=UR, (95.58)
[3,=13,=T/R, and T3,=R"cot 6.
In the transfer equation (95.44) we then have

M“8, = M%< (3/ox*) = vD, + uvD,, (95.59)
while
MAMET? (8/oMP) = (MM T3+ M2MPTL, + MPMPT S5+ MOM'T ) (6/0 M)
+(MPMPT2, + M'M?T3, + MM T2.)(8/oM?)  (95.60)
+ (M'MPTS, + MOMPT3, + MPMPTS,) (6/oMP).

Substituting (95.50) and (95.52) to (95.54) into (95.60), collecting terms,
and using the results along with (95.59) in (95.44) we obtain finally the
comoving-frame transfer equation

D.$+uD, ¥ —v[uD,¥+ M2D7A+ (1—udH(UIR) (0 F/av)
+(1= (/R — DY+ u[(U/R)— D, ATN S ou) = v (e~ 2.9).

Equation (95.61) is exact for the general metric (95.45). To apply it to a
particular flow we must obtain explicit expressions for the coefficients in
the metric; it is at this point that we must forsake exactness if we wish to
obtain analytical results. One sees that some kind of approximation must
be made by realizing that in general the acceleration field a(r, t) can be
arbitrarily complicated, and by recalling that the principle of equivalence
implies that this field can be viewed as resulting from the gravitational field
of an arbitrarily complex distribution of masses. Thus an attempt to obtain
an exact analytical metric for an arbitrary flow field is as difficult as solving
exactly the field equations of general relativity for an arbitrary mass
distribution, which is not possible by known methods. In practice, it is
feasible to work analytically only to O(v/¢). An alternative is to construct
the metric numerically; but by doing so we forsake having explicit analyti-
cal expressions for the metric and the transfer equation. See (G1) for a
discussion of the numerical approach in the context of radiative transfer.

(95.61)
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For one-dimensional spherically symmetric flows, Castor (C3) adopted
inertial-frame  coordinates (¢, r, 6,¢) and Lagrangean coordinates
(t, M,, 6, $), and related them by the coordinate transformation

M.(r, t")= J 47 (r)p(r', t) dr (95.62)
o
and

t(r,thY =1t —c“zj o(r', t') dr, (95.63)
o

where v = (dr/ot') = —(4mr’p) " H(aM,/at’), is the fluid velocity, Equations
(95.62) and (95.63) provide an O(v/c) approximation to a local Lorentz
transformation between the inertial and comoving frames in the neighbor-
hood of the event (r, t'). From these equations one readily finds

dx =(dM.j4mr?p)=dr—v dt’ (95.64)
and
dt=(1-1I/c® dt' — (v/c?) dr, (95.65)
where
[EJ [ov(r, th/ot'] dr'. (95.66)
o
Solving for dr and dt’ we have
dr=[(1—I/c/D] dx+ (v/D) dt (95.67)
and
dt' =(v/¢*D) dx+D™" dt (95.68)
where
D=1-(I+v%/c. (95.69)

Substituting (95.67) and (95.68) into the inertial-frame metric
ds? = dr*+r*(d#?+sin? 0 dp?) — ¢2(dt')? (95.70)
we obtain the comoving-frame metric

ds® = F(dM,/47r*p)* -+ r*(d6*+sin? 0 dp?) — G dt>—2H dM. di

where [see (M6)] (95.71)
F=[(1-TI/c**—(v*/cD])D?, (95.72)
G =(c*>—v?/D?, (95.73)
and
H = vlj/(4mr*pctD?). (95.74)

Inasmuch as we are interested in final results correct to O(v/c), we may
now discard terms of O(v?/c?). We see by inspection that H is O(v?/c?),
and hence can be dropped, while F=1+0O(v?*/c?). For G we have

G=c¥(1-2I)c®+0w?c?)=c*+2I+ O(v?/c?); (95.75)
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I/c? can be O(v/c) for radiation-flow time scales te ~Ar/c or when the
fluid acceleration is comparable to (cv/r) or c(dv/dr), and hence should be
retatned.

