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Abstract

We solve two hydrodynamical problems. The first involves a shock
wave, a contact discontinuity, and a rarefaction wave using an uncondi-
tionally stable finite difference scheme. The Courant condition is sat-
isfied everywhere except in one zone behind the shock, vwhere it is vio-
lated by factors of 10 and 100. The nonlinear difference equations are
solved by Newton's method. The total number of Newton iterations to get
to a certain time is apparently independent of the degree to which the
normal stability condition is violated in the one zone.

The second problem involves two rarefaction waves moving in oppo-
site directions. One wave moves in a region where the Courant condition
is violated by a factor of approximately two. The other wave moves in
a region where the Courant condition is satisfied. Numerical results
are compared with the analytical solution.

An examination of several runs indicates one explicit time step is
about five times as fast as one implicit time step. Therefore, use of
the implicit method is indicated when the Courant condition is violated

by a factor of 5 or more.
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Chapter I

Introduction

Consider a hydrodynamical problem in which a shock wave or dis=
turbance of some kind is advancing into a material. Suppose that in

the neighborhood of the disturbance the sound speed is C. and suppose

0
also that there is a relatively quiescent region behind the disturbance
in which the sound speed is Cl' Any explicit finite difference method

will require

Ot
ma.xC-&<l

so that if Cl >> C0 one will be forced to follow the uninteresting de-
tails of the motion in the quiescent region. An unconditionally stable
finite difference method would be useful in such a problem. We present
such a method for the equations of nonviscous compressible flow in one=-

dimensional Lagrangian coordinates.

The Differential Equations

The Lagrangian hydrodynamic equations with time t and mass m as

independent variables are:




o1 ou _ .
bl - 2= 0 (mass equation)

g%l + gﬁ =0 (momentum equation)
%% + P g% =0 (energy equation)

The dependent variables are:

p = density
u = velocity
pv= pressure
I = internal energy

The velocity is defined by

St

where x is the coordinate of an element of fluid in the laboratory
frame. Differentiating this velocity equation with respect to mass

we see from the mass equation that

Q/

ol
]
BIX

The Difference Equations

To form difference equations from the differential equations we

imegine the fluid partitioned into cells of mass m:J vhere j = 1,2,404,J,

J being the total number of cells. Subscripts on field varisbles denote




the value of that particular variasble at that space point. For example,
u 341 /2 denotes the righte-hand cell boundary velocity of the Jth cell.

Superscripts denote time steps. For example, Ig"'l denotes the in=-
ternal energy of the ,jth cell at time t = (n+l)at.

We make the following difference approximations:

du o
3t~ " o
(1) un+l - 29( n+l _ n+l 2(1-0) n_ . n
grf2 ~ Myerfe TRy T Pya1) (PJ Pj+1)
Ot mj + mj+l mj + mj+l
ox _ "
5t =
(2) xn+J];/ - & Y
J+l/2 J+l/2 5 n+l n
A% = Ougyo *+ (10)uy,, /0
1l _ox
p Om
(3)
n+l m,j
Py =TT _ oL
*541/2 T *3-1/2
3I _ _ _du
3%="P:m
(%) L L
+ n+ n
I? - I _ epj n+l 2N (1-6)p _.n
Aot m, ( j=1/2 J+l/2) m, (uj-l/a uj+l/2)

- u—




This form of the difference equations was chosen because it gives
a fairly simple form to the Jacobian matrix. We expect that the Newton
iterative method would work just as well for other forms of the equa-
tions.

The polytropic gas equation of state is used. Also & pseudo=
viscosity term is added to the pressure to spread the shock front. The

pressure term then takes the form [1]:

(5) P§+l = ( 7-l)p§+lIg+l +) /7pr.1 n+l (un+l un+l 2)

33 j=1/2 7 "1/
if
n+l n+l
(33172 = ¥iiye) > ©
n+l . oy n+lontl
if

n+l n+l
(“3-1/2 - “3+1/2) <o

Here 7 is a constant characteristic of the gas and M is a constant

whose choice will be discussed later.

Rewriting Equations (1) and (4) we have:

n+l n+l n n
29(1)j - p,j+l)At i 2(1-6)(1)3 - pJ+l)At .
mj + M1

1 n
(6) u™*r,_ -u -
J*l/2 T Y3+1/2 my+m




n+l( n+l n+l nfin n
- -9 -
- I?*l _ Ig ) op, (uj_l/2 W)t i (1 )p‘j (uj_l{[12 uj+y2)at Y

m

J J

for j = 1,2,e0e,Je

Assuming that we know the values of the dependent variables at time
n, this gives us a system of 2J similtaneous nonlinear equations in 27
unknowns for the values at time n+l.

