5
Waves, Shocks, and Winds

Having derived the equations of fluid dynamics, we are now in a position to
analyze some flows of interest. We shall confine attention to only a few
tllustrative examples of astrophysical importance. We consider first the
propagation of small-amplitude disturbances in both homogeneous and
stratified media, that 1s, acoustic waves and acoustic-gravity waves such as
are observed in the solar atmosphere. Here it is adequate to use linearized
equations of hydrodynamics. We then consider the nonlinear equations in
the context of the generation, structure, propagation, and dissipation of
shocks, which are important in a wide variety of astrophysical problems.
Finally, we examine a nonlinear, radial, steady-flow problem that provides
a first rough approximation to the physics of stellar winds, which are
responsible for stellar mass-loss via supersonic flow into interstellar space.

5.1 Acoustic Waves

Acoustic waves are small-amplitude disturbances that propagate in a
compressible medium through the interplay between fluid inertia and the
restoring force of pressure. In order to isolate distinctly the characteristic
properties of pure acoustic waves we assume that the medium is
homogeneous, isotropic, and of infinite extent, and that no externally
imposed forces act.

48. The Wave Equation

Take the ambient medium to be a perfect gas at rest with constant density
po and pressure p,. Impose a small disturbance that perturbs these quan-
tities locally to p = pg+ p; and p = py—+ p1, where |p,/pg| < 1 and |p,/pol« 1.
The fluid acquires a small fluctuating velocity v, such that |v,|/a < 1, where
a 1is the speed of sound (see below). Velocity gradients are assumed to be
so small that viscous effects are negligible, and the time scale for conduc-
tive heat transport is assumed to be so large compared to a characteristic
fluctuation time that energy exchange by conduction can be 1gnored. In the
absence of these dissipative processes, the wave-induced changes in gas
properties are adiabatic, and because the undisturbed medium is
homogeneous, the resulting flow 1s isentropic.
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LINEARIZED FLUTD EQUATIONS

Because all the perturbations p,, p;, and v, are small, we can linearize the
fluid equations, discarding all terms of second or higher order in these
quantities. The equation of continuity (19.4) then becomes

(@p/at) +po V - vy =0 (48.1)
and Euler’s equation (23.6) becomes
poldv,/01)+Vp, =0. (48.2)

We can dispense with the energy equation because the disturbance is
adiabatic, which implies variations in material properties can be related
through derivatives taken at constant entropy. In particular,

p1 = (8p/ap)sp:- (48.3)
Taking the curl of (48.2) we find
a(Vxv}at=0, (48.4)

hence the vorticity @ of the disturbed fluid remains constant in time. As
the undisturbed fluid was initially at rest it follows that @ =0 at all times,
and the disturbance is a potential flow with

v, = V(bl: (48 5)

where ¢, is the velocity potential.

THE WAVE EQUATION
Taking (8/at) of (48.1) and subtracting the divergence of (48.2) we find

(8%p,/01*)—V?p, =0, (48.6)
which, by virtue of (48.3), implies that
(8%p,Jot?)—a*V?p, =0 (48.7)
and
(@°p./at*) —a* V?p, =0, (48.8)
where
a’=(ap/ap).. (48.9)
Furthermore, using (48.5) and (48.9) in (48.2) we find
pe[d(Vd,)/at]+a? Vp, =V p(dp,/dt)+a’p, ] =0, (48.10)
which implies
po(ady/8t) +a’p, =C (48.11)

where C is a constant over all space. But both ¢, and p, vanish in the
undisturbed fluid (i.e., at infinite distance from the wave), hence we can set
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C=0. In addition, (48.5) and (48.1) imply

(3p,/at) +p, V2, = 0. (48.12)
Combining (48.11) and (48.12) we obtain
(* P, /915 —a? V3¢, =0. (48.13)

Equations (48.7), (48.8), and (48.13) are all wave equations, and show
that acoustic disturbances propagate as waves. ‘

SOLUTION OF THE WAVE EQUATION
Consider the special case in which all perturbations are functions of one
coordinate only (z). The wave equation then reduces to

(Fd1/01?) —a*(@d1/62%) =0 (48.14)
which has the general solution
&1 =f(z—an)+fr(z+at), (48.15)

where f; and f, are arbitrary functions of their arguments. This solution
shows that an initial disturbance f,(t =0) = f,,(z) propagates with unaltered
shape along the positive z axis, while an initial disturbance f,(t =0) = f,(z)
propagates along the negative z axis, both with speed a. Thus (48.15)
represents a superposition of two traveling plane waves, and a as defined by
(48.9) is the adiabatic speed of sound. Moreover the only nonzero compo-
nent of the wave velocity v, =V, lies along the propagation axis, hence
acoustic waves are longitudinal waves.

More generally, in Cartesian coordinates (48.13) admits solutions of the
form

¢ =fr(x-n—at)+f(x-n+at), (48_16)

which are plane waves traveling with speed a along =n, the unit vector
defining the direction of wave propagation. As implied by (48.16), the
propagation of acoustic waves is isotropic because the ambient medium is
homogeneous and isotropic. From (48.16) one finds

v, = (8f /&) + (af,/am)m, (48.17)

where &€ and n denote the arguments x-n¥Fat; again, the waves are
longitudinal, with nonzero velocity components only along n.

For plane waves the perturbation amplitudes p,, p,, and v, can all be
related simply. Thus choosing &, ={f(z—at) we have v, =(0¢,/0z)={,
while (48.11) implies that p, =—(po/a®)dd,/at) = (po/a)f’. Therefore

p1 = (vy/a)po, (48.18)

hence from (48.3) and (48.9)

P = a’p, = apyv;- (48.19)
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Furthermore, using the general thermodynamic relation

(@T/ap), = BT/ pc,, (48.20)
which follows from (2.27) and (5.7), we have
T,/ To=(Blpoc,)pr=(aBlc,)v;. (48.21)

Here B is the coefficient of thermal expansion as defined by (2.14).
Equations (48.18) to (48.21) show that in acoustic waves py, py, T,, and v,
are all in phase.

THE SPEED OF SOUND
Let us now derive explicit formulae for the speed of sound. For an
adiabatic perfect gas, p = po(p/po)” where v is constant, hence

a® = ypolpo=YRT, (48.22)
which shows that the speed of sound in a perfect gas is a function of the
temperature only. To account for ionization effects, we merely replace vy
with ', =(a1n p/dIn p), as given by (14.29), obtaining

a?=T1po/po- (48.23)
For a perfect gas, (48.19) and (48.21) reduce to
P1/Po=Yp1/po= yu/a (48.24a)
and
T,/ To=(—1Nv/a. (48.24b)

To account for ionization eflects we replace v in (48.24a) with I'} and
(v—1) in (48.24b) with I's—1=(31n T/d1n p), as given by (14.30).

Equation (48.23) yields the correct sound speed only for a nonrelativistic
fluid; hence it fails at very high temperatures, in degenerate material, or if
the fluid comprises both matter and radiation, and the latter contributes
significantly to the pressure and energy density of the composite fluid. To
obtain a relativistically correct expression for the sound speed we linearize
the relativistic dynamical equations (42.3) and (42.4), obtaining

(384/at) + (2 +p)o V - v, =0 (48.25)
and
(e+po(av,/at)+¢* Vp, =0 (48.26)

where &= pgac® = po(c+e) is the total energy density of the fluid (including
rest energy). Combining (48.25) and (48.26) we obtain

(8%6,/9t>) — c* V?p, =0, (48.27)
which implies that an acoustic wave propagates with a speed

a = c[(8p/82), 1'% = c[(3p/dpo). (Bpo/de) ]'2. (48.28)



WAVES, SHOCKS, AND WINDS 173

But
(9e/dpo)s = (el po) + po(0e/dpo)s. (48.29)
and Tds=0=de—(p/p§) dp, implies that
(9e/apo), = plps, (48.30)
whence
(9e/9po)s = (¢ + )/ po- (48.31)
Therefore (48.28) becomes
a=c[[yp/c+p)]"2. (48.32)

See also (L7), (T4), and (W2).

For a nonrelativistic gas, ¢— poc®>»p, and (48.32) gives a(N.R)=
(' p/p)"?, in agreement with (48.23). For an extremely relativistic gas we
recall from §43 that 2— pye=3p [cf. (43.53)] and that T, =%, hence
(48.32) gives a(E.R.)=¢/v3. As we will see in §69, this result also holds
for a gas composed of pure thermal radiation.

49. Propagation of Acoustic Waves

MONOCHROMATIC PLANE WAVES

Let us now consider the propagation of a monochromatic wave (i.e., a wave
having a sinusoidal time variation at a definite frequency ). This special
case 1s important because an arbitrary wave packet can be synthesized from
a linear combination of monochromatic waves (Fourier components) whose
relative amplitudes and phases are determined by a Fourier analysis of the

packet.
Thus consider a wave of the form
p1=Pexp[ilwt—k-x)], (49.1)
p1=R exp[ilwt—Kk - x)], (49.2)
T, =0 exp [i(wt—k - )], (49.3)
and
¢, =P exp [i(wi—k - x)], (49.4)

where P, R, O, and & are complex constants that are interrelated by
(48.18) to (48.24). The use of complex quantities is convenient mathemati-
cally because it facilitates computation of the relative phases of different
variables, but for the purposes of physical interpretation we use the real
parts of (49.1) to (49.4).

According to (49.1) to (49.4), at a given instant the wave comprises a
regular (sinusoidal) spatial sequence of compressions and rarefactions
coupled to a sinusoidal velocity field. Likewise, at a given spatial point the
fluid density, pressure, and temperature fluctuate sinusoidally in time
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around their equilibrium values, and the fluid particles oscillate sinusoidally
around their equilibrium positions.

In (49.1) to (49.4) k is the wave vector or propagation vector, which
determines the direction n of wave propagation via

k= kn. (49.5)
The wavenumber k is related to the wavelength A of the wave by
k=2a/A. (49.6)

Substituting into (48.7), (48.8), and (48.13) we find that (49.1) to (49.4) are
valid solutions of the wave equation provided that

w?=a%k>. (49.7)

From (49.7) it follows that the planes of constant phase perpendicular to n
propagate along n with speed a; thus for pure acoustic waves the phase
speed v, equals the speed of sound. Simple geometric considerations show
that two planes of constant phase separated by one wavelength A along n
are separated by a distance

Aln; =27 kn, =2k, (49.8)

along the ith coordinate axis. Because the constant-phase surfaces succeed
one another in a period

T=27nlw, (49.9)

one sees from (49.8) and (49.9) that the phase trace speed along the ith axis
1S

(v); = w/k; = a/n;. (49.10)

Notice that the trace speed is infinite in the planes perpendicular to m,
which is expected because these are planes of constant phase, hence a local
change in phase at any point in a plane must “propagate’ instantaneously
over the entire plane (i.e., over the entire wave front). Infinite phase or
trace speeds are not in violation of relativistic causality because they
represent only the behavior of a mathematical “marker’, not a physically
significant quantity like momentum or energy.

Equations (49.5) and (49.7) show that pure acoustic waves propagate
isotropically with a unique speed a, and have a simple proportionality
between wavenumber and frequency. In §§52-54 we will see that the
behavior of acoustic-gravity waves in a stratified medium is markedly
different.

MONOCHROMATIC SPHERICAL WAVES

Thus far we have discussed only plane waves, but from symmetry consider-
ations one expects that an isotropic medium will also support one-
dimensional spherical waves emanating from a point source. Thus
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specialize (48.8) to

82p1> a’a ( 28p_1) _
<8t2 Zar\" ar =0. (49.11)

The substitution p,=f/r reduces (49.11) to (&*f/a1*) —a*(&*f/or®), which
leads to a general solution of the form

py=[fi(r—at)/r]+[fo(r+at)/r] (49.12)

where f, and f, are arbitrary functions. The two terms in (49.12) represent
spherical disturbances diverging from, and converging on, the origin. The
wave amplitude falls off as r~', hence the wave intensity (proportional to
the square of the amplitude) varies as r 2.

Specializing now to monochromatic waves we choose a solution of the

form

o :Pei(m[_kr)/l’, (4913)

which satisfies (49.11) only if @ = ak. The thermodynamic relations (48.3)
and (48.19) are independent of geometry, and show that in a spherical
acoustic wave both p, and T, are proportional to, and in phase with, p,.
From (48.11) we obtain

& = (i/ pow)ps., (49.14)

which shows that ¢, leads p, in phase by 90°. Calculating v, from (48.5) we
have

vy = [k = (/1) (pi/pow)E. (49.15)

As r— 0, (49.15) reduces to (48.19), as it should because a wave is locally
planar when its radius of curvature approaches infinity. However, near the

origin v, lags p, by 90°, and grows in amplitude as r 2.

GROUP VELOCITY

To determine the speed of energy propagation in waves we study the
behavior of wave packets. A packet is a localized disturbance that can be
described mathematically as a superposition of a large (perhaps infinite)
number of Fourier components that interfere in such a way as to produce a
finite wave amplitude only in a strongly localized region in space and time.
Intuitively one expects that such a localized disturbance must result from a
concentration of wave energy, and that the motion of the packet tracks the
flow of wave energy in the medium.