Comparing (95.71) with (95.45) in which dr=dt and d»=dM, we can
make the identifications

R=r, A=—In (4nr?p), and  W=iln(c*+2I), (95.76)
whence we find, to O(v/¢),

D, =c " (8/ar) =c~ D/ Dt) and D,=Amr*p)(8/oM.) = (3/or).
(95.77)

Here we noted that the time derivative calculated in the comoving frame is
identical to the customary Lagrangean (D/Dt). From (95.57) and (95.77)
we find U= (v/c), =1,

y 1 o <J” ov > 1 ov <vz> a
DW= — dr' == —+0\= )=, 95.78
’ c*+2Iar \Jy ot ") ¢?/ c? ( )

and
D.A=—c"'[D(n p)/Dt-+(2v/r)]. (95.79)

Using (95.76) to (95.79) in (95.61) and expressing ., «, and e in terms of
Io(o, va)s Xo(vo), and me(v,), we find, after some elementary reductions,
the comoving-frame transfer equation

%—DL];O’V_(’)ﬂLzlwpuo aLM, [r*Io(peo, vo)]
o SR e )
+ [(1 —3ug) :Ur— d JFCM%) D];; p+2‘:§a]1’0(“0’ vo)

= 770(1/0) - X(Vo)Io(Moy 'Vo)-

This equation is fully Lagrangean in the sense that all radiation and
material properties are in the comoving frame, the independent variable
M. is Lagrangean, and the time derivatives (D/Dt) are evaluated in a
moving fluid element. Recalling the equation of continuity

(D In p/Dt) = —r2[8(r*v)/or] = —(av/dr) — (2v/r), (95.81)

one easily sees that (95.80) is identical to (95.17). We thus have two
logically independent derivations of the result.
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Taking angular moments of {95.80) we obtain the monochromatic radia-
tion energy equation
DE(v,) 9 )
Dt +4WPOW[rzFO(VO)]_F[3P0(V0)_E0(V0)]
D Inp
Dt

(95.82)

[Ey(v) + Po(vo)] + FO(VO)

5 D1
+a—uo[[ { 3 Po(l/o) Eo( Vo)] * Dn : PO(VO) FO(VO) }]l
= 47no(vo) — cXo(vo) Eo(vy),

and the monochromatic radiation momentum equation

lz DFO(VO) +47Tr2p aPO(VO) i 3P0(V0) - Eo(Vo)
c Dt oM, r
2 D1
_; <: Dn p>F0(V0) +— c2 [Eo(Vo) + Po(”oﬂ
0 1 Din (95.83)
e [l 30y - Fu01+ 5 2L Oy~ P
dvg
_ Xo(Vo) Fo( 0)

which are equivalent to (95.18) and (95.19).
Integrating over frequency we obtain the radiation energy equation
DE, a(r Fy) v
Dt

Dinp 2aF0

+45p (Eq+Pg)+

—~(3Po—Eg)—

v

) (95.84)
=jmmmw—qwma%nmo
Q

and the radiation momentum equation

1 DF, 0Py 3P,—E, 2 (v Dlnp
= +admrtp—+ - S ——
¢ Dt oM, r cAr Dt

a
+? (EO—FPO)
(95.85)

1=
= __J Xo(vo) Fo(vo) dvy,
CJo
which are equivalent to (95.20) and (95.21). These equations also follow
directly from

R3S =-G§ (95.86)

where RE® is given by (91.9) with all radiation quantities evaluated in the
comoving frame, GJ is given by (91.25), and the covariant derivatives are
evaluated in the curved spacetime of the fluid frame. Using (A3.89) with
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Christoffel symbols calculated in the metric (95.71), one can show that
(95.86) does, in fact, yield (95.84) and (95.85).

Equations (95.84) and (95.85) apply in spherical symmetry. Buchler has
shown (B2) that tensorial forms of these equations, applicable in any
geometry, are

D (E 2
o <—°>+V-F0+P0:Vv+—23-F0+cGS=O, (95.87)
Dt \p C
and
o D (F, 1 1
;a(;)"‘v'PO—";FO'VV—";(EO:‘—":" P0)+G0:O. (9588)

The term Py:Vv in (95.87) is dyadic notation for the contraction of P,
with Vv. Buchler also gives tensorial forms for the monochromatic moment
equations [see his equations (9) and (10)].