Newton's method can be used to solve this system of equations. For

a general system of the form

f(y) =0

where f and y are vectors Newton's method is an iterative procedure in

which the ptl-st iterative y(®*1) is defined by

(p+d) _ (@) | 4

y y

where Ay is the solution of the linear system

(8) Jay = -f [y(p)]

where

evaluated at y(p) o
Taking (5) into account we see that (6) and (7) may be written in

the form

~13-




n+l n+l n+l +1 +1)
() &, (“'3-1/2’ Y1/ Yy Ty o I§+1) =0

- n+l n+l +1
(10) &, (“3-1/2’ e T ) =0

In ocur case we see then that the Jacobian metrix has a particularly

simple form, namely that it is block tridiasgonsl.

/%1 c,
Ay By, G <:>
A3 B3 G

where the submatrices are 2 x 2.

auagj aagj
| B Ty1
J 3% 3z,

Sus 1/ 9T, 1

=1lh=




(12) 5 Eaji-l/a

og.

BTC—L-

j+1/2

dg.
BT{“‘?—

(13) ¢, = 33/2
3) j =
g,

aa_._J_

j+3/2

o/ o
(o8} H} ]
o .

=
e

og.

3T

J+l

g,

T

J+1

where all differentiations are with respect to the variables u or I at

time n+l.

We use the usual

Define 2 x 2 matrices

Wl = Bl Cl,
-1
Gl = Bl fl,

as follows:

= (Bj - AjW

= (By = Afsa) (£ " Ae1)

scheme to invert a block tridiagonsl matrix [2].

=1
3-1) Cy

-1

If we redefine Ay and f so that

5= (ga’EO)’ N5 = (M2 0Ty

then

~15a




g = Gy

&7y = Gy = WAy, 0, 1‘5 3 < 3g-1

J
The p+l=-st iterate is obtained by setting

o) o (e)

+1/2 T Ye1/2 j+1/2

o) | 1 e) |
J J

J




Chapter II
Derivation of Matrix Elements and Stability Analysis

We now derive the entries of the 2 x 2 submatrices of the Jacobian

matrix. Referring to (6), (7), (11), (12), and (13) we have:

-‘ / =20/t ap3'1+l apgﬁ O
2

_ By F By \Mger/e e/
A, =
J

0N 9 [ n+l/ n+l n+l ]
) u. -u,

my Bujl_l/2 J ( j=1/2 J+l/2) O
1

L. _2ont <ap§* _ ap§:i> ( ot
Ty T J+l/ 2 all:j+l/2 oy + mj.g.]_ 5
B, =
J

=6t d n+l / n+l n+l ont n+l
oot 3 [ - Lo 3 e
mJ J_,_l/g [ (u«j"l/ 2 ucj"'l/ 2)] 1 m,j I 3 [P«j ( "l/ 2 J"’l/ 2)] v




m, + m 3u - oI. oI

n+l n+l n+l +1
2ont__ [ P op541 > P i
3 T Bl \Mye3/2 au3+3/2 Ty + M1 \9%54 G+l

O O

Here again all differentiations with respect to u and I are to be taken

at time n+l.

To complete the derivation we need the various partial derivatives

of the pressure terms.

From (2) it follows that

n+l ntk. _ n n n+l n+l
(4) %3337 = X5o1/ = %j1/2 = Xya1/2 * 9At(“j+1/2 B ug-l/a)

+ (1-0)a% (u§+1/a " ¥y 2)

The pressure term may then be written

+1 n
n+l _ (7-l)ijg + A mj L oL
3 n+l n+l n+l n+l j=1/2 Jj+l/2
X - X X - X
j+1l/2 T T3-1/2 J+1/2 T %j-1/2

- >
Uj-1/2 T Ygaa/2 7 O
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and

(7-1)m, fj”l

pj xn+l - xn+l
j+l/2 T Tj-1/2

n+l _

if
n+l n+l
- <
Usal/e = Yg1/2 = 0

A tabulation of the pressure derivatives follows:

1

dpt -1)m 6AtT, 7.
Py (7 )mj 3 - / 7P,
J+1/2 (x3+1/2 - xj-l/2) *g+1/2 T *j-1/2

-mAic/ U (Y3=1/2 = Bje1/2)