Consider a packet composed of plane waves exp [i(wt—k - x)] whose
wave vectors k lie in the volume k,+Ak of k space; we assume that all
waves having their wave vectors within this volume have unit amplitude,
and that all others have zero amplitude. We further assume that w is a



176 FOUNDATIONS OF RADIATION HYDRODYNAMICS

general function of (k,, k,, k.). The amplitude of the wave packet is then

ko Ak, ko, +AK kg, Ak,

dka’ dkv dkzeil:(')(k"k*'kz)t_kxx —kyy—kzz].
k

Alx, )= J
oy —AKy ko —Ak,
(49.16)

Kox—Akyx

For a small enough volume Ak, we can use the linear expansion

w (k) = w(ky) +(w/dk, ) 8k, +(dwldk,)q 8k, + (Bw/dk,), 8k,,
(49.17)

whence

Ak,

Ax, t)xei("’ﬂ'—kﬂ")j ) d(ka)J

— Ak, — Ak,

o[k ) o [, ]

gty sin{[(0w/ok, Jot —x ] Ak}
(Bw/0ok, )t — x
y sin {[(dw/ak,)ot —y] Ak}
(Bw/oky)ot —y
sin{[(0w/ok, Yot —z ] Ak, }
(Bw/dk, ot —z '

Ak Ak,

’ d(BIg)J d{sk,)

Ak,

=8e (49.18)

Equation (49.18) shows that the packet is an amplitude-modulated plane
wave. The maximum of each of the factors (sin &)/ is attained as £€— 0,
hence the packet has maximum amplitude at

x = (dw/dk, )ot, (49.19a)

y = (defdk,)ot, (49.19b)
and

z = (dw/dk, )ot. (49.19¢)

Thus the wave packet has a group velocity (or packet velocity)

v.=V.w (49.20)
where

V. = (3/ak, )i+ (a/ok,)j+ (9/ak, k. (49.21)

These results hold for an arbitrary dependence of w on k.
In the particular case of a packet of pure acoustic waves, for which
w = ak, one readily finds

v, = al(kJ K)ot + (ky/ K)o+ (k. K)okl = am,. (49.22)
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Thus, for pure acoustic waves, the group velocity equals the phase velocity,
and an acoustic wave packet propagates with the speed of sound along n,
(or ko); as we will see in §53, the behavior of gravity-modified acoustic
waves in a stratified medium is more complicated (and interesting).

50. Wave Energy and Momentum

We obtained the mechanical energy equation for a fluid by taking the dot
product of the flow velocity with the momentum equation (cf. §§24 and
27). Similarly we can derive a mechanical energy equation for an acoustic
wave by taking the dot product of the velocity fluctuation v, with the
linearized momentum equation (48.2), obtaining

povy * (3 /81) = (1500021).1 =—v, - Vp,, (50.1)

which states that the rate of change of the kinetic energy density in the
wave equals the rate of work done on the fluid by the wave-induced
pressure gradient. Notice that all quantities in (50.1) are second order.

In place of the gas energy equation, we have the adiabatic relation
(48.3), which can be combined with the continuity equation (48.1), to give

(pr/a”po)(@pi/at) = Gpila®pe), =—pi V - vy. (50.2)

In order to interpret (50.2) physically, consider the energy density é = pe of
the disturbed fluid. If we take e=-e(p,s), then because the wave is
adiabatic

ep = eopo+[8(pe)/dplp, +3[0%(pe)ap)pT. (50.3)
But from (3.12), (9e/9p), = p/p?, hence [&pe)/dp], = h. Therefore
[8*(pe)/ap®]. = (8h/ap), = (dh/ap). (ap/ap), = a®/p, (50.4)

where we used (2.33) to obtain (0h/dp),. Thus
pe = poeo+ hop, +3(a’p3/po) = poeo+ hopi +5(pi/a’py).  (50.5)

The first term on the right-hand side of (50.5) is the energy density of the
unperturbed fluid and is unrelated to the presence of the wave. The second
term averages to zero over a sufficiently large volume because the total
mass of the fluid cannot be changed by a wave, hence [ p, dV =0. (Like-
wise, this term averages to zero over fime for harmonic disturbances.) Hence
the third term represents the nonvanishing net change in the fluid’s internal
energy density resulting from the presence of a wave; this energy (a
second-order quantity) is called the compressional energy of the wave. Thus
(50.2) is analogous to the first law of thermodynamics, stating that the rate
of change of the compressional energy stored in the wave equals the
negative of the rate of work done by the wave’s pressure perturbation on
the wave-induced expansion and compression of the fluid.

Taking the sum of (50.1) and (50.2) we obtain a wave energy equation in
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conservation form, namely
Qe Jat) ==V - ), (50.6)
where the wave energy density is
£, =3po01 +3(pila’py) (50.7)
and the wave energy flux is
b, =pv;. (50.8)

The momentum density in the perturbed fluid is p=pv=pyv,+p,v,.
Using the fact that v, =V¢,, one sees from equation (A2.64) that

Poj v, dV= Poj ¢ dS. (50.9)
v s

The latter integral is identically zero if S lies in the unperturbed fluid
where ¢, =0, so in a sufficiently large volume the net wave momentum
density is

B =p vy =pyvifa’=d,/a’. (50.10)
The above formulae simplify for plane waves. Thus from (48.19) we find
£, = PoU% (50.11)
and
d,, = apovin=ae, n. (50.12)

The instantaneous values of ¢, and ¢,, are of little interest; rather we
usually wish to know the time averages (z,) and {(¢,,). In particular, for
monochromatic waves, we calculate averages over a cycle (one wave
period). When complex representations like (49.1) to (49.4) are used it is
important to remember that in computing, say, {p,v,) we must take the
time average of the real parts of p, and v,. This is most easily done by

it

noting that for any time-harmonic complex quantities a = aqe'"' = oy +iq,
and B =Bee'™ " =B, +iB, we have the general identities
Ha*B +af™)=ayB, cos ¥ (50.13)
and
{a Y= aoBolcos (wt) cos (wt + )y =20, B, cos s
RB.R OBO ( w 2 OBO (5014)

= apB(sin (wt) sin (wt + ) = (o By)-
Hence for monochromatic plane waves we have the useful result
(apBr)=xa*B+ap™). (50.15)

From (50.15) we see that for a monochromatic wave the average kinetic
and potential energy densities each equal

300(UTR) = 4PoV1 U} =4poVy * V3, (50.16)
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hence the average wave energy density 1s

(W) =3PoV1 * V1, (50.17)
and the average wave energy flux is
<¢W>Z<P1RV1R>:?KP]V?: -+ P?Vl)- (50.18)

For a wave packet whose velocity amplitude can be represented by a
sum over monochromatic components, that is,

V() = Z Vet (50.19)

one easily sees that the only terms surviving in a time average yield

(VRy=3(V - V=1V, V7. (50.20)

Hence the average energy density in the wave equals the sum of the
average energy densities in the monochromatic components. Likewise

(B.)=2 (). (50.21)

51. Damping of Acoustic Waves by Conduction and Viscosity

Thus far we have ignored viscosity and thermal conduction and have
supposed that acoustic waves propagate adiabatically. We now inquire
what happens to a wave when these dissipative processes are operative. We
assume the fluid is a perfect gas, and consider the propagation of a plane
wave along the x axis.

The linearized continuity equation (48.1) is unaflected by viscosity or
conductivity, while the linearized momentum equation (26.2) is

po(0v,/8t) = —(3p,/3x) + p' (@ v, /0x7) (51.1)
and the linearized energy equation (27.11) is
po(de,/t) = —po(dv,/0x) + K(8*T,/3x7). (51.2)

Here p' =%+ is the effective one-dimensional viscosity. Notice that no
viscous term appears in (51.2) because the dissipation function w'(@vjax)?
is a second-order quantity.

For a perfect gas p=pRT =(y— 1)pe, hence

T, =[p,—(po/po)or )/ Rpo (51.3)
and

eLZ[PL_(Po/Po)P1]/(Y_ 1po. (51.9)

Using (51.3) and (51.4) and eliminating (9v,/dx) via (48.1), we can rewrite
(51.2) as

d ” & ”
E(P]_a 01):'YX§ (py—a“py), (51.5)
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where x is the thermal diffusivity [cf. (28.3)]

x =KJ/poc, =(y—1)K/yRpy. (51.6)
Now take a plane-wave solution
p1 =P exp [i(wt—kx)] (51.7)
p1 = R exp [i(wt —kx)] (51.8)
and
¢, =D exp [i(wt—kx)], (51.9)

where v, =(d¢,/3x). Substituting (51.7) to (51.9) in (48.1), (51.1), and
(51.5) we find

iwR — pok*®=0, (51.10)
—ikP + (pokw — in' kD =0, (51.11)

and
(iw + yxkDP — a>(iw + xkHR = 0. (51.12)

We obtain a nontrivial solution of (51.10) to (51.12) only if the determin-
ant of the coefficients vanishes. Enforcing this condition, we obtain the
dispersion relation

(51.13)

_ . 2 s 172
w2=a2k2[ 1—i(xk /w)]+m k w.

1—i(yxk?/w) Po

Notice that when x =pu’ =0 we recover our previous result w?= a’k=.
Suppose first that both w' and x are very small. Then set k = ko + 8k =

(w/a)+ 8k, expand to first order in small quantities, and solve for 8k to

obtain

8k = —(iw?/2a’pe)[’ + (v — Dppx]. (51.14)
The solution for, say, p, 1s then of the form
P = Pei(o)!—knx)e—x/l_ (5115)

where L =—i/6k, and smularly for p,, T4, ¢,, and v,.

Equation (51.15) shows that the wave still propagates with the sound
speed a, but its amplitude steadily diminishes with a characteristic decay-
length L. Thus small amounts of viscosity and conductivity damp acoustic
waves by an irreversible conversion of wave energy into entropy. Recalling
from §29 that (w/p)~ x ~aA, where A is a particle mean free path, we see
that (L/A)—~(A/X), hence the decay length is of the order of (A/\)
wavelengths. The assumptions under which we solved (51.13) imply
(A/A)>» 1, hence the decay is slow. Equation (51.14) shows that high-
frequency waves are more heavily damped than low-frequency waves,
which is not surprising because for a given amplitude they will have steeper
gradients of velocity and temperature over smaller physical distances (a
wavelength).
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In reality the physics of the problem is more complicated, and more
interesting, than indicated above. To simplify the analysis suppose the gas
has zero viscosity but a finite thermal conductivity. (Recalling from §§29
and 33 that in a real gas K o pu this assumption may, at first sight, seem
hypothetical. But as we will see in §101 it is actually realistic for a radiating
gas where radiation provides an efficient energy transport mechanism while
viscosity and thermal conduction—by particles—are both negligible). The
dispersion relation then becomes

k*=[(vw?/a®) = i(w/x)]k* = i(w’/a®x) =0, (51.16)
which yields immediately

i (X[ 0 202
a® X

2 (51.17)
a X a~x

In general, one must calculate k(w) from (51.17) numerically. But we
can obtain analytical expressions in two limiting regimes. First, suppose
that the dimensionless ratio & =(wx/a®)<« 1 because w and/or x is very
small; from the scaling relation x ~aA one recognizes that in this regime
MA« 1. Expanding (51.17) to second order in £ we have

2k% = (w/x)(ve =)= (iw/})[1+i(y—2)e —2(y—1)e?].  (51.18)
Taking the positive root we have
k3 =(w/a)[1—i(y—1(xw/a?)] (51.19)
whence we obtain
ky ==[(w/a) = iy = )(xw?/2a%)]. (51.20)

This root corresponds to the same mode obtained in (51.14), that is, a
slowly damped acoustic wave propagating with the adiabatic sound speed.

Taking the negative root in (51.18) and retaining only leading terms we
find

k2 =—iw/x (51.21)
whence we obtain
ky==x(w/2x)"*(1 —1). (51.22)

This root corresponds to a new mode, a propagating thermal wave [cf.
(L2,877) and §8101 and 103]. This particular mode propagates very
slowly, with phase speed v, =(2¢)"? a « a; because the real and imaginary
parts of k are of the same magnitude, the wave is very heavily damped,
decaying away in a few wavelengths. Moreover A,/Aq= kolkog =(2e)'?«
1, hence the physical distance over which this mode can propagate is less
than a wavelength of an undamped acoustic wave of the same frequency.
Suppose now that the dimensionless ratio &' =(a%*/wx)< 1 because w
and/or x is very large; estimating x as before we see that in this regime
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A/A < 1. We now expand (51.17) as

2= () 1-5)- ()[4

Taking the positive root we have

ki ~=(w?/aP1—ily—=1(e'/y)],
whence

ks ==[(w/ar)—i(y—1D(ay/2vx)].
Here a 1s the isothermal sound speed

ar=(3plap)r = plp = a®/v.

(51.23)

(51.24)

(51.25)

(51.26)

This root again corresponds to a damped acoustic wave, but with the
qualitatively important difference that now the wave propagates at constant
temperature because wave-induced temperature fluctuations are efficiently
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Fig. S1.1 Damping length and phase velocity of damped acoustic mode.
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eradicated by the high thermal conductivity and/or steep temperature
gradients. Isothermal acoustic waves propagate a factor of y~"? more
slowly than adiabatic acoustic waves; the decay length is now independent
of frequency and is proportional to the thermal conductivity. Because
|ks/kag|< 1 the wave survives over many wavelengths before it decays.
This is not to say that it is slowly damped, however, because by scaling
arguments one finds that L = A, hence the wave decays significantly over a
particle mean free path!

Taking the negative root in (51.23) we have
k2 =—iw/yx, (51.27)
whence we obtain
kg ==(w/2yx) (1= 1). (51.28)

This root corresponds to another thermal wave, which is heavily damped in
the sense that it decays away over a few wavelengths. However the phase
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Fig. 51.2 Damping length and phase velocity of thermal mode.
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speed of this mode is very large, v, = Qyxw)'*=Q2vy/e)"? a>a, as is its
wavelength compared to that of an undamped acoustic wave of the same
frequency: Ay/Ay=(2v/e)"*>» 1. Hence this mode propagates rapidly over
a physical distance of the order of (aA/w)*? before it is damped.

Plots of v,/a and L/A obtained from a numerical solution of (51.17) for
v =3 are shown in Figures 51.1 and 51.2. Here one sees that the acoustic
mode is most heavily damped when (yw/a®)~1, which is also where v,
drops from a to a for that mode. In contrast, the thermal wave mode is
least damped when (xw/a®)~1.

The damping of acoustic waves in relativistic fluids is discussed by
Weinberg (W2), who gives an expression for 8k [cf. his equations (2.55) to
(2.57)] which reduces to (51.14) in the nonrelativistic limit.