IMPORTANCE OF O(v/c) TERMS

In §93 we showed that in order to solve correctly the inertial-frame
transfer equatton and its moments one must retain terms that are formally
O(v/c) (cf. §93). Building on the discussion by Castor (C3), we now show
that the same conclusion applies to the comoving-frame radiation and
momentum equations. In making estimates of the relative sizes of terms we
shall ignore the acceleration terms [which are never larger than O(v/c)],
and consider (9¢/or), (v/r), and (D 1In p/Dt) to be O(v/l). In the diffusion
regime, we shall use results to be derived in §97 for estimating the sizes of
the net absorption-emission terms, F,, and (3P,— E,).

Consider first the radiation energy equation (95.84); group the net
absorptton-emission into a single term. In the streaming limit, dimensional
analysis suggests that on a fluid-flow time-scale the five terms in (95.84)
scale as (v/c):1:(v/c):(v/c):(IJA,), hence we need retain only the flux
divergence and the absorption-emission terms; the radiation field is quast-
static. On a radiation-flow time scale we must also retain the (D/Dr) term. If
the material is essentially in radiative equilibrium, the absorption-emission
terms cancel almost exactly, and the (D/Dr) and velocity-dependent terms,
although small, may significantly affect the energy balance; we should
then retain all terms. In the static diffusion limit, the terms scale as
(W/e)YN,):1:(v/e)?: (v/e)(U/A,): 1, hence only the flux-divergence and
absorption-emission terms need be retained. As (v/c)— (A,/1), all terms
except the one containing (3P,— E;) are of the same order, and all must
be kept. In the dynamic diffusion regime the scaling is 1:(c/v)(A,/D):
(v/c)(A,/D):1:1. The dominant terms are the rate of change of the energy
density, the rate of work done by radiation pressure, and the net
absorption-emission terms; the flux divergence is of less importance than in
other regimes, and again we can drop (3P,— E,;). In summary, to guarantee
the correct radiation energy balance in all regimes, we must retain all terms in
(95.84) except the acceleration term.
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Now consider the radiation momentum equation (95.85). In the stream-
ing limit, dimensional analysis suggests that on a fluid-flow time scale the
terms scale as (v/¢):1:1:(v/c):(I/A,). Hence we need retain only V- P,
and the integral of xoFo/c. If we follow radiation flow, the (D/Dt)
term must also be kept. In the diffusion regime the terms scale as
(v ) (A /1) 1: (0f ) (A/D) : (w/e)(A /1) : 1, hence we can drop (D/Dt), (3P, — E,),
and the velocity-dependent terms. This result contrasts strongly with that
for the inertial-frame radiation momentum equation (where it is essential
to retain all the velocity-dependent terms to obtain the correct inertial-
frame flux), and reveals an important advantage of the Lagrangean formu-
lation. In summary, in solving the comoving-frame radiation momentum
equation (95.85) on a fluid-flow time scale we can drop the time derivative
and all velocity-dependent terms.

Castor (C3) arrives at the same conclusions for a pulsating star where
(D/Dt) 1s of the order of w, the pulsation frequency.

96. Comoving-Frame Equations of Radiation Hydrodynamics

We are now in a position to write the Lagrangean equations of radiation
hydrodynamics. We consider one-dimensional spherically symmetric flows;
the corresponding planar equations are obtained by taking the limit
(1/r) — 0. We ignore the acceleration terms in the radiation energy and
momentum equations, which are O(v?/c?) on fluid-flow time scales (but see
§97).

THE MOMENTUM EQUATION

The simplest way to obtain the comoving-frame momentum equation is to
reduce the relativistically correct equation (94.12a) to the proper frame, in
which v=0 instantaneously. We then have, to O(v/c),

Pooo(DV/ D) =f—Vp + Gy, (96.1)

For nonrelativistic fluids (p + poe) < poc®. and we can ignore the difference
between pooo and p. Specializing (96.1) to one-dimensional spherically
symmetric flow we find

oo

p(Dv/Dt) =—(GM,p/r*) — (3p/dr) + (1/C)J xo(vo)Fo(vo) dvg,  (96.2)

0

which states that a fluid element accelerates in response to applied external
forces (e.g., gravity), the pressure gradient, and the force exerted by the
radiation on the material as measured in its rest frame. The velocity-
dependent terms in the inertial-frame momentum equation vanish in the
Lagrangean frame.