X1/2 T Xgerf2 (Fgrr/2 T ¥3-1/2)

where the last two terms do not appear if u:j._l/2 - uj+l/2 < 0.
n+l n+l
OPy,1 . OPy,1
Mz Fyz/e
n+l
Bpf].l"'l (7=1)n 5 op g+l
oI.  Ix - X > Ij =0
5 (Far/e T *5-1/2)
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apr.1+l

9 n+l _ ) —
4541/ [pj (“3-1/2 u3+l/2)] = (Yg-1/2 ~ Yj41/2) a;“l—j+l /2 L
apn+l
) n+l/ n+l n+l
3y [pj (8552 = Gy 2)] = (Y-1/2 T Y41/ T%E_
n+l n+l n
ap‘j . apj ; apj+l Y
Bz Faae Myeye
Bpn+l
el n+l _ i :
Susa1/2 [pJ (“3-1/2 “3+1/2)] =Py + (Yyo1/2 " Yy4a/2) m
n+l n+l n+l
53_";1__ o ol B
n+l n+l
gﬂi_ - 0; 9P,,1 (7'-l)m.j 1
ES oLl *nsjz " Xp/e

Thus if we write

K = 6At
K
Al = —————
Myt
m

3 = %-1/2 T Vg2

-20-




we have:

apn+l
2Am O
J+1/2
A, =
J
3 Su_d_ + Pj> O
n+l
, op L =2/m(y=1)m .
Nyi3/2) Xafe T Xie1/e
B, =
ij(7-l)
p -
J X341/2 = X3-1/2
2&(7—l)mj+l
X543/2 T *3+1/2
c, =

O O

The method described in Chapter I is used to invert this matrix.

Stability Analysis

As has been pointed out [3] a rigorous stability analysis for the
hydrodynamical difference equations has not been carried out. This

analysis proceeds in the same manner as that done by Fromm (11,

«Dl=




We assume that the field variables vary slightly from their true

values.
Let:

Use1/2 = Yo(t + E541/2) Ex1

Py = Po(t * <) el

Ij=IO(1+63), 3K 1

For simplicity assume that the cell masses are equal; mj

We substitute these values in the difference equations and get the

=m = p08xoo
equations of first variation, dropping all higher order terms.

m, P AOX
n 4 .00 _ P
Xj41/2 " 3-1/2 = = Gxo(l ej)

n n
1+e,
DJ PO( J)

Then (14) becomes

85tu (1-6)5tu
n+l n 0 /,n+l n+l 0 /,n n
(15) €57 = €5 = == (53-1/2 §3+1/2) YTy (53-1/2 - g,j+1/2)
C. 5t
We define the Courant number u = T where C0 is the local sound
0
speed.
Then (15) becomes
O (1~8 )
n+l n _ 0 /,.n+l n+l 0 /,n .|
(16) €7 = ¢y = < (53-1/2 g3+J./2> YT, (53-1/2 gj+1/2)




The first variation of the energy equation (7) is

n+l _ n) _ 65t n+l (§n+l n+l )
B 0

a7 1, (63 ®)="m Pj 3=1/2 = Ee1/2

1l=6)6t _n n n
Aiaaa uo(gj-l/2 - gj+:l./2)

For pg we substitute

n n n n
(7-L)pg1, (l -5+ €j> *+ M1Co (53-1/2 - §3+1/2>

Upon simplification (17) becomes
(7=1)pu 5t
n+l n _ 00 n+l  _ on+l n o
(18) 85 - 8y = ——— [9 (655172 - £5a72) + 0-0) (5. §a+1/2)]

Finally we get the first variation of the momentum equation by sube

stitution into (6) and sgain dropping higher order terms.

056t n+l n+l n+l n+l
(19) E5.1/2 = E301/2 = mg {(7-1);,010 [(“'J - <)+ - 85+l)]

n+l n+l n+l n+l
+ Moo [(53-1/2 - g,j+:|./2) - (§j+l/2 - §3+3/2)]}
1=0 )5t n n n n
+ S"Tn)— {(7-1)%10 [(e-:J - e3+l) + (53 - 83+1)]

+ MooCol [(531-1/2 - §?+1/2) ) (§§+l/ 2" 5’3',1*3/ 2)]}

=23a




At this point we do the usual thing. We assume that the coeffi=-
cients are constant and that the solution of these three equations of
first variation can be written in a Fourier series. If so, then each
term of the series is a solution and we look at a typical term to see
what conditions must be satisfied to make it a solution.