5.2 Acoustic-Gravity Waves

Let us now consider wave propagation in a compressible medium stably
stratified 1n a gravitational field, such as the atmosphere of the Earth, the
Sun, or a star. In such a medium, waves can be driven by both compres-
sional and buoyancy restoring forces, each of which can induce harmonic
oscillations of a fluid element slightly displaced from its equilibrium
position. As a result the behavior of waves is more complicated than in a
homogeneous medium: (1) Their propagation characteristics are anisotropic
because the force of gravity imposes a preferred direction in the fluid. (2)
They are dispersive (i.e., the propagation speed varies as k and/or w are
varied). (3) Stratification of the atmosphere imposes a cutoff frequency
below which gravity-modified acoustic waves cannot propagate, and thus
restricts the region of (k. —w) space in which such waves can exist. (4)
Buoyancy forces give rise to a new class of propagating waves: the
low-frequency pressure-modified internal gravity waves, which are inher-
ently two-dimensional. (The adjective “internal” is used to discriminate
these waves from surface gravity waves found at fluid interfaces, for
example, the surface of the ocean; for brevity we refer to these two
different wave modes simply as ‘“‘acoustic waves” and “‘gravity waves”.)

Acoustic-gravity waves are of mterest because they are ubiquitous in the
terrestrial and solar atmospheres, and certainly must exist in stellar at-
mospheres as well. In §§52 to 54 we consider adiabatic fluctuations
because the effects of viscosity and thermal conduction on acoustic-gravity
waves are negligible in astrophysical media. The effects of radiative damp-
ing, which can be major, are discussed in §102.

52. The Wave Equation and Wave Energy

BUOYANCY OSCILLATIONS
We can obtain insight into buoyancy effects by considering the motion of a
small fluid parcel rising and falling adiabatically 1n a stratified medium. We
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assume strictly vertical motion and write the vertical displacement as £,.
‘When the parcel is displaced from its equilibrium position it experiences a
net force —g(p— py) where p is the density inside the parcel and p, is the
density 1in the ambient atmosphere; hence its motion is governed by

p1(6%2,/01%) = —g(p— py). (52.1)
For small displacements
po(&) = po(0) +(dp/dz) ., (52.2a)
and
p(£) = po(0)+(dp/dz)uals, (52.2b)
where the subscripts denote “‘atmosphere” and “‘adiabatic”. Thus
(8°4,/01%) = —wivi, (52.3)
where
wiv=(g/p)(dp/dz).qs —(dp/dz)..] (52.4)

18 known as the Brunt- Viisald frequency.
Equation (52.3) admits two distinct classes of solutions:

£,(1) = £,(0) exp (=i lwgy| 1) (52.52)

for w%,>0, and
BV 5

£4()=£,(0) exp (= levl 1) (52.5b)

for wa,<O0.

When wigy, >0 the atmosphere is stably stratified and fluid parcels
undergo harmonic oscillations of bounded amplitude. But when w3, <0, a
displaced fluid parcel experiences further force in the direction of its
displacement, and the perturbation grows exponentially. In the latter case
the atmosphere is convectively unstable; indeed the inequality (dp/dz),, <
(dpl/dz),, is just the standard Schwarzschild criterion for instability against
convection (C9, 264). When wj,, =0 the atmosphere is in adiabatic equilib-
rium, and is neutrally stable; neither buoyancy oscillations nor convection
can then occur.

In a simple buoyancy oscillation the displaced fluid expands and cools
adiabatically as it rises, and slows in response to gravitational braking as
the density in the parcel exceeds that in the surrounding medium. At the
top of the cycle T, <0, p; >0, and v, =0. The denser fluid element is then
accelerated downward, and passes through its equilibrium position, where
py =T, =0, with maximum downward velocity. Thus p,, Ty, and v, are out
of phase, T, leading v, by 90° and p, lagging v, by 90°, in strong contrast
with a pure acoustic wave where p,, Ty, and v, are all exactly in phase (cf.
§48).

Because buoyancy oscillations are slow (see §§53 and 54), sound waves
have time to run back and forth within a displaced fluid parcel and to
establish pressure equilibrium between it and the surrounding atmosphere.



186 FOUNDATIONS OF RADIATION HYDRODYNAMICS

We can therefore take the pressure gradient in the parcel to be the same as
in the unperturbed atmosphere, and using the relation &p = (9p/dp)., Sp =
Sp/a® inside the parcel we can rewrite (52.4) in the useful form

wiv=(g/la*p)(dp/dz),, —a*(dp/dz),.]. (52.6)

FLUID EQUATIONS

The dynamical behavior of acoustic-gravity waves is determined by the
equation of continuity (19.4), Euler’s equation (23.6) with f=pg, and the
gas energy equation

p{(De/Dt)+p[D(1/p)/ Dt]; = (Dq/Dt), (52.7)

where (Dg/Dt) is the net rate of energy input, per unit volume, to the gas
from external sources. For adiabatic fluctuations (Dg/Dr)=0.

Before writing linearized fluid equations, it is convenient to derive some
alternative forms of (52.7), which will prove useful later. We first develop
some necessary thermodynamic relations. Thus expanding dp as a function
of (p, T) we have the general expression

(dInp/dInp)y=@1Inp/aln T),(d In T/d 1n p)+(d In p/d In p).
(52.8)

Using the cyclic relation (2.7) one finds (9p/0T), = B/ky where B and
are defined by (2.14) and (2.15). We can thus rewrite (52.8) as

(d1np/d1n p)=(TB/pr)(d In T/d In p)+(1/prr). (52.9)

This relation is general, hence holds for adiabatic changes in particular.
Thus using (14.19) and (14.21) we obtain the important identity

Iy =(1TB/pr )T 5 — 1) +(1/pky)- (52.10)

Next, we obtain a general expression for the ratio ¢, /¢, by applying (5.17)
to an adiabatic process, which yields

¢l ¢ = pr(Ap/3p); = prer Ty (52.11)
Substituting (52.10) and (52.11) into (5.7) we then find
¢ =B/rrp3—1) (52.12)
whence, using (14.22) and (52.11) we obtain
¢, = (Bp/p)To/I>—1). (52.13)

Suppose now we choose T and p as fundamental variables in (52.7). Then
using (2.15), (2.22), and (5.11) in the expansion

|GF), 7 G5 Jarel (), 7 G7).] ao-aa 210
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we have
c,pdT—BT dp=dg (52.15)
which, with the aid of (52.13), can be rewritten as
dT (I',—1) dp]
e ErD) 52.
T T2 = dq (52.16)

Alternatively, suppose we choose p and p as fundamental variables. Then
using (2.28), (2.29), and (52.11) in the expansion

ad ad
p(—e> dp+p[<—e> —ﬂz] dp =dq (52.17)
ap/e ap/o P

(krcop/B) dp —(c/B) dp = (krc,p/ B)dp—(T'yp/p) dp]=dq. (52.18)
Then using (52.12) and (48.23) we find
T2— 1D dp—a* dp)=dq. (52.19)

we get

Finally, suppose we choose p and T as fundamental variables. Then using
(2.11), (2.17), and (5.7) in the expansion

p(%_)p dT + p[(j—Z)T —%] dp = dg (52.20)
we find
pc, dT—(BT/pp) dp = dg. (52.21)
Hence from (52.12)
pc, T[(dT)T)—T'5—1)(dp/p)] = dq. (52.22)

LINEARIZED FLUID EQUATIONS
Assume that the ambient atmosphere is static and in hydrostatic equilib-
rium so that

Vo = pog, (52.23)

where g = —gk is constant. Then for small-amplitude adiabatic disturbances
the linearized fluid equations are

(8py/at) +V + (pov,) =0, (52.24)
po(ovi/at) =p,g—Vp,, (52.25)

and, from (52.19),
(Dp,/Dt)—a*(Dp,/Dt) =0, (52.26)

which can be rewritten as

(pl_a2p1.),r+v1 : (VPO_GZVPO):O (52.27)
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or
(OpyJot) =—v, - Vpo—apoV © vy

=~V Vp()_r'lpov * V. (5228)

WAVE EQUATION
To derive a wave equation we first differentiate (52.25) with respect to
time, obtaining

po(@°v, /at?) = (9p,/at)g— V(ap,/at). (52.29)

We then eliminate (9p,/dt) and (9p,/dt) via (52.24) and (52.28); after some
simple reductions one finds

@1/t = a®*V(V - v)+(a’V - v)VIn T, +(,— 1)V v,))g
+p5 ' [(V(v, - Vpo) —g(vy - Vo).

In the ambient atmosphere there is a unique relation between p, and p,,
that is, we can write p,=f(p,). Hence Vp,={df/dp,)Vp,= (df/dpy)pog;
therefore (52.30) reduces to

(@*v,)ot)=a*V(V-v))+(@*V-v)VInT,+ (" — 1)V v)g+ V(g  v,),
(52.31)

(52.30)

which is the fundamental equation governing the propagation of acoustic-
gravity waves. For a gas with constant ratio of specific heats, I', =+, and
(52.31) simplifies to

(@, /0t =a*V(V - v)+(y—D(V v)g+V-(g-v), (52.32)

an expression first derived by Lamb (L1, 555).

In some applications it is more convenient to work with x,, the displace-
ment of a fluid element from its equilibrium position, instead of 1ts velocity
v,. To first order in small quantities

v, = (0x,/dt) (52.33)

hence

t

X, (Xq, 1) = I v (%o, t) dt’. (52.34)

(0]
Thus integrating (52.31) with respect to time we find

(0*x,/9t5)=a?’V(V - x)+(@?V - x)VIn[, + (T, - D(V-x)g+V - (g x,).
(52.35)

The same approach may be used to rewrite (52.24), (52.25), (52.28), and
(52.32) in terms of x,.

WAVE ENERGY DENSITY AND FLUX
To obtain a wave energy equation we multiply (52.54) by p,/p,, take the
dot product of (52.25) with v, multiply (52.27) by p,/a®p,, and add,
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obtaining
a (1 1 pl p
a (E P()U1z+§ asz) ==V (V) + 8 vi— <aé;0>vil *Vpo

==V -(pv)+ (Wl,g/az)(m— a201)- (82.36)

In (52.36), w, denotes the vertical component of v,.
Now from (52.6) and (52.27) we have

(py—a’py), = —wi[(dpo/dz) — a*(dpo/dz)] = —a’powiywilg, (52.37)

which, when integrated with respect to time, yields

Pl_a201 = —azpowé\/é’l/g, (52.38)

where ¢, is the vertical component of the displacement x,. Hence the last
term in (52.36) equals —powivZ,(a,/9t), whence we see that (52.36) can
be rewritten as a conservation law

(de Jot)+V - b, =0, (52.39)
where the wave energy density 1s
£ =3p0V% +5(pi/a’po) + 30005V T, (52.40)
and the wave energy flux is

b, =pvi. (52.41)

We thus obtain the same expression for &,, in an acoustic-gravity wave as
in a pure acoustic wave [cf. (50.8)]. In contrast, g, for acoustic-gravity
waves contains a buoyancy energy density (or gravitational energy density)
ipowivE? in addition to the kinetic energy and compressional energy
densities found previously for pure acoustic waves. The compressional and
buoyancy terms both are potential energies for the oscillating fluid parcel.
Generalizations of these results to include the effects of magnetic fields for
magnetoacoustic-gravity waves are given in (A2,4358) and (B10,252).

Although (52.39) is a genuine conservation relation connecting ¢,, and
¢, it is not a complete energy equation because a consistent second-order
expansion of the nonlinear energy equation contains, in general, nonzero
contributions from other second-order quantities such as p,, p,, etc. For
this reason Eckart (E1, 53) called e, the external energy density of the
wave, remarking that it “‘has little relation to e, the ‘internal’ energy of
thermodynamics”. While this terminology is often adopted in the litera-
ture, we will not use it because the compressional energy term in g,, does,
in fact, originate from the internal energy of the gas [cf. (50.3) to (50.5)].
‘We merely caution the reader to remember that £, and &, do not
represent the total second-order energy density and flux associated with a
wave.
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53. Propagation of Acoustic-Gravity Waves in an Isothermal Medium

For the special case of a static isothermal atmosphere it is possible to
describe the properties of acoustic-gravity waves analytically in some
detail. While this model of the atmosphere is restrictive, it yields considera-
ble physical insight; moreover it i1s actually not a bad approximation to the
temperature-minimum region joining the upper photosphere and the lower
chromosphere in the solar atmosphere (see §54).

For simplicity, assume that the material is a perfect gas with constant
specific heats. In the ambient atmosphere we then have

po(z) = pe(0)e " (53.1a)
and
po(z) = po(0)e ™" (53.1b)
where the scale height is
H=RT/g=a%vyg (53.2)

For the special case we are considering, the pressure and density scale
heights are equal, which is not true in general (cf. §54).

THE DISPERSION RELATION
Consider monochromatic plane waves of the general form

x; = Xexp [i{wt — Kk - x)]. (53.3)

We confine attention to steady-state oscillations and therefore take o to be
real. Because the atmosphere is homogeneous in layers perpendicular to
the direction of gravity, there i1s no preferred direction of propagation in
the (x, y) plane, hence it suffices to consider propagation in the (x, z) plane
only. Thus we take x; =(&,0, ;) or X=(X,0,Z) where X and Z are
complex constants. Likewise we set k=(K,,0, K,). In general K, will be
complex because a wave can grow or decay in amplitude as it propagates
vertically in a stratified medium; in contrast, the horizontal homogeneity of
the ambient atmosphere implies that waves should neither grow nor decay
horizontally, hence we can take K, =k, a real number.