To obtain the comoving-frame analogue of (94.12b), we use (95.85) to
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eliminate the integral in (96.2), which yields

Dv 1 DF, 9P, 3P,—E
Dy 1DF,_ GMp_ (a_f’+ﬁ+070>
Dt ¢ Dt r

2
p +—

C

(1—)4- D In p>F0.
r Dt
(96.3)

We can also derive (96.3) by evaluating (94.12b) directly in the comoving
frame provided that we replace [¢*(9F/dt)+V - P] with (R$®).5 and calcu-
late the covariant derivative using the (nonzero) Christoffel symbols ob-
tained from the metric (95.71). Regrouping terms in (96.3), we can write it
in the more instructive form

D[ . <F0>] GMp o(p+P,) 3P,—E, 1 <80>F
el DYOY JEACI | P _ _ L
P Di c*p r? ar r 2 \ar/)"

or ar r

(96.4)

which states that the rate of change of the total (material plus radiative)
momentum density in a radiating fluid equals the applied force minus the
divergence of the total stress, minus an additional (relativistic) term that
arises because the radiant energy flux has inertia (cf. §97).

On a fluid-flow time scale both terms containing F in (96.4) are O(v/c)
in the streaming limit, and O(A,v/lc) in the diffusion limit, relative to
(0Py/or), and can be dropped in practical calculations. Hence another
useful form of the Lagrangean momentum equation is

p(Dv/Dt)=f—Vp—V - P, (96.5)

Equation (96.5) is slightly more approximate than (96.2), but assumes a
particularly simple form in the diffusion limit, where V - P, reduces to VP,,
so that the fluid acceleration depends on the total (gas plus radiation)
pressure gradient.

THE GAS-ENERGY EQUATION

The comoving-frame gas-energy equatton follows directly from the re-
lativistic equation (94.18) by evaluating V_F* and V_,G* in the proper
frame. We obtain

po{(De/ D7)+ p[D(1/po)/ D]} = c(F§+ GJ), (96.6)

where G is given by (91.25a). For ordinary body forces cFg= (v - £),=0.
But in the presence of nonmechanical energy sources ¢Fj equals the rate,
per unit volume, of energy input to the material, as measured in the fluid
frame (cf. §37). For example, in stellar interiors thermonuclear reactions
irreversibly release ¢ ergsg™'s™' into the material. In this case

o] o v ()] = [ TerstvBatva) ~amnatva) v e
(96.7)

Equation (96.7) is the first law of thermodynamics for the material; it
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states that the rate of change of the material energy density plus the rate of
work done by the material pressure equals the net rate of energy input
from the radiation fleld and thermonuclear sources, all per unit mass. In
what follows we work to O(v/c), hence in (96.7) we replace p, by p and
(D/D7) by (D/Dx).

THE RADIATION-ENERGY EQUATION
By rearranging terms we can write (95.84) in a form that makes its physical
content more apparent:

D E0> D<1> v]

—|— )+ Py,—\—)-(3P,— Ey) —

p[Dt(p ° Dt p (3P 0)pr
19

= [ Tammoto0)— exulwo Bt vy =5 2 (Fy)
0 reor

(96.8)

The second and third terms on the left-hand side of (96.8) reduce to

0v;;, the contraction of the radiation-pressure and fluid-velocity tensors,
hence equal the rate of work done by the radiation stress [cf. (27.7)]. Thus
(96.8) is the first law of thermodynamics for the radiation field; it states
that the rate of change of the radiation energy density, plus the rate of
work done by radiation pressure, equals the net rate of energy mput into
the radiation field from the material, minus the net rate of radiant energy
flow out of a fluid element by transport [again cf. (27.7)], all per unit mass.

THE FIRST LAW OF THERMODYNAMICS FOR THE RADIATING FLUID
Taking the sum of (96.7) and (96.8) we obtain the first law of ther-
modynamics for the radiating fluid:

D E0> D <]> [ D <1> v] d 5

—le+—|+p—\—-|+|P,— - )-BP,—E)— |=e——(4

Dt <e p th p °Du p (3P o pr € aM,( ™ Fo),
(96.9)

which states that the rate of change of the total (material plus radiation)
energy density in a fluid element plus the rate of work done by the total
pressure in the element equals the rate of thermonuclear energy input into
the element minus the rate of radiant energy loss by transport to adjacent
fluid elements.