We assume that

n _ . ix(3+1/2).n
gJ+l/2 = te 1
eg = oseik‘jrra1
n__ikjn
83 = de r3

and consider only the special case =T, = r3 = To
Substitution of these values into (16), (18), and (19) yields after
simplification
(r6+1-6) 2i sin k/2
(1~r)e -[ . 0} E=0

2iCu sin k/2 (r6+1-8

0]

)}e + [1 = i sin® x/2 (x0+1-6 )-r]t

=0

[ 2iCu sin k/2 (r6+1-6 )]
+ |- 5
u07

[ 21(7-1)qu sin k/2 (r6+1-6

o )}g + (l=r)s = 0

-2




For this system of homogeneous linear equations to have & non-

trivial solution it is necessary that its coefficient matrix be singular.

2ipu, sin k/2 (r6+1-6)

21(7-l)uou sin k/2 (r6+1-0)

o

l-1r

Expanding this determinant we get:

(1-r)[1erdds sin® k/2 (1041-6)] + b® sin® Kk/2 (041-6)2 = 0

For full generality at this point we would have to study the roots
of this quadratic equation for arbitrary . This is somewhat difficult.
The two cases of most importance are 6 = 1/2 and 6 = 1. Let sin® kf2 =T

For 6 = 1/2 the equation reduces to

r2(l + 2)4112 + p21'2) + r(2u21'2 - 2) + (l - 2MT2 + “21_2) =0

12 2R o AP
- 2.2

l+2Mer+u-r

r - 1

l-1r - 0 5 Y
0
2iC.u sin k/2 (r0+1-6) 2iC p sin k/2 (r9+1-0)
-2 1 - by sin® k/2 (1641-8)er - —2 -0
uo‘r - uo‘y

2




Case (1): 1If \2r2 < 1, then r is complex

|2=(l-p.2'r) +hp‘rail-7\. )
22)2

by
(1+2xm + 0T

l - 2Xp'r + p.21'2

1+ 27\4112 + u21_2

<1l

Case (2): 1If A2r? > 1, then r is real.

To have r < 1 we need

2)\4172 + ;12-r2 > - u2_r2 + 2uT »J)\.a-ra =1l or AT+ ut>+ 7\.272 -1

“But AT > \/7\.272 = 1, so indeed r < 1. The proof for the case 8 = 1 is

similar.

Notice here that r < 1, independent of u, the Courant number. This
shows that we have verified a necessary condition for this method to be
unconditionally stable, namely, for solutions of the equations of first

variation having the form we have prescribed.




Chapter III

Discussion of Numerical Results

The first problem used to test the scheme is the one used in (2].
Here we have two constant states separated by a discontinuitye. The con-
figuration at 4O cycles is a shock moving with speed l.24, a contact
discontinuity at the point of initial discontinuity, and a rarefaction
wave.

The initial conditions for this problem are:

7 = 1.4
At = 04337 (the Courant value)
J = 50 (25 cells to the left of the interface and 25 cells to the
right).
| Material on left Material on right

mJ =1 | mj =1

Py = 045 Py = 0. k5

Py = 3.528 P, = 0.5T1k

uy = 0.698 uy = 0

IJ = 19.756 I, = 2.857




Tables 1, 2, and 3 give the velocities, densities, and internal
energies for several different calculations.

The Lax-Wendroff figures refer to the values obtained using the
scheme of Reference k4.

Exact refers to the analytical values.

Explicit refers to values obtained using one of the explicit schemes
of Reference 1,

Impl refers to calculations done with all 50 cells having mass one.

To test numerically the unconditional stability of the implicit dif=-
ference scheme a thin cell having the same density, but only a tenth the
mags and width of the other cells, was put into cell 20, This means
that the Courant condition was violated there by a factor of approxi=
mately ten. Imp2 refers to calculations done with this thin cell.

Imp3 is similar to Impa, the only difference being that this time
cell 20 was given mass and width one-hundredth that of the other cells.
Thus the Courant condition was violated by a factor of approximately
one hundred. As can be seen from the results for Imp2 and Imp3, no
instability appeared in the calculation. When the explicit method was
run with a thin cell, large fluctuations appeared and eventually two
cell boundaries crossed near the thin cell.

Since Newton's method involves evaluating the elements of a large
matrix and then inverting it, another method for solving the system of
simultaneous nonlinear equations was considered, namely, the method of
nonlinear overrelaxation as described in [5]. If one has a system of

k algebraic equations

-28~-




fi(xl, Xy ees, xk) =0 1=1240e,k

each having one continuous derivative, then the generalization of ordi-

nary overrelaxation suggested by Lieberstein for the nonlinear system

is
R A L e
xj- l [ﬁr ) é ,..o,}{}({n)]

a[x{ml) (),.",x}({n)]
T R S )]

L(ol) _ (n) _
2

etc., where fii = afi/axi. Here superscripts on variables denote the
nth iterate and nt+l=-st iterate and w is the relaxation parameter.