Substituting (53.3) into the wave equation (52.32), we obtain two
homogeneous equations for X and Z, which yield a nontrivial solution only
if the determinant of coefficients

a*k?—w* a’k K, —igk,

=0. 53.4
a?k K, —i(y—1gk, a*’K?—igK,—w? (534)

Evaluating (53.4) we obtain the dispersion relation
w*—[a*(kI+K2)—ivgK,Jw?+(y —1)g*k=0. (53.5)

Demanding that the real and imaginary parts of (53.5) both be zero, we
find K, =k, +(i/2H) (53.6)
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where k, is real. From (53.6) and (53.3) it follows that the amplitudes of x,

and v, both grow as e**" with increasing height in the atmosphere. Note in

passing that this result and (53.1b) imply that the kinetic energy density

3pov7 in the wave is constant with height, a point to which we return later.
Using (53.6) we can rewrite (53.5) as

w*—[wi+a*(ki+ kD)o’ +wia’ki=0 (53.7)
where
w,=vglla=a/2H (53.8)
and
w, =(y—1)"gla=(y—1)"a/yH. (53.9)

From (52.6) one sees that w, is just the Brunt-Viisild frequency for an
isothermal medium, and is thus relevant to buoyancy oscillations and
gravity waves. We will see shortly that o, is the minimum frequency for
acoustic-wave propagation. Note that

wo W, =v/2(y—1)"2, (53.10)

hence w, is always larger than w, for the physically relevant range
1=y S%

THE DIAGNOSTIC DIAGRAM

We can determine a great deal about the behavior of acoustic-gravity
waves from an analysis of the dispersion relation. Solving (53.7) for k, we
find

kZ=aw*—o0l)—(0’—0l)(kiw?). (53.11)

One sees immediately that k2<O0 if w,<w=w,, hence no progressive
wave can exist in this frequency range, a result that contrasts strongly with
that for a2 homogeneous medium, where there is no restriction on the
frequency of propagating waves. Furthermore, we see that as w — o,
k?=(k2+k2)— w?/a® as in (49.7) for pure acoustic waves; thus waves
with w =w, can be regarded as acoustic waves modified by gravity.

To clarify the picture further, it 1s helpful to study the domains of wave
propagation in the diagnostic diagram, a plot of w versus k. We can
delineate three distinct domains in the (k,, w) plane by finding the propag-
ation boundary curves along which k?=0; these separate regions of real
and imaginary vertical wavenumber. Thus setting k2 =0 in (53.11) we have

w?=Hol+a?kix[(wi+a’k)? —4akGwi] ", (53.12)

which has two branches, as shown in Figure 53.1 for yvy=1.4. Along the
propagation boundary curves we also have

kZI=o*(0*—wl)/a*(w*—w?) (53.13)
and
vija®=(w’—o0d)/(w’—ol), (53.14)

where v, is the phase speed of the wave.
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Fig. 53.1 Diagnostic diagram for acoustic-gravity waves in an isothermal atmos-
phere; y=1.4

From the remark made above we know that acoustic waves lie in the
region above the upper branch of (53.12), and we expect the region below
the lower branch to contain gravity waves. Consider first the properties of
waves on the upper propagation boundary curve (w=w,). As k, — 0,
w — ak,, and v, — a; thus in the high-frequency limit we recover essen-
tially pure acoustic waves, as one would expect because for wavelengths
small compared to a scale height the medium is essentially homogeneous
(unstratified) over a wavelength. As k., —0, w = w,, and v, — . The
significance of this result can be appreciated more fully by considering
vertically propagating waves.

For vertically propagating waves (k, =0) we have from (53.11)

kZ=(w?*—wl)/a* (53.15)

and
vija® = 0w*/(w®—wl), (53.16)

which show that vertical propagation is possible only if w > w,; that is, only
acoustic waves can propagate vertically in a stratified medium. Further-
more, we see that as w — w, there is an atmospheric resonance phenome-
non, first recognized by Lamb. Because of this resonance, an imposed
vertical disturbance at w = w, cannot propagate, but rather in effect lifts (or
drops) the whole atmosphere coherently (which implies that k, =0 and also
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v, =<). For vertically propagating acoustic waves, we find from, (53.15)
and (53.16), that

. = (do/dk) = k,a*/w = a®|v, (53.17)
or
v, = a’. (53.18)

Notice that because v, —% as w — w,, v, — 0, hence no energy is propa-
gated by an acoustic disturbance at the atmospheric resonance. Thus w, is
the acoustic cutoff frequency, below which acoustic waves cannot propagate
in a stratified atmosphere.

Now consider the lower propagation boundary curve (w=<w,). From
(53.13) and (53.14) we see that as k, —0, w— (w/w,)ak, —0, and
v, = (w/w,)a. As k,—», o —w, and v, —0. Hence w, is a cutoff
frequency above which gravity waves cannot propagate.

An important property of gravity waves is that they propagate in only a
limited range of angles above and below the horizontal. Thus writing
k, =k cos o we can rearrange (53.7) as

w?*la*k*=v}/a® = (w?— w} cos® a)/(w*—wl). (53.19)

For an acoustic wave o > w,,, and (53.19) places no restriction on «. But for
a gravity wave, o <w,, the phase velocity is real only if w®<w?2cos®a, or
if

la| = cos™ (w/w,). (33.20)

For a fixed k,, gravity waves can propagate within an ever-increasing range
of angles as w — 0; but as w increases toward the lower propagation
boundary curve, k, — 0 hence only horizontal propagation is possible. We
can also rewrite (53.7) as

cos? a = ki/k* = (0*/wl) +oX(wi—w?)/wia’k]], (53.21)

which shows that at fixed w the range of « within which gravity waves can
propagate opens from zero on the lower propagation boundary curve to
the limiting value ta, .= cos™ (w/w,) as k, — .

The region between the two domains of propagation contains evanescent
waves. Here k, is imaginary, hence the wave amplitudes grow or decay
exponentially with height. For these waves the pressure perturbation p;
and the vertical component of v, are 90° out of phase, hence they have
zero vertical energy flux (though they may transport energy horizontally).
Evanescent waves have infinite vertical phase velocity, and therefore
represent standing waves.

The domain into which a wave specified by a particular (k,, w) falls
depends on v, g, and T for the atmosphere. For a given vy and g, (53.8) and
(53.9) show that both w, and w, vary as T~ ', hence both the acoustic-
wave and gravity-wave cutoffs decrease with increasing temperature. Prop-
agation boundary curves for y=3, g=3x10" (appropriate to the solar
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Fig. 53.2 Propagation boundary curves for acoustic-gravity waves in an isothermal
atmosphere for several temperatures; y=3, g =3x 10"

atmosphere), and several values of T are shown in Figure 53.2. Notice that
a wave that can propagate at one temperature may be evanescent at
another temperature.

GROUP VELOCITY
Rearranging the dispersion relation as

(0> —w)ki+w?kI=wXw?*—w?)/a® (53.22)
we see that in wavenumber space the contours of constant w are conic
sections, known as slowness surfaces. For acoustic waves, w > w,, all of the
coefficients in (53.22) are positive, hence the contours are ellipses as shown
in Figure 53.3a; for gravity waves, w <w,, the coefficients in (53.22)
alternate in sign, hence the contours are hyperbolae, as shown in Figure
53.3b.

The curves shown in Figure 53.3 reveal a great deal about the propaga-
tion characteristics of acoustic-gravity waves. When w > w,, the constant-w
ellipses approach the unit circle; as w — w, they shrink to a point at the
origin. For all the ellipses a®(k2+k2)/w?=1, hence for acoustic waves the
phase speed always exceeds the sound speed. As w —, v, — a, and as
w —> w,, U, —®. When w<w, the constant-w hyperbolae collapse to the
asymptotes ak,/w = w,/w, As w — w, from below, we must have k, >1 to
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Fig. 53.3 Slowness surfaces in an isothermal atmosphere for (a) acoustic waves,
(b) gravity waves.

assure that k, remains real, hence the vertices of the hyperbolac move
toward infinity, and the asymptotes collapse onto the k, axes. It is evident
from Figure 53.3b that a®(kZ+ k2)/w*>1 for all the hyperbolae, hence for
gravity waves the phase speed is always less than the sound speed. Indeed,
as w — 0, v, = (w,/w,)a, and as ® — w,, v, — 0. Physically the case w = w,
corresponds to the stationary buoyancy oscillation described in §52, which
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does not propagate, hence has v, =0. All of these results for v, also follow,
of course, from an analysis of (53.19).

As we saw in §49, the direction of phase propagation lies along the wave
vector k, and is thus characterized by the angle a =cos '(k/k)=
tan"*(k,/k,). Therefore for a wave with a specified (k,, w), the direction of
phase propagation lies along the straight line connecting the origin in
Figure 53.3 to the curve for the given value of w at the appropriate value
of k.. On the other hand, the group velocity is given by v, =V, w, hence it
is perpendicular to contours of constant . Inspection of Figure 53.3
immediately shows that, for acoustic waves, v, and v, point almost in the
same direction, becoming coincident as w — oo, In contrast, for gravity
waves v, is usually nearly perpendicular to v, (becoming exactly perpen-
dicular in the limit w — 0); because horizontal phase and energy propaga-
tion are in the same direction, this orthogonality implies that vertical phase
and energy propagation are oppositely directed. From Figure 53.3b one
sees that as w — 0, phase propagation mn a gravity wave 1s nearly vertical
while energy propagation 1s essentially horizontal; as & — w,, phase prop-
agation becomes more nearly horizontal and energy propagation essentially
vertical. Along the k, =0 axis, corresponding to the lower propagation
boundary curve in Figure 53.1, both phase and energy propagation in a
gravity wave are horizontal.

We can make the above geometric considerations more quantitative by
calculating (v,); = (dw/ak;) directly from the dispersion relation. Writing
v, = (u, 0, w,) we find

u, wlw*—wak, (w?—w?ak,
—=— 2g2 2 = 2 573 (53.23a)
a w'-wia’ki 0wQRw-w;—a’k®)
and
3
w, w>ak, wak,
—+£= = = \ 53.23b
a w'-wid’ki 20°—wi-a’k*’ ( )
which imply a ratio of group speed to sound speed of
Uy wlwa®k?+ wﬁ(w§—2wz)a2k§]”2
B w4—w§azk)2C
:[w4a2k2+wé(wé—sz)azki]m (53.24)

ww*— wi—a’k?
For high-frequency acoustic waves with w » w, and o*>» w2a’k: we find

ufa==akJow==cos a (53.25a)
and
w,/a=ak,/w=sin « (53.25b)

where we noted that for such waves w=ak. For low-frequency gravity
waves with o € w, and w*< wia’kZ we find

. = wfk, (33.26a)
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and

Wy =~ —0’k,/wlk2=~—sgn (k. )@/ @y )(w/k,) =~ —sgn (k,)(w/w,)u,
(53.26b)
because for such waves |k,|~k~(w,/w)k,. Here sgn(k,) denotes the
algebraic sign of k,. Note that for w < @, |w,|«|u,|.
Using the expression for k? obtained from (53.19) to eliminate k and k,
from (53.24), we can express v, in terms of w, w,, w,, and a, the angle of
phase propagation, as

Vg {(0?— 02)(w?— 02cos® a)[w*+ wi(w2—2w?) cos? a )2

-2
a 0*+wi(02-20? cos® a
(53.27)
Notice that v, =0 for gravity waves propagating at the limiting angle
Onax = COS 0/ w,).
Alternatively, if B is the angle between v, and the horizontial, then
u, = v, cosa and w, = v, sin &, hence from (53.23)
tan B =[0*/(w®—w?)] tan a. (53.28)
Using (53.28) in (53.27) one finds
Vg _ [(0?— 02)*(0®— w2)(w®—wlsin® B)]'?2
a w[(w2—w§)2+w§(w§—w§) cos? B]
which shows that energy propagation for gravity waves can occur only for
angles less than +8,,,, =sin '(w/w,) away from the horizontal.

, (53.29)

POLARIZATION RELATIONS
To obtain a more complete description of an acoustic-gravity wave write
the fluctuations in (p, p, T) and v,=(u,, 0, w;) as

Pr _ P _

LR T W & G o iekeko
PR pP T® U W X Z ¢ (53.30)

e

where the amplitudes R, P, ®, U, W, X, and Z are complex constants.
Substituting these representations into the linearized fluid equations
(52.24), (52.25), and (52.27) we obtain

iR — ik U—[(1/2H)+ ik, |W =0, (53.31a)
—ik, P+ioU=0, (53.31b)
gR—[(1/2H)+ ik, |P -+ ioW =0, (53.31¢)
and
—ia’wR +iwP+[(y— 1)a?/yH]W =0. (53.314d)

For these equations to have a nontrivial solution, the determinant of the
coefficients must be zero; enforcing this requirement we recover the
dispersion relation (53.7).

The system (53.31) also yields polarization relations that specify the
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relative amplitudes and phases among the perturbed variables. One finds

R=—0 2 {kz Lt [Q—iw—l]}w, (53.322)

T THD er 2
a‘w i (y—2
PR [kz +o (—h )]W (53.32b)
and
. a’k, i (y—2
U= (55w (53.320)

furthermore, from the perfect gas law (T,/T,) = (p./po) —(p1/po), hence
(y—Dw [ ] <1 a2k§>]
O=———— |k +—=|=—=]) W 53.32d
(w*—a?kH L™ H\2 ~vyo? (53.32d)

Finally, by integrating with respect to time we find X=Ufiw and Z=
Wiw.
The relative amplitudes of the wave perturbations are thus

& _ wakz {] +< 1 )2[2(7_ 1)0.21(3_ 1]2}'1/2 ﬁ
pol lw?—a?kY U \2k,H e pult
(53.33a)

% ywak, [ <7_2>2< 1 )2]1/2 "

pol 1+ =, 53.33b
pol o —a®k3| 2y / \2IcH a ( )

2 2712

Uq a“k.k, [ <’Y—2)2< 1 ) ] W,

'S 4 wy ‘

al lw?—a?k? 1 2y 2 H put (53.33¢)

and

T (’y—l)wakz[ ( 1 )2< 2a2k§>2] 12§y,

—_ =t 2 + . Wil .

Tol |w?—a?k? TR A » (53.33d)

In the high-frequency limit, w » w,, and for nearly vertical phase propag-
ation (so that w »ak,), Qk,H) '=w,/w <1, and the perturbation amp-
litudes limit to

le1/ ool 1P/ pol 1| T/ Tol :luy/al :lw. /al

=sina:ysina:(y—1)sina:sinacos a: 1.