When the radiation field is isotropic (e.g., in the diffusion regime), (96.9)
simplifies to

oLy

D E0> D <1>
+ _|_P — | —|= 9610
Dt (” PUARUARON VAW Il v (96.10)

where L0 is the luminosity at radius r, measured in the comoving frame. In
this limit, the radiating fluid behaves like a gas whose total energy density
and pressure are the simple sums of the contributions from the radiation
and material components.
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In the equilibrium diffusion limit, (96.10) is the standard energy equation
used in dynamical stellar evolution calculations [cf. (97.7)]. For a static
medium, 1t reduces to one of the standard equations of stellar structure

(OLY/oM,) = &, (96.11)

which apply to stable stars evolving on a nuclear time scale t, which 1s so
long compared to dynamical times of interest (e.g., the free-fall time or a
pulsation period) that the evolution is quasi-stationary and fluid motions
can be neglected.

THE MECHANICAL ENERGY EQUATION
To obtain the fluid-frame mechanical energy equation we multiply the
momentum equation (96.2) by v, which yields

oz

-XO(VO)FO(VO) dVo;
(96.12)

which is identical to (24.8) if we lump the radiative force into f, and to
(94.17a) except that here the radiation force is evaluated in the comoving
frame.

pD (o) Dt = —<GMrvp/r2)—u<ap/ar>+<v/c>j
0

THE TOTAL ENERGY EQUATION
To obtain a total energy equation we first rewrite (96.12) as
D (1. GM)

2U

0 D /1 v 7
+—— (47r’vp) =p— <_> + J xo(vo) Fo(vo) duyg.
Dt r cp

oM, Dt \p
(96.13)

Next, substituting from (95.85) for the radiation force, and ignoring terms
of O(v?/¢?) we obtain

D/ , GM,> d s D <1> v
07— +— + =(p+Py)—\—-)—@BP,— E,).
<2U oM, [47riv(p+Py)]=(p o) Di \p or (3P, o)

(96.14)

Dt

Finally, adding (96.14) to (96.9) we have

D <e E04-%02—G'—M>+SLM{4W2[U(;;+PO)+F0]}=s, (96.15)
which is clearly a statement of overall energy conservation for the radiating
flurd. All radiation quantities in (96.15) are to be evaluated in the comov-
ing frame.

Equation (96.15) is essentially identical to equation (27.4), written in
spherical coordinates, for an inviscid but conducting (via radiation) fluid
whose internal energy density is the sum of the gas and radiation energy
densities, and whose pressure equals the sum of the gas and radiation
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pressures, with the term on the right-hand side accounting for “external”

energy input from thermonuclear reactions. This equation, with 47r°F,

replaced by L,, and E, and P, given their thermal equilibrium values, is the

total energy equation used in dynamical stellar structure calculations [see,

for example, (C4, eq. 6); (F1, eq. 3); (K7, eq. 15); or (L2, eq. 51.3)].

We can rewrite (96.15) in Eulerian coordinates as

9 <pe +Eq+3pv?— GMrp>

r

ot
19 GM,
+ﬁ§[|:r2{[p<e+%vz— ’>+p+Po+E0]v+FO}]l=ps.
Y

Then using (91.17a) and ignoring O(v?/c?) terms in converting E, to E in
the time derivative, we obtain

(96.16)

0 . GM,
5 <pe +E+%pvz——r—p>

14 ; M,
+—2L[[r2{[p<e +%vz— G r>+ p]u +F}]l = pEg,
reor r

which is identical to the Eulertan result (94.15b) when thermonuclear
energy release is allowed. In (96.17), radiation quantities are now meas-
ured in the laboratory frame.

Assuming that ./ is so small that we can neglect the time variation of M,
we can write an explicit integral of (96.17) for the case of steady flow [cf.
(24.22) for a nonradiating fluid]. We find

(96.17)

v

M[h+30>—(GM,/N]+L, = 4wj pex? dx. (96.18)
0

That is, the total energy flux passing through a surface of radius v,
consisting of the material energy flux (i.e., the mass flux times the enthalpy
plus kinetic plus potential energy per unit mass) plus the luminosity
radiated by the surface (measured in the lab frame) equals the total
thermonuclear energy release in the volume bounded by the surface. In
physical terms, (96.18) states that all the energy contained in radiation and
in fluid motions in a star originates ultimately from thermonuclear energy
release in the star’s intertor.