It was hoped that this method would be faster than Newton's method
for solving the system of nonlinear equations. As Lieberstein points
out, the rate of convergence of this method depends rather critically on
the choice of w. TFor our choice of @ = 1 the overrelaxation method was
actually slower than Newton's method, but a more careful study of how to
choose @ in an optional manner would probably maske the overrelaxation
method faster than Newton's method.

Figure 1 gives the velocity profile for :l'_mpl superimposed on the
exact solution. Figure 2 gives the density profile for I_mpl superim=

posed on the exact solution.




Figure 3 gives the velocity profile near the shock front for
6 = 1/2 and three different values of Ao In general a large value of
A gives a smoother profile near the shock front but spreads the shock
over several cells. A smaller M gives a sharper shock front but has
more oscillation. Some intermediate value of A gives the best compro-
mise between these two effects. We have found that for 6 = 1/2 a smaller
A can be used than for the explicit case. This is clear from Figure 3.
To test the explicit case we needed to take M = 0.7 and even then some
oscillations appeared near the shock front, but for the implicit case
A = 0.5 gave a fairly sharp shock front with practically no oscillation.

Several trials were run with 6 = 1. The most notable differences
in the results are that (1) they are somewhat less accurate than for
6= 1/2 and (2) it was found that the pseudo=~viscosity term was un=
necessary and M = O gave the sharpest shock front with little oscil=-
lation.

The reduced accuracy may be understood when one considers that for
6 = 1/2 all the differences are centered and the truncation errors are
of order (At)3. For any other choice of 8 some second=order truncation
error is presente One should then expect more accurate results for
6 = 1/2 then for any other choice of 6.

The result that A = 0 is the best choice means that the implicit
scheme itself contributes an effective viscosity term when 6 = 1.

Teble L4 gives the velocity profile for 8 = 1, A = 0 and A = 0.5.




The total number of Newton iterations required to get to t = 13.48

is approximately 120 for I.mpl, I.mpe, and Imp3 and for 6 = 0.5 and @ = 1.
This number is thus apparently independent of the degree to which the
Courant condition is violated in zone 20.

The convergence criterion used required that the maximum percentage
change in any value of u or I be less than 1% on one Newton iteration.
This generally required three Newton iterations for each time cycle.
When this criterion was relaxed to the point of requiring the maximum
percentage change to be less than 10% the final results were changed at
most by a unit or two in the fourth significant digit. For this cri-
terion only two Newton iterations were required for each time cycle.

When the stricter convergence criterion is used timing experiments
have indicated that the explicit method is approximately five times
faster per time step than the implicit scheme. In this case use of the
implicit scheme isA indicated when the Courant condition is to be vio=-
lated by a factor of 5 or more.

" With the less stringent convergence criterion the explicit method
is only about three times as fast as the implicit method. Thus if this
convergence criterion gives sufficient accuracy, and in practice it has,
use of implicit scheme is indicated when the Coux%nt condition is to be
violated by a factor of 3 or‘more.

In practice the rate of convergence has been approximstely quad=

ratic, the maximum percentage change being roughly squared each time.

‘Also in practice the Jacobian matrix has proved to be diagonally dominant.

-31-




This partially accounts for the accuracy of the inversion routine and
the rapidity of convergence of Newton's method.

The second problem involves one gas, half of which is initially at
rest, the other half initially moving with constant velocity. The con=
figuration at 40 cycles is two rarefaction waves moving in opposite
directions at a sound speed which is C = 0.316,

The gas initially at rest is divided into 90 cells of mass O.l.
The gas which is initially moving is divided into 10 cells of mass 1l.0.

Other initial conditions are:

7 = 1.k @ = 0.5
lJ.t = 005 X =0
Finely celled gas Coarsely celled gas
= Py . = loO
Py = 1.0 Pj
u. = 0.0 u, = 2.0
J J
Py = 0.0714 Py = 0.0714
Ij = 0.1786 I 5= 0.1786

Figure L gives the plot of the density at time t = 20 from the
numerical results and also the analytical values. It can be seen that
no instabilities have appeared in the finely divided material even
though the Courant condition is violated by a factor of approximately

two.




o

One difficulty apparent from the graph is that the implicit scheme
seems to lag behind the true solution in the finely divided region.
Evidently the scheme does not allow signals to be propageted at sound
speed in such a finely divided material. This may be the fault of the

form of the difference equations, since they are nonconservative.
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