(53.34)

Here sin a = k,/k. Notice that the relative amplitudes are the same as for a
pure acoustic wave, and do not depend on k or w. The angular factors
merely describe the orientation of k and have no further significance.

In the low-frequency limit, < w, and w?« a’kZ, we have k, = (w,/0)k,,
and the perturbation amplitudes limit to

lp'l/pol Api/pol Ty Tol :|uyJal :\wy/al (53.35)
=(y=D"odo):yo ak, : (y—1) " o /o) wjw: 1.
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Thus for low-frequency gravity waves |pi/po| =|T1/T,|, and we see that
l01/p0l, | T/ Tol, and |uy/al can become arbitrarily large relative to |w,/al as
w — 0; in contrast, the fractional pressure fluctuation can be either large or
small, depending on the relative size of ak, and w,. Essentially the pressure
perturbation drives the horizontal flow and is large for gravity waves with
large horizontal wavelengths.

To determine telative phases of the perturbations, note that the phase
shift 8,5 between any two complex quantities A and B is given by

tan 8,5 =Im (A/B)/Re (A/B). (53.36)
In using (53.36) one must be careful about quadrants. A positive (negative)

phase shift implies that A leads (lags) B in time by 6,/27 periods. From
(53.36) and (53.32) we find

tan Spw = Qk,H) '[(v—2)/v], (53.37a)

tan 8gw = Qk,H) {[2(y — 1)a?*k2/yw?]— 1}, (53.37b)
and

tan 8gw = QK H) ' [1—(2a%kZ/yw?)]. (53.37¢)

Note that for an adiabatic wave &§p;=0, that is, the pressure and the
horizontal velocity fluctuations are always exactly in phase; therefore the
horizontal wave energy flux propagates in the same direction as the
horizontal phase velocity and is nonzero unless k, =0.

Now consider the high- and low-frequency limits of (53.37); for definite-
ness, assume upward propagating waves (k,>0). For high-frequency
acoustic waves in which w?>» a%k? we see from (53.32) that in general
—90° = 8gw =0°, —90° =8py =0°, and 0° = 8gw =90°. For waves with w >
w, and ak, < w, Qk,H) ' =w,/w < 1, and all the phase shifts are small, of
order w,/w. T, leads, and p, and p, lag, w, slightly. The vertical energy flux
propagates in the same direction as the vertical phase velocity. For waves
near the propagation boundary curve, where k, —0, 8pw — —90°, and
therefore the vertical energy flux vanishes.

For low-frequency gravity waves in which w?<« a”k? and w’< w? we see
from (53.32) that in general —180°=8gyw =—90°, 90°= 8y =180°, and
90° < 8w = 180°. When w < w, the w2 terms in (53.37) dominate, and we
see that 8gw — —90° and Sgw — 90°, in agreement with physical descrip-
tions of buoyancy oscillations given at the beginning of this section.
Furthermore, for such waves 2k, H = ww,/w.ak,, hence 8pyw — 180°, which
implies downward energy propagation when there is upward phase propag-
ation, and vice versa.

WAVE ENERGY DENSITY AND FLUX
Using (50.15) we find the time-averaged kinetic energy density in an
acoustic-gravity wave 18

1p,eP (UU* + WWF) = p(0)(w* — wia’k?) WW* 4w w?—a*k?),
(53.38)
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the time-averaged compressional energy density is
(po/4a*)e*™PP* = p(0)(w?— wé) WWHA(w? — a’k?), (53.39)

and the time-averaged buoyancy energy density is

30003507 =300(0)(wy/ ) WW*, (53.40)
hence the time-averaged wave energy density is
£w = Po(0)2w* — w2 — a’kP ) WW*/2(w? — a?k?). (53.41)

Note that the sum of the compressional and buoyancy energies exactly
equals the kinetic energy, as one would expect from the virial theorem.
The time-averaged energy flux is

(dw)y :711(P'1“>1k+ PTLM) = pO(O)az(wz—wé)kaW*/2w (wz—azkz)
(53.42a)

and

(d)w)z :%(plwﬂ: -+ pTWJ) = pO(O)azwszW*/z(wz_azkf)-
(53.42b)
Comparing (53.41) and (53.23) with (53.42) we see that ¢, = £, Vg, AS
expected. Notice that all components of g, and &, are independent of z,
hence the wave energy density and flux of adiabatic waves are constant

with height in an isothermal atmosphere.
From (53.38) and (53.39) one sees that

(ewhy = [wi(w?— a?k)/(w* — wZa’k2)](e, )k (53.43a)
and

(ew)e =[wX(0?— w)w* —wia®kD)(e, )i (53.43b)
where the subscripts denote “buoyancy”, “‘compressional”’, and ‘‘kinetic”.
Thus for acoustic waves, w”» w},

(w)e = (wg/0?) (e, )i (53.442)
and
(). = [1— (0w e (53.44b)
for small k,, where w?>» a®kZ; whereas for large k,, where a?k2~w?— w2,
(£0)p = (Wiw /oM (e, (53.45a)
and
(ew)e = [1—(wiwi/w](ey ) (53.45b)
For gravity waves, ow°< w?, we find
(el = [(a®kZ—w?)/a?kZ](e, ) (53.46a)
and

(ew)e = (0*/a®kD ey )i (53.46b)
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Thus for acoustic waves nearly all the potential energy is compressional,
whereas for gravity waves it is nearly all gravitational.

54. Propagation of Acoustic-Gravity Waves in a Stellar Atmosphere

We now consider the propagation of acoustic-gravity waves in a stratified
medium in which the temperature and ionization state of the medium vary
with height, for example, the atmospheres of the Sun and other stars.
Strong Impetus to the development of acoustic-gravity wave theory in
astrophysics was given by the discovery of prominent oscillatory motions in
the solar atmosphere (L6), (N1). Later research has shown that the
observed motions are the evanescent tails of standing, gravity modified,
acoustic eigenmodes, trapped in a subphotospheric resonant cavity. Strictly
speaking the theory developed here is not applicable to these trapped
modes because we omit discussion of the effects of boundary conditions;
even so, it is often instructive to consider them simply as evanescent
acoustic-gravity waves that happen to exist for a discrete set of (w, k)
combinations. Further motivation for studying acoustic-gravity waves is
provided by observations of both propagating and trapped acoustic waves
in the solar atmosphere, and by the existence of a substantial nonthermal
broadening of solar spectrum lines, much of which is thought to be caused
by unresolved, small-amplitude wave motions.

To study acoustic-gravity wave propagation in realistic models of stellar
atmospheres we must understand the phenomena of wave refraction and
reflection and their implications for wave tunneling and trapping. Further-
more, we must account for ionization effects and temperature gradients in
(1) calculation of the sound speed, scale height, and Brunt-Viisila fre-
quency; (2) formulation of the wave equation; and (3) the expression
relating the temperature perturbation to the vertical velocity.

REFILECTION, REFRACTION, TUNNELING, AND TRAPPING

In a nonisothermal atmosphere, propagating waves experience refraction
and partial reflection. If they encounter a semi-infinite region in which they
are evanescent, they can be totally reflected with no transmission of energy
beyond the point of reflection. If, however, the evanescent layer is finite,
some fraction of the incident wave energy may leak through the region by
tunneling, and the wave continues to propagate, with reduced amplitude,
on the other side of the barrier. We discuss these phenomena first for
discontinuous changes in atmospheric properties at definite boundaries,
and then for a slowly varying atmosphere. where we can apply the WKB
approximation.

(a) Reflection and Refraction at an Interface  When a wave encounters a
discontinuity in material properties, (1) the propagation vector k changes in
both direction and magnitude; (2) the absolute and relative amplitudes of
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the wave perturbations change; and (3) phase differences between pertur-
bations may change.

To illustrate the basic properties of refraction and partial reflection we
consider a plane, monochromatic, acoustic wave propagating from one
homogeneous medium, A, with sound speed a,, into a second homogene-
ous medium, B, with sound speed ag. The interface between the two media
is the plane z=z,; A is the region z=z; and B is z=z,. Choose the x
axis such that k=(k,, 0, k). Continuity at the interface requires that k,
and @ be the same in both media, whereas k,, given by the dispersion
relation k2 =a’w?—kZ, changes. Therefore the angle of propagation 6 =
tan™' (k/k,) between k and the z axis changes. We readily find that

sin O4/sin O = (k k) (k Jkg) = aalag. (54.1)

Thus if ag>as (i.e.,, Tg>T,) the wave refracts away from the vertical,
and refracts towards it if ag <aj,.

The behavior of a wave incident on a discontinuity follows from con-
tinuity conditions at the interface. First, pressure equilibrium dictates that
Poa(z1) = pop(z;) and py.(z;) = pp(z,). The former condition implies a
density discontinuity given by (poa/pos) = (Togal/ Toams) Where u is the
mean molecular weight. Second, w, must be continuous to avoid a vacuum
or interpenetration of material elements. Third, the energy flux must be
continuous because there can be no sources or sinks in an interface of zero
thickness. Continuity of p,, w;, and &,, provide three independent equa-
tions that determine the amplitudes of the reflected and refracted waves,
and the phase shift of the reflected wave, in terms of the amplitude of the
incident wave.

Following (53.30) we write w, in medium A as

Wya = W:;ei(mt—kxx)e—ikm(z—zc)+ Wgei(wt_kxx)eikm(z_zo), (542)

where W, and W3 are complex amplitude functions for the incident and
reflected waves, respectively. We set exp (z/2H)=1 because H is infinite
(each medium is homogeneous). Similarly

Wig = Wgei(mr—kxx)e—ik:ﬂ(z—z,). (543)

The pressure perturbation follows from (53.30) and (53.31¢) with g =0 and
H =co, namely p7 =[pow/(xk,)]W*. Hence

Pia = (Poaw/k, A Y (Wa—W3) (54.4a)
and
Pis = (popw!/k.g) Wp. (54.4b)

To simplify the notation, write the amplitude functions W* in terms of
real (positive) amplitudes and real phases: Wi= A e Wi=A,e® and
Wi =Be®. Then factoring W} out of both w,, and w,p, and defining
A=A,JA,, B=B,JA,, 6,=0x+2k.(z.—2,), and 85 =565—6x we can
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write
Wial(z) = A ePrelormiamhEml(] 4 Ae®y) (54.5a)
and
wig(zy) = A e®rei” ko Beida, (54.5b)
In terms of the amplitudes and phases just defined and the parameter
r=posk.alPonk.s (54.6)

the three continuity conditions

wia(z)) =wig(z)), (54.7a)
P1alz)) = pis(zy), (54.7b)
and
t_ll(pTAwlA +p‘lAWTA):-'iL(pTBWIB +P1eWis) (54.7¢)
can be written
e 7201+ Ae®) = Be s, (54.8a)
e " aETE) (] — Ae®®a) = rBe s, (54.8b)
and
1—-A%=rB> (54.8¢)
Multiplying (54.8a) and (54.8b) by their complex conjugates we have
1+A?+2A cos 8, = B?, (54.92)
1+A?—2A cos 8, =r’B?, (54.9b)
and
1-A?=rB?, (54.9¢)

Solving (54.14) we find that the square of the ratio of the reflected wave
amplitude to the incident wave amplitude is

AZ= WA WAP=Q-r?Q+r)*<1, (54.10)

which is sometimes called the reflectance (IL2). When r< 1 or r»1, A%=1
and the wave is almost totally reflected; as the discontinuity becomes small,
r—1, A*— 0, and the wave is almost totally transmitted. Using (54.1) and
(54.6) we can write the reflectance in terms of material properties and the
angle of incidence as

2 2 2 1272
A= [pOBaA oS 8, —poalaa—agpsin® 6,) ]
= 2 2 2 172

Popdp COS 04 —poa(@a—apsin® 6,)

(54.11)

From (54.9), the ratio of the amplitude of the refracted (transmitted)
wave to the amplitude of the incident wave is

B=|W/|Wil=2/1+7r), (54.12)

which is greater than or less than unity depending on whether r is less than
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or greater than unity. This result is not, as it might seem, paradoxical;
when the amplitude of w, in the transmitted wave exceeds that in the
incident wave (r<<1, B>1), there is a compensating decrease in the
amplitude of p; such that the wave energy fluxes in A and B are exactly
equal. In fact, (54.11) and (54.12) imply

bua = %(prA/ k.a )Alz(] - Az) = (wPOA/sz )A%[2r/(1 -+ ")2] (54.13)
and
buwp = %(wPoB/sz )A%Bz = (wPOB/sz)A%[z/(l + ”)2]: (54.14)

which are seen to be equal by recalling the definition of r. Note that the
flux is very small whenever the discontinuity is large: when r>»1,
2r/(1+r)*—2/r<1, and when r< 1, 2r/(1+7)>— 2r< 1. Thus little energy
1S transmitted across the boundary when a, > ag or ag >» ax.

(b) An Interface Between Evanescent and Propagation Regions The
foregoing analysis assumes that the wave is propagating (k2>0) in both
regions. Consider now the case where the wave is evanescent either in A
(k24<<0) or in B (k25<0); the case of evanescence in both is uninteresting.
In an evanescent wave, the energy density decreases exponentially with
distance into the region of evanescence. The wavenumber k, is a pure
imaginary, hence ik, is real, and the z-momentum equation shows that
p1 1s 90° out of phase with w,; therefore the wave carries no energy flux.

Suppose first that k25 <0, and write kg = ik, 5. Assume that medium B is
semi-infinite so that we have an upward-decaying solution w5z =

s exp Li(wt — k. x)]exp[—kg(z—2z,)]. The equations corresponding to
(54.9) then become

1+A%+2A cos 8, = B®, (54.152)
1+ A%—2A cos 8, =r°B?, (54.15b)
and

(wpoalk. ) AT(1— A% =0, (54.15¢)

where now
r = pogk.al Poaks. (54.16)

These yield
A=1, (34.17a)
B2=4/(1+7r%, (54.17b)
cos 8, =(1—=r)/(1+r?), (54.17¢)

and ¢4 = ¢z = 0. We thus have total reflection in medium A, and excite
an evanescent disturbance in medium B.