CONSISTENCY OF VARIOUS FORMS OF THE COMOVING-FRAME ENERGY AND
MOMENTUM EQUATIONS

We now show that O(v/¢) terms must also be retained in order to obtain
consistency among various forms of the comoving-frame energy equation,
and between the comoving-frame and inertial-frame energy and momen-
tum equations. Our discussion summarizes and extends a penetrating
analysis of these issues by Castor (C3). An earlier, but incomplete, treat-
ment was given by Wendroff (W2).
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In an optically thin medium, or near a radiating surface of an opaque
medium, the radiation field departs strongly from thermal equilibrium,
hence J can differ markedly from B, the flux is large, and the radiation
pressure tensor is anisotropic. In this regime, it 1s natural to describe the
energy exchange between the material and radiation in terms of direct
gains and losses, as in (96.7), and momentum exchange in terms of
radiation forces acting on the material, as in (96.2).

In contrast, in the diffusion regime J— B, so that the net absorption-
emission term tn (96.7) vanishes to high order, and the flux becomes a very
small leak from the large reservoir of radiant energy. The radiation energy
density and pressure both approach their equilibrium values, and the
radiation pressure becomes isotropic. It is then natural to calculate the
total energy content and pressure of the radiating flurd by adding the
material and radiative contributions, and to use (96.9) as the energy
equation and (96.5) as the momentum equation.

In any practical computation we nwust choose one form of the fluid
energy equation even when the flow spans both the optically thin and thick
limits. If the O(v/c) terms are retained in the radiation energy equation
(95.84), and this equation is solved simultaneously with either fluid energy
equation, the choice is immaterial because exact consistency between the
two is guaranteed. But suppose we drop the O(v/c) terms from (95.84).
Then if we use (96.7), we will obtain satisfactory results in the optically
thin regime. but will make serious errors in the optically thick regime,
where J— B and the right-hand side vanishes almost identically, because
we have not accounted explicitly for either the rate of change of the
internal energy in the radiation or the rate of work done by radiation
pressure. Castor concludes (C3) that in the diffusion regime the tempera-
ture determined from (96.7) with the O(v/c) terms omitted from (95.84)
can be in error by an amount of O(P/p). If, instead, we use (96.9) the
difficulty is reversed. We then obtain an accurate solution at great depth,
but will make serious errors in the optically thin regime where the gas
decouples from the radiation; Castor finds that the error in the tempera-
ture is again O(P/p). In short, it is essential to retain O(v/c) terms in
(95.84) in order to bridge the transition between the optically thick and
thin limits.

The situation for the momentum equation is different. Here (DFy/Dt)
and the velocity-dependent terms multiplying F, in (96.3) are never larger
than O(v/c), and are much smaller in the diffusion limit. We can therefore
drop these terms, which means that we will obtain consistency with (96.2)
even if we drop the time-derivative and velocity-dependent terms from the
radiation momentum equation (95.85). Moreover, in the derivation of the
mechanical energy equation (96.12), which when combined with (96.9),
leads to the total energy equation (96.15), all O(v/c) terms in (95.85)
become O(r?/c?), and hence can be dropped from the outset. In short, we
do not adversely affect consistency among various forms of the energy or
momentum equations by dropping all O(v/c) terms from (95.85).
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CONSISTENCY OF THE INERTIAL-FRAME AND COMOVING-FRAME ENERGY AND
MOMENTUM EQUATIONS FOR A RADIATING FLUID
Let us now examine the mutual consistency of the inertial-frame and
comoving-frame energy and momentum equations. Consider first the
inertial-frame gas-energy equation (94.19b). On a fluid-flow time scale the
(6F/ot) term is O(v?/c?) relative to V-F and hence can be dropped.
Similarly the (v/c) terms in the transformations of (E, P) into (E,, Po) will
produce terms of O(v?/c?); we thus need to retain O(v/c) terms only to
transform F to F,. In particular, for one-dimensional spherically symmetric
flow we have
19 _, ,

v 'Fzﬁg[}’ (,F0+UE0TUPO)]