Suppose now that the wave is evanescent in a finite region A (kZ, <0),
but can propagate in medium B, which is semi-infinite. In medium A we
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can now admit both exponentially decaying and growing solutions. Defin-
ing k5 =ik, 4 we can write w4 with respect to some reference level z, as

wia = AjeP[e A ETH 4 Ale a G204 (54.18)
or
wia(z))=Ale®(e™®+ Alete’®) (54.19)
where A=k, (z,—z,). To write the continuity conditions at z, we define
A=Aje™, A=A'¢®® and B=B,/A,=B,/(Ae™®). Then at z,,
wia(z) = Ae®(1+ Ae®) and w,z(z,) = A;Be®s, and continuity of w,, p,,
and &, imply

1+A%+2A cos 8, = B?, (54.20a)
1+ A%—2A cos 8, = r’B?, (54.20b)
and
2A sin 8, =rB? (54.20¢)
where now
¥ = ponkalPoak.s. (54.21)
Solving these equations we again find
A=1 (54.222a)
and
BZ=4/(1+r?). (54.22b)
The phase shifts are now
tan 8, =2r/(1—r?) (54.23a)
and
tan 5 =r. (54.23b)

Interference between the growing and decaying evanescent waves in
medium A produces a phase lag between w, 4 and p, that 1s not exactly
90°. One finds that the energy flux in region A is

bun = (2w003/sz)A{e_A/(1 -+ ”2), (54.24)

which decreases exponentially with increasing A.

(c) Tunneling Wave tunneling, which is related to the second case just
described, occurs when a wave that Is propagating in medium A encoun-
ters a finite layer B in which it is evanescent (with growing and decaying
solutions), and then emerges into a layer C (perhaps semi-infinite) in which
it can again freely propagate (k2.>0). In layer A we have both an incident
and reflected wave; in layer C we have only an outward-propagating
transmitted wave.

If the interface between A and B is at z,, and that between B and C is
at z,, the thickness of layer B is z,— z,. The vertical velocities in the three
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regions are
Wia = A, '@ eknET20(] 4 Aeita) (54.25a)
Wig = A1ei(m!—k_(x)[Ble—KR(z—z,)eiB;+B—ex,i(z—z,)ei6; , (54.25b)
and

Wi = A1ei(mt—kxx)ceikzc(z—zz)e@;

(54.25¢)

The matching conditions at z, and z, yield six equations in A,, B,, B,, C,
54, and 85 =85—85. At z; we have

1+A?+2A cos 8, =B?+B3+2B,B, cos 8, (54.262)
1+ A%—2A cos 8, = rA(B2+ B2— B,B,cos 83),  (54.26b)
and
1—A2=2rB,B,sin 8. (54.26¢)
At z,, defining by =B,e™, b,=B,e*, and A=«kgz(z,—z,) we have
b2+ b%+2b,b, cos 85 = C?, (54.27a)
b3+b3—2b,b, cos 8z =r3C?, (54.27b)
and
2b,b, sin 85 =r,C?. (54.27¢)
Here
I = Pogkoal Poaks (54.28a)
and
2= pocKs/ Posk:c- (54.28b)

The solution at z, is b, =b,, C=4b,/(1+7r2), tan 8z = 2r,/(1—7r3), and
tan 8- =r,, which then gives at z,:

1+ A2+2A cos 6, = b2K;, (54.292)
1+A%=2A cos 8, =ribiK,, (54.29b)
and
1— A2=2b2K;, (54.29¢)
where
K,=2{cosh 2A+[(1 —r3)/(1 + DT, (54.30a)
K,=2{cosh 2A—[(1—r3)/(1+ )T, (54.30b)
and
Ks=2r,/(1+r2). (54.30¢)
Solving (54.29) we find
b%=4(K1+r%K2+4rr,K3)_’l (54.31)
and

2 (Ky+ r%Kz_ 4n K5)

= 54.32
(Ky+ K, +4r,.K35) ( )
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or
(14D +rd) cosh 2A+(1— (1 —r3)—4rr,

A?Z= .
(1+r?)(1+r3) cosh2A+ (1 —r)(1—r3) +4r 1,

(54.33)

Note that when A— 0, so that the evanescent region vanishes, A”=
(1—ryr2)?/(1 + ry72)?, which from the definitions of r, and r, is (54.10) with
r = pock Al Poak.c. As A increases, cosh 2A increases exponentially and AZ
rapidly approaches unity, that is, the total reflection limit.

The energy flux is given by

po =21 (228)0 - a2
2 \ko.
(54.34)
:wPOAA% [ 4rir ]
ko LA+rH(Q+73) cosh2A+(1—r)(1—r3)+4rr,

which diminishes rapidly with increasing A because of the factor cosh 2A in
the denominator. For fairly small values of A= kg(z,—z,), which occurs
when the wavelength of the disturbance is large compared to the thickness
of the evanescent zone, a nonnegligible fraction of the energy flux can leak
through layer B, appearing in C as a propagating wave. This process is
closely analogous to quantum mechanical tunneling, and is observed to
occur for various types of waves in both the Earth’s and the Sun’s
atmospheres.

The mathematical description of refraction and partial reflection of
acoustic-gravity waves incident on a discontinuity is considerably more
complicated, and will not be included here as it adds little physical insight.

(d) Trapping Another interesting effect of atmospheric structure is wave
trapping. Here one has a region in which waves can freely propagate,
bounded on both top and bottom by layers in which the waves are
nonpropagating. The waves are thus totally reflected at the boundaries of
the propagating laver, hence two waves with the same w and k, having
equal but opposite k,’s will interfere destructively unless their phases are
such that they form a standing wave.

Standing wave conditions are easiest to describe for waves confined in a
cavity between two rigid boundaries. Consider pure acoustic waves with
k?=k2+ k2= w?/a? and let the distance between the boundaries of the
cavity be D=z,—z,. At z, and z, the vertical velocity must vanish, hence
we have

wi(z)) = A0+ A el R =0 (54.352)
and

Wi (22) — 141 ei((ut—kxx)e—ikz(z2—z[) - Azei(mt—k\,x)eikz(g—z,) =0

(54.35b)
The first condition gives A,=—A,. Thus |A;|=[A,| and the phase shift
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between w* and w™ is 180°. The second condition gives
e PP =_2jsin (k,D)=0, (54.36)

which implies that k, =nw/D, (n=0,1,2,...).

Because k, is fixed, once w and k, are chosen (for a given a), (54.36)
shows that standing waves exist only for certain combinations of k. and w,
namely

k2 =(w/a)*— (na/ D). (54.37)

Equation (54.37) shows that n =0 corresponds to a horizontally propagat-
ing wave. For n=1, k,=#/D and A, =2D, hence there is half a
wavelength between z, and z,. For n =2 there is exactly one wavelength
between z; and z,. In general A, =2D/n or D=nA_/2, that is, the cavity is
spanned by an integral number of half wavelengths.

If we allow the upper boundary to be open, so that p,(z,) =0 while the
lower boundary remains rigid, then w;(z,) =0 again implies A, =—A,,
while at z,

pi(z,) = —ik,Ae P +ik, Ae™" =0 (54.38)
implies
e %P+ e’ =17 cos (k,D)=0. (54.39)
Therefore
k, =(n-+%m/D, n=0,1,2,...), (54.40)
which implies
A, =4D/2n+1) (54.41)
or
D=02n+1A, /4. (54.42)

That is, the cavity is spanned by an odd number of quarter wavelengths.

(e) Wave Refraction in a Continuously Varying Medium Now consider
the propagation of an acoustic disturbance driven at frequency w through a
static medium in which the sound speed 1s a slowly varying function of
spatial position, but is constant in time. The frequency of the wave remains
unchanged as it propagates (because the oscillation is driven), but in
general its amplitude and its wave vector will vary with spatial position.

In the limit that the wavelength of the disturbance is much smaller than
the characteristic length over which the medium varies, we can use the
language of geometrical acoustics (in analogy with geometrical optics) to
describe the disturbance as a wave packet moving along a ray. The ray is
the curve tangent to the propagation vector at each point in the medium,
and is thus generated by the differential equation

(dx/ds)=k/k=n, (54.43)
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starting from initial conditions k=k, and x=x, at s =s,. We clearly get a
different ray, hence a different x(s) and k(s), for each choice of k, at a fixed
Xo. Thus on a ray we must regard x and k as independent (canonical)
variables.

Adopting this formalism we write w =w(x, k, t). But w is a constant of
motion along the ray; therefore

& =(Dw/ D),y = (dw/dt)+% - Vo +k - V.0 =0, (54.44)

where V denotes the gradient with respect to spatial coordinates holding k
fixed, and V. denotes the gradient with respect to wave-vector coordinates
holding x fixed. For a driven wave 1n a static medium (8w/dt) =0. Further-
more, the velocity of the packet along the ray, X, is just the group velocity

x=v,=V,w=an (54.45)

Here we noted that for an acoustic wave « = ak, and that a depends on x
but not k. From (54.45) and (54.44) we conclude that

k=-Vo, (54.46)
which for an acoustic wave yields
k=-kVa. (54.47)

Thus in a homogeneous medium k is constant along a ray, as expected.
Alternatively

k= D(kn)/Dt = ka+kn= kn—k(d/a)n (54.48)
because k =w/a and w=0. But
a=(@a/oty+x-Va=an-Va (54.49)
hence
n=-Va+m-Van (54.50a)
or
(dmnfds)=[-Va+(n-Van]/a, (54.50b)
and )
k=—kn-Va. (54.51)

Equations (54.50) and (54.51) show that if m lies along Va the direction
of propagation n remains unchanged but the magnitude of k varies. On the
other hand, if m is perpendicular to Va, then k is constant but m rotates
away from the direction of Va. More generally, writing G=|Val| and G,
for the component of Va along m, we have

(Va) - dn=—(ds/a)(G*— G2 =0. (54.52)

Equation (54:52) shows that the change in the direction of k is always
away from Va; that is, rays always refract away from regions of higher
sound speed (i.e., higher temperature) toward regions of lower sound speed
(i.e., lower temperature).
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The change in wave amplitude can be found from a WKB analysis. For
definiteness assume the properties of the medium to vary in z only, and
write w, in terms of a constant amplitude and the phase functions ¢ (x, t)
and i(z2):

w;y = Ae e, (54.53)

For steady-state wave motion in a static medium homogeneous in Xx,
¢ =wt—kx. Pure acoustic waves satisfy the differential equation
(d*w,/dz?)+k*(z)w, =0. Acoustic-gravity waves satisfy

(d*W/dz?)+ k2 (z)W =0, (54.54)
where w, = Wexp (J dz/2H). Using (54.53) in (54.54) we find
" (z)— [ (P +k*(2)=0, (54.55)

where primes denote differentiation with respect to z.

A first approximation invoking the assumption of slow variation is
obtained by setting /" =0, whence (z)==f k(z') dz’. Using this value to
estimate " in (54.55) we then have

[ ()P =k*(z)=ik'(z) (54.56)

and thus
w(z)xij k(zY{1 2i[k' () k* (O] dz'. (54.57)
Because we assume slow  variations, |k'(z)/k*(z)|«1, hence

[1xi(k'/kH]*=1xi(k'/2k?), thus
Y(z)== J k(zydz'+3i In k(z). (54.58)

Using (54.58) in (54.53) we find

A i (ot —k _x) iijk(z')dz'_A[a(Z)]l/z
k@2 ¢ T €

Wl(X, z, t) — i(beiifk(z Ydz'

(54.59)

for acoustic waves, and

7

dz : A T
w, =W exp (I ﬁ) = e /2“7[,((2)]1/2 ede*iikNd (54.60)

for acoustic-gravity waves.

(f)y Wave Reflection in a Continuously Varying Medium We saw above
that a pure acoustic wave is totally reflected at a discontinuity if the sound
speed (i.e., temperature) in the second medium is high enough that
kZ2;=(w/a)*—k%2=0. In a continuously varying medium, the ray path of a
pure acoustic wave propagating into regions of ever-increasing temperature
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continually bends away from the direction of VT until it turns around, that
18, until the wave reflects. For a one-dimensional temperature variation this
process is symmetric about VT (assumed to lie along the z axis), so if at
some height z, the incoming wave has wave-vector components
[k, k,(zy)], the reflected wave at z, has components [k, —k,(z,)].

In a stratified medium, wave reflection is governed by several effects.
First consider gravity-modified acoustic waves for which the dominant
terms in the dispersion relation (33.7) are obtained by ignoring buoyancy
effects (equivalent to setting w, =0), which yields

kZ=(w/a)*—(1/4H*)—KkZ (54.61)

where H i1s the density scale height. Suppose first the wave is propagating
into regions of increasing temperature. With increasing temperature, (w/a)”
decreases as T7' but 1/4H? decreases as T~ 2; thus at sufficiently high
temperatures, we tend to recover the pure acoustic limit k%= (w/a)?—k>2
and reflection occurs as described in the preceding paragraph.

On the other hand, suppose a wave at height z,, whose frequency is not
much larger than the local value of the acoustic cutoff frequency w,(z,), is
propagating into regions of decreasing temperature. If, for the moment, we
assume that k2« (1/4H?), then (54.61) simplifies to

kZ=(w*—w?2)/a’ (54.62)

Now w, rises as T !, hence it is clear that k, — 0, hence the wave is
reflected at some height z, where w =~ w,(z,). Including the k2 dependence
from (54.61), we find that reflection occurs where

w=[w(z,)+a*k2]"?, (54.63)

that is, at a slightly smaller value of w, than given by (54.62). Reflection
occurs when w — w, because, as discussed in §53, the wave runs into an
atmospheric resonance where it in effect tries to move the whole atmos-
phere simultaneously (k, =0), but is unable to overcome the inertia of all
that material. More detailed analysis shows that as a wave propagates into
regions of decreasing density scale height, p, lags farther and farther
behind w,; until they become 90° out of phase and the wave ceases to
transport energy; beyond that point the wave appears only as an evanes-
cent disturbance.