(96.19)

F, 2F oE, 0P ov 2
a—°+—°+u<—°+—°>+<—v+ °

— WE,+ Py).
or r or or or r>( © 0)

Furthermore, from (66.10)
V - Po=(8Py/or)+ (3P, —Ey)/r. (96.20)
Using these results in (94.19b) we find

De D <1>] [DEO 19 ,, v au]

2 () == =2 (PF)+ L BE,~P)+(E, +P) 2

p[Dt PDi\p Dt gy F T BEe= P (E +Po) 0],
(96.21)

which, by virtue of (95.84) is identical to the comoving-frame gas-energy
equation (96.7). If the velocity-dependent term on the right-hand side of
(94.19b) had been omitted, we would be left with an extra term in (96.21)
of the form v(9P/or), that is, the rate of work done by the fluid against the
radiation pressure gradient. For fluids with intense radiation fields, this
term 1s large and would lead to serious errors. By a similar analysis, one
readily shows that (94.22) is consistent with (96.9).

Alternatively, consider the inertial-frame equation (94.19a), which for
grey material reduces to

pl:%:—l— p% <%>] = ko(cE—4mB,—2v - F/c) + O(v?/c?).  (96.22)

Then using (91.16) we have

p[%jJr p% <%>] = io(cE,—4mB), (96.23)
which is identical to the comoving-frame equation (96.7) for grey material.
Had the O(v/c) terms been omitted from (94.19a), from (93.10) and
(93.11), or from (91.16), this exact reduction would not be achieved; the
error would equal kqv - F/c, the rate of work done by radiation forces on
the material.
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In summary, consistency between the inertial-frame and comoving-frame
equations requires that all O(v/c) terms be retained in both gas-energy
equattons, in the radiation energy equation, and in the transformation laws
between frames [see also (IP4)]. In contrast, all O(v/c¢) terms can be omitted
from the radiation momentum equation without loss of consistency.

Finally, consider the inertial-frame momentum equation (94.13b), which
for spherically symmetric flow reduces to

Dv —-GM,p op 19F oP (B3P—E) v (8E o8F 2
p—=—m |5t | === [
Dt r ar Lc“ ot or r c“\ot or r

(96.24)

On a fluid-flow time scale the term containing (3E/9t) is O(v?/c?) relative
to (aP/or), and therefore can be dropped. Similarly all terms containing F
are at most O(v/c¢) relative to the terms in E and P. Hence to obtain a final
result accurate to O(v/c) it is sufficient to set F = F, but all terms must be
retained in transforming from (E. P) to (E,, P,). Making these conversions
we find

Dy_—GMyp o [10F, 0Fy Py GP-Ey), 2 (0, 0) ]
ar r c\or r

Dt 2 or Le2 ot c?oar

p

(96.25)

which is tdentical to the comoving-frame equation (96.3). Thus consistency
of the momentum equation between frames is assured if, and only 1if, one
accounts for O(v/¢) terms in both frames.

Similarly, in light of (93.10) and (93.11) the inertial-frame momentum
equation (94.13a) for a spherically symmetric flow of grey material is

p(Dv/Dt) = —(GM,p/r*) — (9p/dr) + (ko/)[F — (v/c)(E + P)]+ O(v?/c?),
(96.26)

which, from (91.19), is identical to the comoving-frame equation (96.2) for
grey material. Again we see that the O(v/c) terms are essential for
consistency. '

7.3 Solution of the Equations of Radiation Hydrodynamics

MATHEMATICAL STRUCTURE OF THE PROBLEM

In §893 to 96 we formulated the equations of radiation hydrodynamics in
both the Eulerian and Lagrangean frames; we now ask how to solve them,
In this connection it is instructive to count the number of variables to be
determined and the number of equations available to determine them, as in
§24. As before we must find seven fluid variables: p, p, T, e, and three
components of v; in addition we must now find ten radiation variables: E,
the three components of F, and the six nonredundant components of P.



	7 The Equations of Radiation Hydrodynamics
	7.1 Lorentz Transformation of the Transfer Equation
	7.2 The Dynamical Equations for a Radiating Fluid