Reflection of internal gravity waves (w <wygy) occurs for different
reasons. Writing the dispersion relation as

k2 =lwpv/w)?— 1k +(0* ~w))/a® (54.64)

we see that the first term on the right-hand side is positive (and dominates
for low-frequency waves with w < wgy) while the second term is negative
because w, > wgy [cf. (53.10)]. Thus, as discussed in §53, for a fixed k,,
k?— 0 as w increases from very small values to the value set by the lower
propagation boundary curve given by (53.12). The maximum frequency



212 FOUNDATIONS OF RADIATION HYDRODYNAMICS

attained on this curve 1S wgy, Which is reached asymptotically as k, — oo,
Thus in a varying medium, a gravity wave that can propagate with
frequency w at a given height is surely reflected at any height where the
local value of wy(z) decreases to w. Physically this occurs because, as
described in §52, wgy is the natural frequency for pure buoyancy oscilla-
tions in which buoyant fluid bobs vertically up and down at the effective
free-fall rate. If one attempts to drive the oscillation faster, the fluid cannot
fall back to its equilibrium position at the rate it is being driven, and the
motion becomes purely evanescent in the vertical direction.

For small k., the lower propagation boundary is given by

wo = (wpv/w,)aky, (54.65)

hence gravity waves can be reflected even when w < wgy if they propagate
from a region where w<w, to one where w=w, Because the ratio
(wpyv/w,) is a slowly varying function (except In an ionizing medium, see
below), this type of reflection tends to occur when gravity waves with small
k, propagate into regions of decreasing a.

We noted in §52 that wg, >0 only in a stably stratified medium, and that
gravity waves cannot exist in a convectively unstable region, where wgy <
0. It follows that near an interface between stably and unstably stratified
regions, wgy will fall to zero from the value characteristic of the stable
region, hence all gravity waves will be reflected back into the stable layer,
with only evanescent disturbances penetrating into the convective layer.

TEMPERATURE-GRADIENT AND TONIZATION EFFECTS ON THE BRUNT-VAISAIA
FREQUENCY

For a perfect gas in hydrostatic equilibrium, (dInpy/dz)=
(d In po/dz)—(d In Ty/dz), and (dpy/dz) = —pog; using these expressions in
(52.6) we find

wiv=—1(g/a)*+g(d In To/dz) = w(z) + g(d In To/dz).
(54.66)

In (54.66), w,(z) denotes the local value of the buoyancy frequency in the
absence of a temperature gradient. We see that if the temperature in-
creases upward wgy 18 increased over w, and the possibility of gravity-wave
propagation is enhanced. If the temperature declines upward, wg., is smaller
than w,, and gravity-wave propagation occurs only for a more restricted
range of frequencies. Indeed, if (dT/dz) is sufficiently negative, wgy <0
and gravity waves are completely suppressed, the atmosphere becoming
convectively unstable.
For an ionizing gas we can rewrite (52.6) as

wiv=g[(1/H)— /T, H,)] (54.67)

where T, is given by (14.19) and H and H, are, respectively, the density
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and pressure scale heights:
H'=—(dInpy/dz)=H," +(d In Ty/dz)—(d In w/dz)  (54.68)
and
H,=—(d In po/dz)™" = po/pog = RT/ng. (54.69)

Tonization effects must be accounted for in the mean molecular weight w
and in (d1n u/dz); for example, for pure hydrogen p=1/(1+x) [cf.
(14.32)] where x is the degree of ionization [cf. (14.6)]. Note that the
approach of I'y toward unity in an ionization zone can cause the difference
between (1/H) and (1/T'H,) to become very small, thus sharply diminish-
ing why in that region.

An alternative expression for wgy can be obtained (T3) by expanding the
density derivatives in (52.4) as (dp/dz) = (3p/ép)+(dp/dz) + (3p/oT),(dT]dz)
and demanding that (dp/dz),, inside the element equal (dp/dz) in the
ambient atmosphere. One then finds

0)[23\/ = gB [(dT/dz)ad - (dﬂdz)at]s (54-70)
where, from (14.24) and (14.27),
B=—@@1np/dT), =T {1 +3x(1—x)B+ (en/ kD] (54.71)

for ionizing hydrogen. Furthermore, we can evaluate (dT/dz),, as

(dT/dz).a = (0T/op)s(dp/dz)a = (— Pg)(T/P)(rz_ /T, =—(5— 1)gT/az,
(54.72)

where a? is given by (48.23). All thermodynamic quantities in (54.70) to
(54.72) are to be evaluated allowing for ionization effects; for example T,
and (I';—1) for ionizing hyvdrogen are given by (14.29) and (14.30).

In an ionizing medium, the acoustic cutoff frequency is again given by
w, = a/2H as in (53.3), but now H is defined by (54.68) and a” by (48.23).
If the gradients in T and p are small enough to be neglected, then in an
ionizing medium H=H, =a*/T,g, whence

wiv=T,—1)g*a> (54.73)
The ratio (wgv/w,) in (54.65) is then
(wpv/w,) =2 =DV, (54.74)

which varies with height only if T'; varies.

FORMULATION OF THE WAVE EQUATION

To derive a wave equation for acoustic-gravity waves in a general stratified
medium, it is convenient to work with scaled variables, as in §53. When the
temperature, and therefore the density scale height H, varies with height,



214 FOUNDATIONS OF RADIATION HYDRODYNAMICS

the ambient density i1s given by

po()=pz exp [~ dzimE) ] (54.75)
where z, is an arbitrary reference height chosen at a convenient location.
Thus defining

E(z)=exp [I dz’/2H(z’)] (54.76)

we can write po(z) = po(z;)/E*(z), which is the generalization of (53.16).

In scaling the perturbation variables, we note that k, is no longer

constant with height. We therefore absorb the dependence on k, into
depth-dependent amplitude functions defined by

Pr___ P _ T, W W ek
PR poP(2) T@(z) Uz) W(z) © E(z). (54.77)

Using iwU(z) = ik P(z) to eliminate U(z) in favor of P(z), the linearized
fluid equations (52.24), (52.25), and (52.27) become

iwR(2)— (ik*/w)P(z)—[(1/2H) —(d/dz)]W(z) =0, (54.78a)

gR(z)—[(1/2H)—(d/dz)]P(z) +iwW(z) =0, (54.78b)

and

iR (z)— (iw/a®)P(z) + p; ' [(dpo/dz) — a=*(dpu/dz)]W(z) = 0.
(54.78¢)

The coefficient of W in the energy equation (54.78c¢) reduces to

po [(dpo/dz) — a™(dpy/dz)] = —(1/H) + a™(po/ poH,)
=—[(1/A)—-Q/T H)]=-wiv/g,
hence (54.78c) can be rewritten as
iwR(2)— (iw/a®)P(z) — (wiv/g) W(z) = 0. (54.78d)

The derivatives (dW/dz) and (dP/dz), which are (—ik, W) and (—ik,P) in an
isothermal medium, now depend on gradients of T, and p, and cannot be
written 1n simpler form.

We eliminate R, first between (54.78a) and (54.78d), and then between
(54.78b) and (54.78d) to obtain two equations relating P and W:

P(z) = [iwa®*/(0® — a’kI)[(wiv/g) — (1/2H) +(d/dz)]W(z)
(54.80a)

(54.79)

and
W(z) =[iw/(w?— wi)][(g/a®)—(1/2H) +(d/dz)]P(z). (54.80b)
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From (54.78d) the density amplitude function is then

R(2) =[iw/(0?— a’k)[(wiv/g)a’ki/w?) —(1/2H) + (d/dz)JW(z).
(54.81)

The temperature perturbation for an ionizing gas can be obtained by first
writing (p,/ps) = (@1n pe/d1n Ty),,(T,/Te) + (3 In po/dln po)r(pi/py), Which is
general, and then applying the cyclic relation (31n pe/dIn po)y/
(@1n po/aln Ty), = (8 1n To/d In py), to obtain

(Ty/To)=(@1n Tp/aln Po)p[(a In o/ In po)+(p1/po) — (p1/po)].  (54.82)
Alternatively we can write p =pkT/umyg, where p is variable, which
implies

@lnpe/dInTo), =TB=1—-@In wolnTy),=Q (54.83)

[cf. (2.14) and (14.33)], and then using (8 1n po/d In po)r = pokr [cf. (2.15)]
we have

T/ To=[krpy —(p1/p0) )| Q (54.84a)
or
0(2) = [krpoP(z) — R(2)) Q. (54.84b)

Substituting (54.80a) for P and (54.81) for R, and using (52.10) with T
from (54.83) in the form

port = QI ;—1)+1 (54.85)
we obtain, after some reduction,

_iwhy iwT5s—1) <w23\/ 1
O(z) 2O W(z)+(w2—a2k§)
Recalling from (54.73) that w3y is proportional to (I'; —1) when gradient
terms can be neglected, we see that @(z) becomes small relative to W(z) in
ionization zones, where both I'; and T'; approach unity.
Because H and w3, contain gradients of T and ., we cannot simplify
(54.80) and (54.81) as we did (53.32). Nevertheless (54.80a) and (54.80b)
can be combined into a single wave equation for W (or P), namely

£ )2

d
" ﬁ+E>W(z). (54.86)

dz*> ldz a*)) dz
2 2 2 2 2
wBka w 2 1 <0)B\/ 1 ) d < , W )
eEve @ e @By 2 ) D (k2 (54
[ w? a®* Y 4H? g 2H/dz T2 (54.87)

2 (o am) Jv
+dz . 2H wW=0.

In an isothermal medium, (54.87) reduces to (d*°W/dz?%) +k2W =0, where
kZ is given by (53.11) with w? replaced by wgy and a suitably general
expression for w, For a nonisothermal medium we can still obtain the
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same simple form by defining a new variable i as

¥(2) = WKk —[wla(2)PY{k: —[w/a(z)T}, (54.88)

where z, is a convenient reference height. Let us also define
ho(2) = [(0* - w)/a®]+(why — w?)(ki/w?); (54.89)

in the isothermal limit hy= k2 and is constant. Then we find

[d*¢(z)/dz?]+h(z)y(z) =0 (54.90)
where
d [wg, 1 wiv 1 w? dlna?
-4 ) )
h(2)=ho(2) dz\ g 2H g 2H/a*K* dz
—[§< o )2+ o’ ](dz]“ “2)2+ o Enat 40
4 \a*K? 2a*K? dz? a*K* dz? ‘

with K*=k?—a*w”.

SOLUTION OF THE WAVE EQUATION
We have reduced the linearized fluid equations (52.24) to (52.26) to a
single, second-order, ordinary differential equation (54.90). This equation
can be represented by a difference equation and solved as a two-point,
boundary-value problem along lines discussed in §59. In practice, it is
important to allow a variable step size Az in the difference representation
of (d*¥/dz®) because the vertical wavelength 27/[h(z)]'/* varies substan-
tially over distances comparable to a wavelength, especially for internal
gravity waves.

At the lower boundary, we specify a velocity or pressure perturbation
that drives the wave or else specify the net upward energy flux; because the
problem is linear these conditions are all essentially equivalent. At the
upper boundary, the easiest condition to impose is to allow only an
outgoing wave. The justification for this condition is that in a stratified
atmosphere the velocity amplitudes increase exponentially with height, and
we can always place the upper boundary above the height range where we
would expect the waves (in a nonlinear treatment) to become highly
nonlinear and dissipate, and thus be unable to reflect back into the region
of interest.

From the (complex) solution for (z), W(z) can be determined from
(54.88) and (dW/dz) can then be obtained from (54.87). The scaled
amplitude functions P(z), R(z), and O(z) follow from (54.80a), (54.81),
and (54.86). The linear wave perturbations p,, p;, Ty, u;, and w, as
functions of (x, z, t) are then determined from (54.77). All the perturba-
tions are complex variables; we take the physical perturbation to be the
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real part of the corresponding perturbation variable. Thus at point (x,, z;, t,)
in the fluid, the velocity is

v,(x;, z, t) ={Re [u;(x;, z, t)], 0, Re [wilx, zi, t) 1}, (54.92)
the gas pressure is
p(xi, zi, t) = po(z) +Re [pi(x,, 2z, 1;)], (54.93)

and similarly for the other variables.

The magnitudes and phases of the wave perturbations are obtained from
the standard formulae for complex variables. From (54.77) one sees that
the phase lag between any two variables (say p; and w,) is the same as that
between their amplitude functions [i.e., P(z) and W(z)]. Moreover one
sees that although the phase of each variable changes with x and t, the
phase lag between two variables is a function of z only. Thus

Spw(z) = 8p(x;, z, 1;) — By(x;, 7, 1) =8p(0, z;, 0)— 5w (0, z, 0).
(54.94)

Because the derivative (dW/dz) in (54.80), (54.81), and (54.86) cannot
in general be replaced by —ik, W we cannot write analytic expressions like
(53.32) for the ratios (P/W), (R/W), and (®/W) or like (53.37) for phase
differences. Instead, these must be computed from the numerical solutions
for the amplitude functions. However, in the special case that k, and H are
almost constant, so that we can take (dW/dz)=—ik,W and H = H,, we find
the phase differences for an ionizing gas are

tan 8pw =k, H)'[(T,—2)/T,], (54.95a)
tan Sgw =~ Qk,H) " H[2(C, — Da*k3T,w?]—1}, (54.95b)
and

tan dgw = (2kZH)_l[(F1 - 2)/F1]
+ (kH) '[1 - (ak/w)? [T, = D/T (T -1 QL. (54.95¢)

STRUCTURE OF THE SOLAR ATMOSPHERE

To 1illustrate the theory developed above, we discuss the propagation of
linear acoustic-gravity waves in the solar atmosphere using a semiempirical
model derived from an analysis of spectral data (V2), (V3). The model is
approximately in hydrostatic equilibrium, but small adjustments are neces-
sary to match observed scale heights. The required nongravitational forces
are usually parameterized in terms of a “turbulent pressure” gradient; the
ultimate origin of these forces is presently unknown but presumably they
result from small-scale fluid flow and magnetic fields.

The temperature structure, shown in Figure 54.1, exhibits an initial
decline as implied by radiative equilibrium at an open boundary (cf. §82).
This region, known as the photosphere, contains the surface (about one
photon mean free path into the Sun) from which most of the visible light is
emitted. Moreover, this is the region where radiation interacts strongly
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Fig. 541 Atmospheric structural parameters in a model solar atmosphere.

with wave-induced local temperature perturbations (cf. §102). At about
500 km above the visible surface, the temperature passes through the
temperature minimum region and then rises outward in the chromosphere
where the cores of strong spectral lines in the solar spectrum are formed.
The temperature rise is thought to result from dissipation of mechanical
(i.e., wave) and magnetic energy. The initial rise is followed by a plateau
from about 1000 to 2000 km; here nonradiative energy input continues to
increase the internal energy of the gas, but nearly all this energy is
consumed in ionizing hydrogen, and the temperature rises only slightly.
Above the plateau, the temperature rises abruptly through the transition
region (whose thermal structure is determined by a balance between
radiative losses, nonradiative energy dissipation, and thermal conduction)
into the corona, a tenuous envelope at about 1.5x10° K, which is the seat
of the solar wind (cf. §§61 and 62).

The propagation of acoustic-gravity waves, including their refraction and
reflection properties, is governed by the average values and gradients of
the temperature, mean molecular weight, and ionization fraction, which
determine I'y, T',, and I's, H and H,, and the parameters a2, w2, and w3,
that appear in the wave equation and dispersion relation.

As shown in Figure 54.1, the adiabatic exponents are all near 2 in the
photosphere and begin to decrease a short distance above the temperature
minimum, as hydrogen begins to ionize. They continue to decrease until
the top of the temperature plateau near 2200 km, at which point they rise
sharply back toward 3 as hydrogen ionization becomes essentially com-
plete.

The sound speed, also shown in Figure 54.1, exhibits relatively little
variation over the height range 0 to 2000 km; a varies only as T2 and
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Fig. 54.2 Upper curves: acoustic cutoff frequency and buoyancy frequency in a
model solar atmosphere, assuming I', =3. Lower curves: acoustic cutoff frequency
and Brunt-Viisild frequency in a model solar atmosphere, allowing for ionization
and temperature gradient effects.

even this variation is largely offset by the decrease of I'; in the chromos-
phere. In the transition region a rises sharply as T increases to coronal
values. The acoustic cutoff frequency w, = a/2H, shown in Figure 54.2, has
a distinct maximum near 750 km where H has a definite minimum and a
has a weaker maximum. Above that height w, decreases in the chromos-
phere because H increases as T increases and p decreases [cf. (54.68)]
while a decreases slightly owing to the decrease in I'y. In the transition
region w, decreases sharply o T~? as T rises to coronal values.

The Brunt-Viisald frequency exhibits much more dramatic changes,
primarily as the result of changes in I';. From Figure 54.1 one sees that H
and H, are nearly equal in most of the chromosphere, hence in this region
wiy =T, —1)gT ,H [cf. (54.67)]. Noting that H varies relatively slowly,
one infers that wgy in the chromosphere should respond mainly to changes
in (I, —1)/T,. The correctness of this inference is seen from Figure 54.2,
which shows wgy calculated with realistic values of I', and with r,=3
almost all of the chromospheric drop in wgy is caused by ionization effects.
As hydrogen becomes fully ionized in the upper chromosphere, wgy TiSes
slightly again and then decreases sharply to very small values in the corona
in response to extremely high coronal temperatures. In addition, wgy
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decreases from its maximum near 750 km downward into the photosphere.
Indeed, just below the photosphere there is a convection zone that extends
deep into the solar envelope; here wiy <0, hence wgy must pass through
zero near the bottom of the photosphere.

TEMPERATURE-GRADIENT AND TONIZATTON EFFECTS ON THE DIAGNOSTIC DIAGRAM
Figure 54.3 shows propagation boundary curves in the diagnostic diagram
for four heights in the model solar atmosphere: (1) in the low photosphere;
(2) at 750 km, where w, has its maximum value of about 3.4x107%s™"
(—~185 s period); (3) at 1700 km where wgy has a pronounced minimum at
about 1.2x107% 57! (~525s period); and (4) in a 1.5x10° K corona of
fully 1onized hydrogen and helium. Full allowance is made for temperature
gradients and ionization eflects.

The two shaded areas on the diagram indicate ranges of (k,, w) for which
acoustic-gravity waves can be trapped in some region of the solar atmos-
phere. Region I corresponds to acoustic waves trapped in the chromos-
pheric cavity that extends from about 750 km height to the transition
region or corona. Acoustic waves with @ >1.6x107%s' can propagate in
the middle to upper chromosphere; those propagating downward are
reflected back up if w=3.4x107%s"", while those propagating upward
refract away from the steep temperature rise to the corona, and totally
reflect if they have horizontal wavenumbers k,>10"*km™
(A, =<63,000 km). Note also that acoustic waves with w slightly less than

10!
1072
3
1073
10-4
10-® 10-3 10-2 10!
Ky (ki)

Fig. 54.3 Propagation boundary curves at four heights in a model solar atmos-
phere. Shaded areas indicate ranges of (k,, w) in which waves may be trapped in a
cavity. Lettered dots mark (k,, o) values for representative waves discussed in text.
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W..max Can propagate freely both just above and just below the layer at
750 km where w, = w, ... Thus acoustic waves at these frequencies prop-
agating upward from the subphotospheric convection zone tunnel through
a thin layer around 750 km as evanescent waves and penetrate into the
chromospheric cavity, where they are trapped, with most of their energy
remaining.

Internal gravity waves can be trapped similarly in the photosphere and
low-chromosphere region for the (k. w) values shown as region Il in
Figure 54.3. As mentioned above, wygy rapidly decreases toward zero near
the bottom of the photosphere. Hence, downward propagating gravity
waves will be reflected upward at the interface between the stably stratified
photosphere and the convection zone. Gravity waves propagating upward
in the photosphere having frequencies greater than about 1.2x1072s7"
will be reflected downward from the middle chromosphere where wgy
drops to a local minimum. Gravity waves with »<1.2X107?s™"' and
wavenumbers in the small-k, end of the propagation domain are likewise
reflected downward from the chromosphere. Gravity waves with w only
slightly above 1.2x1072s™' can tunnel into the upper chromosphere,
where they propagate until reflected by the coronal temperature rise. In
the corona only gravity waves with periods greater than about two hours
can propagate.

ADIABATIC ACOUSTIC-GRAVITY WAVES IN THE SOLAR ATMOSPHERE

Results obtained from numerical solutions of (54.90) in the model solar
atmosphere just described exhibit the refraction, partial reflection, and
tunneling effects described earlier in this section. They also demonstrate
the general trends for phase differences and amplitude ratios of high- and
low-frequency wave perturbations as discussed in §53 [cf. (53.33) and
(53.37)]. The waves chosen as representative examples are shown as
lettered dots in Figure 54.3. They comprise sets of freely propagating
gravity waves and acoustic waves, some of which have very small k,
somewhere in the computational domain, plus one case of a fully reflected
gravity wave that tunnels through a thin evanescent layer. More extensive
results are given in (M3) and (M4).

One readily sees a strong response to the dominant features of the solar
model in the computed height dependence of the eigenfunctions, phase
differences, and relative amplitudes of the waves. Phase lags are shown in
Figure 54.4 for two of the freely propagating gravity waves, for the
reflected gravity wave, and for an acoustic wave with relatively small k,
(long period). The phase lags discriminate readily between the acoustic and
gravity-wave regimes and exhibit effects of partial reflection more strik-
ingly than do the other wave properties. From the discussion following
(53.73), we expect all the perturbations to be approximately in phase for
acoustic waves, with the largest phase differences occurring where w,/w is
largest; the magnitudes of the phase differences in Figure 54.4d do in fact
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Fig. 54.4 Phase shifts for acoustic-gravity waves in a model solar atmosphere. (1)
SPW' (2) SR\V' (3) ST'\V'

follow closely the variations in w, shown in Figure 34.2. Also, as expected
from (53.37), p, and p, lag w, for the acoustic wave, and T, leads. The
example shown in Figure 54.4d 1s a relatively low-frequency acoustic wave;
at higher frequencies the phase differences are much smaller, as can be
seen in the eigenfunctions for a high-frequency acoustic wave shown in
Figure 54.5d.

Gravity waves, which experience substantial partial reflection from the
large variation of wgy 1n the chromosphere, show oscillations in the phase
differences on a scale of half the vertical wavelength. These oscillations are
an interference pattern that results from the superposition of upward and
downward propagating waves. Figures 54.4a,b,c show phase differences for
gravity waves that propagate energy upward, hence have negative k, and
propagate phase downward. In this case p; slightly leads w,, while T, leads
and p, lags by amounts that approach 90° as w/wgy and w/ak, become very
small. The phase oscillations approach =90° as reflection becomes nearly
complete, which accounts for the extreme behavior seen in Figure 54.4c for
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a gravity wave that is evanescent between about 1525 and 1750 km in
height.

The eigenfunctions for the same three gravity waves and for a high-
frequency acoustic wave are shown in Figure 54.5; the relative perturba-
tion amplitudes for this set of waves are shown in Figure 54.6. Here we see
other effects of the variation of temperature and ionization in the solar
model. The eigenfunctions again show the marked difference in phase
behavior between gravity (a, b, c) and acoustic (d) waves.

Figure 54.6d shows that acoustic waves in the solar atmosphere behave
very nearly in accordance with the asymptotic (isothermal) relations
(53.34). Here k, =k, hence sin a =1 and cos « is very small. One sees that
lurl/a=(wil/a) cos o is indeed small, and that |p,|/po=T |w;l/a and
|'T,|/ To=T —1)"?|wy|/a both appear to have the perfect-gas value of T at
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Fig. 54.5 Scaled eigenfunctions for acoustic-gravity waves in a model solar
atmosphere.
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Fig. 54.6 Relative amplitudes for acoustic-gravity waves in a model solar atmos-
phere. Solid curves: W. Dot-dash curves: U. Dotted curves: P. Dashed curves:®.
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low heights, and to vary in the manner predicted by (53.34) as I" decreases
nearly to unity with increasing height in the chromosphere.

Similarly the amplitude ratios for the gravity waves in Figure 54.6a and
54.6b follow closely the relations (53.35). The ratios |T;|/ T, and |u,|/a,
both of which are proportional to (wgv/w), are much larger for the
lower-frequency wave D than for the higher-frequency wave A, and both
follow the increase in wgpy In the low chromosphere. The ratio |T,|/T,
drops sharply below |u;l/a in the middle chromosphere because I ap-
proaches unity. The ratio |p,|/p,, not shown in Figure 54.6, follows | T,/ T,
very closely for gravity waves; the physical reason is that in gravity waves
the density perturbation is produced mainly by the difference in tempera-
ture between the adiabatically oscillating fluid and its surroundings. Figure
54.6 contains only gravity waves of a single horizontal wavelength, hence it
does not show the dependence of |p,|/p, on k' which results from the fact
that in gravity waves the pressure perturbation acts mainly to drive
horizontal flow; hence as the horizontal extent of the flow increases (A,
becomes larger) the pressure perturbation needed to drive it increases.

Figure 54.6c¢ illustrates in another way the characteristics of standing
waves: for a perfect standing wave the nodes of |p,|, |p4|, and | T,| would all
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Fig. 54.7 Constant phase path (curve 1), phase-velocity path (curve 2), and
group-velocity path (curve 3) for acoustic-gravity waves in a model solar atmos-
phere.
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fall midway between the nodes of |w,|, with two nodes per vertical
wavelength, and the amplitude would be exactly zero at each node.

Figure 54.7 illustrates refraction of acoustic-gravity waves in response to
the continuous variation of properties of the solar atmosphere. Because the
sound speed changes little with height, high-frequency waves show little
bending of the direction of the phase velocity v, or group velocity V.
Gravity waves, in contrast, show strong refraction from the large changes
In wgy, with v, bending away from the vertical as wgy decreases, and \A
bending toward the vertical. Though the direction of v, tends toward the
vertical, the magnitudes of both u, and w, decrease to zero as wgy
decreases to w.

5.3 Shock Waves

The theory developed in §85.1 and 5.2 applies only to small-amplitude
disturbances, which propagate essentially adiabatically and are damped
only slowly by dissipative processes. As the wave amplitude increases, this
simple picture breaks down because of the effects of the nonlinear terms in
the equations of hydrodynamics. When nonlinear phenomena become
important, the character of the flow alters markedly. In particular, in an
acoustic disturbance a region of compression tends to overrun a rarefaction
that precedes it; thus as an acoustic wave propagates, the leading part of
the profile progressively steepens, eventually becoming a near discon-
tmuity, which we identify as a shock.

Once a shock forms it moves through the fluid supersonically and
therefore outruns preshock acoustic disturbances by which adjustments in
local fluid properties might otherwise take place; it can therefore persist as
a distinct entity in the flow until it is damped by dissipative mechanisms.
The material behind a shock is hotter, denser, and has a higher pressure
and entropy than the material in front of it; the stronger the shock (i.e., the
higher its velocity) the more pronounced is the change in material proper-
ties across the discontinuity. The rise in entropy across a shock front
mmplies that wave energy has been dissipated irreversibly; this process
damps, and ultimately destroys, the propagating shock (sometimes rapidly).

In contrast to acoustic waves, internal gravity waves do not develop
shocks. Instead in the nonlinear regime they break and degenerate into
turbulence. We will not discuss these phenomena in this book; see for
example, (M3) and (M4).

Shock phenomena are of tremendous importance in astrophysics. As we
saw in §5.2, the growth of waves to finite amplitude occurs naturally and
inevitably in an atmosphere having an exponential density falloff. Thus, as
Biermann (B3), (B4) and Schwarzschild (S8) first recognized, small-
amplitude acoustic disturbances generated by turbulence in a stellar con-
vection zone can propagate outward with ever-increasing amplitude until
they steepen into shocks that dissipate their energy, thus heating the
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